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summary

The restriction of INVERSE to Z isan automorphism of INTADD. This automorphism sends each integer to its
negative.

lemmas

The orientation for the following rule is tentatively adopted to facilitate subsequent computations.
In[2]:= comute[l NVERSE, id[Z]] // Assert Test

Qut[2]= equal [conposite[I NVERSE, id[Z]], conposite[id[Z], | NVERSE]] == True
In[3]:= conposite[l NVERSE, id[Z]] :=conposite[id[Z], | NVERSE]

Technical lemma:

In[4]:= equivVI[or [not [nenber [X, Z]], not [nenber [donai n[x], V]], not [nenber [range[x], V111,
not [menber [Xx, Z]]]

Qut [ 4] True

In[5]:= or [not [menber [x_, Z]], not [nmenber [donmai n[x_], V]], not [nenber [range[x_1, V]]]:=
not [nenber [x, Z]]

Theorem: The (additive) inverse of an integer is an integer. Here inver se means negative.

In[6]:= SubstTest [i nplies, subclass[u, v], subcl ass[i mage[w, u], i mage[w, v11],
{u->singleton[x], v->Z, w->|MGE[SWAP] }]

Qut[6]= or [menber [i nverse[x], Z], not [nenber [X, Z]]] == True

In[7]:= or [menber [i nverse[x_], Z], not [nenber [x_, Z]]]:=True
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Some simplifications needed in the sequel.

In[8]:= Assoc[l MAGE[SWAP], id[P[cart [V, V]]1, id[Z]]

Qut[8]= conposite[l MAGE[SWAP], id[Z]] == conposite[id[Z], | NVERSE]
In[9]:= conposite[l MA\GE[SWAP], id[Z]] : =conposite[l NVERSE, id[Z]]
In[10]:= Assoc [| MAGE[SWAP], i d[Z], | NTADD]

Qut[10] = conposite[l MAGE[SWAP], | NTADD] == conposi t e[| NVERSE, | NTADD]

In[11]:

conposi t e[| MAGE[SWAP], | NTADD] : = conposi t e[| NVERSE, | NTADD]

In[12]:

Assoc [I NTADD, id[cart [Z, Z]], cross[l NVERSE, | NVERSE]]

Qut[12] = conposite[l NTADD, cross[conposite[id[Z], | NVERSE], conmposite[id[Z], | NVERSE]]] ==
conposi t e[l NTADD, cross [l NVERSE, | NVERSE] ]

In[13]: = conposite[l NTADD, cross[conposite[id[Z], | NVERSE], conposite[id[Z], I NVERSE]]] : =
conposi te[l NTADD, cross [l NVERSE, | NVERSE] ]

Technical lemma.
In[14] := Asslnt [cart [cart [V, V], V], | NTADD, x]
Qut[14]= conposite[intersection[I NTADD, x], id[cart [V, V]]] =intersection[l NTADD, x]

In[15]:= conposite[intersection[I NTADD, x_1], id[cart [V, V]]]:=intersection[l NTADD, x]

main idea

Themainideaisto use the membership rulefor INTADD.

In[16]:= ((inplies[menber [pair [pair [x, y], z], | NTADD],
nmenber [pair [pair [i nverse[y], i nverse[x]], inverse[z]], | NTADD]] // Not Not Test) /.
{X=->X_, Yy->y_, z->z_}) /. Equal -> Set Del ayed

The variables can be eliminated:

In[17]:= Map[conposite[conpl ement [#], id[cart [V, V]]] &
Subst Test [cl ass, pair [pair [X, Y], z], inplies[nenber [pair [pair [X, Y], 2], W],
menber [pair [pair [i nverse[y], inverse[x]], inverse[z]], w]],
w-> | NTADD] ] // Rever se

Qut[17]= intersection[l NTADD, conposite]
conpl enent [i nverse [l MAGE[SWAP] ] ], | NTADD, cross [l MAGE[SWAP], | MAGE[SWAP]]]] =

In[18]:= intersection[l NTADD, conposite[conpl enent [i nverse[l MACE[SWAP]]],
| NTADD, cross[l MAGE[SWAP], | MAGE[SWAP]]1]1]:=0

This can be rewritten as an inclusion.

In[19]:= Subst Test [equal, 0, dif [u, v], {u->INTADD, v ->conposite[
i nverse[l MAGE[SWAP]], | NTADD, cross[l| MAGE[SWAP], | MAGE[SWAP]]11}] // Reverse

Qut[19] = subcl ass [l NTADD,
conposi te[inverse[l MAGE[SWAP]], | NTADD, cross[l| MAGE[SWAP], | MAGE[SWAP]]]] == True
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In[20]: = subcl ass [l NTADD,
conposi te[i nverse[l MAGE[SWAP]], | NTADD, cross [l MAGE[SWAP], | MAGE[SWAP]]11] : = True

Itis better to rewrite this as an inclusion involving functions:

In[21]:= Subst Test [i npl i es, subcl ass[u, v], subcl ass[conposite[w, u], conposite[w, v]],
{u -> | NTADD,
v -> conposi te[i nverse[l MAGE[SWAP]], | NTADD, cross [l MAGE[SWAP], | MAGE[SWAP]]],
w-> | MAGE[SWAP] }]

Qut[21] = subcl ass[conposite[l NVERSE, | NTADD],
conposi te[| NTADD, cross [l MAGE[SWAP], | MAGE[SWAP]]]] == True

In[22]:= subcl ass[conposite[l NVERSE, | NTADD],
conposi t e[l NTADD, cross [l MAGE[SWAP], | MAGE[SWAP]]]] : = True

Aninclusion involving functions can be rewritten as an equation. Thisisthe main result.

In[23]:= Subst Test [i nplies, and[subcl ass[x, y], FUNCTI ON[y11,
equal [x, conpositely, id[domain[x]]]],
{x -> conposi t e[l NVERSE, | NTADD],
y -> conposite[l NTADD, cross[l| MAGE[SWAP], | MAGE[SWAP]]11}]

Qut[23] = equal [conposite[l NTADD, cross [l NVERSE, | NVERSE] ], conposite[l NVERSE, | NTADD]] == True

In[24]:= conposite[l NVERSE, | NTADD] : = conposi te[l NTADD, cross [l NVERSE, | NVERSE] ]

comment

One of the lemmas derived earlier is rewritten by the main result. We remove thislemma:
In[25]:= conposite[l MAGE[SWAP], | NTADD] =.

A replacement is derived:

In[26]:= Assoc [l MAGE[SWAP], id[Z], | NTADD]

Qut[26] = conposite[l MAGE[SWAP], | NTADD] == conposi t e[l NTADD, cross [l NVERSE, | NVERSE] ]

In[27]:= conposite[l MAGE[SWAP], | NTADD] : = conposi t e[| NTADD, cross[I NVERSE, | NVERSE] ]



