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W summary

Theintegerzerois theidentity functionidfomega] onthe setomega of all naturalnumbers.In generaljntegersareequiva
lenceclassesf orderedpairsof naturalnumberswith respecto the equivalenceelationEQUIDIFF. If anorderedpair
pair[x,y] belongsto theidentity,the naturalnumbersx andy havezerodifference. In earlierwork it wasshownthatzero
is aninteger thatis, idjomega] belongsothesetZ of integers:

menber [i d[onega], Z]

True

In this notebookthis statementvill be strengthenebly showingthatid[x] is notanintegerunlessx is omega.

m the key idea

The basicstrategyis to useinverseimagesof functions,in this casethefunction IMAGE[DUP]. Thisis thefunctionthat
takeseachset x to theidentityrelationon x.

I anbda[x, i d[x]]
| MAGE [ DUP]

The connectiorwith inverseimagess this:
cl ass[x, menber [i d[x], Y11

i mage[inverse[l MAGE[DUP]], VY]

Although our eventualoalis to replacey with theset Z of all integersijt is easietto beginwith theset range[PLUS] of
positive (actuallywe shouldsaynon—negativeiptegers. This is the rangeof the function PLUS thattakeseachnatural
number x to theinteger plugx].
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menber [pair [x, plus[x]], PLUS]

menber [x, omega]

To speeahingsup, thesimplify flag is turnedoff, which affectsonly a few conditionalrewrite rulesthat arenot needed
here.

sinplify = Fal se;
The RelnNor mality testis appliedto afunctionwhoserangeis the setof interest:

Map [r ange, conpositeli nverse[l MAGE[DUP]], PLUS] // Rel nNormality]

i mge[inverse[l MAGE[DUP]], range[PLUS]] ==
i ntersection[conpl enent [i mage[V, intersecti on[onmega,
i mage [fix[conmposite[power [SUCC], Di, SECOND]], singleton[0]]]]], singleton[onmega]]

This complicatedesultis not neededexceptto deduceanelementarycorollary:
Map [subcl ass [#, singl eton[onegal] & %
subcl ass[i mage [i nverse [| MAGE[DUP] ], range[PLUS]], singl eton[onega]] == True
subcl ass[i mage[i nverse[l MAGE[DUP]], range[PLUS]], singl eton[onega]l] : = True
Thisis easierto understanavhenvariablesareintroduced:

Subst Test [i npl i es, and[menber [x, y]1, subclass[y, z]], nenber [x, z],
{y -> i magel[i nverse[l MACE[DUP]], range[PLUS]], z -> si ngl eton[onega]}]

or [equal [onega, Xx], not [nmenber [x, V]], not [nmenber [id[x], range[PLUS]]]] == True

This is madeinto atemporaryrewriterule which will be cleanedup later.

or [equal [onega, X_]1, not [nenber [x_, V1], not [menber [id[x_], range[PLUS]]]1] : = True

m cleanup activities

The first stepis to removethe redundanseconditeral thatsays x is a set. Thisis not neededsinceit is implied by the
third literal.

Subst Test [i npl i es, and[nenber [u, v], subcl ass[v, w]], nenber [u, w],
{u->id[x], Vv->Yy, w->V}]

or [menber [x, V], not [menber [id[x], y]]] == True
or [menber [x_, V], not [menber [id[x_], y_111:=True
A bit of standardeasonings usedto removethe unwantediteral.

Map [not, Subst Test [and, inplies[pl, p2], inplies[and[pl, p2], p3], not [i mplies[pl, p3]],
{pl -> nenber [id[x], range[PLUS]], p2 -> nenber [x, V], p3 -> equal [onega, Xx]}]1]

or [equal [omega, x], not [menber [id[x], range[PLUS]]]] == True
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or [equal [omega, x_], not [menber [i d[x_], range[PLUS]]11] : = True
Thereversdmplicationalsoholds:

Subst Test [i npl i es, and[equal [u, v], nenber [v, w]], nenber [u, w],
{u->id[x], v->id[omega], w->range[PLUS]}]

or [menber [id[x], range[PLUS]], not [equal [onega, X]]] == True
or [menber [i d[x_], range[PLUS]], not [equal [omega, x_]1]]: = True
Sincetheimplicationgoesbothways,we obtaina statemenbf logical equivalence:
equi v[equal [onega, x], nmenber [i d[x], range[PLUS]]]
True
This is madeinto a permanentewriterule, which replaces weakerexistingrule.

menber [i d[x_], range[PLUS]] : = equal [onega, X]

m similar result for the set of negative integers

Theresultfor negativeintegersfollows from theresultfor positiveones but againthereis anunneedediteral.
menber [i d[x], i mage[l NVERSE, range[PLUS]]]
and [equal [onmega, x], nenber [x, V]]
Theredundantiteral canbe disposedf usingAssertTest.
or [menber [x, V], not [equal [onega, x]]] // Assert Test
or [menber [x, V], not [equal [onmega, x]]] == True
or [menber [x_, V], not [equal [omega, X_]1]1]: = True
Thefollowing logical equivalencés now recognized:
equi v[and[equal [onega, x], nenber [x, V]], equal [onega, X]]
True
The expedienthingto dois to makethis atemporaryrewriterule:
and[equal [onmega, x_], nmenber [x_, V]]:=equal [onega, X]

The union of the setof non—negativintegersandthe setof non—positivéntegersis the setof all integers. This yieldsthe
final formula:

Subst Test [menber, i d[x], union[u, V],
{u ->range[PLUS], v ->image[l NVERSE, range[PLUS]]}]

menber [id[x], Z] == equal [omega, X]
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menber [i d[x_], Z] : = equal [onega, X]

m reformulation without variables

It is usefulto restateheresultobtainedwithout variables. The objectis to strengtherthe following inclusionto anequation.
subcl ass[singl eton[i d[omega]], intersection[Z, P[ld]]]
True
Thefollowing logical equivalenceés recognizedo bevalid, butthereis no correspondingewriterule.
equi v[equal [x, id[fix[x]]], subclass[x, 1d]]
True
This resultis madeinto atemporaryrewriterule.
equal [x_, id[fix[x_1]]:=subclass[x, 1d]
Now a bit of reasonings required:

Subst Test [i npl i es, and[equal [x, y], nenber [x, z]], nenber [y, 2],
{y ->id[fix[x]], z ->Z}]

or [equal [onega, fix[x]], not [menber [x, Z]], not [subclass[x, 1d]]] == True
or [equal [onega, fix[x_]1], not [menber [x_, Z]], not [subclass[x_, 1d]]]:=True

Subst Test [i npl i es, and[equal [x, y], equal [y, z]1], equal [x, z],
{y ->id[fix[x]], z->id[onega]}]

or [equal [x, id[onega]], not [equal [omega, fix[x]]], not [subclass[x, 1d]]] ==True
or [equal [x_, id[omega]], not [equal [omega, fiXx[x_]]], not [subclass[x_, 1d]]]:=True

Map [not, Subst Test [and, i nplies[and[pl, p2], p3], inplies[and[p2, p3], p4],
not [i mpli es[and[pl, p2], p411, {pl -> nenber [Xx, Z],
p2 -> subcl ass[x, 1d], p3 ->equal [onega, fix[x]], p4 ->equal [x, id[omega]l]l}]]

or [equal [x, id[onega]], not [menber [x, Z]], not [subclass[x, Id]]] == True
or [equal [x_, id[onmega]], not [nenber [x_, Z]], not [subclass[x_, 1d]]]:=True
The variablesareremovedasfollows:

Map [equal [V, #] &,
uni on[conpl ement [Z], conpl ement [P[1d]], singleton[id[omega]l]] // Nornmality]

subcl ass[intersection[Z, P[ld]], singleton[id[onega]]] == True
subcl ass[intersection[Z, P[Id]], singleton[id[onega]]]:=True

Theinclusiongoesbothways,sowe getanequation:
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Subst Test [and, subcl ass[u, v], subcl ass[v, u],
{u->intersection[Z, P[ld]], v->singleton[id[omega]l]}]

True == equal [intersection[Z, P[Id]], singleton[id[omega]]]
Thisis thevariable-freéormulationof thetheorem:

intersection[Z, P[Id]]:=singleton[id[onega]l]

m a corollary

A similarresultholdsfor the setof positivenumbers:
equal [intersection[Z, range[PLUS]], range[PLUS]]
True
i ntersection[Z, range[PLUS]] : =range[PLUS]
Asslint [P[l1d], Z, range[PLUS]]

intersection[P[ld], range[PLUS]] ==singl eton[id[onega]]



