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Abstract In this paper we study a model of randomly colliding particles interacting with a
thermal bath. Collisions between particles are modeled via the Kac master equation while
the thermostat is seen as an infinite gas at thermal equilibrium at inverse temperature f.
The system admits the canonical distribution at inverse temperature 8 as the unique equi-
librium state. We prove that any initial distribution approaches the equilibrium distribution
exponentially fast both by computing the gap of the generator of the evolution, in a proper
function space, as well as by proving exponential decay in relative entropy. We also show
that the evolution propagates chaos and that the one particle marginal, in the large system
limit, satisfies an effective Boltzmann-type equation.

Keywords Kac model - Thermostat - Approach to equilibrium - Propagation of chaos

Mathematics Subject Classifications 47A63 - 15A90

1 Introduction

The master equation approach to kinetic theory has had a revival in recent years. It was
introduced by Kac [1] to model a system of N particles interacting through a Markov process.
In its basic form, after waiting an exponentially distributed time, one selects randomly and

We dedicate this article to our friend, teacher, and co-author Herbert Spohn.

F. Bonetto () - M. Loss - R. Vaidyanathan

School of Mathematics, Georgia Institute of Technology,
686 Cherry St, Atlanta, GA 30332-0160, USA

e-mail: bonetto@math.gatech.edu

M. Loss
e-mail: loss@math.gatech.edu

R. Vaidyanathan
e-mail: rvaidyanathan6 @math.gatech.edu

@ Springer



648 F. Bonetto et al.

uniformly a pair of particles and lets them collide with arandom scattering angle. One assumes
a spatially homogeneous situation in which the state of the system is entirely specified by
the velocities of the particles. The time evolution for the probability distribution of finding
the system in a given state is then a linear master equation (albeit in very high dimensions)
called the Kac master equation.

The model is based on clear probabilistic assumptions, and its simplicity allows one to
focus on central issues that are very difficult to study in more fundamental models like
Newtonian mechanics. Kac’s main motivation was to give a rigorous derivation of the non-
linear spatially homogeneous Boltzmann equation ([1], see also [2]). This is based on the
notion of chaotic sequences (which Kac called ‘sequences that have the Boltzmann property’).
A derivation of the Boltzmann equation from the laws of classical mechanics is much more
difficult and so far has only been achieved for situations with very few collisions [3-5].

The Kac master equation also yields some insight into the the central question of approach
to equilibrium for large particle systems. Kac suggested using the gap as a measure for the
rate of approach to equilibrium and he conjectured that it is bounded below by a positive
constant independent of the particle number N [1]. This conjecture was first proved in [6]
and shortly thereafter the gap was computed exactly [7,8].

It turns out that while the gap is a good notion for measuring the rate of approach once
the system is close to equilibrium, this is not the case far away from equilibrium. The gap
measures the rate at which the L?-norm of the deviation from equilibrium tends to zero. Since
probability distributions in N variables that are close to a product have an L?-norm which
is of the order of CV, C > 1, one has to wait times of order N until this norm falls below a
fixed number. This is clearly not physical. Furthermore, in all the exact calculations, the gap
as well as the single particle marginal of the gap eigenfunction approach the corresponding
quantities of the linearized Boltzmann equation, as N — oo.

A better notion of equilibration is in the entropic sense. It is easy to prove that the relative
entropy of any state (c.f. Eq. (1.5)) is decreasing in time (note that we define entropy with
opposite sign). One would expect the entropy production, i.e. the negative time derivative of
the entropy, to be proportional to the entropy itself because one expects exponential decay of
the entropy. The results in this direction have been disappointing. It turns out that there are
states whose entropy production is inversely proportional to the particle number N. In [9] a
lower bound inversely proportional to N was given while an upper bound of the same order
was proven in [10]. The upper bound was achieved by estimating the entropy production of
a state in which approximately half of the kinetic energy is stored in N§y particles and, of
course, the remaining kinetic energy is stored in N (1 — §y) particles. It was shown in [10]
that the ratio of entropy production and the entropy is bounded above by Cg N ~14B for any
B > 0 provided one chooses §y as a suitable inverse power of N. Clearly, such a state, in
which a few molecules contain half of the total kinetic energy is not observed in nature. This
raises the question of how to characterize those states for which the entropy converges to
zero on a reasonable time scale. Our very preliminary answer is to consider states in which
an ‘overwhelming’ number of particles with kinetic energy per particle of the order 8! are
in equilibrium and only a few particles, a ‘local’ disturbance are out of equilibrium.

How should one describe such a state in the context of a model that is spatially homo-
geneous in the first place? In this paper we address this question by coupling a system of
particles, ‘the small system out of equilibrium’ to a heat bath, ‘the large system in equilib-
rium’, i.e., we couple the Kac model to a thermostat. This idea is not new. There has been
work in [11] on the (spatially inhomogeneous) Boltzmann equation coupled to a thermostat
where approach to equilibrium was proved. Likewise there has been recent work in [12,13]
that considered particles in an electric field interacting with external scatterers (billiard),
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The Kac Model Coupled to a Thermostat 649

where the thermostat is given by a deterministic friction term while the collision with the
obstacles provide stochasticity.

In the present work we focus exclusively on the approach to equilibrium of a system of
particles in one space dimension having unit mass interacting with a thermostat in the context
of the Kac master equation. There are a number of ways to model this and the route taken here
is to describe the thermostat as the interaction of particles of the Kac system with particles
that are already at equilibrium, i.e., whose distribution is given by a Gaussian with inverse
temperature 8. Moreover we assume that the thermostat is much larger than the system so
that every particle in the thermostat collides at most once with a particle in the Kac system.

Calling f;(v), v € R, the probability distribution of finding the system with velocities v
at time ¢ , our master equation is given by

af al
T= =)= —ANU = QU1 =1 Y (= RIS (1.1
j=1

The first term ¥k := N (I — Q) describes the collision among the particles and has the usual
Kac form

2
1
0LI) =y 3 Fvi @
(2) i<j o
with
vij(0) = (vl,...,vf"(@),...,v;f(é),...,vzv)
v¥(0) = vj cos () + v; sin (6) vj(@) = —v; sin (8) + v; cos (9)

while the second term ¥ := Zj\’:l (I — R;) describes the interaction with the thermostat

where
2
R;[f] :=/dw][ d@,/%e—gw?z(@)f(vj(e, w))
0

andv;(0, w) = (v, ...,vjcos (@) +wsin (@), ..., vN), wjf(e) = —v; sin (8) + w cos (6).
We use the notation '

b b
][f(e)dez ;/f(e)dé’.
b—a

In contrast to Kac’s original work, where the configuration space was the constant-energy
sphere, here the configuration space is RV since the energy is not conserved.

As we will see, the time evolution defined by (1.1) is ergodic and has the unique equilibrium
state

yv) =[]ew.
j

]
where g(v) =/ %e’fvz.

As mentioned before, the approach to equilibrium can be measured in a quantitative
fashion by the gap of the operator G. While not self-adjoint on the space LZ(RY, dv), a
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ground state transformation can be performed that brings this operator into a self-adjoint
form on the space LRV, y (v)dv). Writing

Jv) =y WA +hv)
in Eq. (1.1) we get the new equation

oh N
T —Lf:=—-ANU - Q)[h] - MZ(I —T;)[h] (1.2)
j=1

where
Tj[h] = /dwg(w)][th(V.,-(G, w)).

We consider # in the space L3RV, y (v)dv) with inner product (hi, hy) := fhlhgydv.
Defining the spectral gap as

Ay :=inf{[(h, Zh)| : ||h]| =1, (h, 1) = 0}
we get the following:

Proposition 1 We have

o=

The corresponding eigenfunction is
a 1
hay (V) = > (v? - E) .
i=1

Thus, the spectral gap does not depend on the parameter A of the Kac operator. To have a
more precise idea of the role of A in the equilibration process we also study the “second”
spectral gap defined as

AN = inf{|(h, Zh)| : |1l =1, 0, 1) = 0, (h, hay) = O}.
We have the following theorem that renders the gap Aﬁ) in an explicit fashion.

Theorem 2 Aﬁ) is given by the lower root ay of the quadratic equation

x2—(rA +E x+p(ra +§ EPN 3 Yoo (1.3)
N+ gH p\MN g ) = grhhvi 5 ) =0 .

where Ay = N—Jr% The corresponding eigenfunction is an even polynomial of degree 4 in

2N-
all the v;.

As N — oo one finds for the gap

A5
Ag>=min[§+§u,u]. (1.4)

As explained before, a deeper way of understanding the approach to equilibrium is to consider
the entropy production. In the model at hand one is indeed in the lucky situation that the
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The Kac Model Coupled to a Thermostat 651

interaction with the thermostat yields a decay rate for the entropy, uniformly in N. The
relative entropy of a state f with respect to the equilibrium state y is defined as

SCf1y) —/f(V)log fE; (15)

Theorem 3 Let f; be the solution of the master equation (1.1) with initial condition fo. Then
S(fily) = e S(foly),

where

,0=5~

The central concept for the derivation of the Boltzmann equation is that of a chaotic
sequence. More precisely, given a distribution f™ (v) with v € R¥, we can define the k
particle marginal as

N
FM ) = / Y T av.
i=k+1

Definition 4 A sequence of probability distributions { f ) (V)%= on RY is said to be
chaotic if, Vk > 1, we have

k
: (N) : (N)
lim VUl,...,V) = lim || vi),
N fk ( 1 k) N j_lfl ( ,/)

where the above limit is taken in the weak sense.

Consider now a chaotic family of initial conditions f)(v) for Eq. (1.1). With a simple
generalization of the proof by Kac [1] (see also [2]), we can show that the solution at time

t, f,(N) (v), is also chaotic. This property is called propagation of chaos. It follows that if we
define

F,w) = lim /f,(N)(v)va...va,
N—o0

Equation (1.1) gives rise to the effective evolution for f,, that is

Theorem 5 f,(v) is the solution of the following ‘Boltzmann Equation’:
3 f(v) - - . - =
— = 20 4 do | dw|[f,;(veos® + wsind) f,(—vsind + wcosh) — f,(v) f,(w)]
+u [/ dw ][ dfg(—vsinf +wcosh) f,(vcosh + wsinh) — 7,(1;)]

with fo(v) as initial condition.

Our proof of propogation of chaos, following the argument in [1], does not establish the
validity of the above equation uniformly in t. One can hope to achieve this by adapting, to
our model, the argument in [14], where propagation of chaos uniform in # is shown for the
Kac model.
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One can linearize the above Boltzmann equation about the ground state and study the
operator associated with this evolution. It turns out that the Hermite polynomials diagonalize
both the collision part and the thermostat, with the nth degree polynomial H,(v) yielding

2
eigenvalues 21(1 — 2s,) and (1 — s,), respectively, where s, := jC cos" 6d6. Thus, the
0

gap is % and the “second” gap is % + % /i, which correspond to the N — oo limit of the
respective gaps found at the Master equation level (Theorem 2). Incidentally, the eigenvalue
1 found in the latter (see Eq. (1.4)) does not appear here since the single-particle marginal
of the corresponding eigenfunction vanishes in the limit.

Remark As we will see, the proof of Theorem 3 (in particular, Proposition 15) also proves
that the relative entropy associated with the Boltzmann equation decays at the same rate p.

It is interesting to note that if we define the total kinetic energy K (f) as

N

1
K(f) = EZ/vizf(vl,...,vN)dvl-~-va,
i=lgy

we get, using Eq. (1.1), that

dK
—- = —RNK+ %Z/dwdv][ de(zk: v,f)g(wjf(e)))f(vj(e, w))
J

—uNK + %Z(Z/dvv,%f(v)

Jok#E]

+ /dwdvg(w)f(v) ][ df(vjcos(0) +w sin(@))z),

where the Kac collision gives no contribution as it preserves the total kinetic energy. This
yields

dK  p N
ax__u (K— 7). (1.6)

One can interpret Eq. (1.6) as Newton’s law of cooling. This law, however, is usually stated
in terms of the remperature of the system at time ¢, i.e.,

1 K (1)

2T(t) = 1.7
It is far from clear that Eq. (1.7) can be used to define the temperature of a state far from
equilibrium. To make such an identification one would have to show that the full distribution
S (v) is close, in a meaningful sense, to a Maxwellian with temperature 7 (7). In general we
see no reason why this should be true. We believe, however, that in the case of an ‘infinitely
slow’ transformation, i.e. the case where w is very small relative to A, the collisions provide
enough ‘mixing’ to guide the evolution along Maxwellians.

The plan of the paper is the following. In Sect. 2.1 the gap is computed and in Sect. 2.2

the rate of decay of the relative entropy is established. In Sect. 3 we show propagation of
chaos and we finish with a few remarks.
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The Kac Model Coupled to a Thermostat 653

2 Approach to Equilibrium: Proof of Statements

Before proceeding with the study of the approach to equilibrium, we observe that by choosing
appropriate units of energy, we can set 8 = 1 without loss of generality.

2.1 Approach to Equilibrium in L?

In this section we study the lower part of the spectrum of the operator . defined in Eq. (1.2)
acting on the Hilbert space X = L?(R", y (v)dv). To distinguish the action of the thermostat
from that of the Kac collisions we define the operators

N
ZTZ=Z(I—T]') $K1=N(I_Q)
j=1
so that

L =usr +1%k.

It is easy to see that the operator .Z for the evolution of # is self-adjoint on X'. Moreover .¥
preserves the subspace of X formed by the functions symmetric under permutation of the
variables.

To begin, we report some known or simple results on the spectra of .Zx and .%r. We say
that a function A (v) is radial if it depends only on r2 = > viz. We call &, the subspace of
X of radial functions, and X' the subspace of functions orthogonal to the constant function,
ie. Xt ={heX|(h 1) =0}. We have

Lemma6 o % >0, % >0.
o Yk[hl=0<% he X, and Lr(h] =0 & h = constant.

Proof All claims follow from the following observations:

1
241 - O ) = > f o [ hwis@n - hwPyav=o
RN

2) i<j

J

2(2 (I =Tj)h, h) = Z(][ de/dvdwg(w)y(v)m(vj(e, w)) — h(v)[*) >0,
j

the first of which is an identity due to Kac [1]. m]

Notice that the Kac operator alone acting on RY has a degenerate ground state.
From the above Lemma, we see that the unique equilibrium state corresponding to Eq.
(1.2) is h(v) = 1. The following Theorem is a direct consequence of the results in [7].

Theorem 7 [7] We have that
IN+2

Ay = inf(|(h, Zgh)| Il = 1.h L X%} = 5

2
and the corresponding eigenfunction is Z;V:l vj! - Ni_‘_z (Z;-V:l v%) .

To study the spectrum of % we use the Hermite polynomials H, (v) with weight g(v).
More precisely, for « integer, we set

[S)
S}

Hy(v) = (=1)%'T -5
* dv®
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so that

1. Hy(v) is a polynomial of degree . Moreover Hy (—v) = (—1)* Hy (v).
2. The coefficient of v* in Hy is 1.
3. The H, are orthogonal in L?(R, gdv). More precisely

/Ha, () (V) Hy, (0)dv = V27180 15 -

Lemma 8 H,(v;) form an orthogonal basis of eigenfunctions for the operator T; and
TiHy = sqHy with sq = 0 if o is odd while

2a)!
S20 2][%”419 cos?® § = %.

Proof We drop the subscript j here for ease of notation. First, we observe that
/ T[Hy(V)]H,(v)g(v)dv = /dwdvg(v)g(w)Hn(v) ][ dOHy,(vcosH + wsin0)
= /dwdvg(v)g(w)Ha(v) ][ dOH,(vcosf + wsinb).

Since T[Hy (v)] is a polynomial in v of degree «, the first line implies that f T[H,(v)]H, (v)
g(w)dv = 0if n > «a. Likewise, the second line implies that f T[Hy(v)]Hy(v)g(v)dv =0
if @ > n. Thus,

T[Hy(v)] = cq Ha (V).
By equating the coefficients of v in the above, we get that ¢q = f cos* 6 = sg. O
Note that s3(+1) < $2¢ and s — 0 as « — o0. Since Z7 is just the direct sum of
(I —Tj) we get

Corollary 9 The functions

N
Hy(v) := H Hy,; (vi),

i=1
where o = (a1, ..., ay), is an eigenfunction of L1 with eigenvalue
0y = (1 = sq,).
i
The set {Hg }a>0 form an orthogonal basis of eigenfunctions for £r in X. In particular

Sr > 0on Xt

To study the spectral gap, we need to understand the action of £k on products of Hermite
polynomials H,. We first state and prove the following lemma which helps us restrict our
investigation to even polynomials.

Lemma 10 e Any cigenfunction of n.r + 1%k is either even or odd in each variable v;.

e If E is an eigenvalue of u.Lr + ALk, with an eigenfunction that is odd in
some v;, we have that E > 2\ + .
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The Kac Model Coupled to a Thermostat 655

Proof The first part can be seen by noting that the operator .47 + A%, commutes with the
reflection operator S;[h](V) := h(..., —vj;,...). For the second part, say (u.7 +AZLx)h =
Eh, with S1[h] = —h. Then T[h] = 0. In addition, for any i # 1,

][déh(vi,l(G)) = ][déh(v,- cosf + vy sinb, ..., —v; sinf + vy cosb, ...)

:][deh( vl.2+vfcos(<p—0),...,,/vi2+vfsin(go—6),...)
= ][dGh(,/viz+vfcos9,...,,/viz+vfsin9,...)
=][déh(—,/viz—i—v]zcosé,...,,/viz—i—v]zsiné,...) (taking 6 — 7 —6)

=0 (using that Si[h] = —h).

Thus,
N
AINh == > dOh(v; j(©)) + Nuh — )" Ti[h] = Eh
(2) i<jii,j#1 i#1
or
N (N -1
(AN—l—,uN—E)fAT( )—i—/L(N—l),
G\ 2
which proves the claim. o

We will thus restrict our attention to the space of functions that are even in all variables v;
and show that the eigenfunction for Ay and A%) lie in this space. To this end we define

N
> 2 =21].

i=1

Loy = span{Hzg

Moreover we set

N
el =
i=1

and
E = {a: Zaia j # 0}, that is the set of o in which at least two entries are non-zero.
i<j
Lemma 11 In each Ly the eigenvalues of £ are given by o2y = Zj 1- 820 ), where
la| = L. It follows that

e The smallest eigenvalue in each Ly is 1 — s3; and the corresponding eigenfunctions are

precisely linear combinations of Hyy (V) witha = (0, ...,1,...,0).
® mingcg 02¢ = 1. Morover, the minimum is reached when two of the a;’s are 1 and the
rest are Q.
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Proof To prove the first statement, we start by observing that the function J(x) :=
2

£ cos?* 0d# is strictly convex in x. Consider & such that || = [. We need to show that

0

> @) = I+ (N —1)J(0)
and that equality is attained if and only if « = (0, .../, ...0). By convexity, we have that
. o aj
J(@) = J(Tl - z 70)
J#

% o)
l J(l)—i—%; l J(0).

IA

Summing the above over i, we get the result.
The second claim follows from the monotonicity of the s, and the fact that s, = % O

Proof of Proposition I By Corollary 9 and Lemma 11, we have that 4 > 1/2 and thus
% > 1/2 on X*. On the other hand, Z[> Ha(v;)] = Zr[>. Hh(vi)] = 5 Ha(v))
since D, H>(v;), being a radial function is annihilated by the Kac part. Thus, Ay = /2 and

hAN = Z,N=1 Hz(vi) € L2. O

To compute Aﬁ) we need to better understand the action of £k on the Ly;. This is done
in the following Lemma, which is actually a generalization of Lemma 8.

Lemma 12 Let A be a self-adjoint operator on L*(RN | y (v)dv) that preserves the space

P>, of homogeneous even polynomials in vy, ..., vy of degree 21. If
A = 5 e
[Bl=l|
we get

A(Hoa, (1) - Hoay (Wn)) = D cgHap (v1) -+ Hapy (vy).
|B1=lc|

Proof First, we observe that A(Ly;) C Lo;. Indeed, if f € Ly, and g € Loy withm < [, we
have (Ag, f) = (g, Af) = 0 because Af contains only monomials of degree at most 2m.
This means that

A(Hoa, (V1) - Hoay (Wn)) = D kgHog, (v1) -+ Hapy (vy)
[B1=lc|

and because

AT = S e

[Bl=lal
we get that cg = kg for any B by equating the coefficients of the term of maximal degree
21 268
v oy o

Remark e Since Lk preserves the spaces Py, the above Lemma applies to it. Thus, the
action of £k on products of Hermite polynomials H», (v;) can be deduced from its action
on products of monomials viz", and the latter turns out to be simpler.
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The Kac Model Coupled to a Thermostat 657

e Note that Lo; is invariant under £k and thus is invariant under .Z.

In preparation for the proof of Theorem 2 we note that Theorem 7 implies that
(h, Zxh) = (h, AN(I — B)h)
where B is the orthogonal projection on radial functions, that is
B[h](v) = / h(w)do (w).
SN=1(v))

where SV¥1(r) is the sphere of radius r in RY with normalized surface measure do (v).
Setting Zr := Any(I — B) we have

(h, Zh) = (h, (WL + AZLR)h)
so that
A > inf{(h, (uLr + 2 Lr)R) < |hl] = 1, h L Lo, Lo}, 2.1

where we have replaced the operator £k with the much simpler projection Z¢. Note, the
same reasoning as before shows that the space Ly; is invariant under .#%. For later use we
define

T(a) = v N doy (v).

SN—I(I)

Theorem 13 The smallest eigenvalue a; of the operator
Ls = nLr + \.LxR
restricted to the space Ly satisfies the estimates
ap = xj,
where x; is the smaller of the two solutions of the equation
X = Ay + 2 = s x + (I = s2)p” + Ay = AAyusyNT (0, ... 0). (2.2)
Proof The equation for the eigenvalue x of u.%r + A.%r gives

> Tih+iAyBh = (Np+rAy — x)h.

Observe that if |«| =/, B[vlza' e 1)12\,0”v ] is an homogeneous radial polynomial of degree 2/
so that we have
I
BIvi* vy 1) = Pe)r” = P(@) Y. g,
— Bi!---By!
1BI=l
in particular
I
> ———Tr@=1 2.3)
o 1., aNl
loe]=l

@ Springer
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Writing a generic function f in Ly; as
f= Z oty
lae|=I

the eigenvalue equation becomes:

n
EDIDICILH “‘N[Z CJ@] 2 e the
lal=lj ee|=1 | =l
= (N +AAy — %) D caHay, (2.4)

la|=I

where we have used that the projection B satisfies the hypothesis of Lemma 12. Thus for
every o

A

(1o2g + AN — x) o = KAy .
Ol]! . '(XN!

2.5)

where we set Z\a\:l ¢ I' () = K. Consider first the case K # 0, thatis (x —AA Ny —uo2y) #
0 for every a. Rearranging, multiplying both sides by I'(a), and adding we get

: 1 1!
AN C : (2.6)
MAN e AAN_FM"QQ_X apl---ay!

With x moving in from —oo, the first singularity of the right side of Eq. (2.6) occurs when

X = Im\ml ()»AN + /LO‘zg) = AAN + p(l —s27),
g:

where the last equality follows from Lemma 11. The right side of Eq. (2.6) is a positive
increasing function of x until the first singularity. Thus, the smallest eigenvalue is less than
AAN + (1 —s97). For0 < x < AAn + (1 — s27) we get

1 1 1 I

= NT(,0,...0)+ I'(a
AN My+(1 —s)pu —x ( ) lé{ (AAN+po2g — X) (*)al!...aNg
a€l
1 1 Al
< ND(@.0,...00+ ——— > T@)——
My + A =5 —x My 4+ —x ot ol -ay!
€l
< ! NI'(1,0 0) + ! [I-=NI(,0 0)]
T AN+ =) —x T AAN + 1 —x T
(using eq. (2.3))
It is easily seen that the equation
Lo : NT'(,0 0) + : [l —=NT(,0 0)]
AAN  AAN + (L —sy)p —x T AN+ —x T

2.7

and (2.2) are equivalent and hence the smallest eigenvalue a; > x;.
Note that necessarily x; < AAy + (1l — s2). Thus, if K = 0, a; = AAN + pooy for
some « and hence a; > AAn + (1 — s27) > x; which proves the theorem. m]
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The Kac Model Coupled to a Thermostat 659

Proof of Theorem 2 Since symmetric functions are preserved under £, the space of sym-

metric Hermite polynomials in L4 with orthonormal basis { m > £j Hy (vi)Hy(v),

% > H4(v,-)] gives rise to two eigenfunctions. The action of u.r + L%k on this space

is represented by the following matrix

31 —/3)
KE 58T 2y8-T
(2.8)
—/3h Sy 2
2V N—-1 8 2

whose characteristic Eq. is (1.3) and smallest eigenvalue is thus a,. Hence, we immediately
have Aﬁ) <ap.

To see the opposite inequality recall that x; is the smaller of the two solutions of the
Eq. (2.7) Since for [ > 2,55 < 54 = 3 and ['(1,0,...0) < T'(2,0,...0) = W we get
from (2.7)

2
Ag\/) > ay.

[m}

The eigenfunction corresponding to the “second” gap Aﬁ) is given by Z\a\zz coHry €
L4, where ¢, are symmetric under exchange of indices (see Eq. (2.5)). In fact, Eq. (2.5)
characterizes the symmetric eigenfunctions of u.2r + A.Zgr when K # 0 and the non-
symmetric eigenfunctions when K = 0. This means that solutions x of Eq. (2.6) correspond
to symmetric eigenfunctions alone. Hence, the unique eigenfunction (by extension, also that
of u.Zr + A.%x) corresponding to a, is symmetric, which is the physically interesting case.

We eventually do get the optimal bound a, due to the following reason: The space of
symmetric functions in L4 is spanned by the set {Zi# Hy(vi)Hy(vj), > Ha(v;)}, which
can also be spanned by two functions, one of which is radial (of degree 4) and the other
perpendicular to the radial one. The latter gives the gap Ay for £k . Hence, the action of
Zx and Zg on the space of symmetric functions in L4 is precisely the same.

In the limit N — oo, the off-diagonal elements of the matrix (2.8) vanish. Therefore, in
this limit, the eigenvalues x2i tend to % + % w and p, which corresponds to the simultaneous
diagonalization of operators .7 and Zx.

2.2 Approach to Equilibrium in Entropy

It is well known that

S(fly)=0% f =y,

where S(f|y) is defined as in Eq. (1.5). In this section we will prove that S(f;|y) decays to
0 exponentially as t — oo, if f; is the solution of the Master equation (1.1). Indeed Theorem
3 immediately follows from the following proposition.

Proposition 14 Let fy be a probability density on RN with finite relative entropy and f; the
solution of the Master equation (1.1) with initial condition fy. We have

dS(fily) _

T —pS(fily), 2.9
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where
%

/025'

The left-hand side of the inequality (2.9) is the entropy production and can be computed

IS _ [ F L [ o s et
T_/at 10gy+/ 5 = /()»fK-FMfT)[ft]lOgy

as

because [ f; = 1. Thus, Proposition 14 will follow if we prove that for any density f with
finite relative entropy, we have

—/(K%K -HA%)[f]lOg% = —P/flogg-

Since the relative entropy decreases along the Kac flow, i.e. f Yk f1log % > 0 (see [1]), it
is enough to show that

—/u%[f]logi < —p/flogi. (2.10)
v 14
We first prove the above for the case N = 1. In this case, ¥r = (I — R).

Proposition 15 Let f be a probability density on R. Then

/R[f](v) log 2 gy — /dudw][def(v*)g(w*)log EACS l/dvf(v)log LAC)
g() glv) — 2 g()
where v* = vcosO + wsinf, w* = —vsin + w cos O and g(v) is the Gaussian ﬁe’§.
Calling f(v) = g(v)G (v), we need to prove that
/dv gT[G](w)log G(v) < %/dv g()G(v)log G(v), (2.11)
where
2
TIG](w) := /dwg(w)][ dOG(vcosO + wsinb).
0
The idea will be to show the above inequality by proving that
/dv gWT[G](v)log T[G](v) < %/dv g()G(v)log G (v). (2.12)

We will be invoking the following well-known property of the Ornstein—Uhlenbeck process,
see [15-19].

Theorem 16 Let Ps be the semigroup generated by the 1-dimensional Ornstein—Uhlenbeck
process, that is, U = Ps[Uy] is the solution of the Fokker—Planck equation

dU;s (v)

P U!'(v) —vU.(v)
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with initial condition Uy. For every density G we have
/g(v)dv Ps[G1(v) log(Ps[G(v)) < efz‘y/g(v)dv G(v) log G(v).
Remark The semigroup, which can be represented explicitly as
PGl(v) = /dwg(w)c(e*‘*v +V1 —eBw), (2.13)

is self-adjoint in L2(R, g(v)dv).
We are now ready to prove Proposition 15.

Proof of Proposition 15 To connect the Ornstein—Uhlenbeck process P; with the operator T’
we set

/2
T[G](v) _/dwg(w)][ d9G(vcosH + wsinf) =

\/7PS[G](U)7

where we use Eq. (2.13) and the change of variables cos(6) = e™*. It follows that

/ dv g(v)T[G]log T[G]

© ’

o0
/d (v) 2/d " pi61 ) tog [ 2 [as—S PG
= v v — S — (0] — S ———
8 . Tt ® g . o2 s
0 0

< /dv g(v)

oo
2
< 7/ Z-V/du g(v)Glog G (using Theorem 16)
b N
0

Ps[G]log Ps[G] (using convexity ofx log x)

Qo

O/dw_

1
= E/dvg(v)GlogG.

The next step is to prove the corresponding result for the operator 7. Let G = G, + G, where
G.iseven,ie. G.(v) = G.(—v),and G, is odd,i.e. G,(—v) = —G,(v). Observe that T[G]
is even, T[G,] = 0 and T[G.] = T[G.]. While the first two identities follow directly from
the definitions, the last one also uses the fact that [ dwg(w) ff,; d0G,.(vcosh + wsinh) =

[ dwg(w) > d0G.(—vcost — wsinf) under the change of variables 6 — 7 — 6 and
w — —w. Thus,

/ dv g T[G1(v) log T[G1(v) = / dv g T[G.1(v) log T[G.1(v)

= /dv gWT[G 1) log T[G.1(v)

IA

% / dv g(v)G.(v)log G.(v)

IA

%/dvg(v)c(v) log G(v),
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where, in the last inequality, we have used that G.(v) = (G(v) + G(—v))/2 and Jensen’s
inequality. Now that we have established (2.12), we proceed to derive (2.11) from it as
follows:

/dv g)e T D'GlogeT D! G)

%k
e Z = / dv g(v)T*[G](v) log T*[G](v) (by convexity)
- k!

o0 k
t 1
<e! Z (E) o / dv g(v)G(v)log G(v) (by the previous computation)
k=0 ’
—e 2 /dv g()G(v) log G(v).
From the first order terms in the Taylor expansion about t = 0, we get (2.11). O

The following lemma will help extend the result to N > 1.

Lemma 17 Let f (V) be a probability density on RN and let its marginal over the jth variable
be denoted by f;(V;) = ff(v)dvj, where V; = (v1,...,Vj_1,Vj41,..., vy). Then we
have

N
Z/fjlogf,-dﬁj < (N — 1)/flogfdv.
j=1

Proof We first observe that from the Loomis—Whitney inequality [20], that is f]RN Fi(vy)---
Fx(Vy) < IFillpnv-1 -+ ||Fyllpv—1 for Fj e LN=H RN, it follows that

N o
VA :=/Hfj"’"dv <1. (2.14)
j=1

Thus we have

o
/flog fl dv=Z/ fl log fl HZJ dv

[s

s IR

> Z[/%dv]log[/édv] =—logZ,

where we have used Jensen’s inequality and the convexity of x log(x). The Lemma follows
easily from the above inequality and (2.14). O
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Proof of Proposition 14 We first observe that

- [ logi
-3 [ / dw 4o, ) O) log L5~ NS(f1y)
f(V] (9 * f(V)
_Z/dv]f,(v])/dv]dw o= I J) (wj(9))10g (f,(v,)g(v,))
+>° / dvdw ][ d0f (v;(0, w)gw @) log L _ Ns( iy,
7 vi(Vj)

where f;(Vj) := [dv; f(v) and y;(¥;) := [dvjy(v), as in Lemma 17. In the first term of
the last line, we can undo the rotation by 6 by noting that f; and y; are independent of v;.

Applying Proposition 15 to ff ((:)) (in the second line above) as a function of v; alone we get:

f 1 f
_/gT[f]log; < Z/dvf(v)“’g(f,( ,)g(v»)

+Z/dvf<v> log 215 ’; NS(f1y)
/ /

) / £
= d I d 1
Z/ v Og(f,<,)g(v,)) Z vfwlog 21 J(,)

+s Z/dvf(v)log (’; NS(f1)
/ /

= <3NSU 45 X [ avrtoe £
J

1
- Z/dvf(V) log y; (V).
J

Using Lemma 17 for the second term, and that y;(V;) = ]_[i#j g(v;) so that
> Javflogy;(¥;) = (N —1) [ flogy we get:
1
- [artrnog L < ~Zscr)
y 2
and this proves (2.10). ]

Remark

e Proposition 14 yields a lower bound on the spectral gap A y as follows: given a function
f of the form

f=yd+eh)

with f hy = 0 and € small, one can write

ah e’h? e’h?
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where p = /2. That is,

Thus in L>(RY, y (v)dv) we get
d P
— |zl < == Al
dt 2

Observe that this is very similar to the result one get from Proposition 1 but p < . One
may wonder whether p is the optimal estimate for the decay rate of the relative entropy.

e In contrast to the Kac model, the presence of the thermostat guarantees that the rate of
convergence is strictly positive uniformly in N. It is fundamental in the above analysis
that the thermostat acts on all particles. The presence of the Kac part gives no contribution
to the above estimate of the exponential decay rate.

3 Propagation of Chaos

We finally turn our attention to the effective Boltzmann equation that emerges in the limit
for N — oo. The fundamental step to this end is to show that the dynamics defined by Eq.
(1.1) propagates chaos, which is done in this section.

Theorem 18 Ler f ™) (v, 0) be a chaotic sequence of initial densities. Then its evolution
under the master equation (1.1), f™N)(v, 1), is a chaotic sequence for any fixed t. That is, if

k
; (N) — ; (n:) £FNV)
A}gnoo/%(vl) () (v, 0) = H ]\}glloo/wj (W) (v, 0)
RN j=1 R
for any k € N and any ¢1(v1), . . . ¢pr (v) bounded and continuous, then for any t:

k

Jim / prn) g f N v 0 = tim / 0j @) fM .0
RN R

j=1
for any k € N and any ¢1(v1), ... ¢k (vi) bounded and continuous.

The proof follows closely the McKean [2] algebraic version of Kac [1], for the Kac
operator. The idea is to write f(v,t) = e~ Ik tudr f(v,0), expand the exponential in
series of ¢, and use the chaotic property of the initial sequence. The key observation is that
%r is a derivation already for finite N (in the sense of Lemma 20). Two main ingredients are
needed:

Lemma 19 The series > ;o %l, Jo1(1) - o () A9k + n%r) £ (v, 0) converges abs-

olutely if t < ﬁ.
Proof To prove the lemma, it is enough to show that:
NGk + 1) Blloo < Gh+ 2w mm +1) - (m +1 = D]|$]lo (3.1

and then follow the proof in [2]. The above statement follows from a simple induction starting
from
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|Gk +ngr)P i, ... vm)| < MGkl + [uGrdl < (4h + 21)m][¢]|oo.

Calling

Tk ::22][519(4;(...,1;,- oS0 + Upy1 8inb, ...) — ¢),

i<m

one can prove, as in [2], that if ¢1(vy), .. ., 9k (v) are bounded and continuous then:
Jim / Ik + g o1 el f N (v, 0= lim / ALk +ug)) o1 ol f N (v, 0).

The main ingredient to re-sum the power series expansion and obtain the Boltzmann
equation is the following “algebraic” Lemma.

Lemma 20 If (¢ @ ¥)(v1, ..., Uptk) := W1, o oo, V)V (Unt1s - - - s Umtk), then
Tk +9Plp@v]= Tk +9P)01 @Y + ¢ @ Tk +9p)[V].

It is now possible to prove Theorem 5 by following the proof in [2] step-by-step.

4 Conclusion and Future Work

We hope to have convinced the reader that master equations of Kac type are reasonable
models for large particle systems interacting with thermal reservoirs. The main advantage is
that physically relevant quantities such the first and second gap can be computed quite easily
and the entropic convergence to equilibrium can be established in a quantitative fashion as
well. Moreover, since propagation of chaos holds, contact is made with a Boltzmann type
equation in one dimension.

There are a number of directions for future research. The generalization to three-
dimensional momentum-conserving collisions [21], while more complicated, should not
pose any new real difficulties. There are other, more severe, assumptions made in our model
that one ought to address.

For example, it is the very nature of a reservoir that it is not influenced by the interaction
with the other N particles. A more realistic situation would be to consider the reservoir as
finite but large. More precisely, consider an initial state of the form y F' where y is a Gaussian
in M variables with inverse temperature 8 and F a function of N variables with kinetic energy
eN. Thus, M particles are in thermal equilibrium and N particles are not in equilibrium but
with finite energy per particle. Now we let this state evolve under the Kac evolution. Clearly,
this state will evolve to a radial function in N + M variables as 1 — co. One would expect
that this function is close to a Gaussian with a temperature (M 4 2¢N)/(M +N). Assuming
that M >> N, is it true that the entropy has a rate of decay that is uniform in N? Note
that the problem is not to get an estimate on the entropy production of the initial state. The
infinitesimal time evolution is precisely the weak thermostat treated in our paper. The real
issue is to quantify the entropy production at later times for which the state is no longer of
this simple form.

Another important issue is how to understand non-equilibrium steady states in a wider
sense. We believe that the Kac approach to kinetic theory could shed some light on this very
difficult problem. The fact that the particles interact with a single heat reservoir leads to a
non-self-adjoint operator that can be brought into a self-adjoint form using a ground state
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transformation. It is easy to write down the master equation for a system of particles that
interact with, say, two reservoirs at different temperatures. However, the generator cannot
be brought into a self-adjoint form anymore and the equilibrium cannot be found though
an optimization procedure, or at least not an obvious one. In particular the equilibrium is
not a simple function. How, then, can one measure the approach to steady-state for such
systems? Note that the steady-state is, from the point of physics, not an equilibrium state,
since it mediates an energy transport from a reservoir of higher temperature to one of lower
temperature. The solution of this problem would be a small step towards understanding
non-equilibrium steady states.
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