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We consider perturbations of the Hamiltonian flow associated with the geodesic
flow on a surface with constant negative curvature. We prove that, under a small
perturbation, not necessarily of Hamiltonian character, the Sinai-Ruelle-Bowen
measure associated with the flow exists and is analytic in the strength of the per-
turbation. An explicit example of “thermostated” dissipative dynamics is
considered. © 2007 American Institute of Physics. [DOI: 10.1063/1.2747612]

I. INTRODUCTION

In recent time, much effort has been devoted to the analysis of hyperbolic systems, in part due
to the chaotic hypothesis, introduced ten years ago in Ref. 14, which states that a many-particle
system in a nonequilibrium stationary state behaves as a uniformly hyperbolic dynamical system
(Anosov or more generally Axiom A system), at least for the purpose of evaluating macroscopic
observables. This hypothesis can be seen as a generalization of the ergodic hypothesis to nonequi-
librium systems, at least for systems in a stationary state. Although it is very hard to prove uniform
hyperbolicity for realistic model systems, ideas connected with the chaotic hypothesis have played
an important role in analyzing the results of numerical or real experiments.

Several results have been obtained in this direction, among which is the Gallavotti-Cohen
Sluctuation theorem (FT), a result concerning the large deviation functional of the phase space
contraction rate (often identified with the entropy production rate), that extend the fluctuation-
dissipation relation to systems in a nonequilibrium stationary state. The FT was proven rigorously
in Ref. 12 for Anosov diffeomorphisms and then in Ref. 16 for Anosov flows. Furthermore several
numerical tests have been conducted, using mathematical models of dissipative reversible systems
and the chaotic hypothesis.

Most of the results quoted above are based on the existence of the Sinai-Ruelle-Bowen (SRB)
measure. This existence was proven for a wide class of hyperbolic systems.g’25 Unfortunately
explicit expressions for the SRB measure are quite difficult to obtain and can be worked out only
in particular cases, e.g., Anosov coupled lattice map,3 while most of the models used in the
simulations are based on continuous time dynamics (hyperbolic flows). We observe that, in order
to obtain models for nonequilibrium systems, one cannot consider the simplest examples of
Anosov systems that, being volume preserving, are not dissipative.

In this paper we explicitly construct the SRB measure for a family of Anosov flows that
includes dissipative cases. The flows considered are perturbations of the geodesic flow on a
surface of constant negative curvature. Such a flow can be seen as a Hamiltonian flow restricted to
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the surface of unit energy. We will mainly consider perturbation arising by adding a force to the
Hamiltonian equations of motion. If the chosen force is conservative (i.e., coming from a poten-
tial), the system remains Hamiltonian and volume preserving so that the stationary measure is not
singular with respect to the volume measure. Otherwise, if the perturbation is nonconservative, the
system is expected to have a SRB measure singular with respect to the volume measure (dissipa-
tivity). Many of the models used in numerical works fall under this last category.

The geodesic motion on a surface with constant negative curvature is the simplest example of
continuous time Anosov system. The structural stability of these systems, namely, the existence of
the conjugation between two close flows, was first proven in Ref. 1. Later on, in Appendix A of
Ref. 19 and in Refs. 18 and 10, very general results on the regularity of the pressure, hence also
of the topological entropy and of the equilibrium states, were proven essentially using the con-
tracting mapping theorem or implicit function theorem, a point of view introduced by Moser”! and
Mather.*’

The above papers do not discuss the regularity of the SRB state in the case of an analytic
perturbation. Although we think the above techniques might be effective also in such a situation,
we present here a direct proof in the spirit of Refs. 5, 3, and 13. It is quite natural to directly
construct the relevant dynamical quantities, such as the conjugation function, the contraction rate
of the unstable space, and the mean values of continuous observables with respect to a Gibbs state,
as the absolutely convergent perturbative expansion around the unperturbed system.

It would be very interesting to study a lattice of coupled Anosov flows as it was done for
Anosov diffeomorphisms (see Ref. 3). In this case, coupling two flows already results in a very
difficult problem. To obtain such a coupling is enough to consider the Hamiltonian flow generated
by the Hamiltonian H,(g,g,) =H(g,)+Hy(g,)+eV(g,,g,) for a suitable potential V analytic and
I" periodic in g, and g,. The main difficulty here is that, for =0, one has that Hy(g,), i=1,2, are
two independent conserved quantities, while for € # 0 they are not conserved any more. This
implies that the coupled system cannot be uniformly hyperbolic and most of the techniques used
in this paper do not apply directly. Several works have addressed the problem of the SRB measure
for nonuniformly hyperbolic systems, see, e.g., Ref. 17. We hope to come back on this problem in
the future.

The paper is organized as follows. In Sec. II we introduce the systems we consider and state
the main results of the paper. Sections. III-V contain the proof of these results. Finally the
Appendix contains some technical computations.

Il. MODEL AND MAIN RESULTS

A. The geodesic flow

def
The complex upper half plane C, ={z € C:Im(z) >0}, endowed with the metric

10
_ .2
8= <0 1)’

is called the Lobachevskii plane. The isometries of this plane are given by the real, 2 X 2 matrices
h with det k>0, where, if z € C,, the action of 4 on z is

def def

hyz+h hy, h

h= 11< 21 c C+ forh:( 11 12).
hi2z+ hyy

hay o
Observe that # and h'=N\h, for A #0, define the same transformation so that the isometries are
naturally represented by the elements of PSL(2, R).

A compact surface can be constructed from the Lobachevskii plane in the same way as the
torus can be obtained from the plane R2. Given a Fuchsian subgroup I' CPSL(2,R) (see Ref. 23
or 2 for the definition), we can consider the equivalence relation generated by its action on C,,
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z~7 e 3Jyel, [z=7y.

The quotient set, indicated with %=C,/T’, is the most general compact analytic surface with
constant negative curvature.
We will consider as unperturbed dynamical system the flow generated by

def 2
Ho(x,y.poopy) =5 (p3+ ) (1)

def
on the cotangent bundle M =T"3.. For any given energy £>0, the surface

def
Me={(x,y,ps-py) € M:Hy(x,y,p,py) = E}

is a compact, invariant manifold. The geodesic flow on the surface 3 can be identified in a natural
way with the flow generated by Eq. (1) restricted to M, see Ref. 15.

To add a conservative force to such a system, we consider an analytic I'-periodic function
{V(z),z € C,} and the new Hamiltonian

H,=Hy+¢V, (2)

which generates the equations of motion

=y, p.=-e(dVId),
2 2 2 (3)
Y=Yy Py=—Y(pi+py) —e(dVIdy).

We can then add a nonconservative force to our system. To obtain well defined equations of
motion it has to be covariant with respect to the transformations in I'. To obtain this we can
consider the automorphic function of order 1, ¢, defined by

$(zy) = $(2)j*(z,y), Vyel,

def
where j(z,h) =h,z+hy,, see Ref. 11. Setting

2)+ ¢z 7)— @z

p o PO, HD-d0)
2 2i

where ¢ is the complex conjugate of ¢, we obtain a force field which is locally conservative but

is not the differential of a function. We can still define the potential difference between two points,

7,20€ 3,

def 1(? 1(* .
U(z)—U(z0)=—5f dwqﬁ(w)—EJ dwao(w)

20 20

as a multivalued function.

The energy H, computed along a motion which contains the force (E,,E,) tends asymptoti-
cally to increase. In order to keep it constant, we introduce a Gaussian thermostat, namely, a
momentum-dependent friction of the form a(p)=p-E/p?. Finally, the equations of motion for the

def
perturbed flow on Mg={(x,y,p,.p,) € M:H.(x,y,p,.p,) =&} are
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i=y’p, p.=—=e(dVIiox)+e'[E.— a(p)p.],
2 2, .2 “
)'7 :y py» py: _y(px +p>) - 8(‘9‘//&)’) + 8,[Ey_ a(p)py]’
where ¢’ is the strength of the nonconservative field. Since only notational complications would

arise from considering € # ¢’, in the following, we will restrict ourselves to the e=¢’ case. Under
the dynamics in Eq. (4) H, is an integral of the motion.

B. Canonical coordinates

A simpler representation of the unperturbed dynamics was introduced in Ref. 9. We consider
def
the canonical transformation from M\{H,=0} to G=GL(2,R)/T,

def
(PrspysXsy) & < b ) =g,
. —P2 41

defined by
petipy= (i/2)det*()j(i,g™)* = (i12)(p, + ig,)*,
1 (5)
x+iy=ig™ =(py+igq)/(p)—iq).

This transforms the equations of motion in Eq. (3) into those generated by the new Hamil-
tonian (with slight abuse of notation, we still call H, and V the Hamiltonian and the potential as
functions of the matrix g)

*fdet’(g)

H.(g) S

+eV(g). (6)

Clearly H, is an analytic function of g. Introducing the matrices

def 10 def 1 0 def 0 1 def 00
L T A PO A VI A Y S
01 0 -1 00 10

the Hamilton equation derived from Eq. (6) reads

g=—di®goj+80"ﬂ/(g)0y (8)
4 dg

def def
for 0*=(0"+0") and ¢’ =(o*—0"). The nonconservative equations of motion in Eq. 4 reads

defdet(g)

det 4%
e<g>g03+80xa_(g)ay_sc(g)goy: .
8

T4

g= [- g0 +&F(g)], )

where the function c(g) is
1 ¢lig™) _Hlig™)
2det’(g) | j*ig™) =i |
This is an explicit example of a nonconservative system. Moreover it is possible to prove that the

systems in Eq. (9) generically have a positive average space contraction rate, see Ref. 4.
Remark: Our techniques can be extended to a more general case. Given a Hamiltonian

c(g)=
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def
H.(g)=Hy(g) +V(g), (10)

like in Eq. (6) we can consider any analytic vector field V, on M, & close to the Hamiltonian
vector field generated by H(, and tangent to the level surfaces of H,. Clearly the flow generated by
such a vector field preserves H, and the following results hold in this more general situation.

C. The conjugation

Let ®,:G.— G and @7 :Gz— G¢ be the flows generated by the Hamiltonian H, and by the
dissipative system in Eq. (9), respectively. As the first step we want to prove that these two flows
can be conjugated by a change of coordinate. In contrast to the case of Anosov diffeomorphisms,
this is not enough to map @, into ®7, but a local rescaling of time is also required. The details are
given in the following theorem. To state it we need some notations:

Ge={g € G|H\(g) =&}, G-c={g € G|H(g) > &},

Ge={g e GlH.(g) =&}, Gi.={g e GH.(¢)> &}

Theorem 1: Conjugation. Given £>0, there exists an € >0 such that, for any &:|e| <& there
are functions hy:G~c— G ¢, and 7,:G~.¢— R, Holder continuous in g and analytic in &, such that

def [t
heo®,=d7 0h, forTf:st(Tso(Ds). (11)
d 0

Furthermore, Hy=H_°h,, so that h,(G¢)=G¢. The proof, given in Sec. III, is based on the hyper-
bolicity of the unperturbed flow, which is discussed in the next section.

The function A, is the space conjugation, while 7, is the time conjugation. Even if h, conju-
gate the flow from G, to G, the existence of a conjugation from the whole G to itself cannot be
uniform in €. Indeed, for fixed &, if £ <& sup, V(g), the topology of G is different from that of G,
and no conjugation is possible.

D. Hyperbolicity

If the tangent space ngg can be split into three continuous, ®°-covariant, one-dimensional,
linear subspaces:

T,Gi=E, ® E, ® E, (12)

where Ef, is parallel to the flow and there exists constants ¢,A >0 such that

(T, @)l < ce™|w| forw e E,, =0,

(13)

(T, @))w]| < ceMw]| forw e E;, =<0,

then the flow ®° is hyperbolic on Gz. Moreover E;,’, E,, and Eg are called the unstable, stable and
neutral subspaces, respectively.

The unperturbed flow @ is hyperbolic on G¢ for every £>0. The solution of Eq. (8) is
explicitly given by

def
®D,(g) = ge™®@H1o3 od T (14)

and it is clear that Eg is generated by go® for a=+,3 and A= \r’TS.
The four curves
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def
(D?(g):ge_g”a modI" for a=3,0,= (15)
def
are the integral manifold of the vector fields w*(g)=—go“ for a=0,+,3. We remark that P,
=@ 1(o4 and that @ is orthogonal to Ge.

Calling \*(g)=+det(g)/2=++2H,(g) and \>*=0 the Lyapunov exponents of ®, and using
that the commutation relation among the matrices {o'};_g 3, . are

[0-3’ 0-+] = 20-+a [03’0-_] == 20-_7 [0-+7 (T_] = (T37 (16)
we obtain that
Do (D? = cb?exp{t)\”(g)} ° P, (17)

Theorem 2: Hyperbolicity. For any energy £>0, there exists >0 such that, for any €:|é|
<g the flow ®° on g;, is hyperbolic for every &' >E&. In particular, there exist vector fields
W a0, « and functions {N$} g, » on G ¢ such that

t
TOwe =exp f ds(Ng o D) r(wiody) for a=0, +. (18)
0

Furthermore, {wgohg} oo+ and {NSohy}oeq, +, are analytic in & and Holder continuous in g.

Notwithstanding that we called the conjugation a change of variables, since it is not differen-
tiable but only Holder continuous, this theorem is not a direct consequence of Theorem 1. The fact
that {\J'oh,} -0, s rather than {\{},_o .. are analytic in € will be important for the construction of
the SRB measure.

E. Sinai-Ruelle-Bowen distribution

For any energy £ we can define the SRB measure on G%:

def 1 T
HEO)=lim — j di(O = B))(g). (19)

T— 0

provided that such a limit exists and is constant Lebesgue almost everywhere in g for every
continuous function @. Such a measure exists, unique and ergodic, if the dynamical system is
Anosov and topologically mixing, i.e., it is hyperbolic in the whole G% and the stable and the
unstable manifold are dense Gg.

The flow ® is Anosov since it is also Hamiltonian; it is easy to prove that its SRB measure is
the Lebesgue measure. Regarding ®¢, uniform hyperbolicity was established in Theorem 2, while
topological mixing is a direct consequence of the existence of the conjugation.

Theorem 3: Analyticity of the SRB measure. Given £>0, there exists €>0, such that, for
any e:|e| <& the SRB measure ,u;, is analytic in € for every &' >E, i.e., for any analytic O:G
— R, the mean value p(O) is analytic in €.

This is our main result. The proof will consist in an explicit construction of the SRB measure.

To summarize, for any energy £>0 and ¢ small enough, we have constructed an hyperbolic
structure and the corresponding SRB measure on each one of the leaves {QZ,}g,2 ¢in GZ .. The set

{1 }er ¢ is an invariant measure on G .
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lll. PROOF OF THEOREM 1
A. Directional derivatives

For any smooth f on G we define the directional derivative along the curves {®% g . 3, as

def d(fo ®“
= L] (). 20)
o

These derivatives satisfy the relation (£,w?)—(L;w®)=\%w?. Since the stable, unstable, and
neutral directions are tangent to G, whereas w? is transversal to it, we have

(LHy)(g) =0 fora=3,%+, gege

(21)
(LoHy)(g) #0 for g € Gg.

Given y<1 and a function f on G, we also define the directional Holder derivative along
{q)a}a:O,t,3 as

def o CD“ B
(LXf)(g)= su | z)(é’y) fg) ,
co<lg=1 I

(22)
if the supremum is finite.

B. Construction of the conjugation

In order to find a solution of Eq. (11), let us differentiate it with respect to 7 for r=0:

(dete fr,)(g)
det(g)

We will look for a solution %, and 7, of the form

(L3h,)(g) = T(@)w o by + eF 2 h,](g). (23)

ho(g)=g+ 2 hAewie)= X [Sna+ h%(eIwe),

a=0, =, 3 a=0, *, 3
(24)
7,=1+ 07,

where 8, s is the Kronecker symbol. Projecting along the directions {w*(¢)},=, +, 3 and using the
identity following Eq. (1) yields (see the Appendix for the details):

(L36h%)(g) — N“Sh(g) = eF(g) + RE(ShY, 6h, Shi, 8, 67,) + 8, 5(57,(g) — 25h(g)).
(25)

In the right-hand side of Eq. (25), {F*:G— R}, + 3 are analytic functions of g, depending
neither on &h, nor on 87, while {R¢:R°>— R}, +, 3 are analytic functions of the form

5
RES 1SS 3:f0nf5) = €2 CZ;fi +0(f) (26)
i=1

for suitable constants {CZI.} if(l)--~»53; the remainder O(f?) has Taylor expansion in & starting from
Oth order and Taylor expansion in the f starting from second order. The last term in Eq. (25) is

6,3(fs—2f1); it is & independent, but we singled it out because it is linear in f.
C. Implicit solution

We can implicitly solve Eq. (25). For every continuous f:G— R, it is possible to invert the
operators {£;—\} 4.
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0 0
(Ly=NP)f= drel&p = die™(fo®), ==, (27)
sgn(APee sen(\P)=

where the exponentiallly decaying factor guarantees convergence.
The implicit solutions for the stable and unstable components of the conjugation are then

0 0
ShP = f dteM(RBo®) + & f dte M (FPod), B==, (28)
sgn(B) sgn(B)
def
for RP o, =RI{SheoD} . +. 3.07,oP,). The equation for Sh? cannot be solved in the same
way since \*>=0. Nonetheless, we can choose 7, so that the right-hand side member of Eq. (25),
for @=3, is identically zero:

87, =200 — > — R(6h2,0,8hF, dhy, 87,). (29)

Since \’=0 also, a similar problem occurs for the equation corresponding to 5h2; in this case, it
is possible to obtain an equation for 5hg using that H,oh,=H,. Considering the transversality
condition in Eq. (21) and the implicit equations for the level surfaces, one can solve Eq. (25) in
terms of 5hg only, obtaining

def

Shy) = Hyohy—Hy— 2 (L Ho) - he+eVoh, |=

— O(&1°, 812, 81t 6n7, 67,),

" LoH, ~LoH,

(30)

where O can be written as in Eq. (26) for certain other constants {Cf S i=(1),~-~,53. The fact that w°
s

is orthogonal to the level surfaces of H, [see Eq. (21)] guarantees that this expression is well
defined for any g € G¢ and & small enough.

D. Existence of the conjugation

def
Observe that Egs. (28)—(30) can be naturally seen as defining a function f={f*:G;
—R% om0, +, 3 for = 5h2, fE=0h%, and f°=57,. We will look for a solution of the above equations
def
in the Banach space B defined by the norm [|f]], = max,[[/*

» with

17, = I + e+ 3 I

B=3,0

def
where [|ul| = sup, . glu(g)| for u:G—R.
The equation for the conjugation is given in terms of the operator

) (L= NS if ==
(N _{f“ if @=0,3,

and the function SZ(f) the components of which are defined as

Sfa+Rs(fO’0’f+vf’f3) (a'= i)a
—8(£0H0)_1 : V+O(f0’o’f+’f_’f3) (CV:O),

—&[(LoHy) ' 2V+ F1- 20+ R)(2,0.15.1.F°) (a=3).
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Lemma 1: There exists >0 such that, for any &:|e|<&, the equation

Lf=S(/) 31
has a unique solution in the ball of B with radius |€|C for a suitable C. Such a solution is analytic
in €.

Proof: We first bound the norm of L~!. From Eq. (17) it follows that

u |foq)’°q)?_f°(bt|=emas |(fo®§e><p{m“}_f)°q)f|

s
g0 I 0 [¢]”exp{y\}

from this, it is easy to get the bound L[, <5/\,(1-7).
We choose C=|L7!||max{1,4||F,.4[(LeHo)'V]|,}. From Eq. (26), there exists a v,

def
g-independent constant Co> 1 such that, for any f,f in the ball B, ={f e B:||f|,<|e[C},

= ™(lcf + 21

);

oW -0@l, IR&H -REP, < lelCollf - Al,- (32)

Indeed, it is possible to write (’)(f)—(’)(7):Ejs-:l(f,—ﬁ)f(l)dt(&j(’))O(tf+(1—t)f) and similarly
for R¢; furthermore, the Holder derivative of a product of functions is bounded by the product of
the Holder derivatives of each function. From Eq. (32) it follows

IS5 = SEPI, = le3Clf - A, (33)

By the choice of C and using Eq. (33) for f=0, we have that, choosing g=N_[(1
—9)/60C,], L™'S, sends B, into itself. Moreover Eq. (33) implies that the application L™'S, is a
contraction in B, since, by the previous choice, £<\,[(1-17)/20C,]. Since F and V are analytic,
the solution of Eq. (31) is unique in B, and is the limit of a sequence of functions which are
analytic in {€ € C:|e|<&}. By Vitali theorem the solution is also analytic. |

This Lemma concludes the proof of Theorem 1.

IV. PROOF OF THEOREM 2

A. Unstable direction

The second step toward the construction of an analytic SRB measure consists in constructing
the perturbed unstable direction w(g) and the associated Lyapunov exponent \:(g). These quan-
tities are both defined in Eq. (18).

As expected from the general theory,1 the unstable direction of the perturbed system w} is
generically not analytic in &. To construct the SRB measure we need the unstable direction
computed in the conjugated point /., which we will see to be analytic in &.

def def def

Calling v} =wloh, and L,=\ oh,=\*+L,, we will compute Eq. (18) for time 7 replaced by

T? and position h,(g), rather than g. Using also Eq. (11), we obtain

& 1 ds(7.0 to
(T, D7 Jvy = oI W o D), (34)
B. Construction of the unstable direction

Proceeding as in the previous section, taking the time derivative of both sides of Eq. (34) at

t=0, we obtain

1 det(g)
4

(T, PG)v; - (Lyv) =L, - v}. (35)

&
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We now write v} as vi=w"+3,_3_6Viw®. Projecting along the direction w*, calling F*
def
=L, F, and defining F* such that F=X ,_o5 . F*w® and F** such that F*=X _q; . F*"w*, after
some lengthy but straightforward algebra, reported in the Appendix, we get

_ det(g)

SL, =
4

[eF**(8) = 07.(8) = PL(8V,. 6VL. 6V, 6L)], (36)
while, projecting along the other directions, we get

[£5— (\"=\")]6VA(g) = eF"*(g) — 8,528V (g) + PL(SV2, 6V, 8V, 8L,), (37)

where {P2},-0.+.3 can be written as in Eq. (26). In order to solve Eqs. (36) and (37), as for Eq. (25),
we first need to replace the term 25u,35V2 in the right-hand side of Eq. (37), with the expression
obtained by implicitly solving the equation for a=0:

0
5V2(g) = f dse“"‘Jr[sJ"-'O’+ + ’P(s)] o,

def
for Plo® =P ({6V4e D}, .-, L,oD,). Substituting into Eq. (37), we get

[L£5— (N =A\")]6Ve = e o+ + PA(SV2, 6V, 6V, OL,) (38)

for suitable {F**},_, which depend neither on {8V}, ,_ 3 nor on 6L,, and is linear in & and
Holder continuous in g. Moreover, {732}a=0,_’3 are analytic in their arguments and can be written as
in Eq. (26) for suitable constants {C j’“}jzlém’?'

a=0,-,3

C. Existence of the perturbed unstable direction

Calling f°=6V°, f*=6V3, f-=6V,, and f*=6L}, we can look for a solution of Egs. (36) and
(37) in the Banach space B introduced in Sec. III D. Again we introduce the operator:

def fa if a=+
(Mf) ={£3_()\"_)\+) if a=-,0,3,
and the function
det(g) det(g) + 3
def —F’+—5S—+Ps S (= +)
Ti(f)= Ty "4 PR e >
e+ P L o) (=703,

and we prove the following lemma.
Lemma 2: There exists £>0 such that, for any &:|e| <&, the equation

Mf=T.f) (40)

has a unique solution in the ball of B of radius €C for a suitable C. Such a solution is analytic
in €.
Proof: It follows from arguments similar to those used in the proof of Lemma 1. |
Clearly the perturbed stable direction and Lyapunov exponent could be constructed in the very
same way.
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V. PROOF OF THEOREM 3

A. Markov partition

It is worthwhile to remark that for topologically mixing Anosov flows, the foliations E* and
E~ are not jointly integrable and therefore it is not possible to find a surface which contains a finite
piece of the stable and unstable manifold of a given point (see Ref. 22). This is why the following
construction of the Markov partition,7’24 is slightly different from a naive generalization of the
construction of a Markov partition for diffeomorphisms.

We first consider the unperturbed flow ®. By fixing 6> 0, we define the local weak-stable and
weak-unstable manifolds passing through g as

def
Wi(g)={(®@,°> ®})(g):¢

which are clearly C* manifolds. Let D be any closed C® disk of dimension 2 in Gy, transverse in
each point to the flow ®. Given two close points on D, g,g" with d(g,g') < e, for @ small
enough,

)

1 < 6},

def
(8.8p=W3 () N Wy (g)ND (41)

consists of a single point. We will say that 7 is a rectangle on D if log g,g'RGp € T for any
g.g' eT.

The two manifolds W;(g)={log g,¢'RGp:g' € T} and Wi(g)={log g’ ,gRG: g’ € T} are the
projections of the stable and unstable manifolds through g on the rectangle 7, which can be seen
as

T=(Wi(s).W;(3)). (42)

Given a family of closed rectangles {7, ...,Ty} on disks {Dy,...,Dy} such that T;Cint D;
and T;=int T;, we will call it a proper family of rectangles if there exists a>0 such that G¢
=Uj-V=1U,E[Oya]CI>_Z(Tj); for any i#j, at least one of the sets D;N[U, ;o P(D;)] and
D;N[U,cr0,a1PAD))] is empty.

Let I[I= Uj-\’: 1T; and define the ceiling function §:11— R, as the smallest strictly positive time
required for ®,(g) to cross II and the Poincaré map H:11—11, as H(g) =D y,)(g).

Finally, the proper family of rectangles, {T, ..., Ty}, is called Markov partition if it satisfies
the following condition: for any g e T; such that H*'(g) € T; one has that H*'(W*(g)) CT;. In
particular, it is possible to show that the flow ® admits a Markov partition of the rectangles
{T\,..., Ty} on disks {Dy, ... ,Dy}.

B. Symbolic dynamics

Let A be the incidence matrix associated with H, i.e.,

ij

1 if int 7; N H(int T_,-) #0
0 otherwise.

By the results in Refs. 7 and 24, we may suppose that there exists an integer k such that the matrix
A* has only nonzero entries. We introduce the space of sequences

def

S,={oce{l,....NJ:A =1,i e 7},

9041
the shift map, p:%,— 2,4, such that (pg);=0;, and the coding map, X:%,— 11, such that X(g)
def i

=N H(int T,); we remark that HoX=Xcp. Let 1(g,g) be max{n e NU{0}: g;=07 Vi:|il

j=—00
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def
<n}, if at least oy=0y; otherwise 1¥(g,g)=—1. Endowing the space X, with the distance |g
—g'| = M%D  the map p is continuous, and X is Holder continuous.
Finally, the coding is inherited by all g € G,. After calling

def
Y={(g,t) e 3y X R:0<rt=<(d°X)(0)}

and identifying (g,(9°X)(g)) with (pg,0), let ¢:Y— G, be the one-to-one map defined by
q(a,1)=(®,°X)(ag); then

(@,°q)(a,s) =q(p*a.t") (43)

def
for the unique k such that ¢’ = t+s—2f;(])(8°X°p7)(g) satisfies 0<<7" < (9°X°p")(g).

C. Sinai-Ruelle-Bowen measure

Given a Holder continuous f:2,— R, we can associate with it the equilibrium state with
potential f, i.e., a p invariant, Gibbs measure vy on 3.4, defined by the formal Hamiltonian

def

H(g)= 2 f(pa), (44)

Jj=—°

see Ref. 6 for proofs and details.
Now, let Af(g) be the Jacobian of the linear map T®,:E; — Eg, () and let
t

dfdin Af(g)
dr

=0

which exists and is analytic in g. Finally we define the potential f" as

. def [9(g)
f+(g)=f ds(\Te D) (g).

0

Given a continuous function O on G, the SRB measure ug for @ is given by

pe(O) = vjoy(O 0 X),
where

. def [9(g)
O(g)= ds(O=®))(g),
0

see Ref. 8 (Theorem 5.1). Since ® is a Hamiltonian flow, w is the Lebesgue measure.
For the perturbed, non-Hamiltonian flow ®;, the SRB measure is generally not absolutely

continuous with respect to the Lebesgue measure. Contrary to the naive expectation, the rectangles
def
f‘f =h,(T;) do not yield a Markov partition, since they are not portions of smooth disks.
We first observe that the disk D;, i=1,...,N, can be seen as the intersection of a smooth disk
D; of dimension 3 in G with the energy surface Gg. In this way we can define the disks D7
=D;UG¢. Let now A, be the open neighbor of D; defined by A;=U,.;;<sP7(D;). On U, A, we can
define, for & small enough, the maps s,(g) as the solution of (Dfs(g)(g) e D; and qg(g)=©f€(g)(g).

We can define the map p,:UY,D;— UY D? as
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def
pe(g):CIe ohg(g)’

which is clearly analytic in & and Holder continuous in g. It is easy to see that the sets 77
=p,(T;) form a Markov partition for ®° on Gz We can define the perturbed ceiling function
def def
O, 1= U;LT?HRJr and the perturbed Poincaré map H,:I1°—11° as H, (g) = @%S(g)(g). Clearly
p. conjugates H with H,. Finally, the coding map for the perturbed flow ®,, X,: 3, — I1° is given
by X,=p.°X.
Given a Holder continuous function O, its average with respect to ug is given by

Mg(o) = Vf::'OXS(@s ° Xs) il (45)

where f: ,@S:HE—JR are defined as before:

. def 94(2) . def 94(g)
o= f a0 D)(g), Oule)= f ds(0 = B (g).
0

0

We observe that (97°p,)(g)=(Df, (s n,)() °he)(g). Calling 9, U‘?ilff—»RJr the ceiling function for
the Holder continuous manifold U_],ilff, we also have (ﬂsops)(g)=(5th£)(g)+(ssohso’}-()(g)
—(s.oh,)(g). Therefore,

X @Bepelle) Bh) @G
(feope)(g) = ds(A; o ®Fop,)(g) = ds(Ngo ®F o hy)(g)
0 (5°he)(8)
def (‘560}18)(57) + & A A
= ds(AT e DFehy)(g) + (F7 o H)(g) — F(g) (46)
0

for a suitable, Holder continuous function IE’;:H—>R. It is well known that, due to its cocycle

structure, the term (I:': °H)(g) —I:': (g) in the last line of Eq. (46) can be neglected. In the remaining
integral we perform the change of integration variable from s to s’:s=T%,(¢g) and we use the

identities (9,°h,)(g)=T,(8) and (Pje oh,)(g)=(h,oD)(g) to get

(Deohe)(g) (e)
ds(\; e Do h,)(g) = ds[7,- (\Zoh,) o D](g).
0 0

The last expression is clearly analytic in & due to the analyticity of 7, and of NJoh,=L!.

Observe that this integral is the potential we would have obtained considering directly the set T‘f
as a Markov partition.

To conclude the proof it is enough to observe that @SOXS is clearly analytic in & since U,
op.(g) is. This implies that 1{;+°XE((580X8) is the average, with respect to a Gibbs state defined by
potentials analytically depending on ¢, of a function analytically depending on ¢.

The theorem follows from standard results on Gibbs states, see Ref. 13: Holder-continuous
potentials can be converted into a many-body, exponentially vanishing interaction among spins
(ranging in {1, ...,N}) that are placed on the sites of the lattice 7 and that are also subjected to a
“hard core” interaction (the compatibility condition associated with the matrix A). For such a
system, the analyticity of the Gibbs measure with respect to the interaction can be obtained by
cluster expansion.

61:60:GL €202 AInr GL



072701-14  Amaricci, Bonetto, and Falco J. Math. Phys. 48, 072701 (2007)

ACKNOWLEDGMENTS

The authors thank G. Gallavotti and G. Gentile for many useful comments and discussions.
One of the authors (P.F.) gratefully acknowledges the Erwin Schrodinger Institute for Mathemati-
cal Physics, Vienna, Austria, for hospitality and financial support as Junior Research Fellow.

APPENDIX: EXPLICIT COMPUTATIONS

1. Explanation of Equation (25)
Taking the time derivative in =0, the left-hand side of the first equation in Eq. (11) gives

det(g) W@+ D ShAQLw) (@) + D (L30hN)(gw(g) |.

a=0, =, 3 a=0, *+, 3
Therefore Eq. (25) follows from the identity
Woh)(@=w'+ 2 Shi(g)(Lw)(e)
a=0, %, 3

and from Eq. (24), which gives

(detoh,)(g)

1 =1-2800(g) + (5h9)2(g) — (8h3)*(g) — Sk’ (g) Sh(g).
et(g)

2. Explanation of Equations (36) and (37)
Using the decomposition for v, after Eq. (35), Eq. (35) reads

LA+ 3 (Ch(e) - — Lo - —
a=0, 3, — Ts(g) (8) 4
1 det(g)
X2 VUADLw) () - ————— 2 wg)(L30V)(g)
a=0, 3, — Ts(g) 4 a=0, 3, —
=L(wH(g) +Ly(g) 2 VW (g) + (T), (@5 - T, P5)v.(g). (A1)

a=0, 3, —

From Eq. (9) we get

det det det 1 det
€ (g) (£+W3) + € (g) E (£0W3)5Va € (g) 35‘/0 _ - (g) (CgW )
4 P 2 r, 4
1 det(g) | det
) S syaon - 1L S e s
Ts 4 a=0, 3, — 7. 4 a=0, 3, —
det det det
SLowtHLl, S SVwe— e(g)(£+f) e;g) S (L, F)V - et ez(g)favﬂ
a=0, 3, - a=0, 3, -

+ (T (9 PF = T, D)v,(g)- (A2)

Using the identity following Eq. (20) and the decomposition L,=\*+ 6L, we obtain
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4
St (L.w?) - > (L56V9 = (N4 = N V) + 2w V0 = d—tﬁLs wt—e(L,F)
e

a=0, 3, —

+Py(6V2,8V2, 8V, 6L,). (A3)

def
Projecting along the direction w*, calling 7%= L,F, defining 7, P such that F=X ,_q; . F*w®
and similarly for P%, and finally defining F*# such that 7A=3 _, ; . F*Pw?, we get Eqgs. (36) and
(37).
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