MATH 3235

Midterm 1

February 19, 2020

No books or notes allowed. No laptop or wireless devices allowed. Show all your
work for full credit. Write clearly and legibly.
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QUESHION 1 .. 15 point

(a) (15 points) Let X be a geometric r.v with parameters p. Compute the probability
generating function Gx(s) of X.

Solution: We have

R R
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QUESTION 2 .. 25 point
Let A, B and C' be three events. You know that

B 1C, Al (BUCQ), Al (Bn?O), and Al (BNC)

where B 1 C' means that B and C' are independent.
(a) (10 points) Show that

P(ANBNC) =P(A)P(B)P(C)

Solution: Since A 1. BN C we have
P(ANBNC)=PA)PBNC)
and since B L C' we get

P(ANBNC) =P(AP(B)P(C)

(b) (15 points) Show that
P(AN B) =P(A)P(B)

You can use that B = (BN C)U (BNC°).

Solution: We have
P(ANB)=P(AN((BNC)U(BNCY)))=P(ANBNC)U(ANBNCY))
Since (ANBNC)N(ANBNCY)) =0 we get
P(ANB)=P(ANBNC)+P(ANnBNCY)
using point (a) we get

P(AN B) =P(A)P(B)P(C) + P(A)P(B)P(C*) =
PLA)P(B)(P(C) + P(CY)) = P(A)P(B)
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QUESTION 3 ..o 15 point
You and a friend of yours both toss a fair coin twice. Let X; be the number of heads you
get and X5 be the number of heads your friend gets. Compute the p.m.f. of Y = X;+ X5
and 7 = X; — X,.

Solution: We clearly have

1 1
px,(0) = px,(2) = 1 px, (1) = 5
and similarly for p,,.
Thus
1 1
pY<O) =Px, (0)pX2<O) = 1_67 pY(l) = 2pX1 (O>pX2(1> = 17
3
py(2) = px, (Vpx, (1) + 2px, (0)px,(2) = 3
1 1
pY<3) - 2pX1 (2)pX2(1> = 17 pY(4) = 2pX1 (2>pX2(1) = E

On the other call W = 2 — X,. Clearly W is the number of tails your friend gets
and has the same p.m.f of X5. Moreover Z = X; + W — 2 so that

pz(2) = py(z + 2).
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QUESTION 4 ..o 30 point
You roll a fair dye till you get a 6. Let X be the total number of roll and Y be the
number of 1 you see in this X rolls.

(a) (15 points) Find P(Y = y|X = z) and E(Y|X = x).

Solution: Once X is given all the previous x—1 outcomes must be in {1, 2, 3,4, 5},
Each of these outcomes is equally probable and they are still independent. Thus

s (D) 0

z—1
-

and thus
EY|X =2) =

(b) (15 points) Find E(Y).

Solution: We have

E(Y) =) E(V|IX =2)B(X =2) =) — Lp(xX = x) =
1 5
S(EX) -1 =2=1

where we have used that X is a geometric r.v. with p = 1/6.

Page 4 of 6



MATH 3235 Midterm 1 February 19, 2020

QUESTION B ..o 15 point
A large hall in your building require 100 light bulbs. You receive a shipment of 100 light
bulbs and put them on. Each bulb breaks down in the first month of operation with
probability p = 0.1. If it survives the first month, it breaks down in the second month
of operation with probability p = 0.15. Suppose that after two months the number of
working bulbs is 80. Obtain the p.m.f. of the number X of bulbs that were working
after one month.

Solution: Clearly the 80 bulbs that are working after two months were working also
after one month. For the remaining 20, the fact that they were working after one
month are independent events. Let A be the event {bulb is broken after two mouths}
and B the event {bulb was broken after one mouth}. We need

P(ANB) P(B)

P(B|A) = =
BN ="p@ = p@)
but
P(B) =01  P(A) = P(B)+ 0.15P(B%) = 0.1+ 0.9-0.15 — 0.23
so that
P(BIA) = — L 43
0.1+0.9-0.15 '

and X = 80+ Y where Y in binomial with parameters 20 and 0.43.
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Useful Formulas

e If A and B are events then the probability of A given B is

~ P(ANnB)
and A and B are independent if P(A|B) = P(A) or P(AN B) = P(A)P(B).

e If X is a binomial r.v. with parameters N and p then
bin(x; N,p) =P(X =z) = (

Moreover E(X) = Np and var(X) = Np(1 — p).
e If X is a geometric r.v. with parameter p then
pla) =P(X =) =(1-p)"'p.
Moreover E(X) = 1/p.

e The probability generating function Gx(s) of a r.v. X is defined by

Gx(é;’) =E (SX) .
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