MATH 3235

Midterm 2

Due April 6, 2021

This is a take home midterm. You can use your notes, my online notes
on canvas and the textbooks book. You are supposed to work on your
own text without external help. I’ll be available to answer question in
person or via email. Please, write clearly and legibly and take a readable
scan before uploading.
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QUESHION 1 .. 20 point
Let X be a normal random variable with y = E(X) = 2 and ¢? = var(X) =

(a) (10 points) Compute P(X < 0). Express the result in term of the cumulative
distribution function ® of a Normal Standard r.v.. ® is usually called the probability
integral.

Solution: Standardizing we get:

IP(X<0):]P<X2_2<—1>:<I>(—1)

(b) (10 points) Find ¢ such that
P2-0<X <2+4)=0095.

Express the result in term of the « critical value z, defined as ®(—z,) = a.

Solution: In this case we obtain

0 X-2 4
P2-0<X<24+0)=P(—= -
( <X <2490) <2< 5 <2)
so that we need 5
o —=) =0.02
(2> 0.025
and
5:220'025.
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MATH 3235
QUESTION 2 .. 35 point
Let X and Y be two r.v. such that the marginal p.d.f. of X is
dre™ x>0
fx(z) = {0 v <0

and the conditional p.d.f. of Y given X is

L o<y<z

frix(yle) = {8

otherwise .

This means that, given X = 2, Y in uniform in [0, z].

(a) (10 points) Write the joint p.d.f. f(z,y) of X and Y.

Solution: Clearly we have

472 x>y >0
m? = .
f(@.y) { 0 otherwise .

(b) (10 points) Compute the marginal p.d.f. of fy(y) of Y and the conditional p.d.f.
Ixpy(z]y) of X given Y.

Solution:
We have -
fr(y) = / de 2y = 2~ y>0
Yy
so that
47 oy
P (aly) = o =, = 2¢ r>y>0.
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(¢) (15 points) Compute P(Y > X/2).(Hint: consider first P(Y > X/2|X = z).)

Solution: Observe that
PY > X/2) / P(Y > X/2X = 2) fx (2)da
0

but 1
PY > X/2|1X =x) = 3

since Y is uniform in [0, z]. Thus we have
1
PY > X/2) = 5

Alternatively we have

oo px/2
P(Y > X/2) = // de " dx dy = / / 4e”*dy dr =
0<y<z/2 o Jo

&0 1
/ 2re dr = —
0 2
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QUESTION 3 ..o 15 point
Let X and Y be two independent Normal Standard r.v., that is the joint p.d.f. of X
and Y is

1 22442
fxy(z,y) :%6_ 3
Call
U=X+Y
V=X-Y.

Compute the joint p.m.f. of U and V. Are they independent?

Solution: We first write X and Y in term of U and V has
1
1
Y=-(U-V).
LU= V)
Clearly we have
0(u,v) 2
Since ] L
I
fxy(z,y) = ge 2
we get
f ( )_ 1 _uQIUQ . 1 _ziTQ 1 _%
XYALY) = e BN AW
and U and V are two independent Normal r.v. with expected value 0 and variance
V2.
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QUESTION 4 ..o 15 point
If X is a continuous r.v., the upper quintile ¢(0.8) of the p.d.f. of X is defined by

P(X <¢(0.8)) =0.8.
A Pareto r.v. X with shape « is defined by the p.d.f.

ar~@t)  p>1
0 r<l1

fx) =

where o > 1.

Compute ¢(0.8) when X is a Pareto r.v. with shape a.

Solution: We have

T g .
P(ng):/l ya+1dy:1—a:

so that
q(0.8) = 0.27 Y
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QUESTION B ..o 15 point
Let X; and X3 be two independent r.v. uniformly distributed in [0,1]. Find the p.d.f.
of Y = Xl + XQ.

Solution: Clearly
PY <0)=P(Y >2)=0.

Observe that if X is uniform in [0, 1] so is 1 — X. Thus
P(Xl‘l‘XQSy):]P)(l—Xl—i‘l—XQSy):]P(Xl—i—Xg22—y)

so that it is enough to compute Fy(y) for 0 <y < 1. We have

Y Y—x1 Y y2
Fy(y) = /0 da:l/o dry = /o (y — z1)dxy = 5

for 0 <y <1 and

2 2
FY(Z/):l_—< 2y)
for 1 <y < 2. Finally the p.d.f. is
0 y <0
)y 0<y<I
fr(y) = 2y 1<y<2
y>2
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