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Abstract

We study a model of random colliding particles interacting with an infinite reservoir at fixed
temperature and chemical potential. Interaction between the particles is modeled via a Kac
master equation (in: Kay, Proceedings of the Third Berkeley Symposium on Mathemati-
cal Statistics and Probability, 1954—1955, University of California Press, Berkeley and Los
Angeles, 1956). Moreover, particles can leave the system toward the reservoir or enter the
system from the reservoir. The system admits a unique steady state given by the Grand
Canonical Ensemble at temperature 7 = S~! and chemical potential x. We show that any
initial state converges exponentially fast to equilibrium by computing the spectral gap of the
generator in a suitable L space and by showing exponential decrease of the relative entropy
with respect to the steady state. We also show propagation of chaos and thus the validity of
a Boltzmann-Kac type equation for the particle density in the infinite system limit.

Keywords Kac model - Approach to equilibrium - Particle reservoir

1 Introduction

In 1955, Mark Kac [14] introduced a simple model to study the evolution of a dilute gas of N
particles with unit mass undergoing pairwise collisions. Instead of following the deterministic
evolution of the particles until a collision takes place, he considered particles that collide at
random times with every particle undergoing, on average, a given number of collisions per
unit time. Moreover, when a collision takes place, the energy of the two particles is randomly
redistributed between them. In such a situation, one can neglect the position of the particles
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and focus on their velocities. To obtain a model as simple as possible, he considered particles
that move in one spatial dimension. This leads to an evolution governed by a master equation
for the probability distribution f(vy), where vy € RY are the velocities of the particles.
Since collisions preserve the kinetic energy of the system, to obtain ergodicity one has
to restrict the evolution to vy € SN=1({/2¢N), that is on the surface of constant kinetic
energy with e the kinetic energy per particle. To further simplify the model, he neglected
the dependence of a particle collision rate on its speed, a situation sometime referred as
Maxwellian particles. In this setting, the dynamical properties of the evolution do not depend
on ¢ and it is thus natural to set e = 1/2, see [14—16] for more details.

The study of the Kac master equation has been very useful to clarify and investigate
notions and conjectures arising from the kinetic theory of diluted gases. We refer the reader
to Kac’s original works [14] and [15] for extensive discussion.

Kac’s master equation also provides a natural setting to study approach to equilibrium. In
the case of the standard Kac model [ 14], equilibrium is represented by the uniform distribution
on the surface of given kinetic energy. Uniform convergence in the sense of the L2 gap was
conjectured by Kac and it was established in [13] while the gap was explicitly computed in
(5].

A more natural way to define approach to equilibrium is via the relative entropy. This
provides a better setting since the relative entropy, in general, grows only linearly with the
number of particles. There is no result of exponential decay of relative entropy with a rate that
is uniform in N for the original Kac model. Moreover, estimates of the entropy production
rate seem to point to a slow decay, at least for short times, see [7, 19].

In [4], the authors studied the evolution of a dilute gas of N particles brought to equilibrium
via a Maxwellian thermostat, i.e. an infinite heat reservoir at fixed temperature 7 = -1
The velocities of the particles in the system evolve according to the standard Kac collision
process described above. On top of this, particles in the system collide with particles in the
thermostat at randomly distributed times. In this way, the system and the reservoir exchange
energy, but there is no exchange of particles. In particular, the kinetic energy of the system is
no more preserved. They proved that the system admits as a unique steady state the Canonical
Ensemble, i.e. in the steady state the probability distribution f(v,) is the Maxwellian dis-
tribution at temperature 7. Moreover, the steady state is approached exponentially fast and
uniformly in N, both in the sense of the spectral gap, in a suitable L2 space, and in the sense
of the relative entropy. In both cases, the rate of approach is determined by the interaction
with the thermostat while the rate of collision between particles in the system appears only
in the second spectral gap. They also adapted McKean’s proof [16] of propagation of chaos
and obtained a Boltzmann-Kac type effective equation for the evolution of the one particle
marginal in the limit N — oo.

In the present work, we study a different way to bring the system to equilibrium. As in
[4], we study a system of N particles evolving through pair collisions and interacting with an
infinite reservoir at given temperature 7'; however, the system and the reservoir are allowed
to exchange particles. The evolution of the the velocities of the particles in the system is again
described by a standard Kac collision process. On top of these, at random times a particle in
the system can leave it while, still at random times, a particle can enter the system from the
reservoir with its velocity distributed according to the Maxwellian at temperature 7. Since
the reservoir is infinite, no particle can enter or leave the system more than once. Clearly, in
this new setting, energy and number of particles are not preserved. We show that this new
evolution admits as its unique steady state the Grand Canonical Ensemble. This means that,
in the steady state, the probability that the system contains N particles is given by a Poisson
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distribution while the probability distribution on the velocities, given the number of particles,
is the Maxwellian at temperature 7.

We also study the approach to equilibrium in a suitable L2 space and in relative entropy. In
both cases, we show that the rate of approach is uniform in the average number of particles.
As in [4], the approach to equilibrium, both in L? and in relative entropy, is driven by
the thermostat alone while the second spectral gap depends on the rate of binary particle
collisions. Finally, we look at the emergence of an effective evolution for the particle density
in the limit of a large system, that is when the average number of particles goes to infinity.
This requires some adaptation of the concept of propagation of chaos since the number of
particles in the system is not constant. Adapting the proof in [16], we show that the relative
particle density, defined in (19) and (22) below, satisfies a Boltzmann-Kac type of equation.

The rest of the paper is organized as follows. In Sect. 2, we present the model and state
our main results. Section 3 contains the proofs of our main results, while in Sect. 4 we report
some open problems and present possible areas of future work. Finally the appendix contains
the proofs of some technical Lemmas used in Sect. 3.

2 Model and Results

Since we want to describe a dilute gas with uniform density exchanging particles with an
infinite reservoir, it is natural to assume that, in a given time, each particle in the system has
the same probability of leaving it independently from the total number N of particles in the
system. This implies that the flow of particles from the system to the reservoir is proportional
to N. On the other hand, the probability of a particle to enter the system from the reservoir
depends only on the characteristics of the reservoir, and not on N, so that the flow of particles
in the system is independent from N. Finally, since the gas is dilute, given two particles in
the system, their probability of colliding in a given time does not depend on the total number
of particles in the system. Thus we expect the number of binary collisions in the system, in
a given time, to be proportional to (gj ) These are the main heuristic considerations that lead
to the formulation of our model to be introduced formally below.

We consider a system of particles in one space dimension interacting with an infinite
reservoir with which it exchanges particles. Since the number of particles in the system is
not constant, the phase space is given by R = [J3_, RV, where R® = {#} represents the
state where no particle is in the system.

The evolution of the system is governed by three separate random processes. First, at
exponentially distributed times a particle is added to the system with a velocity randomly
chosen from a Maxwellian distribution at temperature 7. To simplify notation we chose
T~! = 27. Second, also at exponentially distributed times, a particle is chosen at random to
exit the system and disappear forever with no chance of reentry. Finally, a pair of particles
in the system is selected at random to undergo a standard Kac collision.

More precisely, let L} R) = @?VO:O L} (RM) be the Banach space of all states f =
(fN)¥—o> With fi (vy) symmetric under permutation of the v;, defined by the norm [|f||; :=
S Ifn . where [ fvlliy = [ duy| fiv(uy)]. We say that £ is positive if fi (vy) = 0
for every N and almost every vy. If f is positive and [|f|l; = 1 then f is a probability
distribution on R. In this case, for N > 0, fy (v, ) represents the probability of finding N
particles in the system with velocities vy = (v1, ..., vy) while fy € R is the probability
that the system contains no particles.
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The master equation for the evolution is given by
d -
Efzﬁ[f] = u(ZIf] = £) + p(OIf] — NIf]) + AK[f] (D

where 7 is the in operator that represents the effect of introducing a particle into the system
and, after symmetrization, is given by

N
1 2
IHy@) = N E e N1 (U1, oo Vil Vigls - -5 UN) ()
i=1

while O is the out operator that represents the effect of a random particle leaving the system

N+1

EHNOESDY /dwa+1(v1,...,v,-_l,w,v,-,...,vm 3
i=1

and

WVHN@ = Nfn(r, ..., vN) .

Observe that, due to the symmetry of fx 4, we can write

(ODN(uy) = (N + 1) / don1 v W) -

We also define the thermostat operator 7 as
T :=uw(Z—-1d) + p(O - N). (4)

These definitions imply that, in every time interval dt¢, there is a probability udt of a particle
being added to the system. This probability is independent of the number of particles already
in the system. In the same time interval, every particle in the system has a probability pdt
of leaving the system, which is, again, independent of the number of particles in the system.
Thus, as discussed at the beginning of this section, the outflow of particles is proportional to
N while the inflow does not depend on N.

Finally K represents the effect of the collisions among particles. It acts independently on
each of the N particles subspaces, that is it is (Kf)y = Ky fy with

N
Knfv= Y, (Rij—Id)fy:=0nfn— (z)fN )

I<i<j<N

where R; ; represents the effect of a collision between particles i and j:

1
(R,'yij)(gN)zE/ﬁv(...,vicose—vjsine,...,visin0+vjcosﬁ,...)d6, 6)

that is, R; j fy is the average of fy over all rotations in the plane (v;, v;). In this way, the
probability that two given particles suffer a collision in an interval dt is proportional to % and
does not depend on the number of particles in the system.

Since £ is a sum of unbounded operators that do not commute, we first need to show that (1)
defines an evolution on L! (R) and that such an evolution preserves probability distributions.
Observe that, notwithstanding £ is unbounded, the operator £y f, defined by Lyf := (Lf)y,
is bounded as an operator from Li (R) to Lg (RN) with || L || LN Z2u+QCN+1Dp+ ANZ.
Thus we will take D! = {f | Y, N2||fN||1,N < 00} as the domain of L. It is easy to see
that D! is dense in le R).
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In Sect. 3.1 we will build a semigroup of continuous operators e'“ that solves (1) for
initial data f € D' and show that e'“ preserves probability distributions.

Lemma 1 There exists a semigroup of continuous operators e'* such that if f € D' then
(1) = 'f solves (1). For everyf € L; (R) we have

i
e~ Ely < Ifll -

Moreover, if £ is positive then so is ¢'“f and || e'“f||; = ||f||1. Thus (1) generates an evolution
that preserves probability distributions.

Proof See Sect. 3.1. O
It is not hard to see that the evolution generated by (1) admits the steady state I' given by

¥ ot
(IMny) = (%) %f”‘”"z == anyn(vy) )

TV

where yy(vy) = l_[lNzl y(v;), with y(v) = e~ 2, is the Maxwellian distribution with

_K
B = 2m in dimension N while ay = (%) eNf is a Poisson distribution on N. We observe

that I' is a Grand Canonical Ensemble with temperature T = B~! = 1/27, chemical
potential x = Qm)~! log(p/ 1), and average number of particles (N T') = u/p where

W)= 30N [ fvtwduy.
N=0

In Sect. 3.1 we show that I' is the unique steady state of the evolution generated by (1).
Finally, from a physical point of view, it is natural to consider only initial states with finite
average number of particles and average kinetic energy, that is probability distributions f
such that

(Nf) <oo, and  (£f):= ) %/(Z v?) fv(uy)duy < 0o ®)
N=0 i

Since the Kac collision operator K preserves energy and number of particles, we can derive
autonomous equations for the evolutions of N (1) = (Nf(¢)) and E(¢t) = (££(¢)). Indeed, if
f is a probability distribution, we obtain

d
ZNO=pn—pN@®)

Lpwy =2 _ kw0 ©)
P

so that, if (8) holds at time ¢ = 0 it holds for every time ¢ > 0. See Sect. 3.1 for a derivation
of these equations. Letting e(¢) = E(t)/N(t), we get

Loty=L (L ey (10)
VT NG (Zn —¢ ) '

Equation (10) looks like Newton law of cooling for a system like ours. Notwithstanding this,
e(t) is not the natural definition of temperature since it is not the average kinetic energy per
particle. A more interesting quantity is e(t) = (v%f ), but we were not able to obtain a closed
form expression for its evolution.
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As discussed in the introduction, we are interested in properties that are uniform in the
average number of particles in the steady state (N T') = u/p and eventually we want to
consider the situation where the average number of particles goes to infinity, thatis u/p —
oo. A classical way to take such a limit is to require that the collision rate between particles
decreases as the average number of particles increases in such a way that the average number
of collisions a given particle suffers in a given time is independent from 1/ p, at least when
wu/p is large. This is achieved by setting

=22
I

Observe that in this way, the scaling in N of Ky in (5) differs from the scaling in the
standard Kac model. Notwithstanding this, they can both be thought as implementations of
the Grad-Boltzmann limit in the two different situations, see [11].

One way to study the approach of an initial state f toward I' is by computing the spectral
gap of L. Since L is not self adjoint on L%(R) we perform a ground state transformation
setting

SN i=anynhy . (11)

We will express (11) as f = I'h. Inserting the above definition in (1) we get

d ~ -
—h = Lh:=p(PTh—Nh) + (P "h—h) 4+ AKh

dt
where we have set
N
(PTh)y = ZhN—l(vl, ey Vis1, Vg, .o e, UN)
i=1
| N+l ,
(P hyy = —— Z /dwe_”w hn+1(V1, .., Vi1, W, V..., UN)
N+1 =

In this representation, the steady state is given by the vector e such that (e%) 5 = 1 for every
N. Thus £ is an unbounded operator on the Hilbert space

o0
L}(R.T) = P LIRY  ayyn(vy))
N=0

of all states h = (ho, h1, hy, ...) with hy (vy) symmetric under permutations of the v; and
defined by the scalar product

(e ¢] o0
(hi,hy) := > " ay(hin, han)y == Y an / iy @y N @) YN )y -
N=0 N=0

As for £, defining ZMh = (Lh)y we get a bounded operator from L?(R, r) to
L?(RN, yn (y)) so that, calling ||Ay|l2,n = (hn, hy) N, We can take

[e.¢]
D> ={h| > anl(Zh)y 2y < oo}
N=0

as the domain of Z. The following Theorem shows that £ defines an evolution on Lf, (R, T).
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Theorem 2 The generator Lis self adjoint and non-positive definite on L%(R, I'). Further-
more, if we define

A =sup{(h, £h) |h € D?, ||, = 1,h L Ep}
where ||h|, = (h, h) and Eg = span{eo}, we get
A=—p.

Moreover A is an eigenvalue and the associated eigenspace is E1 = span{ey, e(,0,1)} with

e = \/5P+eo — \/%eo while
5 N
(e.0.n)N (uy) = ‘/ﬂ > @ —1).
i=1

Proof See Sect. 3.2. O

Due to the invariance of even, second degree polynomials under the Kac collision operator
IC, Theorem 2 shows that the spectral gap of the generator Lis completely determined by the
presence of the reservoir. This is not surprising since all states h such that 4 is rotationally
invariant for every N are in the null space of .

As in [4], to see the effect of the Kac collision operator /C, we have to look at the second
gap, defined as

Ay = sup{(h, Zh) |h € D* |h] =1,h LEg®E;}. (12)

Theorem 3 If
A P jz
p>—-+21/— and — > 256 (13)
4 u P

A oA A+n‘
—_0 — — < —p — — —.
Py 2 o

Moreover Ay is an eigenvalue and the associated eigenspace is contained in the space of all
states h such that hy is an even, fourth degree polynomial.

we have

Proof See Sect. 3.3. O

Since w/p is the average number of particles in the steady state, the conditions in (13) are
not too restrictive.

Itis possible to see that, as in the case of the standard Kac evolution, the L? norm discussed
above does not scale well with the average number of particles in the system and thus it is
not a good measure of distance from the steady state if 1t/ p is large. A better measure is the
entropy of a probability distribution f relative to the steady state I' defined as

SEIr) =Y ay f doyhyy) loghy (Wy)yn (W)
N

where, as before, f = I'h and ay and yy are defined in (11).

As usual, it is easy to show using convexity that S(f | I') > 0, S(f | I') = 0 if and only
if f = I'. Moreover, from Lemma 1 and convexity, it follows that S () |I') < S| TI')
where f(r) = e'Cf. In Sect. 3.4, we show that, thanks to the presence of the reservoir, the
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entropy production rate is strictly negative. More precisely, assuming thatf = I'h € D! and
Thlogh € D' we essentially obtain that

%S(f(t) IT) < —pSE@D)|T). (14
See Lemmas 19 and 20 in Sect. 3.4 below for a precise statement. Form (14) we obtain the
following Theorem.
Theorem 4 Iff = hI' € D! is a probability distribution such that T'hlogh € D' then
SE@) | T) <e ”'SEO)|T). 5)
Proof See Sect. 3.4. O

As in the case of Theorem 2, convergence to equilibrium in entropy is completely domi-
nated by the presence of the thermostat, that is, Theorem 4 remains valid in the case =0
where there is no collision among the particles.

We can now discuss the validity of a Boltzmann-Kac type equation when the average
number of particles in the system goes to infinity. To follow the standard analysis in [16],
we have first to define what a chaotic sequence is in the present situation. It is natural to call
f = (fo, f1, f2,...) aproduct state if it has the form

N N
Sy = e (16)
Ti=l

where g(v) is a probability density on R and n > 0 is the average number of particles. We
observe that for the state f in (16), we have

(¢TF), =e —n(t)’l(l‘) l_[g(v,,t) an

where 7 is defined in (4) and, calling [(v, ) = ﬁn(t)g(v, 1), we get

N =ePn+(1—e e
P

(v, t) =e "I) + (1 —e ")y (v) (18)

This implies that the thermostat preserves the product structure exactly. See Sect. 3.5 for a
derivation of (17) and (18).

Thus we call a sequence of states f, = (f».0, fu.1, fn,2. - .) chaotic if it approaches the
structure (16) while the average number of particles (Nf,) goes to infinity. More precisely,
let u,, be a sequence such that lim,_, ~, i, = 00 and define

k N!
FP @) = <ﬁ> > f Fan @ vy doy (19)
o) = (N =)

where the factor Wi N k), accounts for the possible ways to choose the k particles with velocities
v;,. We also define

I = = k),annl N (20)

N>k

k k
so that |F e < (2) 1600
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Observe that, if f,, is a product state of the form (16) with average number of particles 7,
that is if

frw () = e Hg(v,

we get
Fn(k)(ﬁk) _ <’7n/0) Hg(vl

k
Thus the factor (ML) in (19) assures that, at least in this case, if lim,_, 5 1, /[ty €Xists then

also lim,,_, oo F,gk) exists.
To generalize these observations, we say that F,fk) converges weakly to F® if, for any
continuous and bounded test function ¢y : RF - R, we have

lim / F® i (wp)dvy, = / F® )i (v)duy
Rk Rk

n—oo

and we write w-lim,HooF,Sk) = F®_Given a sequence f, of probability distributions such

that
160 < M” (’;) @1

for some M > 0 and every n and r, we say that f, is chaotic (w.r.t. u, ) if, for some F

w-lim FD = F (22)
n—oo
while for every k > 1 we have
w-lim F0) = p&k (23)
n—oo
where F® (v,) = ]_[Ll F(v;). Observe that
Nt
/ Fwydv = tim 2P 24)
n—o0 Mn

so that we can see F(v) as the relative particle density.
In [14, 16] a sequence of probability distributions f,, : R” — R is said to be chaotic if,
calling

fn(k)(yk) = / fn(yk’ ynfk)dgn*k ’
we have

WhmF(l) =F and WhmF(k) = F®

n—oo n— oo

If we consider the sequence of states f,, defined as
Jn n=N
f =
()Y { 0 n # N

with the natural choice p, = np, since the number of particles in £, is exactly n, from (19)
we get ' = F and thus F ®) = F® In this sense, (19) and (23) can be considered as a
generalization of the classical definition in [14].
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7 Page 10 0f 50 J. Beck, F. Bonetto

Let now
£,(1) = ¢“'f,(0)
where £, is given by (1) with u = p,, and

£

A=y = A
Hn

(25)

In Sect. 3.6, we prove that e“n’ propagates chaos in the sense that, if f, (0) forms a chaotic

sequence, then f,(¢) also forms a chaotic sequence for every ¢. This gives the following
theorem.

Theorem 5 If £, (0) forms a chaotic sequence w.r.t. w,, with lim,_, oo , = 00, then also
£, (¢) forms a chaotic sequence for every t > 0. Moreover the relative particle density

o0
P
F = w-lim —
(v, 1) vnv_glgg . ZN/fn,N(U»EN_lvt)dQN—l
N=1
satisfies the Boltzmann-Kac type equation

%F(v, 1) =—pF@,1)—y®)

do
+A/dw/—[F(vcos@+wsin9,t)
R 2w

X F(—vsinf +wcos6,t) — F(w,t)F(v,1)]. (26)

Proof See Sect. 3.6. O

3 Proofs
3.1 Proof of Lemma 1

The results in this section are based on two observations. The first is that the collision
operator K acts independently on each L ; (R™) and thus preserves positivity and probability.
The second is that, due to the different scaling in N of the in and out operators, see (2) and (3),
for large N the outflow of particles dominates the inflow. Thus even if the initial probability
of having a number of particles much larger than the steady state average (/p is high, this
probability will rapidly decrease toward its steady state value, see (34) and (46) below. In
particular this prevents probability from “leaking out at infinity”.

We will now construct a solution of (1) in three steps, starting from /C alone, using a partial
power series expansion, see (27) below, and then adding the out operator O and finally the in
operator Z, using a Duhamel style expansion, see (33) and (40) below. These expansions are
strongly inspired by the stochastic nature of the the evolution studied, see Remark 8 below
for more details. ; B

It is natural to define (e’“cf)N = ¢'"*KN i where we can write

) }“Lntn n

M fy = MG YN g @7)
=0 .
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Observing that
oo T n
At QY

n!

~ 3 N pt 5
e 8N £y — fnlliy < (1 - e_“(z)) I fnlly + He—m(2) I Hl N

n=1
<2 (1= M) fvliy 28)
and using that from Dominated Convergence we get
s T (N
tim > (1= @) Iyl =0

t—0t

we obtain that lim,_, o+ e MRE = f, Similarly, we get
1 5 -
?||€leNfN — N —MKNn[fNI1LN

1 5. (N ~ (N 7 (N ~
<- (ﬂb) 1 +Ar<2)> Il + (1= e @) 13w fulhy

L) xS AN
S,
n=.

1,N

2 S (N ~ (N ~(N 3 (N
<2 (O a5 Y +1(5) (1= O ) i

so that, if f € Dy then lim, ¢+ (et;\’cf - f) Jt = AKE. Since KN fyllin < 1 fnlli

KE, < |If|l;. Moreover if fn is positive then also KN iy is positive and

we get ||e
e N fxll1.v = || fll1.n- Thus if f is positive then e/**f is positive and || f||; = [|f]|;.
Let now f(¢) be a solution of

%f(t) = AKE (1) + p(O — NHE (1) (29)
with £(0) = f € D!. If such a solution exists, it satisfies the Duhamel formula
() = eHEvToN iy /0 ' GRN—=5) (O (5))y ds (30)
where the construction of e=P\)! ig analogous to that of e Kt From (30) we get
vl y < e M fnlhy + /0 NN D Iy Ol v ds G
where we have used that

OONIN = (N + 1)/ }/ INt1@yDdonyr|doy < (N + Dl fyeilliver - 32)

Observe that, in (32), equality holds if and only if fy is everywhere positive or everywhere
negative. To construct a solution of (29) we iterate (30) to define

o0
QN = eOK—PNI1g Z ¢AR=pN)t=ta) g (K =P Nt —tn-1)
n:10<t| <..<tp<t

ce pOK=PNINE gt L, (33)
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7 Page120f50 J. Beck, F. Bonetto

and then show that Q(¢) is a semigroup of bounded operators and that f(#) = Q(7)f solves
(29)iff € D'. Using (31) iteratively we get

n
N+n—i)t; . —p(N+n—i+1)t;
[Jer ™t pemr ™=tV o dty | fivnll1 N4

i=1

_ N+n _
=e PN’Z( N )(l—e Y N vl Notn (34)
n>0

where, in the last identity, we have used that

n

1

o" e Plidt - dt, = —(1 —e PH" . (35)

0<t;<-t, <t 1 I’l'
— — n_—= l=

After summing over N we get

N n
[OHIEDY Z( ; ")e*”N’ (=) I fngnllinen = IElL. (36)

N>0n>0

sothat || Q(7)||; < 1. Observe also that, if f is positive then Q(¢)f is positive and || Q(1)f||; =
IIf |1, see comment below (32). Conversely, if for some N, fx takes both positive and negative
values then || Q(®)f]1 < |If]l1.

From (33), we see that Q(t1) Q(t2) = Q(#] + t2) while, using (34) and (36), and the fact

that
Ny — (MY = mr - (M2
- >(N)_ M - >(N_2)

DONT@DN], g e Y NN N

N=1 N=1
so that Q(1)f € D' iff € D'. Moreover observe that

N + _ PN
ot — £l < ZZ( N”>e PNE(L =) L fngn Il N4

N>0n>1

we get

+ e(i’(:fp./\/’)tf _ fH
1
=3 (1= M) Ipnlh + | eAE — g (37)
N=>0 !

so that lim,_, o+ Q(t)f = f. Similarly we have

1 -
;IIQ(t)f —f =1 = p(O = NI

1 N +
= ; Z Z < N n>e_pNt (1 o e—ﬂt)” ||fN+n||1,N+n

N>0n>2

1
+ —
t

eOK=pN _ g _ 45K — p/\/)f”1
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LP

; (38)

t ~ ~
/ e()JC—pN)(t—S)Oe(MC—pN)Sf —tOf
0

1

Iff € D', proceeding as in (37) we see that the second and third lines of the right hand side
of (38) vanish as t — 0T while writing

t ~ ~
/ e(AK—pN)(t—x)Oe()JC—pN)sf —tOf = /
0

t - -
cAK=pN) (=) ) (e()JC—pN)sf . f>
0

t ~
+ / (eWC—PN =)0y _ o) f (39)
0

and using (28) we see that also the last line of (38) vanish as t — 0T. This implies that,
for f € D!, we have lim;_, o+ (QOf —f) /t = AKE + p(O — N)f and we can write
Q(t) — et(SJC+,0(O*N)).

We can now use a Duhamel style expansion once more to obtain

O LF = e(XIC+p(O—N)—;1.Id)tf

LY / KA (O—N)=11d) (1 =t) T o A0 (O =N )= 11d) (1 —11)
O<ti<...<ty<t

.. ,Ie(XICer(OfN)fMId)tlfdt] oty (40)

that, thanks to the fact that Z is bounded, converges for every f € Ll(R) to a solution of
%f(t) = Lf(¢). Lemma 1 follows easily observing that | Zf||; = ||f]|;. O

Remark 6 The proof of Lemma 1 above also shows that given f € L' (R), if for some N, fy
takes both positive and negative values, then [e'“f||; < ||f]l;.

Remark 7 From (30) it is not hard to see that, if f;(r) € D!, i = 1, 2, are two solutions of
(1) with £f;(0) = £5(0) then f;(¢) = £2(¢).

Remark 8 Observe that (1) is the master equation of a jump process where jumps occur when
two particles collide, a particle enters the system or a particle leaves it. Moreover, these jumps
arrive according to a Poisson process. The expansions (27), (33) and (40) combined can be
seen as a representation of the evolution of f as an integral over all possible realizations of
the jump process, sometime called jump or collision histories. A similar representation was
used in [2] to study the interaction of a Kac system with a large reservoir. Clearly, such a
representation is much more complex in the present situation then for the model studied in
[2]. Here the arrival rate for the jumps depends on the state of the system via the number of
particles N and goes to infinity as N increases.

Given a state f = (fy, f1,...) we set fy = f Sn(@y)duy. Itis easy to see that

f (Of) N (y)dvy = (N + 1) fyi1, / Ity y)doy = fv-1 (41)
while
/(Kf)N(EN)dEN =0,

so that we get

(Lo = —pfo+phi
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7 Page 14 0of 50 J. Beck, F. Bonetto

(LhHy = —(Np+ W fv +ufv—1 + p(N + D fys1 N >0. (42)

If I is a steady state, writing
N
_ n 1
I'n=cn|—) —
A (p) N

we see from (42) that cy = ¢ for every N. Since Yy I'y = 1 we get I'y = ay, see (7).
This implies that if I' and I'” are two steady states then

/ (I (vy) — Tly(wy))duy = 0

for every N. From Remark 6 it follows that, if I' # I'’ then le'S(C =) < ||IC =T'|.
Uniqueness of the steady state follows immediately.
We now prove a more general version of (9). For » > 0 we define

o0

N! -
Ny () = Z mfN- (43)
N=r

and, using (42), we get

d NI
N ) = Z = CWe W x+rfy+ oWV + D fva)

= —,orN, (®) + purNo_1 () (44)

that, for r = 1, would imply the first of (9) since for a probability distribution we have
No(f) = 1. This argument is suggestive but only formal since we need to show that we can
exchange the sum with the derivative in the above derivation. Notwithstanding this, it shows
that for r = 0, if f € D! then

Y &y =0. (45)
N=0

To prove (9) we proceed more directly using the expansions derived previously. Indeed
from (34) and (36) we get

- ! _
N, (e’(”c_pNﬂ’o)f) > > (NN Y <N; n)e_”N’ (1—e)" fysn
—r

N>r n>0

=e PTIN(F) . (46)
Furthermore, using that N, (Zf) = N, (f) + rN,_(f), we get

- t ~
Nr (f(t)) — Nr (ef(}\K:—pN-i-pO—/LId)f(O) + ,LL/ e(t—s)(X’C—pN+pO—/LId)If(s)ds>
0

t
— e—(pr+/L)tNr(f(0)) + /’L/ e—(Pr-Hl.)(t—S)Nr(f(s))ds
0

t
+ru / e~ PrtmU=IN, L (£(s))ds A7)
0

that gives
t
N, (£(1)) = e """ N, (£(0)) + rp / e PPN, (f(s))ds . (48)
0
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For r = 1, if f(0) is a probability distribution, we get
N() = e P'N©) + (1 — e
0
that proves the first of (9). We will need the following corollary in Sect. 3.6 below.

Corollary 9 Given a probability distribution f, assume that there exists M such that
|N, (£(0))| < M" then we have

[N ()] SmaX{M,

NS

,
} (49)
foreveryt > 0.

Proof Clearly (49) holds for r = 0 since No(f(z)) = 1 for every ¢t > 0. Calling M; =

max [M, %] assume that |N,_1 (f(?))| < er_l. Form (48) we get

t
IN,(E(t)| < e "M + m/ e I M ds
0

=e M+ B — ey MI ! < max {M’, ﬁM{’l} .
o o
The corollary follows by induction on r. O
Let now

N
fv= Z/v,-sz(yN)dyN
i—1

so that E(r) = Y_%_, fw and observe that

N
};ﬂﬁmmmwm=wﬁﬂ.
i=1

N

- 1 -
Z[ﬁmmmwm=m4+gm4
i=1

while

N
Z/U?(’Cf)N(yN)dyN =0.
i=1

Again proceeding formally we get

oo oo

d ~ _ _ _ ~
7 Iy = 1 (—(N,O +wWfn+ufn-1+ %fzvﬂ +,0Nf1v+1>

It is not hard to adapt this argument, together with (46) and (47), to prove the second of (9).

=
(X
=
Il

Mg

l\)‘t

N=1
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3.2 Proof of Theorem 2

To prove Theorems 2 and 3, we will construct a basis of eigenvectors for the generator
G=pPT=N)+ P —1d)

of the evolution due to the thermostat on L%(R, I'). We start by defining

N
PH@OMN@N) =D hy-1(01 o Vi1 Vigls - U8 ()
i=1

1 N+1
(P @Oy = =7 2 / dwe™™ g()hy 11y ; (W) (50)
i=1

with vy ;(w) = (vi,..., V-1, W, V;,...,vy) and g € L*(R, y). Moreover, we use the
convention that the sum over an empty set is 0 so that (P (g)h)o = 0 for every h. With this
notation, P+ and P~ from the introduction are P (1) and P~ (1), respectively.

Lemma 10 We have
PP () = uP(g) (51)

so that G is self-adjoint.
Proof Proceeding as in the definition of D?, we take as domain of P*(g) the subspaces
o0
D = {h| Y anIPE@mwI3 y < oo}
N=0

It is easy to see that D are dense in LQ(R, I).
Calling vy = (v1, ..., Vi1, Vit1, ..., UN) We get

N
(hy. (PH@ININ = Z/dyNVN(yN)hN(yN)jN—l(y’}v)g(vi)
i=1

N
=y f dviyyn-1 (W) < / dvie ™ g(v,-)hN(ym) JN-1(ly)
i=1

= NP~ (@)N—1, JN—1)N-1- (52)

Assume now that h is in the domain of P*(g)*. This means that for every jin D+ we have
(P (9)*h,j) = (h, PT(2)j) -
Given M, choose j such that jy = 0if N # M. For such a j we have j € D™ and
pau (P (@)* M, ju)m = p(PT(2)"h, j) = p(h, PF(g)j)
= pays1(hyr1. (P @D ur D) m1 = pay (P~ (@M. jm)m
where the last equality follows from (52) and the fact that
pNay = pay-— . (53)

This implies that p(P*(g)*h)yy = (P~ (g)h)y for every M thus proving (51). This
also implies that G is self adjoint. O
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To obtain convergence toward e, we first need to show that G is non positive. This is the
content of the following Lemma.

Lemma 11 G is non positive and Gh = 0 if and only if h = ce®, where €V is given by
e?v(y,v) =1 for every N and v .

Proof From (51), we get p(h, PTh) = (P ~h, h) so that
(h, Gh) = 2p(h, PTh) — (h, (o + wh) (54
Moreover we have

o] N
ph, PTh) = Z aNdeNVN(QN)hN(EN) (Z th(v’)V))

N=I i=1

3 [Z f dvyyn y) (VPanh wy) (1/ ]’“\jaNthl(viN))}

1 Li=I

=z
Il

IA

2N

N
i=

1 1 )
[EPaNdeNVN(QN)hN(EN)2+ B /dQNVN(QN)hN*I(EIN)Z]
1

(e ile

1 1
[ENpaN / Aoy () @y + 3 ay / dyNyN(yN)hN@N)ﬂ

—_ =
g

5 (h, (pN + h) (55)

[\8)

where we have used (53) to obtain the second line and that ab < (a® + b?) /2 in going from
the second to the third line of (55). Non positivity follows immediately from (54) and (55).
Furthermore, we see that the inequality at the end of the second line of (55) becomes an

equality if and only if:
M i
Jpanhy(y) = ,/NaN—th—l(yN)
orhy(y) = thlin) for every i and N which implies that iy = hy. m]

Our construction of the eigenvalues and eigenvectors of G is inspired by the construction
of the Fock space for a bosonic quantum field theory, see for example Chap. 6 of [17]. The
main observation is that the operators Pi(g) defined in (50) have the form of the creation
and annihilation operators. Since the “ground state” of G is e°, as opposed to the state with
no particles n, see (64) below, we will introduce the operators RE (g), see (57) below, that
can be thought as quasi particle operators, that is operators that create and destroy excitations
above the ground state, see for example [1]. The proofs of the Lemmas in the remaining part
of this section should be familiar to readers with a background in QFT.

We start with the commutation relations of the operators P+ (g) and V. Setting {A, B} =
AB — BA, we obtain the following Lemma.

Lemma 12 We have

{PT(g1). P~ (g2)} = — (g1, g2)Id
{PT(g), PT(g)} ={P (g1).P (g2} =0
N, PE()} = £PF(g)
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where
2
(gl,gz)zfgl(w)gz(w)e*”w dw.
R

Proof We first observe that, due to the symmetry of &y, we have

(P (®)n(y) = / Y N+ N+ DN 11y )dUN1 = (Py (8)hn+1) ()

while
N
(P @h)n(y) =D (PY(@hn-D(@y)
i=1
where
Py (@hN-1)@y) = AN (V1. ... Vi1 Vi1 UN)E (W) -
Thus we get

(PP (g n(vy) = (Py (81) Py 1(g2)hN12)(Uy)
:/V(UN+1)J/(UN+2)81(UN+1)82(UN+2)
X hy2 Wy p)don1don o
Using again that &y is symmetric we get {P~(g1), P~ (g2)} = 0. Moreover, we have
Py (8D Py_ ;(82)hn—2(vy)

) hn—2(UL, e V1 Vg e Vie 1 Vi ds -+ -5 UNDE1(V)&2(V)) T >
hn—2(UL, oo Vie 15 Vil o e 5 Vjs Vg2, - o> UN)EL (V) G2V 1) 1 =

so that

Py (gDPy_y j(8)hn—2 = Py j(&)Py_;; (€DhN-2 i > ]
Py (gDPy_y j(8)hn—2= Py ;1 (8)Py_ | (€DhN-2 i <].

Summing over i and j it follows that {P*(g1), P*(g2)} = 0.
Similarly we have

(Pg(gl)P;H’NH(gz)hN)(yN) = hN(QN)/gl(UN+1)gz(vN+1)J/(UN+1)dUN+1
while fori < N we get
(Py (8D P4y (g)hn) (y)
=82(Ui)/hN(U1»--~sUi—17Ui+1,-~-7UN+1)g1(UN+1)V(UN+1)dUN+1
= (Py i(82)Py_ (gDhn)(vy) -

Summing over i we get {P*(g1), P~ (g2)} = —(g1, g2)1d.
Finally we observe that

(P7(@Nh)y = Py(9)(WNh)yp1 = (N + D(P™ (9h)y = (N + 1P (2h)N
so that {N,P~(g)} = —P (g). The commutation relation for P* follows taking the

adjoint. O
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Observe that P~ (g)e? = (g, 1)e” while from Lemma 12 it follows that

(G, P (@} ={PT(), PT ()} — pIN, PT ()} + uw{P~ (1), P ()}
=—pPT(q) +n(, gld (56)

that makes it natural to define the new creation and annihilation operators

R =[PPt - [E 1
% P

R @) = 5P @ - [E Dd. (57)
P p

The following Corollary collects the relevant properties of R*(g).
Corollary 13 We have Rt (g)* = R~ (g), R~ (g)e" = 0, and

{R*(g1), R (g2)} = —(g1, g2)Id
{RY(g1). RT(g2)} ={R™(g1). R (g2)} =0

W, R*(9)) =+ <Ri<g) + \/g(g, 1)1d)
Moreover we also have
{G.RY (@)} =—pRT(g). {G.R™ ()} =pR (g). (58)

Proof Tt is easy to verify that R~ (2)e? = 0. Moreover we only need to prove (58) since the
other relations are immediate consequences of Lemma 12. From (56) we get

0 0
{G.R"(9)} = \/;{g, P} = —,O\/gPJr(g) + Vip(g, DId = —pR* (g)
The second equation of (58) follows by taking the adjoint of the first. O

Since Ky preserves the space of polynomials of a given degree, see [4], we choose as an
orthonormal basis for L?(R, y (v)) the polynomials

1
L,(v) = —H,(\/2mv 59
(v) NG ( ) (59)
where
v? dVl —2
Hy(v) = (=1)"e? —e™2
dv"

are the standard Hermite polynomials. For every sequence o = (g, o1, @2, . ..) such that
o; € Nand A(a) := Y 2o < oo, we define

0 R+ o
ey = RO 0 (60)
1

et ©

where ’R;—L =RE(L,).

Lemma 14 The vectors ey form an orthonormal basis in L%(R, I'). Moreover, we have
geq = —pi(@)ey . (61)

Finally we have ||Keq |2 < 00, so that ey € D?, for every .
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Proof If ny # nj and ajay # 0, using Corollary 13 we get
(RF)Me%, (R))?e%) = (€%, (R,))™ (R, )*'e%) =0
while

(RH“1e, (R)*2e%) = (RH*1 e, R, (R;)*2e%)

= ((RH* 7' RIR, (RH*1el)

+ (RH™M e (RH*~1el)

-1,0 -0
= ((RH* e, (RH*™R, ")
+ar (RN, (R e
=m (R, e, (R 1.
Assuming o > ap we get
(RH™e%, (R)2e”) = anl(R)*1 72", &)
so that
(R, (R,)*€%) = 180
from which orthonormality follows easily. Observe now that

N <n

0
(PT(1)"e)y = { IV

(N=n)!
so that we can write

1’1
n=3 CV e

n=0

(62)

(63)

(64)

where n = (1,0,0,...). Since P*(1) = \/ZR(J{ + \/Eld we see that n is in the closure

of the span of the e,. Calling 79+ = P*(L;), we observe that (P*n) N =0for N #1
while (P+n)1 = L;. Since the L form a basis for L2(R, y1) we see that the closure of the
span of {n; P+n i > 0} contains a basis for LZ(R0 ap) ® L?(R ayyy). Observe now that

= \/gR;r + Si,o%ld and that Rfeg = J/a; + ley, where oc;. = «a; for j # i while
a] = a; + 1. Combining this with (64) we get that the closure of the span of the e, contains
P;r n and thus it contains a basis for L?(]RO) ® L?(R, ary). Iterating this construction we

obtain completeness. Equation (61) follows easily from (58).
Finally, since (hy, R; jhn)n < |lhsll2, N, from (5) we get

o0
I3 < > ayN*Ih|35 y = IN?hI3 .
N=0

Using the commutation relations in Corollary 13 as in the derivation of (62) we get

N RE)" = (RE) A e (R + 0, [ (R
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that, together with N'e? = %R(J{ el + %eo, gives

Ney, = (A(g) + %) ey + \/g(\/%eg— + Voo + leg+)

where ozii = «;, fori > 0, while (xgE = ag £ 1. Thus we have ||N2eg||2 < oo and the proof
is complete. O

In Sect. 3.3 we will need a more explicit representation of the e, . To this end observe that,

ifn #0,(RFey@y) = ,%Z;V:l L, (v;) while for ny, ny # 0 and N > 2 we can write

P L p
(R RN @WN) = =D Ly (0i) Ly (v)) = N ia > Ly (0r(1) Ly (v22)
i£j i 7eSym(N)
where Sym(N) is the group of permutations on {1, ..., N}. More generally, given n; # 0,

i=1,...,M,weget,for N> M,

M 1 0
+ a0 — ~
(| [R\e )N(UN) = N (l)

i=1

ES

M
PN § EZHCTDR (65)

reSym(N) i=1

while (]_[f‘il ’R,Tl_ eO)N = (0 for N < M. Given « with A(«) < oo, define

[ee)

Ly =@ LY

i=1
where L‘?O = 1 and observe that L, is a polynomial in Ag(a) := Z?i] «; variables with
degree d(w) := Zf’il ia. Also for 7 € Sym(N), define w(vy) = (V(1), Vr(2), - - - Vz(N))-
Using these definitions, together with (60) and the fact that R(J)r = \//ELPJ“(]) + \/gld we
can write, for N > Ag(a),

)Ny =can Y. La(my)), (66)

reSym(N)

for suitable coefficients cy, y, while (ey) NQy) = 0for N < ho(@).
‘We now come back to the full operator L.

Corollary 15 The operator Lis self-adjoint, non positive and Lh=0 if and only ifh = ce.

Proof We can proceed exactly as in proof of Lemma 10. Assume that h is in the domain of
L*. This means that for every j in D?> we have
(L*h,j) = (h, £j).

Given M, choose j such that jy = 0if N # M. Clearly j € D? because (Zj)N # 0 only
for N =M — 1, M, and M + 1. Moreover (Kh, j) = ay(Kyhp, ju) s is well defined for
every h € L2(R, I'). Finally we known that K is non negative and self-adjoint for every
M. Thus we get

am (LW, ju)m

(£h, §) = (h, £j) = (h, Gj) + Ray (hyr, Knjs)m
am((GWur, jar) + Aay (Kahae, js)m = ap (Ch)ar, jag) v -
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This implies that (E*h) M= (Zh) um for every M. This proves that Lis self-adjoint. Observe
also that Gh = 0 if and only if h = ce’, see Lemma 11, while K is positive and Ke® = 0.
This completes the proof. O

Let Wy = span{ey |A(a) = 1} = span{’R,J{eoln > 0}. Observe that Gh = —ph if
h € W; while (h, Gh) < —p(h, h)ifh € D% h L e buth ¢ Wi. Thus we get

A < —p+sup{(h,Kh) |h e D?, |h, = 1,h L Ey} < —=

From [4] we know that (fy, Ky fn) < 0 for every fy while (fy, Ky fn) = 0 if and only
if fN is rotationally invariant. Since (’R+ 0y = Jp/u ZlN 1 Ln(vi), for n > 0, while
(R ey = Vp/uN — /in/p we have that R*eo is rotationally invariant if and only if
n = 0 orn = 2. This implies that (h L’h) = —p|lhl|z if and only if h € span{R Tel, R+ 0y,
Since ’RO el = =e(,0,..) and R2 el = = €(0,0,1,0,...), this completes the proof of Theorem 2 ]

3.3 Proof of Theorem 3

To prove Theorem 3, we need more information on the action of /C on the basis vectors ey.

As a basic step, we compute the action of R 2, see (6), on the product of two Hermite
polynomials in v; and v. A simple calculation, see e.g. [4], shows that (R] 2 F)(vy, v2) =0
forevery F oddin vy or vp. Thus, calling Hy my) (V1, v2) = Hyy (V1) Hp, (v2), it follows that
R1,2H(n,.m,) 7 0ifandonlyifm andm, are both even while Ry 2 H(2,,, 24,) 1S arotationally
invariant polynomial of degree 2(n1 + n2) in v; and v,. Moreover, if m| +mo < 2ny + 2n»,
we get

/H<m1,m2)(v1, v2)(R12Hn, 2n0)) (01, v2)y (v1)y (v2)dv1d vy
= /(Rl,zH(,nl,mz))(vl, v2) Hony 2ny) (V1, 02)y (v1)y (v2)dvidvy =0
where we have used that H(y,, 24,) is orthogonal to any polynomial of degree less that

2(ny +n3). Thus we have Ry 2 Hon,,2ny) € span{Hp, p,) | p1 + p2 = 2n1 +2n2} and, since
H, is a monic polynomial of degree n, we can write

ni+ny ni+ny
p2k 2 (mitna—k)
R12Hn 2ny) = Z ag,ny o Hk 201 4n2—k)) = Z AknynyV7 +0
k=0 k=0

for suitable coefficients ay ,, n, and polynomial Q (v, vp) of degree strictly less then 2(n +
n2). This, together with rotational invariance, implies that

ni+na ny 4 ny
Ri2Hon, 2n0) = Tnyno Z ( k

) Hk 20 +n2—k)) (67)
k=0

for suitable coefficients 7, ,. Using (67), together with (66), it is possible to give an explicit
representation of /C on the basis of the e, . For the purpose of this paper, we will only need
some particular cases discussed in detail below.

Let now V,, = span{eq| > ;0 ic; = m} = span{[[;(R;)* €| Y72, iot; = m}, that is
V,, is the subspace of all states h such that & is a polynomial of degree m orthogonal to all
polynomials of degree less than m. From the above considerations and (66) it follows that
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KV, C V,, so that defining

S = inf (h, —Zh). (68)
heV,,ND?
Ihll=1. hLE; ®Eo

and observing that L2(R, I') = @pe_y Vi, we get Ay = —inf,, 8.
Since E; = span{’R(J{eO, R;eo}, we get

Vo N (E1 ® Eg)™ = span{(R)"e’, n > 2}

V2N (E1 @ Eo)™ = span{(R)"R3 e’ n = 1: (R (RT)?e’.m = 0}.
Observing that IC(R(J)r yrel = K(Rg )”722+ e’ = 0, due to rotational invariance, while
IC(R(_)" )yn (RT)ZeO = 0, due to parity, we obtain §o = §» = 2p. Moreover we have that,
form #0,2,V,, L E{ ®Eg. Thus we need a lower bound on §,, for m odd and for m even
and greater than 2.

Observe that (R} e, GR}e®) = —p while (h, Gh) < —2p(h,h) ifh € V,, and h L
R$e0. Thus, if X is not too big, it is natural to search for the infimum of (h, —£Ch) on V,,

looking at states h close to R,J,Qeo. To do this, we need the representation of IC’RzeO on the
basis formed by the e,. If m = 2n, using (67) for ny = 0 we get

n
n
Ri2H@2n,0) = Tn Z (k) Hor 2(—k)) (69)
k=0

where 7, = T,,0. To compute 7, we compare the coefficients of vf” on the left and right
hand side of (69). On the left hand side the only contribution comes from R sz%” since Ry
preserve the degree. On the right hand side only the term with k = n contains the monomial
vf". Since the H,, are monic and

27 de 2 do
Ry 2vf” = / (v1 cos8 — vy sinB)' — = (v% + v%)” / cos? g — |
’ 0 2 0 21

/2” oy A0 1 (2n
T, = cos™ ) — = — .
0 2 4n n

Combining with (59) we get

" n\ VCROI2(m — ]!
Ri,jLG(Ui) =Ty Z (k>W

Since forn > 0 we have (R;n D)y = NIy ZlNzl Ly, (vi), adirect computation shows that

N
(KR35, = \/%N ~ D@5~ DY Loy (w)
i=1

n—1
0
+ \/g Z Z Ok Lok (Vi) Lo(n—ky (v))

k=1i#j

and we obtain

Lok (vi) Logn—ky (V) .
k=0

where

Onk =Tn—— = /TnTkTn—k - (70)
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This gives us

n—1

’CR;, =@, - I)RZn [Z"n kRZkRZ(n k)
—(2rn—1)7€2ne —}—\/7(21',[—1)73

n—1
w
+ \/;E on kR R € (71)
k=1

where we have used that N'e? = \/%’Rareo + %eo.
If m =2n+1, Ri 2 Houq1(v1) = 0 gives

+ 0 Ko+ 0 [HFotnt 0
KRy, 1€ :_;R2n+le - ;RoRane . (72)
From (71) and (72) we get
A(RE0 KRS € = —a(1 —21,), A(R3, €% KRS, ") =—2

so that 82, < p + A(1 — 27,) and 62,41 < p + A.

The following Lemma shows that, if the average number of particles in the steady state
is large enough and A is not too large, one can find a lower bound for §,, close to the upper
bound derived above.

Lemma 16 Form = 2n + 1 we have

82n+1zmin{p+k—k\/z, 2,0—)»\/E} (73)
I m

while for m = 2n, n > 1, we have

82,,zmin[p+(1—2rn))\—2)\\/z, 2,0—2)»\/?]. (74)
W 7

Proof See Appendix A.1. O

Since 7 = 3/8 and (R4e€”, —ER4e0) = p + A/4, we get

p—i—f—ZA <64<,0—|—)»/4
4 Vo

Moreover, thanks to (13),

0 A ) A
20 —A)—>p+ —, pPHA—A|—>p+—
% 4 uw 4

so that 82,41 > 4 for every n. Finally we observe that 7,11 < 7, and t3 = 5/16. Using (13)
again it follows that, for n > 3,

A
82nzmin{2p—2A 2.1 —2e)r+p—2a /3’ >p+ 5z
; 1"

so that Ay = —§4.
To show that A is an eigenvalue, we need to construct an eigenstate, that is we need to
find h € V4 such that £h = —§4h. To this end, it is enough to show that there exists h € V4

@ Springer



Grand Canonical Evolution for the Kac Model Page 250f50 7

such that (fl, Eﬁ) = -84 (fl, ﬁ). Observe that if h € V4 then Ch is even. We thus restrict our
search to h € V§ = span{(R{)*R] e, (ROF(RF)?e"; k > 0}. B
Consider a sequence h,, € V suchthat ||h, |2 = 1 and lim,,_, o (h,,, —Lh,,) = é4. Calling
V4 = span{(R) IR e’ (R)F(R3)?e%} for k > 2, while V§ | = span{R] "}, we
can write h, = ZZ‘;O h,, with h,; € Vj’k and we can find a subsequence hg of h,
such that lim,,_, » h, 0 = ho. Similarly we can find a new subsequence h! of h such that
lim, oo hy = hy. Proceeding like this we find a sequence hS° such that lim, . o h;’fk = ﬁk,
for every k. Analogously, since £, y is an even polynomial of degree 4 in v, we can assume,
possibly at the cost of further extracting a subsequence, that lim, o0 1%y = hy for every

N. From Fatou’s Lemma we get that lim,,_, oo h® = h with |[h|l; < 1 while

o o0
A oy ~ 2 . . 2 _ 1 . o0 [ee)
(h, —Gh) = p ];knhkn < lim inf p ;kuhn,ku = lim inf (h;*, ~Gh{*)
and analogously, since Ky is non positive,
o0 o0
(h, —Kh) = ) (hy, —Knhy)y <liminf Y (h%y. —Knhioy)n
N=0 N=0
< liminf(h2°, —Kh(°)
n—00
so that
n

(h, —Zh) < lim inf (h}*° —Ih®) =4,

while (ﬁ, —Eﬁ) > 84||ﬁ||2 since h € V. Thus we need to show that ||f1||2 =1.
To this end observe that for every M > O we have
o0 oo
pM > lhyill3 < p Y kb l3 = (hy, —Ghy) < (h,, —Lh,) < 26,
k=M+1 k=1

eventually in . Thus, for every € there exists M such that lecsz [Ihy, & ||% > 1—e€ eventually in
n. Taking the limit this implies that for every € there exists M such that Z,iu:o ||ﬁk ||% >1—€
and thus we get ||f1|| = 1. This concludes the proof of Theorem 3. o

3.4 Proof of Theorem 4

To simplify notation, given f = hI', we set S(h) = S(f | I') and we define

o0
vy =) ay / dvy 41 (hn 1 — hy)(oghy 11 =102 hy)Yn 41y 1)
N=0

Eth) =) ay / doyhn @Wp) YN ().
N=0

Finally we observe that if f € LI(R) then h € LI(R,T) and “'f = (eZ’h)I‘ with
L = G + AK defined in Sect. 3.2 but now considered as an operator on Lg (R, T).

To obtain an explicit expression for % S(h(1)), where h(r) = e“'h we need to interchange
the order of the derivative in ¢ with the sum over N and the integral over v . To do this we
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will use the following two Lemmas that will allow us to use Fatou’s Lemma to excahnge
derivative and integrals.

Lemma 17 Givenf € L' (R) we have
lim_((e“'f), (uy) — fn(uy)) =0

t—0t

1
lim = ((e“'f) y (y) = fv(y)) = (LOy ()

t—0t+ ¢

for every N and almost every v .
Proof See Appendix A.2. O

Lemma 18 IfhI € L!(R) then .
Iy () log(hy (1)) < (e“(hlogh))N

Proof See Appendix A.3. O

After setting
diS(h(t)) := lim sup l(S(h(t +h)) — Sh(1))),
dt ho+ h

we are ready to estimate of the variation in time of S(h).

Lemma 19 Let h be such that hI' € D' and hloghI' € D! then we have
d
—Sh®) < —p ().

Proof From Lemma 18 we get

1
;(hN(EAp N log(hy(y, 1) — hy(wy) log(hy (vy)))
1 ~
—— (" mlogh) @y) = hw(wy) loglhn wy))) =0

Since hloghI' € L' (R), conservation of probability gives

oo
> aw /R ((Fmtog)) @y)vw(ey) — ey logliy @y ) vy (wy)) duy =0
N=0
so that by Fatou’s Lemma

lim sup %(S(h(t)) — S(h))

=0t

< ZaN/ hmsup (hny, D) log(hy (y, 1) — hy(y) log(hn (uy)))

N 0t

- Z ay [ imsup 1 (e hiogh) | () = () ogin (o)

t—0t

and, using Lemma 17, we get

lim sup — (S(h(l)) = Sh)) < Z an /N(Zh)N(BN)(log(hN(yN)) + Dyn(py)doy
t—>07t N=0
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o0

~ Y ay / (Zlogh)),, wy)yy (wy)dy -
N=0 RN
Since 'h € D' and C'hlogh € D', (45) gives
d o0
3 3
S|, = Z_OaN / dvy vy (Zhy log(hy)
o0
N=0

—(u+ pN)hy + XKNhN) log hy

ay / dvyyn (0PN + (P h)y

o
<Y ay / doyyn (p(PTh)y + w(P h)y — (w4 pN)hy)loghy
N=0

where we have used that f dvyyn(Kyhy)loghy < 0. Observe finally that
/dENVNP(P+h)N10ghN = /dENVNNPhN—l loghn

/dyNVNM(P_h)NIOghN = /d2N+1VN+thN+110ghN

from which we get

d - . . .
d;;S(h(l))],:O =< ZaN/dENVNNP(thl(I) —hn (1) loghy (1)
N=1

o0
+uy ay / dv 1 yN+1 (v 1 () = by (1) log hy (1)
N=0

The thesis follows by reindexing the first sum and using (53). O

Thus to show that S(h(z)) decays exponentially we need a lower bound for ¥ (h) in terms
of S(h). This is the content of the following Lemma that is the main result of this section.

Lemma20 IfT'h € L (R) with S(h) < oo, then

Sth) < E(h)log E(h) + %lll(h) . (75)

Remark 21 The idea behind the proof of (75) is to think of the entry and exit processes defined
by the thermostat as a continuous family of independent entry processes, one for each possible
velocity v, with entry rates 1y (v)dv, while each particle in the system leaves with rate p
independent of its velocity. Clearly such a description makes little mathematical sense and,
as a first step, one may think of approximating the original process by restricting the velocity
of each particle to assume only a finite number of values v, k = 1, ..., K, characterized
by suitable entry rates wg. After this, using convexity, we reduce the proof of (75) to the
case with K = 1, essentially equivalent to the case in which all particles in the thermostat
have the same velocity. In this situation, we further approximate the infinite reservoir by a
large finite reservoir containing M particles that enter and leave the system, independently
from each other, at a suitable rate. Convexity will allow us to reduce this situation to that of
a single particle jumping from the system to the reservoir and back. The final step is thus
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Lemma 25 below that deals with this situation. This argument is inspired by the proof of the
Logarithmic Sobolev Inequality in [12].

Remark 22 In the proof of Lemma 19 we required that hI" € D' and hloghI' € D' only
to differentiate ¢'“h and show that Y "%_q an [ (Lh)yyndv ~ = 0 and similarly for hlogh.
We believe it is possible to implement the strategy outlined in Remark 21, and developed in
the proof below, directly to S(h) thanks to the representation of the evolution described in
Remark 8. This would eliminate the need for conditions on h but it would make the proof
below unnecessarily involved.

Proof of Lemma 20 A way to make the first step of the discussion in Remark 21 rigorous is
to coarse grain, that is to approximate each 4y by a simple function obtained by averaging
it over the element of a partition of R made by rectangles obtained as the Cartesian product
of a finite number of measurable set of R.

More precisely, we call Z = {Bk},f= | @ (measurable) partition of RV if By ¢ RN are
measurable and  Bx = RN while By N By = @ ifk # k'. Given a measurable partition B
let I (v, wy) be the indicator function of By x By C R2N and define the coarse graining
kernel:

K

1 .
c@(yN,wN):Zw—klk@N,gm with wy = / N (y)duy -
k=1 By

Clearly, for every w, we have

/ CB(QN,EN)V(EN)dEN =1
RN

while Cp(v,, wy) = C(wy, vy). Given a function hy is L'(RN) we can define its coarse
grained version as

hn BUy) = /RN Cay, wy)hy W)y @y)dw,y .

Observe that, if vy, € By then

1
hyBy) = ;k/ y(y)hyy)dwy .

By
This means that 4y 5 (vy) is a simple function that assumes only K possible values. Finally
we have [on hy BN Y N)dVy = [on in@y)y (Vy)doy.
Given measurable partitions B = {Bk}f=1 and B’ = {B}}leof RY and R respectively,
we can define the product partition B x B’ = {By x B} k=1,....,K j=1,...,J}of
RN+M _QObserve that the coarse graining kernel of B x B’ satisfies

Caxp Uy, Vs Wy, W) = Cauy, wy)Cp (W), why) .

Finally, given a partition B = {Bk}f=l of R,and k = (ki,....ky) € {1,..., K}V we
consider the set By = x; By, C RY. Clearly the By form a measurable partition of RV that
we will denote as BY. As before, we can define the coarse graining kernel for BY as
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where wy = []; @k, and It (vy, wy) is the characteristic function of By x By € R*V.
Moreover the coarse grained version of iy € LY(RN, yN) 18

hN,BN (EN) = AN V(&N)CBN (QN» EN)hN(&N)dEN .

Again, if vy € By we have

1 _
hN,BN (BN) = aTk/}? hN(EN)VN@N)dEN = hN,BN (k)
z k.

and hy gv (vy) assumes only the K N possible values h ~ .~ (k). Observe finally that, since

N
Cpv(y, wy) = [ [ Coi, wi),
i=1
we can write
hy_1gv-1(Uy_1) = /N y(pn)Cprv Uy, wy)hy—1(wy_dwy . (76)
R

Given a state h and a partition B of RY, we define the coarse grained version hg of h over
B by setting hg v = hy gn. Since x log(x) is convex in x and (x — y)(log(x) — log(y)) is
jointly convex in x and y, for every partition 5 of R, we get

Sthp) = Sth), W) =¥h), Ehg)=Eh) (77)

where in the inequality for ¥ we used (76). On the other hand, we have the following Lemma.

Lemma 23 Given h, for every € we can find a finite measurable partition B of R such that
Sth) — S(hp) < ¢
Proof See Appendix A.4. O

We thus claim that to prove Lemma 20 we just need to show that, for every finite partition
B of R and every state h we have

S(hp) < E(hp)log E(hg) + %lI’(hB)- (78)

To see this observe that Lemma 23, together with (77) and (78), implies that for every € we
can find a partition 55 such that

S(h) < S(hg) + € < E(hg)log E(hg) + %W(hg) +e
< EMm)log Eh) + “wm) +e.
P
Thus we consider a given finite partition B = {Bk},f=1 and a given state h. Since hp v
takes only finitely many values, it should be possible to transform the integrals defining

E(hp), S(hp) and ¥ (hg) into summations. To do this, given k € {1, ..., K}V, we define
the occupation numbers n(k) = (n1(k), ...,ng(k)) € NX as

ng) = 8,1 -
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That is ny (k)is the number of i such that k; = g. In other words, if v), € By then there are
ng (k) particles with velocity in By. )

The fact that sy is invariant under permutation of its arguments implies that &y g~ (k)
depends only on n(k) or, more precisely, if n(k) = n(k’) then h Ny (k) = h N.BN (k"). This
allow us to define the function F : N — R given by

K
Fm =hy®k) if n=nk), and N =73 n:=|n|.
k=1

Using this definition and the fact that Z,le wi = 1, we can now write

Ehg)=Y ax Y  hypvog

N ke{l,... K}V
_ K N K
(3 20 el
-y (t F ]l
" n
m N! \ p nl=N ny,...,ng i
K
= > F@ [ ] 7 0m) = Eq (F) (79)
neNK k=1
where o = (a1, ..., ag) with op = pwi/p and
n
Ta(n) = e
n!

that is m,, is the Poisson distribution with expected value o . Similarly we have

Shg) =Y ay Y hypv®)loglhy g (K)o

N kell,.. . K}V

K
= > Fm1og(F) [ | 7a (1) 1= S, (F) (80)
neNK k=1
Finally setting n? = (ny,...,ny +1,...,ng) we get

K
Whg) =) ay Y. Y (iyiypvak.q) —hy gy (k)
N

x (loghy 1 gv+i (k, ) — loghy g (k) ok,

K K
=230, Y (F?) — Fw) (log F(n?) — log F()) [ | e, 010
H g=1  neNK k=1
=L, (F). @1)
e

so that, to prove (78), we need to show that, for every F : NK — R, and for every K and
oy € REif Sk (F) < oo then

Say (F) < Wy (F) + Eq, (F)log Eq, (F). (82)
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We will prove (82) by induction over K. Assume that (82) is valid for every index less
than K for some K > 1 and write

K—-1
Sup ((FCong) = > F@' ng)log F',ng) [ ] e (nx)
n'eNK-1 k=1

and similar expression for Ey, | (F (-, ng)) and ¥, | (F(-,nk)).
Using the inductive hypothesis we obtain

Sug (F)= > Sup \(FC.ng)Tay (k) < Y Wy | (F( k) Tay (nK)
nK=O

n[(=0
o
+ Y Eay (FC.ng)log By, (F(.n )Ty (nK) -
ng=0
Calling Fi(ng) = EQK—I (F (-, ng)) and using the inductive hypothesis again we get

o0

> Eap [(FC.ng))log Egy  (F(.ng)may (nk) = Sag (F)
ng=0
< Wy (F1) + Eqy (F1) log Eqy (Fy)
so that

Sug (F) < Y Wy ((FCong)Tay (nK) + Py (F1) + Eay (F1)log Egy (F1) . (83)

nK:O

Observing that Ea (F1) = Eg « (F) and that, by convexity,

Yo (F1) = ag Y (Fi(n+ 1) = Fi(n))(log Fi(n + 1) — log Fi (n)7ay (n)
n=0

K
<ax Y (F@)—F) (og Fn¥) ~log Fw) [Trestno

neNK

we get (82) for K. Thus, by induction, to prove (82) for every K we just need to prove it for
K = 1. This is the content of the following Lemma.

Lemma 24 Let ity be the Poisson distribution on N with expected value o > O and f : N —
R be such that

> fm)log f(m)ma(n) < 0o,

n=0

then we have

> fm)log f (n)me(n) < (Z f)my (n)) log (Z f)m (n))

n=0 n=0 n=0
+aZ(f(n+ 1) = f(n) (og f(n+1) —log f(n)) my(n).

n=0
(84)
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Proof Observe first that since amy(n) = (n + )y (n + 1) we get

a Y (fr+ 1) = f(m) (og f(n+1) —log f(n)) 7o (n)

n=0
= Zn (f(n) = f(n—1)(og f(n) —log f(n — 1)) ma(n).
n=1

Let now 7y, v (1) be the binomial distribution with parameters N and o/ N, that is

v ()G (-5

We will prove by induction that for every N and every « < N we have

N N N
> Fm)log f(m)me n(n) < (Z f(n)na,N(m) log (Z f(n)na,N(n)>
n=0 n=0 n=0

N
+ Y n(fn) = f(n— 1) (log f(n) —log f(n — 1)) e n (1)
n=1

(85)

so that, taking the limit for N — oo, we will obtain (84). The base case N = 1 is covered
by the following Lemma. O

Lemma25 Let uy > 0, x € {0, 1}, be such that po + w1 = 1 then for every function
f:1{0,1} = R* we have

!

D F@log fpe < | Y fme |log | D Flom

x=0,1 x=0,1 x=0,1
+ popt (f (1) — £(0)) (log f(1) — log f(0)) . (86)

Proof Calling h(0) = f(0)/(rof(0) + w1 f(1)) and h(1) = f(1)/(of(0) + p1 f(1)),
(86) becomes

3" ) logh(n)px < popet (h(1) — h(0)) (og h(1) — log h(0)) -
x=0,1
Since woh(0) + pnih(1) =1 we can write 2(0) = 1 + 6y and A(1) = 1 — Spp and we get
> ho)logh(x)ps

x=0,1
= pop18(og(1 + 8u1) — log(1 — 8110)) + o log(1 + 1) + 1 log(1 — 810)
< pou18(log(l + dp1) — log(l — Sp0))
= pop1 (h(1) — h(0)) (log h(1) —log h(0))

where we have used concavity of the logarithm. O

Assume now that (85) holds for every index less than N. Given ¢ < N call 8 = (N —
1)a/N sothat 8 < N — 1. Define also uo = 1 — «/N, u1 = o/N, and observe that, for
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every J : N — R,

N N—-1
Yo Tmmanm) =Y Y T+ x)mp N1 () (87)
n=0 x=0,1 n=0
Calling
_ N—-1
f) =Y fo+x)mpn-1(n)
n=0

and using (87) and the inductive hypothesis for index N — 1, we get

N N—1
Y flog f(mmann) =Y D" fn+x)log f(n+x)7pN-1(n)iis
n=0 x=0,1 n=0
< Y F@log fxu
x=0,1
N-1
+ ) D n(ftx) — fn—1+x)
x=0,1 n=1

~(log f(n+x) —log f(n—14x)) g n—_11)ux

while using Lemma 25 for the first term in the second line delivers

N N N
D f(m)log f(n)me N (n) < <Z f(n)na,zv(n)> log (Z f(n)ﬂa,zv(n)>

n=0 n=0 n=0
+ o1 (f(1) — £(0))(log (1) — log £(0))
N—1
+ Y D n(fr+x) = fn—1+x)
x=0,1 n=1

~(log f(n+x) —log f(n —14+x) wgn-1(Wpx  (88)

Finally using the joint convexity in (x, y) of the function (x — y)(logx — log y) and the fact
that g < 1 we can write

pomi (f(1) — £(0))(log f(1) — log £(0))
N-—1

<Y (f4 1) = f)(log f(n+1) —log f () n—1(n)

n=0

that inserted in (88) gives

N N N
Y fn)log f(n)e,n(n) < (Z f(n)na,N(n)) log (Z f(n)na,zv(n))

n=0 n=0 n=0
N—-1
+ Y)Y ) (fr+x)— fn—1+x)
x=0,1 n=1

- (log f(n +x) —log f(n — 14 x)) g N—1(m) fhx -
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Changing summation variables from (x, n) to (x, n + x) and using (87) we obtain (85) for
index N. Thus (85) is valid for every N > 1 and every o« < N.
To complete the proof of Lemma 24 we need to show that we can take the limit for N — oo

in (85). To this end observe that given «, for N large enough we have 0 < (l - %)N <2e“.
Thus for large N and @ < n < N we get

o (@)" o\~ i
na,N(n) =< 2e 7 (1 — N) E (1 — N)

o] .
g (@) o\l i
=2 (1-5) 1 (1 - N) < 4o (n) . (89)

i=1

Using Dominated Convergence, (89) implies that, if f(n) is bounded below and ZZ(’:O f(n)
7Ty (n) < oo then

N 00
Jim ZO FOTan ) = f ()7 (n).

n=0

We can now let N — o0 in (85) to obtain (84). This concludes the proof of Lemma 24. 0O
To sum up, the validity of (84) together with the inductive argument in (83) shows that
(82)is valid forevery K and o, k = 1, ..., K. This in turn, together with (79), (80) and (81),
establishes the validity of (78) for every state h and every partition B of R. This, together
with Lemma 24 completes the proof of Lemma 20. O
Observe now that if f is a probability distribution E(h) = 1 so that Lemma 20, together
with Lemma 19, gives

d
d—jS(h(r» < —pS(h()) (90)

To complete the proof of Theorem 4 we have to show that (90) implies (15). To this end, take
p’ < p, assume that there exists ¢ such that S(h(r)) > e P'1s (h(0)) and let

T =inf{t > 0| S(h(t)) > e " S(h(0))}.

By continuity we get S(h(T)) = e’/’/TS(h(O)). From (90), for every € we can find § such
that

S(h(T + ) < (1 — ph)e™ "7 S(h(0)) + he
for every h < §. Choosing € = (p — p’)e_Tp/S(h(O)) we get
S(T + h)) < e~ TP $(h(0))

which implies that S(h(7)) < e”"’S(h(O)) for every t > 0 and every p’ < p. O

3.5 Derivation of (17)

To prove (17), we observe that 1(¢) and g(v, t) in (18) satisfy the equations
() = p— pn(r)

; - ® _
g, 1) = 0 (y(v) —g,1).
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Setting £(¢) = (fo(t), f1(2), f2(2), ...) with

N N
vy, 1) = e_"(t)% [Tswi.n
Toi=l

we get
@ ooty = (= prane @ 1O () n(t) 1—[ 1)
dt Ny, 1) = (10— p7n N D .
+ *ﬂ(f)w N ) .
e N! Z (v (vi) g(vul‘))l_[g(vj,t)

i JFE

= pe ’"(’)n() ]_[g(vl,t) pe n()wl—[g(vl,t)

+M—n(t)'7() Sy [T e 0 - ue—'ﬂ')"(’) ]'[g(,,r)
i J#

= p((Of()n (V) — Nfn(uy, 1) + n(ZE0)n ) — fny, ).

Thus f(r) solves (1) with A = 0. Clearly f(r) € D! for every t > 0 so that, by Remark 7,
£(r) = e'7£(0).

3.6 Proof of Theorem 5

Given a continuous and bounded test function ¢ : R¥ — R, symmetric with respect to the
permutation of its variables, we define

k N!
(s Pk = (ﬁ) %m /R | T @)k @) duy -

What we need to show is that, if f,, forms a chaotic sequence and ¢ : R — R is a test function
then

k
lim (e57'f,, %) = ( lim (e£n'f,, ¢)1,n)
n—0o0 n— oo

which implies propagation of chaos.

The argument to prove propagation of chaos introduced in [16] is based on the power
series expansion of ¢*X¥!_ which converges since K is a bounded operator. After this, one
can exploit a cancellation between Qy and (1;’ )Id, see (5), when they act on a function ¢y
depending only on k < N variables, see Sect. 3 of [16]. In the present case the analogue of
such an argument formally works but it cannot be applied directly since, being K unbounded,
the power series expansion of e***! does not converge. To avoid this problem, one may try
to use the convergent expansion (27) introduced in Sect. 3.1. But the different treatment of
On and (g’ )Id in (27) would make it very hard to see the needed cancellation.

Thus we will introduce a partial expansion of ¢*Xt and combine it with (33) and (40). The
idea is to expand this exponential in the least possible way to exploit the central cancellations
of McKean’s argument. We first decompose Ky as

Ky =K + Ky_i + (N — k)G
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with
Kva= ) (Rj—1d
k+1<i<j<N
1 k N
ol 2 (Ri—1d)
i=1 j=k+1
and obtain
[ ~
)\”KNI¢ X,,Kkl¢)k +(N k))\. / e)\nKN(I—S)er)LnKkS(pkds (91)
0

where we used that Ky is a bounded operator on C 0 (R™M) and that K N—k®r = 0. Since we
are interested in integrating (91) against a symmetric function fy we can write

k
do .
Gilorl(pyy) = E /g[(ﬁ(vl,-.-,vi-l,vi co8 6 + vk418In6, Vit1, ..., k) — P ()]
i=1

To iterate we need to apply (91) to the factor KN I=5) inside the integral in (91) itself.
Since Ge* XS g is a function of k + 1 variables we now have to write

Ky = Ki1 + Ky—i—1 + (N —k = DGy .
Iterating this procedure we get

e)»nKNl(bk — e)\.”Kkl(pk

N—k =p ' - -
+ Z )\‘ (N k) / e)hnKk+p(f_tp)Gk+p_le)wzKk+pfl(lp_l]zfl)
(N —k—p)! O<ty<w-<tp<t

,e(IZ*II)AnKk-%—l eranktl r dl‘p - dit
so that

AnKCt Jn Kyt
(e fnv(pk)k,n = (f,, e "k ¢k)k,n

o0
+ ZA”/
p=1

(fn7 eXnKker(t_fp)Gk+p_165\nKk+p—l (tp_tp—l)
O<ty<--<tp<t

.e(fz—fl)ankH erAnKkz¢k)k+p,n dtp -ood 92)

where the factor A? in the second line of (92), comes from (25) and (19).
Observe now that the R; ; are averaging operators so that || R; jllco < 1 which gives

e, = RO D] <1

For the same reason we have

k N
1
IGklloo = D~ D (IRijlloo +1) < 2.

i=1 j=k+1

0
< <—) 16,11 1 bx oo
Hn

Using (21) we get

(e}m ’thn s (pk)k.n
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00 k+p—1 k+p
APtP P K+
+y = T1 1Gile (—) I 15 bl
=1 Py Mn

o
k —1
< ||¢k||ooKkZzw,pr< +p )

p=0 P

Observe that the series in the last line converges for AK7 < 1/2. On the other hand, since
lim,—, 5 A, = 0, for every ¢ we have

lim (£, " ¢ = lim (£, @)k
n—oo n—oo
and similarly, calling G,;” = [17_, Gii,

hm (fn , ein Kk+p(t*[p) Gk+]771 eXnKk+p—l (tp*tpfl)

=00 Jo<t <<ty <t

.e(tz—tl)XnKk+l erinKktd)k) dtp coodt = ”]Lngo (fm G;‘;p¢k)

k+p.n k+p,n

so that we finally get
o]
= PP
: A Kt T *p
nlggo(e f0, &k = nlglc}o § 7 (fns Gk ¢k)k+p,n . 93)

Observe now that Gy acts as a derivation in the sense of [16], that is, for every ¢y, and V,
with k1 + ko = k, we have

Gk(¢k1 ® 1pkz) = (Gk1¢k1) ® Iljkz + ¢k1 2 (Gkakz) .
This implies that

1 1
—G (@Y = Y ——( i) ® (G iy - %4)
p! pi! pa!
p1+p2=p
Observing that if f,, forms a chaotic sequence then
lim (f,, or; ® Yi)k,n = Hm (£, dp iy, im (B, Yy iy n (95)
n—0o0 n—0o0 n—00
we get
lim. Z —(fn, G’ by ® Vit pun (96)
o0
AP1PL AP2¢P2
— i (f G ) li (f,G*”2 )
ningo fapar p1! ¢kl ki+p1, nninczo Z ! " k2 ¢k2 ko+pa.n

which implies that e’ propagates chaos, at least for r < 1y = ﬁ Finally we need to

verify that (21) still holds. Since f,, are positive ||f, ||Y) = N, (f), see (43). Thus Corollary 9
implies that for every # > 0 we have [|f, (1)) < K7 (“7) with K; = max{K, 1}. Thus

f,(19) = £, forms a chaotic sequence that satisfies (21) with K in place of K. Using
f, (tp) as initial condition we get that propagation of chaos holds up to time #; = ﬁ + ﬁ
o Kt

Iterating this argument we see that e propagates chaos for every r > 0.
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To add the out operator O, we observe that from (93) we get

lim (e%K=PNE b

n—oo
0 k+p
APtP N!
I DL Rl g
noee =y PLO\K Norip N —k=p)t
X / SaN@N(G 80 Wiy p)doy - o7

Inserting (97) into (33), after some long algebra that we report in Appendix A.5, we obtain

tP AP
!

. (e @GP0 . 8)

n— 00 k+p.n

o0

: (unK+0(O—=N )t ) — 1

i (e o), = 3
p:

It is not hard to see that (98) implies that eGnKAp(O=N )1 propagates chaos.
Finally we consider the in operator Z. Observe that

PV = N =D& ;
1n (T, $i ke = b (;) > o f D fan—1 @Dy D)y
" N=k =1

k
p (N =D
=t (?) % W | (Y =R fun-1@y -y @n)d@duy

+kfun—1@y_1) i1, UN)V(UN)dEN)

k N —1)!
= i (f) NXQIAN(—]—)")‘ / Fav—1y_ D @)Y (on)duy

k—1
0 N!
+kp (*) —_——
e NZZ,H (N — (k= 1)

X /fn,N(EN)(ﬁk(Ek_uw))/(UN)dyNdw

so that
n (T — L0, 0k = &y Iedk)i—1,n 99)

where
2
Il (ve—y) == pk/quk(Ekfl, w)e ™ dw .

which clearly act as a derivative in the sense of [16]. We can now use an expansion similar
to (34)

et[,nfn — e()n,,]C-Q-,O(O—./\/))Ifn

00
+ Z NZ e()»n’C+p((9—N))(f—lq)(I _ Id)e()\nlc"l‘/)(o_N))(tq_fq—l)
g=1 O<ty<..<tg<t

(T = )P AP O N gty (100)
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that combined (99) with (98) gives

lim (eﬁ'llfnvqbk)k,n — lim Z Z pQ}L‘P‘e*pkt
n—00 n—00
4=0 po,pi,....,pg=0

4 St )P
/ [Terttnarti=n i tl:rl) dy -+ diy-
0<tg<--<t1<t ;_j Pi-
*Pq *Pp1 *Po
(f"’ G tiply—q Titply=a+1 "+ Orgepg—1 Tietpo G ¢k>k+|17|*ﬂ1,n
(101)

where |p|; = Z'];t pjand fy = t, t;41 = 0 and the order of the #; in the integral is inverted
due to the inversion of the order of the operators when taking the adjoint. From (101) it
follows, after more long algebra reported in Appendix A.5, that, if k1 4+ k» = k, then

lim (%", bty ® Vi) = lim ("6, $p iy lim ("6 Yi)ion  (102)
n—0o0 n—0o0 n—o0

that is, e£n! propagates chaos. The validity of the Boltzmann-Kac type equation (26) follows

exactly as in [16]. O

4 Conclusions

The central aim of this work is the extension of the analysis in [4], in which a thermostat
idealizes the interaction with a large reservoir of particles kept at constant temperature and
chemical potential. While in [4] the reservoir and the system could not exchange particles,
here the main interaction is the continuous exchange of particles between the two.

However, it is in this same work which we hoped to extend that we also find points of
possible extension to our current work. In the case of the standard Kac model, approach to
equilibrium in the sense of the GTW metric d» was shown in [18] while for a Kac system
interacting with one or more Maxwellian thermostats it was shown in [8]. In the present
situation though, it is not clear how to define an analogue of the GTW metric since the
components fy of a state f are not, in general, probability distributions on RV

Furthermore, in [3] the authors show that, in a strong and uniform sense, the evolution
of the Kac system with a Maxwellian thermostat can be thought of as an idealization of the
interaction with a large heat reservoir, itself described as a Kac system. We think it is possible
to replicate such an analysis in the present context and hope to come back to this issue in a
forthcoming paper.

We based our proof of propagation of chaos on the work in [16]; therefore, as in [16], it is
not quantitative nor uniform in time. Recently, a quantitative and uniform in time result was
obtained for the Kac system with a Maxwellian thermostat [6]. It is unclear to us whether
the methods in their work extend to the present model.

Finally, the assumption that the rates p and px are independent of the number of particles
is clearly unrealistic, allowing the possibility of an unbounded number of particles in the
system. However, in the steady state (and in a chaotic state) the probability of having a
number of particles in the system much larger then the average is extremely small, and so
we do not consider this a serious problem. In any case, it would be interesting to investigate
what happens if one assumes a maximum number of particles allowed inside the system.
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A Proofs of Technical Lemmas
A.1 Proof of Lemma 16

As already observed, we will search for the infimum of (h, —Gh) on V,, looking at states h
close to R;e’. This is done using the representations (103) and (105) below. Since w/p is
large, (71) and (72) suggest that the dominant term in (h, Gh) for a state h close to Rjn‘eo
is the “diagonal term”, that is the first term on the right hand side of (71) or (72). To prove
Lemma 16 we thus need good bounds on the “off diagonal” terms. The proof in this section
is thus loosely based on the proof of the Gershgorin circle theorem, see [10].

If m =2n + 1, we can write any h € V,,, as

h=aRj,, e +bR{RS, €& +j=aR} " +k (103)
withj L RJ, . e¥andj L RERS, e’
From (72) we get (R;H]eo, ICR;nHeO) = —u/p so that
(h, —Zh) = (h, (G — 22 K0)h)
"

= a0+ p) + (K, (—G — AglC)k) +2a(R},, €, (G — AﬁK)k)

By construction k is in the span of the e, with A(e) > 2 so that (R;n Heo, GKk) = 0 and
(k, —Gk) > 2p|k|l2 = 2p(b* + ||jlI3) while from (72) we get

(R3,,1€° KK) = b(KRS, ., e° RS, . 1€") + (KRS, €% ) = —\/%b (104)
This gives

~ . 0
(h, —Zh) = @O+ p) + 200 + 1l3) — 2A|ab|\/g

> a? (,o+x—x\/g> +b? <2p—k\/§> + 20113

Since ||h||? = a® + b% + ||j||* we get (73).
Similarly, every h € V,,, with n > 2 can be written as

n/2
h=aRj} e’ + X/Zka;kR;(n_k)eo +j=aRr} e’ +k (105)
k=0
where j L R;'neo and j L R;,(R;(nfk)eo. Observe that
n/2
> BRE RSy be’
k=0

2 n/2

2
=D enbi
2 k=0
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where, due to (60), €, x = 2if k = n — k and 1 otherwise. Analogously to (104), using (71),

we get

(R3,€% KRS,

Proceeding as before we obtain

eO) = ﬁ(Z'En - 1)
P

(R} ¢%, Kk) = \f

n/2

Zbkcfn K+ bo\/%(l —21).

(h, —Zh) = (h, (-G — )\BIC)h)

= a>((1 =2t + p) + (k, (=G — 1= IC)k)+2a(R2ne (—g—x%lC)k)

n/2
—a [P
s k=1

which gives

Z |abk|0n,

n/2
> a’ (1 = 2t)h+p) +2p [ Y ensbi + il
k=0
[p
r — 2Alabg| | —(1 —21,) .
"
n/2

(h, —Zh) > a*(1 = 25)% +p) +2p | D ensbi + il

n/2

p 2
— A\/j 2 Z a

H k=1
o2)

where

k=0
n/2

op +a*(1=21,)° +2) b}

k=0
n/2

Zeﬂkbk +a

n/2

A =(1=21)"+2) o7,

We thus need an upper bound o

n
logt, = logl—[ <1 -
i=1

while, from (70), we have

so that
n/2

k=1
n A,. To this end, observe that

1 _ " | _ |
2) = 21 2°g” = W=
1 1
<t
”\/Z/]_k
n n
; 1 T
<7 — dx = —1,.
zk n/ s =5

P .
((1 —2t)A+p — A\/gAzn) +2pljlI3
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Finally we get Ay, < 2 which implies (74). O

A.2 Proof of Lemma 17

Proceeding as in (28) we can write
- o0 lk
eAKNtf A( )tf +re” ey )tz

k=1

% (eiKNth - fN) 0N f + - ( R ) In

. k=2
+ e ) Z It 0% fv

k=2

!
o fv

oo )»t

Since Ry (vy,1) = (Q fn)(vy) is a sum of positive increasing terms and

IRn(2)]l1 < 0o, we see that te_)‘( )tRN(yN, t) converges to 0 as ¢+ — 0 for almost every
vy A similar argument implies that (eAKN "y — fN> /t converges almost everywhere to
AKN fN-

Using the Duhamel formula we can write

(e(X’CJr"(O’N))’f)N _ e(iKprN)th

N pe(XKprN)t ff .-

(XKprN)v <Oe(5n/C+p((’)7N)>xf> ds
0

N

= V) o Ry (106)

Since Ry (t, vy) is increasing in ¢ and | Ry (#)]l1,y — O ast — 0T we see that

lim (e(S‘KJ”’(O*N))If)N (wy) = fn(uy)

t—0t
for almost every v, . Similarly using the Duhamel formula once more we get
t ~ ~
Ry(t) = p / o~ (Ex=pN)s (Oe(m*”’v)‘vf> ds + Ry n (1)
0 N
where

ELN(I) _ p2 /t /S e,(XKprN)s <Oe(X)C7pN>(xfsl)oe(XICﬁo(OfN))slf) dsids
0 Jo N

Reasoning as in (106) we get FLN(I, vy)/t - Oast — 0T for almost every vy Wwhile
proceeding as in (39) we get

lim l/te‘(x’”‘p’v)s (Oe(XK_pN)Sf> ds = (Of)y .
0

N

Finally a similar argument using (40) concludes the proof. O
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A.3 Proof of Lemma 18

Since R; ; is an average, we have R; jhylog(R; jhy) < R; j(hyloghy) , from which,

calling Oy = (g)_IQN, see (5), it follows that Qnhy log(Qnhy) < Qn(hyloghy).
Finally writing

o0 n-s
~ ~ N )\ntn—
Ky =Y ( ) O

2 !
n=0

we get KN iy log(e" KV hy) < KN (hy, log hy).
Proceeding as in Sect. 3.1 we can write

~ - [ ~
e[,th — e(X)C—pN—/LId)th + / e()JC—,ON—/LId)(t—S) (,OP+ + ,LLP_)ELSh ds . (107)
0

so that, writing h(¢) = (ho(t), hi(v1, 1), ...) and using the notation introduced in the proof
of Lemma 12, we get

hN,t — e—(pN+/LId)t (eXKNthN(O))

t N ~
+/ e~ PN+ (=5) ZeAKN(Z_S)P;[:ithl(S)dS
0

i=1

t ~
+ / e~ PN+ E=5) |y AKN(1=5) Py hyi1(s)ds
0
Observing that

t
e—(pN-‘ruId)t +/ e—(pN+,bLId)(1‘—S)(pN 4 /L)a's =1

0
while
P;,,-hN—l 10g(P;,,-hN—1) = P;,i(hN—l loghy—1)
Pyhyy1log(Pyhyi1) < Py (hyi1loghyy)
we get

I () log hy (1) < e*KN=PN=HID! (1, 0) log hy (0))
t N
+ f MNP o % T PT L (hy-1 () log hy—1(5))ds
0

i=1
t -
+ / RN =pN=RIOE=5) )y p iy (5) log hy 41(5))ds
0

— (e(i)C*pN*[LId)th log h)
N
[ ~
+ ( / MmN == (Pt 4 P 7)e™ (hlogh) ds) :
0 N

This, together with (107), completes the proof. O
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A.4 Proof of Lemma 23
Given hy € L'(RY, yx) and a measurable set A € RV

s(hy) = /RN yn(@y)hn(y) loghy (vy)doy -
and

m(A) = /A yn (uy)dvy

1
e(hy, A) = m/AhN(yN)VN(QN)dyN

1
s(hy, A) == 7/AhN(EN)IOg(hN(EN))VN(EN)dQN

m(A)
d(hy, A) :=s(hy, A) — e(hn, A)log(e(hn, A)).
Observe that m defines a probability measure on R while d(hy, A) > 0 for every A.

Lemma 26 Let hy > 0 be such that s(hy) < o0o. Then for every € > 0 there exists § > 0
such that, if A is a measurable set with m(A) < § then m(A)d(hy, A) < e.

Proof Observe that

m(A)d(hy, A) = /A iy (ua) 1og (i (up )7 (o vy
- [A Iy () (uy)duy log ( /A hzv(yN)yN(yN)dyN)

+ log(m(A)) /A hn@p)yn(uy)doy (108)

The last term on the right hand side of (108) is negative while continuity of the Lebesgue
integral implies that, given € > 0 we can find § > 0 such that, if A is a measurable set with
m(A) < § then the first and second terms in the right hand side of (108) are less then € /2. O

Given two partitions Byp and B; of R we say that B; refines By if every element of 5y
can be written as a union of elements of B. By convexity, if B; refines By then s(h B(z)v) <

s(hy B{v). It is also easy to see that given two partitions By and B there always exists a

partition B, that refines both By and 5.
The following Lemma is the main result of this Appendix.

Lemma 27 Let hy > 0 be such that s(hy) < oo. Then for every € there exists a finite
partition B of R such that

sthy) —s(hy gnv) < €.
Proof Given a partition B = {Bk},f= | of R, we have

sthw)= Y. m(Bys(hy, By

sthygv) =Y. m(Bpe(hy, By)loge(hn, By))
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so that we need to find B such that
> mByd(hy.By) <e.

To simplify notation, in what follows, we will write d (A) ford(hy, A). Thanks to Lemma 26,
given € we can find & such that for every A with m(A) < & we have m(A)d(A) < €/2.
Moreover there exists L such that calling Q7 = (L, L)N we have m(R) < 8,2 for every
R cRM\Q,.!

Let now q/(vy) = {wy [lw; — vi| < [}, that is ¢;(vy) is the cube of side 2/ cen-
tered at vy . By Lebesgue Differentiation Theorem, see e.g. Chap. 3 of [9], we get that
lim;_ 0 d(q;(vy)) = 0 for m almost every v . Thus, given € to be fixed later, there exists ]
such that m({vy | d(gr(vy)) > €0}) < 8/2. Let Qo = {uy | d(g7(vy)) < €0} N Q.

Let K be the smallest integer such that l[p = L/K < [ and consider the partition A of
[—L, L) formed by the sets Ay = [klp, (k + 1)lp) with —K < k < K. For every Ay € AN
let C; = ¥ if Ax N Qo = @. Otherwise select a point vy, € Ax N Qp and set Cx = gj(vy).
Observe that, for every k, Ay N Qg C Cx so that Qo C |J; Cx := Q;. This means that the
Cy form a covering of Q1 but not necessarily a partition. Let D = {Dj}JJ.:] be the minimal

partition of Q1 such that, for every j, D; C Cy for some k.2 We claim that

J
Y m(Dyd(D;) < 5Nem(Q1). (109)
j=1
To see this, let n; be the number of k such that D; C Cy. By construction we have n; > 1.
On the other hand, forvy € Ay andwy € Ay, sincely > 1/2, we have qion)Ngiwy) =9
if ZlNzl |k; — k]| > 2. This implies thatn; < 5N . Calling Jx = {j | D; C C}, by convexity,
we have
> m(Dj)d(D;) < m(Cr)d(Cy) < eom(Cy)
jEJ&

because, by construction, the center of Cy is in Q. It follows that

Zm(D )d(D;) < Zn,m(D (D)) =" " m(D)jd(D;) < e Zm(ck)

j=1 j=1 k jedi

=€ anm(D,») < 5V m(Q1)
j=1
where we used the bound on 7; and the fact that D is a partition.
We can now extend D to a partition D= {D;} ;;1 of RN by adding finitely many rectan-
gles. By construction, m(Uf J D)= m(RM\ Q1) < § so that, choosing €y = 5 Ve/2,
we get s(hN) —sthyp) < 605Nm(Q1) + m(RN\Ql)d(RN\Ql) < €. Finally, smce every

D; € Disa rectangle, we can find a finite partition B of R such that BV refines D. This
concludes the proof of Lemma 27. O

1 Observe that for our purpose it is enough to work with a partition mod 0, that is a family of set By such that
m(R\ Uy Bx) = 0 and m(By, N Byr) = O for k # k’. For this reason, the boundaries of the rectangles defined
in this proof are irrelevant.

2 The partition D can be constructed by taking intersections of the Cy and their complements.
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We are now ready to prove Lemma 23. Consider h such that S(h) < oo and call

Ewy = Y ay [ yyhnduy

N>M

Su(h) = )" azv/ Y Wy)hny) log (hy(vy)) doy .
N>M RN

By convexity, for every M and every partition B, we get
Ep(h) log(Ey () < Sy (hp) < Su(h).

Since E (h), S(h) < oo for every € there exists M such that | Eyy (h) log(E s (h))| < €/4 and
|Sy (h)| < €/4. This implies that, for every partition B, we have Sy (h) — Sy (hp) < €/2.
Moreover, from Lemma 27, for every N < M we can find a partition By of R such that

€
s(hy) _S(hN,B,’\‘,’) =< M

Finally let B be a partition of R that refines every By for N < M. Since S(hN,Bx) <
s(hy gv) < s(hy), we get

Sth)y =Y ans(hy) + Su) < Y ays(hy gv) + Su(hg) + € = Sthp) + ¢
N<M N=M

[m}

Remark 28 An alternative approach to coarse graining is as follows. Let I; be the nor-
malized characteristic function of the segment (—s,s) and let (hy)y = f I;X’N vy —
wp)hy (wy)dwy. Clearly (hy) y is continuous for every N. Moreover we have S(hy) < S(h)
and ¥ (hy) < ¥ (h), see the argument around (76). Finally, S(hy) — 0 S(h). Thus, reason-
ing like in (78), we can restrict our attention to continuous states h. In this case, the analogue
of Lemma 27 is simpler to prove. Indeed if A is continuous, lim;—, ¢ d(g;(vy), hy) = 0 for
every vy and, since Q is compact, we can find I such that d(q;(vy), hy) < eforvy € Q.
In such a situation, the regular partition A built before (109) already provides the solution.

A.5 Derivation of (98) and (102)

We start with (98). Expanding the terms in (33) the form (e(i’c’pN)’fn, @k )k.n using (97)
recursively starting from the most external one gives

lim (edn’cﬂ’(@*/‘f g ¢k> (110)

n—o00 k.n

k+|pl N! N |

—im Y Y (ﬁ) O— ‘( ;‘q). i

—00 —k —
" 420 p0.p1 s pg 20 Hn Nzk+|p|( P! ’

9 i
/ 1_[ (e—p(N+q—i)(t,~—t1+1) (ti = tiv )P )dtl --di, (112)
0<ty<-11<t ;_ pi!
: / I @GP G0 Wy g vy (113)
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where 7,41 = 0,10 =t and |p| = Y}__ p;. Call now

Nty i — tig )P
bq,P / (e—P(N'HI—l)(f: tm)%) dty--- d[q .
0<ty<--n=t; pi!

PO- pl ..... Pqg=0
Ipl=P

We first sum over the p; using that

Z 1—[ (t — fz+l)p’ ﬁ
=—,
PO-PePg =0 =0 p:
|pl=P
then we integrate over the #; using (35) and we get
tl’ I _ -
bq,P ' PNI(I /ﬂ)q
r'q!

Inserting in (110) gives

z PP k+p
. G K+p(O—N )t ) _ Z Z !
n]l>ncl>o <€ fn’ ¢k k - nll>nolo Mn

n
: q=0p=0

N +g)! _ _ %
Z ﬁe le(l —e pt)q/fN+q(2N+q)(Gk‘p‘¢k)(!k+|p\)d2N+q-
N>k+p prq:

Finally we write

N+qt N+ <N+q—k—p>
N —-k=p)lq' (N+q—k=p)! q

so that, setting M = N + ¢ and summing over g, we get

i (oK Hp(O-A ) ) _ A ptpr
lim (e f,, or nlingo Z

n—o00 k,n
p=0 P!

i k+p Z L ( )(G*\p| )( )d
Mn Mokt p (M —k — p)! fN+q Uy k o) (v, Ungg -

and the derivation of (98) is complete.
Turning to (102) we set

q
Ay () = —pli—tip)(Ipli—iy B = )P
q(¢k) — Z 0 1_[ 7’ 1---dty
Ig=<- <t1<t =0 pi:
*pq
'Gk+\mq—q1k+lplq—q+1 "'Gk+ﬂo—11k+p°Gk 9

For the rest of this section we will neglect the number of variables subscript in order to
make expressions more readable. To understand the structure of A, (¢ ® v), first look at
A2 (¢ ® ). Combining (94) and (99) we can write

(tl [1+1) —
Z 1—[ (e” (l‘z fit1))7 G*P2[G*PV G (¢ ® )

Po,P1,p2 i=0
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2 - 2 (o=t ;
—(t t‘“)(fz _ t,+1))pl 1_[ (e~ i—ti+D) (f; — tig))Pi

E E | | 2
: . l !

PysP1sPy Py PT-P3 =0

(G*p2 IG* 1G* ¢ @ G*p%g*p%g*ﬁéw (114a)
L GG G POy ® G*PEGHP G POy (114b)
L GGG POy @ GHPIIGHPI G POy (114c)
+G*PIG*PI G*p(1>¢> ® G*p%IG*p%IG*p(Z’l//> ) (114d)

To simplify (114a), we can use that

ti—tiv1) (g, — ¢ tP
Z 1—[ (@ (1 l+l)) (fm G*p%G*p%G*péw)n — Z ?e_’(fn, G*pw)n
p§.pi.p3 =0 p

and similarly for (114d). On the other hand, for (114b) we have

(e—<'f—ft+l>(z, — 1) P €T — 1)
X 2 H Il o

pe.pi.pd p.p3.p3 =0 i=0

(£n, G*P2IG*PL G o), (£, G*P%G*sza*p%w)

Z Z (e~ U= — )b (e 1m)PL (e~ 07R) (1 — 1)) Ph (e~ 21y
py'pi! Ipi!
P() 1’1 P() 171 0°P1 pO pl

(£, G*PLIG*P0 @), (£, G*PLIG*Pivy), .

while (114c¢) gives a similar expression but for the roles of #; and #, that are inverted. Com-
bining these expressions we get

A2(p @ Y) = Ao(@)A2(¥) + A1(9) A1 (¥) + Az(¢) Ao (V)

For the general case we can write

kl e Vol iy @ = i)
l_[ e PUi—tix)(k+|pli—=i) o G*Pati [ ... G*PV[G*PO (¢ ® )
i=0 v

=2 X

plpP=p; 01.-0g€(0,1)

q ol

1_[e*ﬂ(’[*fi+1)(kl+‘Pl‘i*i) (1 — t’1+1) ' G*P;H]aq .. G*ml]ffl G*P(1)¢
!

=0 1°

q 2
21~ — 4 P 2 2 2
® l_[ e PUi—tix ) (ka+Ip=li=0) (# ’Jl) G*Pa+1[1=9q ... g*Pil=o1 G*Poryr .
i=0 pi

that, after resummation, gives

AW = Y. Y S ki

q1+t@2=q p} pl. ..., p;IJrle pE.pt.., pq2+120
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*

dl‘l,l s dtl,qldl‘z’l cee dlz’qz

T ~/0<tn(ql+q2)<--~<tn(1)<t

7! 1t — i 1)1)!'1 1 1 _xpl
l_[ e~ Pi—=tiv)ki+lp li—i) ”71"” G Pa+1] ... G*Pi Ilep0¢
i=0 i

& 2 _n(tj— 1t 1)p§ 2 2 2
® l_[ e P j=0 j+D)ka+Ip7lj—j) 22=) 2"-/+ G P+l ... G*P IG*pOIﬁ
j=0 pj:

where Z; is the sum over all one-to-one functions 7 from {1, ..., g1 + g2} to the set
{4, D,...,(1,q1),2,1),...,(2,q2)} such that if, for i > j and o € {1,2}, we have
(i) = (0,q) and 7 (j) = (0, ¢’) then ¢ > ¢’. Observing that

*

Z/ diyy---dt g diyy - -diyg,
0<tz(h=

7 Sl (gy+gp) =t

:/ dty g, ---dty ) / diy1---dty g,
Oftl,lS'“ftl,ql =t Oftz,qu“‘ftz,lff

we get

Agp@v)= > Ay (@) A, ().

q+q=q

Propagation of chaos now follows easily.
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