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Abstract

These notes are for the exclusive use of students in Math 6112 and cannot be dis-
tributed, copied, or posted. By and large, the material is not original and it is
extracted from the books and references listed below. These notes have been col-
lected so that students can avoid buying several books.
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Chapter 1

Refresher and all the way to the
Jordan Form

1.1 Preamble

Our goal in this Chapter is to arrive at obtaining the Jordan form of a linear trans-
formation over an arbitrary field. Chances are that some of you have already seen
the Jordan form of a matrix, most likely over the complex field. You will then ap-
preciate the derivation of it over an arbitrary field, since it is obtained just about
in the same way! At a high level, this is a consequence of the fact that elementary
row operations keep us on the field we work in.

Still, to obtain the Jordan form, we will need to introduce the key concepts of
eigenvalues and eigenvectors. No doubt we have all encountered these before, and
we are quite used to define eigenvalues from the characteristic equation

A det(A— M) =0 — eigenvalues

and associate eigenvector(s) to each eigenvalue, so that each eigenvalue has an as-
sociated algebraic and geometric multiplicity. Of course, this is absolutely fine, but
for the time being we will pretend that we do not know this (yet).

If not the Jordan form itself, you have probably seen already the following pro-
totypical result of diagonalization of matrices with real or complex entries by real
valued or complex valued matrices, respectively:

e R™"  with distinct real eigenvalues
Cr>m with distinct eigenvalues '
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Indeed, quite frequently, in introductory courses in Linear Algebra, these are the
results which are presented, leaving the most misleading expectation that all matri-
ces are diagonalizable! But, let me stress two key properties spelled out above, and
whose relevance will soon be clarified: (a) Matrices were assumed to have distinct
eigenvalues, and (b) Matrices with real entries were assumed to have real eigenvalues.

Observation 1.1.1 As you know, or will soon see, R"*™ can be thought of as a
transformation of vectors from R™ to R".

e In the next few pages, we want to keep ourselves somewhat disconnected from
the specificity of the entries in our matrices and obtain results independent of
the numerical type of the entries in the matrices. To do this, we need to brush
up on some abstraction.

Our next goal is to introduce the concept of vector space V over a field F
(F will always indicate a general field).

For the remaining part of this chapter, I have used material from [2] and [4].

1.2 Field

A field is a “commutative division ring”.

1. Ring (associative, always). It is a set R with two operations “+” and “” such
that Va,b,c € R

(1) a+beR

(2) a+b=b+a

(3) (a+b)+c=a+ (b+c)

(4) 30€ R:a+0 = a (zero element)

(5) 3 —a€ R:a+ (—a) =0 (opposite element)

(6) a-be R

(7) a-(b-c)=(a-b)-c

8) a-(b+c)=a-b+a-c,and (a+b)-c=a-c+b-c

2. Moreover, if a-b=1b-a = it is called a commutative ring.

3. Diwvision ring, if the nonzero elements form a group under multiplication.
INB: This implies that there is a unit element “1” in ring and every non-zero
element a has an inverse, write it 1/a.]

Y
6
7
8

Examples 1.2.1 Ezamples of fields.
o Familiar fields we work with: R, C, Q (with the usual + and -). These are fields
with infinitely many elements.
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o 7 (usual + and -) is a commutative ring, it has unit element, but it is not a field
(B “inverse” under multiplication).

e R=A{Z (modT7)}=1{0,1,2,3,4,5,6} is a finite field.
(NB: if we had taken, say, {Z (mod6)} = not a field.)

Recall. Remember that we say that a field F is of “characteristic 07 if it holds that
na # 0, for any a € F, a # 0, and n > 0, any integer. On the other hand, I is called
of finite characteristic n if there exist a smallest positive integer n such that na = 0,
for all a € F.

Exercises 1.2.2

(1) Give an example of a ring without unit element.

(2) Ezplain why {Z (mod7)} is a field, but {Z (mod6)} is not. [Hint: Can one
have (or not) a-b =0 without a =0 orb=07?/

(3) Take the field {Z (mod5)} = {0,1,2,3,4}. Complete the addition and multipli-
cation Tables. What is 1 — 2%

(4) Give an example of a field of characteristic 2.

(5) Show that if F is of finite characteristic n, then n is a prime number.

1.3 Vector Space

This will always be indicated as V', over F (V' contains the vectors, F the scalars).
V is a set (# () with “addition” 4 such that with respect to +, V' is an Abelian
group. That is, for all w,v,z € V we have

vtw=wt+veV
d30: v4+0=0+v=0
v+ (—v) =0
v+ (w+z)=@wW+w)+ 2

Moreover, Va € F, v € V = av € V (multiplication by a scalar) and V a, 3 € F:
alv+w)=av+aw, (a+B)v=av+pv, «afv)=afv, lv=uv.

Exercise 1.3.1 Refresh yourself with the concepts of linear independence, bases,
dimensions, subspaces, etc., for a vector space V.



MATH 6112: ADVANCED LINEAR ALGEBRA 6

Agreement. For us, V will always be finite dimensional, the default dimension
of V' being the value n.

Example 1.3.2 Ezamples of familiar vector spaces are: V =R" (F=R), V =C"
(F = C (technically, also R is legitimate)), V. = Q™ (F = Q). Also the set of
real valued (m,n) matrices V.= R"™ " etc.. To avoid unneeded confusion, we will

henceforth restrict to the case in which the elements of the set V' have numerical
type from the field F; e.q., V = Fm*",

Definition 1.3.3 Consider a mapping between vector spaces V- and W (both over
T:V—-W.
If
(1) T'(v1 + ve) = Ty + Ty, for all vi,ve €V,
(2) T(aw) = aTv, for allv eV and o € F,

= T is called homomorphism (or linear mapping, or linear transformation). The
set of all linear mappings between V- and W is written as Hom(V, W).

e Very important are the linear maps of V into itself, T : V' — V. These are
elements of Hom(V, V).

e It is simple to see that under the obvious operation of “+”, Hom(V, W) is itself
a vector space over [F:

(T'+8)(v) =Tv+ Sv, T(aw)=aT(v).

Agreement. We will call two mappings S and T' equal, and write S =T, if S and
T agree on a basis of V.

Theorem 1.3.4 Hom(V, W) is a vector space of dimension mn, where n = dim(V)
and m = dim(W). In particular, dim(Hom(V,V)) = n?.

Pf. We build a basis of Hom(V, W). Let {v,...v,} be a basis for V, and {wy, ..., w,,}
be a basis for W. Fori=1,...,m, j=1,...,n, define

T :V—=W st.ifveV, v=Nv+- -+ N\, = Tij0 = \w,; ,
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that is:

0 k+#7q
Tijvk:{’ 7&]
w;, k=17

There are mn such T;;. Now we show that they are a basis, that is:
(a) They span Hom(V, W) (over IF);
(b) they are linearly independent.

Take any S € Hom(V, W). Now, for i = 1 : n, take Sv; € W = Sv; = agw; +
st Qi Wiy (Oéjz' € F) AlSO, take So = a1 111 +ao1Tor1+- - -+ 1 Ty + 12110+ - -+
Oénngl + -+ amnTmn- Then: S()’Ui = (allTll + -+ Oémlel + -+ OémnTmn)Ui =
OéliTli’Ui + OégiTgi’Ui + -+ amiTmiUi = W1 + - Qi Wiy

S Sv; = Syvi, 1 =1 :n and S is arbitrary, .. .S and Sy agree on a basis of V', and ..

[Ty} span.

Next, show they are linearly independent. Suppose not. Then, there 3 3;; € IF,
t1=1,...,m;7=1,...,n, not all 0 such that ZmﬁijTij =0. Foranyi=1,...,n,
we then have

0= (Z BijLij)vi = Briwr + -+ Bpitom
i7j

but {wy, ..., w,} are linearly independent .. B1; = -+ = (3,,;, =0, forall : =1 : n.
Contradiction. [J

Examples 1.3.5 V = R", W = R"™; Hom(V,W) = {R" — R™} (which will soon
be identified with R™*™), has dimension mn. V. =W =C", Hom(V,V)={C" —
C"} (which will soon be identified with C"™™), has dimension n* (over C).

Remark 1.3.6 There exists I € Hom(V,V') such that IT = T1 = T (identity
element). This is simply because there exists I such that Iv =v, ¥V v € V; just take
a;; =0, j #1i, oy =1 in previous construction. [In other words, Hom(V, V') is an
algebra with unit element./

Definition 1.3.7 A linear transformation T is invertible —or nonsingular—if 3 .S €
Hom(V,V) : TS = ST = 1. We write it as S = T*. If T is not invertible, it is
also called singular.
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1.3.1 Minimal Polynomial

An important consequence of the fact that Hom(V, V) is a vector space is that
“Given any element 7' € Hom(V, V'), there is a nontrivial polynomial ¢(z) € Flx] of
degree at most n? such that ¢(T) = 0”. Let us verify this fact.

Pf. Take T € Hom(V, V), T # 0. Form I,T, T2, ..., T" . These are n>+ 1 elements
= they are linearly dependent.

= Jag,a1,...,a,2 € F (not all 0) such that ol + ;T + -+ + an2T™ = 0 that is,
T satisfies the nontrivial polynomial ¢(x) = g + cyz + -+ - + ez . O

Definition 1.3.8 The monic' polynomial of lowest degree p(x) such that p(T) = 0
is called minimal polynomial for T (overTF).

Exercises 1.3.9 (Most from [2].) Below, T € Hom(V,V') and V is n-dimensional,

unless otherwise stated.

(1) Show that the minimal polynomial of T is unique. [Note that there must exist
one, since V' is finite dimensional.]

(2) Show that T € Hom(V,V') is invertible < the constant term of the minimal
polynomial is not 0. [Hint: Seek directly a form for T'.]

(8) Show that T' singular < Jv eV, v#0 : Tv=0.

(4) This is about nonsingular linear maps.

(a) Prove that the nonsingular elements in Hom(V, V') form a group.

(b) Let F = {Z (mod 2)}, and let V' be 2-dimensional over F. Compute the group
of nonsingular elements in Hom(V,V'). [Hint: Consider Ss, the symmetric
group of order 3.]

(5) The transformation T € Hom(V,V) is called nilpotent, if T* = 0, for some
(integer) k > 0. [T*(v) is defined as the action T(T ---(T(v))---) k-times. For
completeness, we also define T = 1.]

(a) Show that if T is nilpotent and Tv = av, for some v # 0 and o € F, then
a=0.

(b) Show that if T is nilpotent, that is T* =0 for some k, then T" = 0.

(¢) Show that if T is nilpotent and ag # 0, then S = agl + T + -+ - + o, T? is
invertible.

(6) Show that if T satisfies a polynomial q(x) € Flx], and S is invertible, then
also STITS satisfies q(x). In particular, T and S™'TS have same minimal
polynomial.

!The leading coefficient is 1 € F
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1.4 Eigenvalues and Eigenvectors
Here, let '€ Hom(V, V) and V' is n-dimensional.

Definition 1.4.1 X\ € F is eigenvalue of T if T — NI is singular. [NB: we are asking
AeF)

A wvector v € V., v #£ 0, is an eigenvector of T associated to the eigenvalue A € F, if
Tv=M\v.

Exercises 1.4.2

(1) X € F is an eigenvalue of T < for some v #0, v € V, Tv = \v. In particular,
0 is an eigenvalue of T if and only if T is singular.

(2) Show that if X € F is eigenvalue of T € Hom(V, V), then X is a root of the
minimal polynomial. [Hint: You know that P(T) = 0.]
NB: As a consequence of this exercise, T has finitely many eigenvalues in F.

(8) If \i, Aoy ..., Ak € F are distinct eigenvalues of T € Hom(V, V') and vy, vs, ... vy
are the associated eigenvectors, then vy, vs, ..., v, are linearly independent.

A consequence of this last exercise is that:

“If dim(V') = n = T has at most n distinct eigenvalues in F”.

(Any k distinct eigenvalues correspond to k linearly independent eigenvectors.
But V' is n-dimensional.)

Further, this last fact can be also reformulated as saying:

Basis of Figenvectors
“If dim(V') = n and T has n distinct eigenvalues in ' = V has a basis of

eigenvectors of 17 .

1.5 Matrices and canonical forms

As you may have seen before, to a linear transformation there is associated a matrix.

Let us see this correspondence.
Consider T' € Hom(V, W), and let V' be n-dimensional with basis {vy,...,v,},

and W be m-dimensional with basis {wy, ..., w,,}. Then, we have

m

TUj: E ;Wi jzl,...,n,

i=1
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that is we associate to T the matrix A = (ai;)i—1:m,j=1.n € F™*". In the particular
case of T' € Hom(V, V'), we obtain a square matrix A = (a;;)i=1.:n j=1.n € F™*".

Remark 1.5.1 By virtue of the above correspondence, we will freely identify linear
transformations and matrices. Any result for matrices can be equivalently phrased
for linear transformations. Definitions of eigenvalues and eigenvectors are likewise
transported immediately to the matrix setting.

Exercise 1.5.2 Let {e§">}i:1,m7n and {egm)}i:17,.,7m be the standard bases for R™
and R™, respectively. (As usual, these are the standard unit vectors: (egn’m))j =
0, 1#]

) . the only difference being how many entries there are in e\ and ez(.m).)

7

Find the basis {T;;} of which in Theorem 1.3.4 for Hom(V, W) (equivalently, for
Rmxn)'

Remark 1.5.3 We stress that the matrix associated to T" depends on the basis cho-
sen for V.. So, while the transformation viewed as mapping from V to V, say, is not
ambiguous, the matrixz representation of T 1is.

The last remark is actually deeper than it sounds, because it suggests an Idea:
“Choose appropriate bases to get nice matrices”!

What precisely is meant by “nice” is in the eye of the beholder, but let us
tentatively agree that a nice matrix is one which has a form which reveals important
information, such as the eigenvalues, or the rank, etc..

As a matter of fact, this innocent sounding consideration above is at the heart
of much linear algebra: we usually (for convenience, simplicity, or necessity) use
simple bases to express linear transformations, and end up with matrices which are
not necessarily revealing structural information on the transformation itself. After-
wards, we try to transform these matrices into a nice form which reveals structural
information on the transformation. The operations we do (see Theorem 1.5.5) are
tantamount to changing bases. If we were able to guess the right basis before as-
sociating a matrix to the transformation, there would be little scope for further
work!

Example 1.5.4 For example, a nice matriz A, when T has n distinct eigenvalues
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wn F, will be obtained upon realizing that relatively to its eigenvectors we have

A1 0

A
Fori=1,....n: Tv; = \v; = in this basis A = ?

0 An

We will consider this diagonal form very nice indeed. As a matter of fact, we may
as well agree that a nice matriz is one which is as close as possible to being diagonal.

e An important result is that matrices representing the same linear transformation
in different bases, are similar matrices. That is:

Theorem 1.5.5 Let T € Hom(V, V'), and suppose that A is the matriz associated
to T in the basis V = {vy,...,v,}, and B in the basis W = {wy,...,w,}. Then,
there exists C' € F™ " invertible, such that B = C~YAC.?2 The matriz C is the
matrix associated to the linear transformation S which changes bases: Sw; = v;,
1=1:n.

Exercises 1.5.6

(1) Prove Theorem 1.5.5.

(2) Show that similarity is an equivalence relation, and that it does not change eigen-
values of T

As a consequence, we have

Corollary 1.5.7 (First Canonical Form: Diagonalization over F.) [fA € F"*"

A1 0

A
hasn distinct eigenvalues \q, ..., N\, inF, then AV = VA, where A = ?

and V = [vy,...,v,] is the matriz of the eigenvectors.

Remark 1.5.8 Corollary 1.5.7 expresses a sufficient condition, but naturally a ma-
triz may be diagonalizable even if it has repeated eigenvalues. All one needs to have
are n linearly independent eigenvectors.

2This is called a similarity transformation and A and B are called similar matrices.

An
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Exercises 1.5.9

(1) Show that the only matrices in F™*" commuting with all matrices in F™" are
al.

(2) Show that there cannot be A, B € R™*™ : AB — BA=1.

a ok e %
(3) Show that if A € F™" A= h : , a# 0, then A is invertible and
ok
0 «

find its inverse.
(4) Let A € F™", and suppose A¥ = 0 for some k. Show that I + A is invertible
and find (I + A)~!.
A 0

(5) Let M € F™" be M = (0 B
Then, show that C' is diagonalizable (over F) if and only if A and B are.

with A € F™*™ and B € F™*"2 nq +ng = n.

The next theorem characterizes, fully, the situation when two matrices can be
diagonalized by the same similarity transformation.

Theorem 1.5.10 (Simultaneous Diagonalizability.) Let A, B € F"*" be diag-
onalizable (over ). Then, they are simultaneously diagonalizable if and only if
AB = BA.

Pf. Suppose there exist V such that V1AV = Dy and V!BV = Dpg, with Dy4
and Dp both diagonal. Then, obviously D4Dg = DD 4 and thus

VDL,V WDEV T =VDEV VD,V = AB = BA.

Next, suppose that AB = BA and let V' be the similarity that diagonalizes A:
VYAV = D,, ordering the eigenvalues so that equal eigenvalues appear consecu-
tively along the diagonal of D4: Dy = diag(Agln,, k=1,...,p). Let C = V1BV,
so that AB = BA rewrites as D4C = C'Dy4. Partitioning C in block form confor-
mally to D4’s partitioning, we immediately get that C' = diag(Cyx, & = 1,...,p).
Since B is diagonalizable, so is C', and thus so are the blocks Cyr, k = 1,...,p.
Let T} be the similarities diagonalizing these blocks Cyr, & = 1,...,p, and let
T = diag(Ty, k = 1,...,p), so that T-1CT is diagonal. Now, given the block
diagonal structure of T', we also have T-'D,T = D, and so:

T-Y(VTAV)T and TN (VT'BV)T
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are both diagonal. [

Although diagonal form is very nice, we may not be able to achieve it for a
certain transformation. In other words, for a certain given transformation 7', there
may be no basis leading to a diagonal matrix representation of 7. The next “nice”
form we look at is triangular (upper). This means that R € F"*", R = (7 ;)i j=1,.n
is such that r;; =0, 7 > j.

Fact 1.5.11 (Backward substitution) If R € F"*" is triangular and nonsingu-
lar, then we can always uniquely solve the linear system

Rx =0, forbeF" gettingx € F".

Remark 1.5.12 This is a very useful result. The algorithm to obtain x is called
“backward substitution.” Key ingredients are nonsingularity and the fact we are
doing the arithmetic in a field.

Exercises 1.5.13

(1) Develop the backward substitution algorithm of which above. Convince yourself
that all arithmetic operations keep you on the field TF.

(2) Show that if R is triangular € F"*" then its eigenvalues are precisely the ele-

ments on diagonal of R, and only these.
(8) Suppose that M € F"*" is in the block form M = (61 g), where A € Fm>m

and B € F"?*"2 ny+nye =n, and that M has eigenvalues in F. Then, show that
A € F is an eigenvalue of M if and only if it is an eigenvalue of either A or B,
or both.

e The next result tells us that “If 7" € Hom(V, V') has all eigenvalues in F, then
there is a basis of V' in which T is triangular” (i.e., its matrix representation
in this basis is). This result is effectively akin to the famous Schur’s form of a
matrix.

Theorem 1.5.14 (Second Canonical Form: Triangularization over F.) Suppose
A € F™™ " has all its eigenvalues in IF. Then, there is an invertible matriz B € F"*"
such that R = B~YAB is (upper) triangular. Moreover, we can arrange the entries

on the diagonal of R (the eigenvalues) in any order we like.
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Pf. Suppose we have eigenvalues Aj, Ao, ..., and that this is the ordering we are
after.
The proof is by induction on n. Let ¢; # 0, Ac;y = A\ic;. Complete ¢; to a basis:

= Aler, by, 8 = 01,8, G {)(\)1 *C*}
E

Now, eigenvalues of C' must be also eigenvalues of A (because E~1AE = )(\)1 2) ).

By induction, 3 D such that D~'CD is triangular with eigenvalues on the diagonal
ordered as we please. But then

1o o] =2l ol o v &b o)

/ / /

-~

~
B B R

and R is upper triangular of the type we wanted (note that B is invertible since it
is the product of invertible matrices.) [J

Corollary 1.5.15 If all eigenvalues of A (equivalently, of T') are in F, then 3 a
polynomial q(x) € Flz] of degree n such that q(A) = 0 (equivalently, q(T') = 0).

Pf. Take basis given by columns of B in Theorem 1.5.14, call these vy,. .., vy,:

Al T2 ot T
Afvg, ... v,] = [v1, ..., ) A2
0 IR
AUl = )\11)1
AUQ = r1o0U1 + )\21)2
AU,’ = T1;,U1 + T2;Ug + -+ Ti—1,iVi—1 + )\ﬂ)i, 1= 1, 2, Lo n

(A — )\1[)’111 =0

(A — )\2[)’(]2 — T'12U1
j .

(A= XD, =rvg + 1900+ -+ 121,021, ©=1,2,...,n.
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Now, observe that
(A—)\ll)(A—)\QI) = (A—)\QI)(A—)\ll) etc.,

CA-MDA=XI) (A= N =0, k=1:n

7

s
.. S annihilates a basisof V... S =0
. A satisfies the polynomial equation (x — Ay)---(z — \,) = 0. O

Remarks 1.5.16
(1) To get triangular form, we did not assume distinct eigenvalues, but still assumed

all eigenvalues in F.
(2) The polynomial in Corollary 1.5.15 is effectively the characteristic polynomial,
to be introduced below. Corollary 1.5.15, then, is the celebrated Cayley—Hamilton

theorem.

e Our next step will be to further simplify, if possible, the triangular structure
we achieved. (Remember that we can get diagonal over F if all eigenvalues are
distinct and in [F). The key step will be developed in Exercise 1.5.18 below.

Exercise 1.5.17 This is a referesher of frequent matrix manipulations.

e Block multiplication. We will make repeated use of multiplying matrices parti-
tioned in compatible blocks. For example, let Ay, By € F"™i i =1,2, and let
Alg, By € T2 gnd Agl, By € Fnz,rn’ then:

(An A12) (Bn B12) o (Aan + A12Bo1 A1 Bio +A12322)

Ay Ao By1 Bay)  \ A9 Bii + ApBa A Bia + A B

e Transpose. If A € F™ " with entries (A);; = a;, then AT € F"™™ is the
matriz with entries (AT);; = a;;. AT is called transpose of A.

Exercise 1.5.18 We are going to put together several of the previous ingredients.

Given R € Fntm)x(ntm) p — <61 _BC) where C' € F™™  and
A aip - Q1p 1 bl2 R blm

Ae V" = A , BelF™™m= g . N L
0 N 0 U
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. I, =X\ (A -C\ (I, X
nxm n .
Then, 3 unique X € F such that (0 I, ) (0 B ) (0 Im)

Solution: Note that X must solve

Rewrite this matrix equation as

A ag A1n
T11

A Qp—1n

A

Tni

AX —XB=C.
Tim T11
Lnm Tnl

Cn1

16

(0 5)

po bio bim
Tim .
H bm—l,m
Tnm m
Cim
Cnm

Let us solve for the entries of X from the bottom to the top, and left to right.

From n-th row of X

Ist column : Az, — pZp1 = Cpp — T = Cp1/ (A — 1)
2nd column : Ao — Tp1bpa — Tpoft = Cpo — Tpo = (Cno + T be) /(N — 1)

m-th column : = x,,,,

= n-th row of X found.

Next, use the (n—1)-st row X. 1st column: A\x,_11+an—10Tn1 —Tp-110t = Ch11 —
O

ZTn—1,1. Keep going.

Exercise 1.5.19 Given R =

i=1,...

ny ng
ny [ Ri1 R
ng Rao
Ny O

.0, and N; # N\j, 1 # j. Then, there exist -unique- T =

Ty
Rlp >\2 *
where R; =
Rp—l D

’ @)

Ry,
Inl X12 le
I, :

o) I,
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Ry O
R
Xi; € Fxi - such that T-'RT = 2
O Ry,

As a consequence of Exercise 1.5.19, we have

Corollary 1.5.20 (Block Diagonal Form.) If A € F"*" has all eigenvalues in F,

Rll 0
then there 3T € ™", invertible, such that T~*AT is block diagonal, ,
0 R,,
where each Ry; is upper triangular with constant diagonal: R;; = - ‘ o ;
: k
0 A

e [s this as “simple” a form as we can get? The answer has a lot to do with
multiple eigenvalues, and nilpotent matrices. To appreciate this phrase, let us
first give the desired target result, then we’ll see how to get it.

1.5.1 Jordan Form
Definition 1.5.21 A matriz Ji,(\) € F** s called a Jordan block of size k, rel-

Al 0
A1

atively to the eigenvalue X, if it is of the form Ji(\) = A

1]

0 A
matrix J € F™™ is said to be in Jordan form if it is the direct sum of Jordan blocks:

Jn1()‘1)

Ty (A2) O 7

J = ) where nqy +mno+---+n =n. The \;’s need

not be distinct.
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Remarks 1.5.22
(1) If k =n (hence n; = 1, for alli) = J is diagonal.
(2) Relatively to the same eigenvalue, customarily one chooses (as we will do below)
the sizes of the Jordan blocks in decreasing order.
(3) If k <n = J cannot be transformed to diagonal form.
(If k < n = there is one block, say J, € FP*P, p > 1. We show that this block
cannot be diagonalized. For, suppose the contrary: 3 S : S~1J,S = A, diagonal
Ap 0
= A, = =N = J,— N0 = SASTH =N T =S\ I-)\,1)S7 ! =
0 Ap
0, which is not true if p > 1.)

We are ready for the important result that matrices with eigenvalues in F can
be brought to Jordan form. In light of the last Remark above, this form cannot be
further simplified; that is, the form is as close to being diagonal as possible.

Theorem 1.5.23 (Jordan canonical form.) Given A € F"*" with all eigenval-
ues inIF. Then, there exist S € F™" invertible, such that S~*AS is in Jordan form.
This form (that is, the values ny, ..., ny) is unique, aside from trivial reordering of
the diagonal blocks.

To prove this result we make some preliminary observations, which will simplify
our life.

Remarks 1.5.24

(1) We can assume — without loss of generality — that the matriz A is in block di-
agonal form and the diagonal blocks are upper triangular corresponding to the
different eigenvalues. Clearly, if we can bring to their respective Jordan forms
all of these blocks on the diagonal of A, then we can bring A to Jordan form!

(2) So, we may as well assume that A € F"*™ is given by a single triangular block:
A =M + N, where N 1is the strictly upper triangular part of A. That is, A =

Aok ae-
i = A + N. Since STAS = X\ + STINS, we will only need
0 A

to prove that N can be taken to Jordan form as claimed. So, we will focus on
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transforming N to Jordan form,

N = SRS I (1.5.1)

Observe that obviosuly N s nilpotent and for sure N™ = 0.

Definition 1.5.25 A given nilpotent matriz N € F"*" is said to have index of
nilpotency ny if N™ = 0 but N™~1 £ 0.

Example 1.5.26 Take

0 a c
N=1[0 0 b
000
0 0 ab
FEasily, we always have N*> =0, but N> = [0 0 0 |, i.e., N> =0 if and only if
00 0

a orbis 0.
.. N has index of nilpotency 3 if a # 0, b # 0, nilpotency index 2 if a =0 or b =0,
and the nilpotency index is 1 if a =b=c = 0.

In light of Remarks 1.5.24, Theorem 1.5.23 will follow from the following:

Theorem 1.5.27 Let N € R"™" be strictly upper triangular as in (1.5.1). Then,
there is an invertible V€ F™*" and indices ni,ng,...,np 1Ny > ng > --- > mny > 1,
ny +ng + -+ n, =n such that

Iy (0) 0
VNV = Joa(0)
0 Iy, (0)
Here, ny is the nilpotency index of N. The indices ny, ..., n, are unique.

Example 1.5.28 Take N = and let us examine different cases.

o O O
o O 2
o 0
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1)a=b=c=0=N=0an

dn
0
2)a=b=0,c#£0=N= |0
0

oS = O

O = O

, which is similar to

20

_ o O
SO0
o = O
_ o O

), thenm :2,n2 =

o O O
o O O
o = O

, which is similar to

01 1/
Observe that N is similar to N = 00 <use 0
00 0
which s
8 (1) I 8 ( L ooy /10
similarto [~ |- use [0 O 1| NJO O
00 | 0 010 0 1
1.
0 0 c
3)a=0,b#0,N=10 0 b| = N?=0.
0 00
0 0 ¢ 1 0 O
N is similarto |0 0 1 <u5 0 1/b 0
0 0O 0 0 1
1 —c O) 8 (1) I
< , which is similar to ~
0 0 |
4) a#0,b=0= asin 3).
0 a c
5)a#0,b#0, N?#£0, N>=0; N=(0 0 b
0 00
0 ab ¢ 1 0 O
0 0 1 (use 0 1/b 0 ), which is similar to
0 0 O 0 0 1
0 1 c/ab 1/ab 0 0O
00 1 (use 0 10 ), which is finally similar to
00 0 0 01
010 —c/ab 0
0 01 1 0 ),thatz’snlz?).D
0 0O 0 1

Proof of Theorem 1.5.27. [The proof is adapted from [4].]
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By induction on n. n =1=- N = [0], and the statement is trivially true.
So, suppose that the result is true for all strictly upper triangular matrices of
size < n.

1 n—-1
Write N = L <O ot ) (we write a’ to clarify that it is a row vector).
n—1\0 N
Jiy
By induction, 4 V; : Vl_lNlVl = = [ng 3} withk; > --- >k, > 1

0 i,
and ky +---+ k, =n — 1, and note that J* = 0. So

1k ket etk

S

1 0 1 0 1/0 o'V alVy 0 o bl
(O V_l) N (O V) = ]{71 0 Jkl 0 = 0 Jkl 0
1 ! koy+---+k \O 0 J 0o 0 J

This is further transformed by similarity as follows

1 —oTJl 0\ /0 o oF\ /1 0
o I offo g offo 1 o
o o 1/\o 0o J/)\o I

0 WU-JLa) W\ [0 (Fe)d W
= 0 J]ﬁ 0 - 0 Jkl 0 )
0 0 J 0 0 J
since (verify!)
1
T T 0 k . ..
I —J Jy, = ereg er=| .| € F*, with eg,e3,... similarly defined

0
There are two cases to consider.

0 0 bl J_]’“ I 8

1) bfe; =0=have | 0 Jy, 0 | which issimilar to (via permutation) 0 | 0

0o o0 J 0 | 0

: : : (n—k1)x (n—k1) 1 (0 by Fio
but by induction there is Vo, € F ! Y such that V, 0 J Vo=Jisin

Jordan form.
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.. N is similar to <ng F}) which is in Jordan form (it may be that blocks are not

arranged in non-increasing order, in which case we can permute them to obtain
desired ordering).

0 [+0,...,0] bl
2) ble; # 0 = have |0 v 0 |. Now, first we make the “x” entry
0 0 J
become 1:
g 000\ (0 @fen)el oI\ ((bTer) 0 0 0 e &
o 1 ollo . 0 0o 1 0|=1{0 g, 0
0 0 I 0 0 J 0 0 I 0 0 J

A~ T A
Note that J = (0 ! ) is a Jordan block of size ky + 1 : J = Ji,4+1(0). So, we

have
ki+1 ko+---+ kg

ki +1( J erck
o+ + ks O J '

Next, we “chase away” e;cl by a sequence of similarities:

I e\ (T e\ (I —excd\ (T —Jesch +ercl +excl T\ (J eyt
0 I 0o J 0 1 ~\0 J ~\0 J 7

since Jes = e1. And, recursively, for i =1,2,3,..., ky:

I eiqcd TN\ (J eicd JN (I —ejpqcd T
0 I 0 J 0 I

o j —jechgJi_l+eicgﬂ_1+ei+1cgji o j 6i+1CgJi
~\0 J —\0 J ’

since J eir1 = €;. But J¥ =0, and so we eventually get the form

Jk1+1 (0) 0
0 J -
0 Jr.(0)

as desired. (Here, ny =k;+1,n; =k;, j=2,...,5s and s = p.)
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The last thing that we need to justify is the uniqueness part. We have obtained
the Jordan form for N:

Jn1 (0)
J = ; n1+"'+np:n7n12"'2np2]"
Iy (0)

We'll show that the set of Jordan blocks (i.e., the values ny,...,n,) is completely
specified by the values rank(J™), m = 1,2,...,n. [This will give the result, because
if A and B are similar = A™ and B™ are too and, thus, their ranks are the same.]

Now: Ji* = 0 if m > ny and rank(J;*™') — rank(J;") = 1 if m < n;. Set
rm =rank (J™), m=1,2,....,rg =nand d,, = "p_1 — 'm.

. d,, is # of Jordan blocks in J of size k > m and surely d,, = 0, if m > n.

.. the # of Jordan blocks in J of exact size k = m is given by d,, — dpi1 =
Tm-1 — 2Tm + Tma1, m = 1,2,... n and so the # of Jordan blocks of size k = m
is given by rank(J™"1)—2 rank(J™)+rank(J™ ) = rank(N™1)—2 rank(N™)+
rank( N, O

Remarks 1.5.29

(1) The Jordan form is a very useful theoretical result, which further allows one to
create equivalency classes for matrices with the same Jordan form, in the sense
that matrices are similar if and only if they have the same Jordan form.

(2) The number of Jordan blocks corresponding to the same eigenvalue gives the ge-
ometric multiplicity of that eigenvalue. The algebraic multiplicity of that eigen-
value is the sum of the sizes of all Jordan blocks relative to that eigenvalue.
[As an aside observation, this fact tells us that the algebraic multiplicity of an
eigenvalue cannot be less than its geometric multiplicity./

(3) Unfortunately, the Jordan form of a matriz is not continuous in the entries of the
matrixz, and small changes in the entries of a matrixz can produce Jordan forms

with different blocks sizes. For example, consider the Jordan form of E 8} .

Exercise 1.5.30 Verify the above remarks (1) and (3).

1.5.2 Extending the field, characteristic polynomial

We must stress that to obtain the Jordan form (over an arbitrary field F), we have
assumed all the eigenvalues to be in F. This restriction cannot be removed.
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So, to proceed further, we need to understand where can be the eigenvalues of a
matrix in F**" if not in F. Or, alternatively, can we have some situations (that is,
some special classes of transformations/matrices, and/or of F) which are guaranteed
to give eigenvalues in F?

To make progress, we take two steps back and revisit our concept of eigenvalue.

This is the idea. We have A € F"*" but we can also think of A € K"*" where
K is an extension of the field F. And, we will want to think of the extension K so
that all the eigenvalues of A will be in K. That is, so that all the values A such
that

A — A issingular  (in K™*") |

will be in K. To decide what K should be, we finally resort to the concepts of
determinant and characteristic polynomial. For completeness, let us refresh
these concepts and the relevant properties.

Ist. Recall that for A € F™" det A =3 _o(—1)7015(1)020(2) * * - no(n) Where S is the
set of permutations on {1, 2, ..., n} (symmetric group). Here, o is a permutation,
and

(—1)7 = {1, for even permutations

—1, for odd permutations

(recall that “even” means that the minimal number of pairwise exchanges (trans-
positions) needed to produce o from {1,2,...,n} iseven). Alternatively, you may
want to repeatedly use the (Laplace Expansion) formula for the determinant:

det A = Z(—l)i“alj det Aij = Z(—l)”jaij det Aij y (152)
j=1

i=1

where A;; € F"~'"~! is the matrix obtained by deleting the i-th row and j-th
column of A.

2nd. Recall that A is nonsingular < det A # 0. Therefore, A — Al singular «
det(A — AI) = 0. Finally, note that det(Al — A) is a polynomial in A of degree
n with coefficients in F (it is called the characteristic polynomial).

Exercises 1.5.31

(1) Show that det A = H?:l Aj 1s the constant term in the characteristic polynomaial.
This also shows that H;LZI Aj € F and that A is singular if and only if det A = 0.

(2) Show that if A is invertible, then the eigenvalues of A~' are the reciprocal of the
eigenvalues of A. In particular, det A= = 1/det A.
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(3) Let tr(A) = (a1 + a12 + - - + any) [ftrace of AJ. Show that tr(A) is the coeffi-
cient (possibly, except for the sign) relative to degree (n — 1) in the character-
istic polynomial. Moreover, show that tr(A) = 377 \; (which also shows that

22:1 )\j S F)

Remark 1.5.32 A consequence of the above Exercises is that both det A and tr A
are invariant under similarity transformations.

To sum up, the extension field K should be chosen so to include all the roots of
the characteristic polynomial, that is of all monic algebraic equations of degree n
with coefficients in F. In general (that is, unless we are willing to restrict to special
classes of matrices), this effectively forces us to consider the complex field C (which
is a closed field).

In particular, from our previous construction, we have proven the fundamental
result that

Theorem 1.5.33 Any matriz A € C"*" is similar to a Jordan form as in Definition
1.5.21. That is, for any given A € C" ", there exists invertible V€ C" " such that
VYAV is in Jordan form.

As a consequence of Theorem 1.5.33, one may as well assume that a matrix
A € C™™"is in Jordan form, in that it can be brought to Jordan form if it is not so
to begin with. This line of thought allows us to prove useful facts in a simple way,
as exemplified by the next exercise.

Exercise 1.5.34 Let A € C"™". Suppose there exist an integer k > 1 such that
AF = A. Show that A is diagonalizable.

Solution. Without loss of generality, we can assume that A is in Jordan form
J =diag(J,,(\p), k=1,....,p).

By contradiction, we suppose that at least one Jordan block is non-diagonal (i.e.,
at least one ny, > 1, for some k = 1,...,p). Since A* = A implies J* = J, and J
is block diagonal, we can assume that we are dealing with just one Jordan block:
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Al 0
Al
J = . It is immediate to realize (use induction) that J* has
1
0 A
)\k k‘)\k_l
)\k
the form J* = . Therefore, to have J* = J, we need
. k‘)\k_l
0 AF
to have

MNe=)X and ENl=1.

So, either A = 0 or \*1 = 1. If A = 0, then we surely cannot satisfy kA*~! = 1, but
if \*=! =1, then k = 1. Either way, we would reach a contradiction. Therefore, all
Jordan blocks must be diagonal. O

Remark 1.5.35 We will not look at other canonical forms, the so-called rational
canonical forms (nothing to do with Q), which maintain us in the original field F
(and not an extension), since they are seldom wused. If interested, please refer to

[2, 4]

Exercises 1.5.36 Here, we explore the connection between Jordan form and min-
imal and characteristic polynomials. You may assume that A € C"™ " or that
A € F™" with all eigenvalues in F.

(1) Suppose that the distinct eigenvalues of A are Ay, ..., \p. Show that the minimal
polynomial of A is p(x) = H§:1(55 — X\j)", where nj is the size of the largest
Jordan block relative to \;.> Conclude that A is diagonalizable if and only if its
minimal polynomial is simply (x — X\) -+ (x — A\g). What is the characteristic
polynomial of A?

3How is n; related to the nilpotency index?
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(2) Consider the following matriz C':

0 O 0 —ag

1 0 0 —aq
cC=10 -

.10 —a,_o

O --- 0 1 —a,_

Show that the characteristic and minimal polynomials of C' are the same. [C' is
called the companion matrix of its characteristic polynomial.] Note that we are
not saying that a certain matriz A with given characteristic polynomial p(x) =
ap+ a1 x4 -+ an_ 12"+ a” is similar to C; however, show that A is similar to
C if and only if the minimal and characteristic polynomials of A are the same.

We conclude this first set of lectures with a question.

Question. Suppose we have a matrix in A € R™"™. We find its eigenvalues as
roots of the characteristic polynomial, and have that some of these are complex
conjugate. Surely we can triangularize it with respect to C. But, what can we
achieve if we insist that the similarities be real? Of course, we could ask the same
question relatively to the Jordan form.



Chapter 2

Schur decomposition, SVD, and
their consequences

This chapter contains the core material of linear algebra. At a high level, the
theoretical results in this chapter are consequences of having an inner product. At
a finer level, we will obtain very specialized results for important classes of matrices
and important inequalities for eigenvalues.

Most of the material in this chapter can be found in [4] and [7].

Hereafter, we will always work with matrices in C"*" or R"*".

2.1 Inner Product

Let us recall the concept (Euclidean or standard) of inner product (x,y) on vectors
x,y in C" (or R™):
2,y €C" = (z,y) =y'z,

2,y ER" = (z,9) =y v,

where we are using the notation: y* = ¢ (conjugate transpose, also called Hermitian
of y).

Note that in R™ we have (x,y) = (y,z), but the same is not true in C", in
general. In fact, in R, inner product is bilinear, that is for any «, 8 € R:
2) (0w + By, 2) = alz, 2) + Bly, 2);
b) (@, oy + Bz) = afz, y) + B(z, 2);

But in C", the inner product is linear in the first argument, but “conjugate-
linear” in the second:

28
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c) {x,ay + Bz) = alz,y) + B{x, z), for any a, 3 € C. In particular, (z,y) = (y, z).
Regardless of being in C or R, the norm of a vector z (Euclidean norm, 2-norm,
or simply length) induced by the above inner product is

lzl2 = (o, 2)"2.

Accordingly, we define the induced matrix norm (2-norm) as

[Alls = max [[Az],.

aille]2=1

A most important result is the following inequality.

Lemma 2.1.1 (Cauchy-Schwartz inequality) For any z,y € C" (or R"), we
have

[z, )| < lll2llyll2 (2.1.1)
with equality only if y = au.

Exercise 2.1.2 Prove Lemma 2.1.1.

Remark 2.1.3 A consequence of the Cauchy-Schwartz inequality is that we can
define an angle 6 between x and y from the relation:

(z,9)

cosf = ,
]2]ly ]2

(2.1.2)

customarily taking —m < 0 < 7.

In particular, we call two vectors orthogonal if their inner product is 0. Further,
we call them orthonormal if each of them has unit length.

An extremely useful and important process is the “Gram-Schmidt orthogonal-
ization”, which allows to transform a given set of p linearly independent vectors into
another set of p orthonormal vectors, spanning the same subspace as the original
set.

Algorithm 2.1.4 (Gram-Schmidt) Given {x,xy,...,z,} linearly independent

vectors in C™ (or R™). The procedure below will produce {uy,us, ..., u,} such that
(ui,uj) =0, 1 # 7, (u,w;) =1, and span{uy, us, ..., uy} = span{xy, za, ..., 2,}.
1=1:

Y1 =1, U = yl/“ﬂl” .
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1>1:
Yo = Ty — (X9, ur)uy  (subtract from xs its component in direction of uq)
uz = Y2/ ||y2||
Yk = T — (Th, Up—1)Up—1 — = - — (Tp, U1) Uy C k=2....p
ur = Yi/ ||yl
If we write U = [uq, us,...,uy] € C”P and X = [z1,29,...,2,] € C"*P, then

we have found that X = UR, where R € CP*P is upper triangular. Moreover,
the diagonal of R is positive (it is ||yk|l, & = 1,...,p). Finally, the matrix U has
orthonormal columns: wjuy =0, j # k, and wju; =1, j = 1,...,p. For this reason,
U is called orthonormal: U*U = I,. If p = n = U is called unitary: U*U = I
(=UU").

Also, note that the Gram-Schmidt process holds unchanged in the real case. In
this case, when p = n, U is called orthogonal: UTU =T (= UUT). [We will reserve
the term orthogonal for real matrices (other texts use orthogonal also for A € C**™
whenever ATA =1)]

Exercise 2.1.5 Give the formula for the non-zero entries of R obtained from the
Gram-Schmidt process.

We summarize the construction given by the Gram-Schmidt process in the fol-
lowing theorem.

Theorem 2.1.6 (QR factorization) Let A € C"™*? (or R™?) n > p, be full rank.
Then there is an orthonormal (n,p) matriz Q and a (p,p) upper triangular R, with
real diagonal, such that A = QR. This factorization is unique for any assigned
sign pattern on the diagonal of R (e.g., all positive). If p = n, then Q is unitary
(orthogonal in the real case). O

The following are important properties of unitary matrices U (similar properties
hold for orthogonal matrices):
(1) U~ = U* and U* is unitary.
(2) UV is unitary if U and V are.
(3) The set {U € C™", Uunitary} is a group; it is a subgroup of GL(n,C) (the
orthogonal matrices are a subgroup of GL(n,R)).
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(4) The set {U € C**", U unitary} is closed and bounded (as subset of C*) and
therefore compact.
() [Uz]lz = [lz]l2, ¥ 2 € C",

Exercises 2.1.7

(1) Show properties (1), (2), (3), (4), (5) above. (Hint: To show property (4), reason
as follows. Let {Uy} be a sequence of unitary matrices and suppose that Uy, — U.
Show that U is unitary. Here, convergence is entrywise.)

(2) Show that all the eigenvalues of a unitary matriz U are on the unit circle and
that |det U| = 1. The result is true also in the real case, but det U can only take
values £1 in the real case. [As an aside remark, this means that there are two
disjoint classes of orthogonal matrices: Those with determinant 1 and those with
determinant —1. In the plane, these are rotations and reflections, respectively.]

(3) Suppose that A € C™™ is similar to U, and that U is unitary. Show that A~" is
similar to A*.

Let us now see some consequence of unitary similarity (orthogonal similarity in
R™™). By this we mean that given A and B: A = U*BU, where U is unitary.

First of all, observe that unitary similarity is an equivalence relation, and that
the 2-norm of a matrix is trivially unitarily invariant, since unitary transformations
maintain length. The following result tells us that also the Frobenius norm of a
matrix is unitarily invariant, where

A7 = Jagl?
ij=1
is the Frobenius norm of the matrix A (it is also called the Hilbert-Schmidt norm).

Theorem 2.1.8 (Frobenius invariance) If A = U*BU, U unitary, then
D agl? = bl
.7 .3

Pf. First, observe that 3, |a;;|* = tr(A"A) = tr(A*A). But tr(A*A) = tr(U*B*UU*BU) =
tr(U*B*BU) and the trace is invariant under similarity transformations (see Remark
1.5.32) .. tr(A*A) = tr(B*B). O

Remark 2.1.9 Careful: Similar matrices may fail to satisfy Frobenius invariance.

1o _[-9 -110 _ _ |1 10
Forexample,takeA—[l 2], B_{l 12}> (B—T AT>T_[() 1])
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Exercise 2.1.10 Let A € C"*™ (or also in R™*™). Show that ||All2 < || Al .

2.2 Schur Decomposition

We know that A € C™*" can be triangularized by similarity (see Theorem 1.5.14).
A very important result is that unitary similarity is sufficient to achieve the trian-
gularization of a matrix A € C"*".

Theorem 2.2.1 (Schur) Given A € C"*". There is a unitary U such that U* AU =
R, where R is upper triangular. The eigenvalues on the diagonal of R can be ar-
ranged in any desired way, say Ai, Ao, ..., Ap.

Pf. “Constructive.” Let v; be such that Av; = Ajv; and vjv; = 1. Extend

v1 to a basis of C" : vy,92,...,y,. Use the Gram-Schmidt process to produce
an orthonormal basis: vy, 29, ...,2,. Form unitary U; = [v1, 22, ...,2,], UfU; =
)\1 | Koeoee ok
I. We have UfAU;, = |—— | —— |, where 4; € C"'"7! has eigenvalues
0o | A
Aoy ooy Ay Let mg € C"1 0 Ajwg = oo, xhze = 1. Extend zo to a basis of
C" ! and use the Gram-Schmidt process on this to form V5 € C* 17~ unitary
>\2 ‘ Kook
= VyAilVo=|—— | —— |, Ay = C" 2" 2 with eigenvalues \3,...,\,. Form
0 | A
1 | 0.0 Aol ;‘ |«
U= |—— | —— | =>UGUAULU, = |~ 7 | _— |- Keep going. O
0 | W 0| A

Remark 2.2.2 [In general, U in theorem 2.2.1 is not unique, nor is R. For example,

11 4 2 —1 3V2
take Ry = |0 2 2|, and Ry = |0 1 /2|, which are unitarily equivalent via
00 3 0 0 3
1 1 0

U= % 1 =1 0|, URU, = Ry, and the off-diagonal entries of Ry and R
0 0 V2
are quite different! As another example, with repeated eigenvalues, consider Ry =

1 -1 11 , . L . . 1 0
[O 1 }; and Ry = [O 1] , which are trivially unitarily equivalent via U = [O _1} .



MATH 6112: ADVANCED LINEAR ALGEBRA 33

Note that the example in the last Remark also shows that two matrices which
are simultaneously triangularized by unitary similarity, in general do not commute.
The converse, however, is true.

Exercise 2.2.3 Let A, B € C"". Show that if AB = BA = A and B can be
simultaneously triangularized by a unitary similarity transformation.

To answer a question posed at the end of Chapter 1, let us see what happens
when we have a matrix A € R"*" and try to use orthogonal transformations to bring
it to triangular form. The issue is how to deal with complex conjugate eigenvalues,
since obviously they preclude us from being able to obtain a full triangularization
maintaining the triangular factor in the real field!

Theorem 2.2.4 (Real Schur Theorem: Quasi-Upper Triangular Form) Let
A € R™"™. Then, there exists () € R"™", orthogonal, such that

Rl * *
QTAQ=R= Ry . x|, 1<k<n,
0 Ry,

where each R; is either (1,1) or (2,2) containing a pair of complex conjugate eigen-
values.

Sketch of proof. Whereas the real eigenvalues can be treated as in the previous
Schur’s theorem 2.2.1, let’s see how to deal with a complex conjugate pair. So,
suppose A, A = a £ i3, and let 2 # 0 be an eigenvector associated to \: Azx = \x.
Write € C" as « = u + v, u,v € R, and notice that also A7 = A\z. Therefore,

we have Alu,v] = [u,v] ﬂ, all real. Since A # A\ = {x,7} are linearly

Q@
—
independent over C and thus {u,v} are linearly independent over R. Now extend
{u,v} to a basis for R”, and use the Gram-Schmidt process on this to obtain an
orthonormal basis of R". Then, there exists @ orthogonal such that QTAQ =
Rl ‘ *
—— | ——1, where R; has eigenvalue A\, \, and A; € R"~2"~2, Now, continue on
0 | A
Ay O

Exercises 2.2.5 Here we explore the degree to which unitary (respectively, orthog-
onal) similarities to upper triangular form (respectively, quasi-uppper triangular
form) are unique.
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(1) Suppose that all eigenvalues Ay, ..., \,, of A € C"™™ are distinct, and that we
have transformed A, by unitary similarity, to upper triangular form with the
eigenvalues appearing on the diagonal as Ay, ..., \,. Discuss uniqueness of the
unitary transformation. What if the eigenvalues are not distinct?

(2) Suppose that all eigenvalues M1, ..., \,, of A € R™™ are distinct (though not
necessarily all of them real), and that we transform A wusing orthogonal simi-
larity to quasi-upper triangular form with a given ordering of the eigenvalues
(complex conjugate eigenvalues appear on a (2,2) diagonal block but are not oth-
erwise distinguished). Discuss uniqueness of the orthogonal factor. What if the
eigenvalues are not distinct?

An important consequence of Schur theorem (complex case) is that “the set
of diagonalizable matrices is dense in the set of matrices.” This means that given
any non-diagonalizable matrix, there is a matrix arbitrarily close to it which is
diagonalizable. We will actually show a stronger result, that there is a matrix with
distinct eigenvalues.

Theorem 2.2.6 Given A € C"*". Then, Ye > 0, there exist A(e) € C™™ with
distinct eigenvalues and such that

IA=A()lIF <e.

Pf. Let U unitary be such that U*AU = R is upper triangular with eigenvalues
A1, ..., A, along the diagonal. Let aj, o, ..., a, € C such that |o;| < (%)1/2 and
such that A\; +aq, Ao+ as, ..., A\, +a, are all distinct. Take E(e) = diag(ay, ..., ay)
and form R(e) = R+ E(¢e) and, from this, set A(e) = UR(e)U*. Now, observe that

n

IA(e) = AllF = |R(e) = Rlfz = Y _|Ri(e) = Ryl> =) _Jail* <. O
'7j

i=1

Exercise 2.2.7 State and prove an analog of Theorem 2.2.6 for A € R™ ", making
A(e) € R™™. [Hint: Produce a real matriz with distinct eigenvalues, whether real
or complex conjugate.]

In light of Theorem 2.2.6, and Exercise 2.2.7, it is natural to ask why we should
bother with non-diagonalizable matrices.
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Example 2.2.8 Think about this problem. Suppose we have the real valued function
0 1
At) = -
take any real perturbation € B of this, it will be non-diagonalizable in a neighborhood
of t =0. [Exercise: Verify this claim.] In other words, whereas each single matriz
may be effectively perturbed into a diagonalizable one, the entire family cannot!

, which is clearly non-diagonalizable at t = 0. We claim that if we

2.3 Self-adjoint (symmetric) and normal matrices

In general, in Schur’s theorem 2.2.1, U and R are not uniquely determined. However,

the quantity
v=> |Ryl’ (2.3.1)
i<j

is always uniquely determined. (This is simply a consequence of Frobenius invari-
ance, see Theorem 2.1.8.) For reasons that will clarify below, v is called “departure
from normality” of A. Schur’s theorem, and the fact that v is invariant under unitary
transformations, give us an important consequence: In general, we cannot expect
being able to transform a matrix to diagonal form with unitary similarity. Or, to put
it in other words, we are able to do so only if —~during the process of triangularizing
it— we have effectively diagonalized it!

Our next task is to specialize Schur theorem to extremely important classes of
matrices, those which are diagonalizable by a unitary transformation.

Definition 2.3.1 A matriz A € C"™" such that A* = A is called Hermitian (or self-
adjoint). If A* = —A, then A is called anti-Hermitian (or skew-Hermitian). In the
real case, A € R, if AT = A then A is called symmetric (or, again, self-adjoint ),
whereas if AT = —A then A is called anti-symmetric (or skew-symmetric).

Unless otherwise explicitly stated, the name symmetric by itself will always be
used for real matrices; on occasion, we may use the term “complex symmetric” to
identify a complex matrix A which happens to formally satisfy A = A”.

Remark 2.3.2 If A* = —A, then iA is Hermitian (similarly, if A* = A then
iA is anti-Hermitian). Therefore, a result proven for Hermitian matrices has an
immediate counterpart for anti-Hermitian ones.
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Hermitian (symmetric) matrices appear pervasively in applications, and this jus-
tifies paying special attention to these matrices. In particular, symmetric (Hermi-
tian) matrices are of fundamental importance in studying behavior of functions near
critical points.

Example 2.3.3 Let f: R" — R be sufficiently smooth (at least twice continuously
differentiable). Consider the Taylor expansion of f near a point xo: f(x) = f(xo) +
(Vf (o))" (2 — w0) + 3Q(x — wo) + [|lz — @ol*r([| — zoll) (here, r(|lz — wol) — 0 as
|z — xo|| — 0). The function Q(x — x¢) is a quadratic function of the form

0% f

Qly) = Z Hijyiy;, —and  Hij = 0x;0xj la=xo '

2

Therefore, Q(x — 1) = (v — wo)TH(z — x¢) where the Hessian H is symmetric:
Hij — sz

Now, if xq is a critical point = ¥V f(xg) = 0 .. the quadratic function determines

the nature of the critical point. Undoubtedly, it would be simpler if H happened to
be diagonal! O

The next exercise is useful to understand the nature of the eigenvalues of Her-
mitian (anti-Hermitian) matrices.

Example 2.3.4 Let A € C™". Define As = (A+A*)/2 (Hermitian, or self-adjoint,
part of A) and A, = (A — A*)/2 (anti-Hermitian part of A). Clearly, A = As+ A,
and this is the unique decomposition of A into the sum of a Hermitian and an
anti-Hermitian matriz. Then, we claim that:

Re(z, Az) = (z, Asx)
Im(x, Az) = (x, A,x) .

The verification of this claim is simple. Take

(2, Az) = " A" — (A - A+ A+ A%z
7 2

(A 4+ A)x xf(A*— A
- 2 - 2

= (z, Asx) + (x, Aux).
Now:

(r, Asz) = ((x, Agx))* . (x, Agz) € R
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and (x,A.z) = —((z, Agx))* . (z, Ayx) € iR |

as claimed.
Furthermore, if (X, z) is an eigenpair of A such that x*x = 1 then Ax = \x and
Ar = A
S0 Lo — , from which ReA = 2*A,x , and ImA\=z*A,r.
AT =\

An immediate consequence of the above Example is the following result.

Corollary 2.3.5 If A € C™™ (or A € R"*") is Hermitian, then its eigenvalues are
real. If A € C"*" (or A € R"*") is anti-Hermitian, then its eigenvalues are purely
1Maginary.

We are now ready for one of the key results in linear algebra.

Theorem 2.3.6 (Spectral Theorem for Hermitian matrices) Let A € C**"
be Hermitian: A = A*. Then, A is unitarily diagonalizable. That is, there exist
unitary U € C™™ such that U*AU is diagonal. The eigenvalues can be ordered in
any desired way.

Pf. From Schur’s theorem 2.2.1, we have that there exists U unitary such that
U*AU = R, R upper triangular with eigenvalues ordered as we like. Therefore,
U'A'U = R* = R=R*, .. Ri; =0,i# j, .. R diagonal (and the diagonal is real).
O

Much the same result holds if A € R™*". Before stating the theorem in this case,
let us make an observation.

Observation 2.3.7 If A € R™" with eigenvalue A € R (e.g., if A = AT), then we
can (and will) take the corresponding eigenvector to be real. This is simply because
if Av = Az, x # 0 and we chose x = u + v, with u,v, € R", then we must have
Au= A
Au+iAv = u+0-w .. Au Ou and so we can take v =0 and u to be a real
v =

etgenvector.

Theorem 2.3.8 (Spectral theorem for symmetric matrices) Let A € R™*"
be symmetric: A = AT. Then, there exist orthogonal Q € R™ " such that QT AQ is
diagonal. The eigenvalues can be ordered in any desired way.

Pf. Since all eigenvalues are real, the real Schur theorem 2.2.4 gives that there exists
Q, orthogonal, such that QT AQ = R, with R upper triangular with eigenvalues
ordered as we like. But then QT ATQ = R” = R is diagonal. O
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Remark 2.3.9 We have achieved diagonalization for a Hermitian (respectively,
symmetric) matriz without the need to assume distinct eigenvalues. Hermitian (sym-
metric) matrices lead to a basis of orthonormal eigenvectors: Hermitian matrices
are diagonalized by a unitary similarity transformation. So, conceptually at least,
we can always think of a Hermitian (symmetric) matriz as being diagonal. For ex-
ample, i Example 2.5.3, we can change coordinates and diagonalize the Hessian; if
we do so, we would be using the so-called principal axes as coordinate system.

e Finally, let us see how far we can push diagonalization by unitary similarity. To
motivate the next definition, consider the following.

Take A € C"" and write A = A;+ A,. We know that A; = A% = 3 U unitary
such that U*A,U = D (and real). Likewise (since i4, is Hermitian) also A, can be
unitarily diagonalized. We also know (see Theorem 1.5.10) that two diagonalizable
matrices are simultaneously diagonalizable < they commute. Now, observe the
following.

LA ATA— AT AL ATA - AN — (A7)

AsAa 2 2 4
AA CA-AAL A A - AAH AL - (AY)?
) 2 4

LAA, = AA & AAT - ATA = ATA - AAT & AAT = AYA.

Definition 2.3.10 If A € C**™ (or R"*") is such that AA* = A*A (respectively,
AAT = AT A) then A is called a normal matriz.

So, we know that normal matrices are diagonalizable (since both Ag and A, are).
What we will show next is that the diagonalizing transformation can be taken to be
unitary. The following observation is trivial to verify, and it will come in handy.

Observation 2.3.11 Unitary similarity preserves normality.

Theorem 2.3.12 (Spectral Theorem for normal matrices) A € C"*" is nor-
mal <= 1t 1s is unitarily diagonalizable.

Pf. (<) Let U unitary be such that U*AU = D, where D is diagonal. Thus,
U*A*U = D* = AA* =U(U*AUU*A*U)U* = UDD*U* = UD*DU* = UD*U*UDU*
A*A.

(=) We proceed by induction on n. Obviously the result is true for n = 1.
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Next, let U be such that U*AU = R is upper triangular (Schur theorem). Then,
since A*A = AA*, then also RR* = R*R.

Write R = [“1 a*} = R'R = [ril 0} [“1 “*} = Fl“l Tila*} and

0 R1 RT 0 Rl ariy RTRI
« _|ruuoa* ||y O |ruri+a'a a*R} . o .
RR* = {0 R1:| {a RT] = [ Ria R | Thus, from ri;ry1 = ruri; +
a*a we immediately get a« = 0 .. RiR] = R{R; and so R; is normal. Now use
induction hypothesis. U

Remark 2.3.13 Careful! Theorem 2.3.12 says that there exists U, unitary, diag-
onalizing a normal matriz A. But it does not say that a unitary similarity diag-

onalizing A also diagonalizes A,. For example, take M € C™" M = 61 1?3 )
A0

A* = A e Cnl’nl and B* = —B - Cn27n2; T +n2 = n, = MS - 0 0 ’

M, = [8 g} Let Uy € Cm™ UsU; = I, be such that UFAU; = Da(€ Re),

and likewise let Uy € C"2"2 UsUy = I, be such that Uy BUs = Dg(€ Im); then,

U= (U01 UO ) diagonalizes all of Mg, M,, M. But, we could have also taken
2

(U 0 . (D40 vy (Pa 0
vi= (0 0) vi ey vy = (0 ) v = (00

and generally U*BU is not diagonal.
However, if the orthonormal eigenvectors of As and A, are the same, then A is
normal and it is diagonalized by these very same eigenvectors. O

Exercise 2.3.14 If the orthonormal eigenvectors of A, are also eigenvectors of
A, = A=A, + A, is normal.

In the real case, similar results hold. To begin with, just as in the complex

. . . T T

case, being normal is equivalent to A;A, = A, A,, where A, = A+2A , Ay = A_ZA )
Moreover, normality is preserved by orthogonal similarity:.
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Theorem 2.3.15 (Spectral Theorem for real normal matrices) Let A € R™*".
Then, A is normal <= there exists ) € R"*", orthogonal, such that

Dy

D
QTAQ=E = o ,

D

p
where each D; is either a (1,1) block (real eigenvalues) or a (2,2) block of the type

( Qv /63') (complex conjugate eigenvalues).
=B

Pf. (<) QTAQ = E = QTATQ = E” = A = QEQ", AT = QETQT = AAT =
QEQTQETQ" = QBETQ" = QETEQ" = QETQTQEQ" = ATA,

(Note: [—ab 2} [Z _ab] - la2a—b2 a2ib2} - [Z _ab} l—ab 2])

(=) Using the real Schur Theorem 2.2.4, we can assume that A is in quasi-triangular
form as

Rll A12 e e Alp
= Ry 1.422 - Ay |
Rpp
where I?1; is upper triangular and has all the real eigenvalues of A, and Rag, ..., R,

are (2,2) real matrices corresponding to complex conjugate eigenvalues.

Now, since ATA = AA”, then R{| Ry = RuR{| + A Af, + -+ + A Al and
therefore also tr(R{ Ri1) = tr(Ri R, + - - - + ApAl)) = tr(Ru RY)) + tr(AAly) +
-4 tr(Ap AT). But, tr(Ry RYy) = tr(R]; Ry1), and so we must have tr(A;5AT,) +
e tr(Ap AL) = Y 0(A)F + -+ 30(Ayp);; = 0 from which it follows that Ay =

0, ---, Ay, =0. So, A really has the form
Ry 0 o - 0
s R 1.422 - Ay,
Rpp

Now, reasoning as in the proof of Theorem 2.3.12, since Ry is upper triangular and
normal, then it must be diagonal, call it D;.
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Now, since ATA = AAT | then we must also have RL, Roy = RooRL, + Ay AL +
S AgpAgp and again tl"(RgQR22) - tr(RQQR%—é) + tI’(AggAgg) + -+ tI'(AgpAgp),
from which at once we get Ay3 =0,--- , Ay, =0, and Ry is normal.

Continuing this way, we end up with

D,
s Ra ’
RPP
where each Rj; is (2,2), normal, with complex conjugate eigenvalues. So, we now
verify that a real matrix B = (Z Z) with complex conjugate eigenvalues and

normal, BB = BBT, must have the form (_ab Z) We have

a ¢\ (a b\ _(a*+c* ab+ed\  [(a b\ (a ¢\ _[a?+b ac+bd
(b d) (c d) - (ab+cd bz+d2) N (c d) (b d) - (ac+bd c2+d2)
a?+c = a®+ 0
{d2+62 = P+ —-=V¥=b=corb=—c.
ab+cd = ac+bd — a(b—c)=d(b—c)
Now, if b = ¢ = B symmetric .. it has real eigenvalues, which is excluded. So,
it must be b = —¢c = 2ba = 2bd = a = d (b # 0 otherwise again B would be

symmetric) .. B = (_ab 2) O

Remark 2.3.16 In Theorem 2.3.15, note the specific form of the (2,2) blocks of
complex conjugate eigenvalues.

e Who is “normal”? For example, a diagonal matrix, or Hermitian, or anti-
Hermitian, or unitary, or the direct sum of any of these is normal. In the
appropriate basis, these types of matrices are all diagonal. In the real case,
see Theorem 2.3.15, one can only achieve quasi-diagonal structure. For example,
the next result holds as immediate consequence of Theorem 2.3.15.
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Corollary 2.3.17 (Spectral Theorem for antisymmetric matrices) Let A €
R™*7 AT = — A. Then, there exists Q € R™*", orthogonal, such that

Ony
. D
QAQ=E = . :
DP

where each D;, j =2,...,p, is a (2,2) block of the type (_Oﬂ %)
j

Exercises 2.3.18

(1) A€ C™™ is normal < ||Az||y = ||[A*z||s, ¥V x € C™.

(2) A e C™™ is normal < 3 U, unitary: A* = AU.

(3) AeC™ zeC be given. A is normal < A+ zI is normal.

(4) If A is normal and q(t) is a polynomial = q(A) is normal.

(5) Show that if A € C™™ is normal, ker(A) = ker(A*). [This is trivial after the
next exercise, so do it without using it.]

(6) Show that A € C*" is normal < every eigenvector of A is also eigenvector of
A*.

(7) Show that if A € C™™ is normal = ||A|s = max; |\;(A)|, where \;(A) are the
eigenvalues of A. Is the converse also true?

(8) Show that ||A*A|ls = max;(\;(A*A)). Mint: Observe that the eigenvalues of
A*A are > 0, then diagonalize A*A with a unitary transformation./

Theorem 2.3.19 (Spectral norm for matrices) Let A € C"*" (orR"*™). Then

1A]l2 = max(A;(A*A))'2 .
J

Pf. Recall that [|All; = maxg|,=1||Az|2. Let 2 be an aribitrary unit vector,
||| = 1. Then, we have

Cauchy—Schwartz

||Ax||§ = (Ax, Az) = 2" A" Az = (A" Az, x) < ||| || A" Azx]|2

LlAzfy < (AT Az|r = (JA[R < [[A" Al = max; (A (A*A)) = Anax(A*A), where
we used Exercise 2.3.18-(8).
Now, let . be an eigenvector (of norm 1) such that A*AZpax = AmaxTmaxs
where A\y.. is the largest eigenvalue of A*A. Then, (A*AZpax, Tmax) = Amax =

HAxmaXH%' O
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Exercises 2.3.20

(1) Given A € C"", normal, characterize rank(A), nullity(A), Ker(A), Im(A) in
terms of A’s eigenvalues/eigenvectors. If A is not normal, relate its rank to its
etgenstructure.

(2) Show that ||A||z = ||A*||2 for any A € C"*™.

(3) Let A € C™™, and \;, j = 1,...,n, be its eigenvalues. Show that ||Ally >
max; |\

2.3.1 Projections from Eigenspaces

Let us now look at some implications of the spectral theorems for Hermitian (sym-
metric) matrices (Theorems 2.3.6 and 2.3.8).

What these theorems say is that C" (or R™) can be decomposed as the direct
sum of pairwise orthogonal eigenspaces of a Hermitian (symmetric) matrix A. That
is, if A has distinct eigenvalues Ay, ..., \,, of multiplicity n4,...,n,, respectively,
then:

C'=vVDgayv@dg...gy® (orRP =V @...0 V")

where, for each j = 1,...,p, VU) is the subspace spanned by the n; eigenvectors
relative to the eigenvalue \; (and \; # X\, 1 # 4, 4,7 =1,...,p).
Therefore, every given v € C" (or in R") can be written (uniquely) as

v=ovW 4. 0@ D eV = Ay = N\ 4+ 4 )\pv(p)

Observe that each v/ is a function of v. Indeed, we have v\ = S77 1ak vk , SO

v = i a,il)v,g -+ Z ot vk
k=1

and thus a,gj) = (vlij))*v, from which
v=> ! U+Z ---+Z(vgp>(v,§p>)*)v.
k=1
Now, let P; = 3217 o (v9)*. Then we have v = <Z v and Av =

I
< ;’:1 )ijj> v. Therefore (since v is arbitrary), these give {A Z) 1 )\ P
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The following properties are immediate.

(1) PP, = 0, j # £, and P? = P;. [Obvious, since P; = " o (09" and
{v,(cj)}kzlzp is an orthonormal set.]
j=lin;

(2) Pf = P; (= P;P; = P? = P;). [Again obvious from the form of P}].

Therefore, each P; is symmetric and idempotent. These two properties character-
ize an orthogonal projection operator: Each P; projects (orthogonally) a vector onto

the eigenspace V) (i.e., onto the subspace spanned by the eigenvectors in V).
The formula

p
I = Z P; is called resolution of the identity

j=1

p
and A= Z A P; is called spectral resolution of A.

j=1

Note that the resolution of the identity holds no matter what was the matrix A
from which we formed the eigenspaces and the projections, whereas in the spectral
resolution of A we must use the projections formed by A itself.

Example 2.3.21 Suppose A= "_| \;P; as above.

(a) Then 4% = (S0, N P) (S0 MF) = S0o APy and inductively A™
S

(b) q(A) = ;’:1 q(A\j)P; for any polynomial in A

() If f(A) = et =370 A0 = e = P eN P

The most important consequence of having an orthogonal projection operator is
the possibility to approximate, optimally, from within a certain subspace.

Example 2.3.22 (On Best Approximation) Let us see one common use of pro-
jections formed from the spectral decomposition of a symmetric matriz: A € R"*",
A = AT, Recall that

. I=SF P, PP=0 j£/
R VO gV g...gy® 21 B F T%
A:ijl)\jP]7 P] :P],Pj :Pj

n;
and Pj= Zvi(j)(vim)T, J=1,...k,
i—1
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are the orthogonal projections onto the subspaces V9 ’s,

Now, suppose we want to solve this frequently arising problem: “Find v € V)
closest (in the 2-norm) to a given vector b € R™.” [Best approximation out of a
subspace.

That is, we want

min |lv — b||3.

veV ()
Since v € VU = v = Pju and we can write b = I - b = Z?:l P;b. So, we have
|Pib+ -+ Pib+ -+ Pb— Pwl*> = (Pib+ -+ Pj(b—v) + -+ Pb)T(Pb+
v+ Pi(b—v)+ -+ Bb) = |Pib|IP+ -+ ||[Pib—v||* + - - + || Pebl|* and the only
part we can control is ||[P;b — v||. As a consequence, the minimum is obtained by
choosing v = P;b. (]

Definition 2.3.23 The vector v = P;b is called the orthogonal projection of b onto
174928

The following consequence of the above is now immediate.

Theorem 2.3.24 [n the 2-norm, the orthogonal projection is the best approximation
to b by a vector in VU,

Example 2.3.25 Suppose we have the overdetermined system of equations Ax = b,
where A € R™" b € R™, m > n, and A is full rank. We seek v € R" such that
| Az — b||3 is minimized. We recognize this as a standard least squares problem, and
we know that if A is full rank, then the solution (via a simple calculation) is given
by v = (ATA)"LATb (in the notation of Example 2.5.22, it is v = Ax). Therefore,
A(ATA)7LAT must be the orthogonal projection onto range of A. Let

P = A(ATA)AT

and let us verify that this P € R™*™ is the orthogonal projection onto R(A).

1) Obviously, P = PT, and P? = A(ATA)"'ATA(ATA)~1AT = P.

2) Clearly Px € R(A), Vx € R™.

2) Now, let b € R(A) = b = Ay, y € R™, so we need to show that ||b — z|| for
2 € R(A) is minimized by z = A(ATA)~LATb. But this is exactly how we derived
it: ||b— 2||2 = mingepn ||b— Aylla = y = (AT A)~1ATD.

To conclude this Example, we observe that there has to be a complementary
orthogonal projection as well, which we find from the resolution of identity, which
projects onto the orthogonal complement of R(A). We call it P+ =1— P and .
Pt =1—A(ATA)7LAT and clearly PP = 0. O
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As it turns out, every projection has a very simple canonical form. Below we
find this form working in R, but same result holds in C. To begin with, we have the
following result.

Exercise 2.3.26 Let P be the orthogonal projection onto a nontrivial subspace V'
of R*. Then: ||Pl|ls = 1.

Solution. ||P||% = Max(PTP) = Anax (P?) = Anax (P). Now, take z and write it as
x=xp+xp. = Pr+ (I — P)x = |Px|s = ||Pxp|2 = ||zp]2-
- maXaepn, o=t [ P25 = maXeer(p), o)1 | P23 = maxeer(p), jaj=1 2" PPr = 2'x =
1
.. P has largest eigenvalue equal to 1. 0

Moreover, in Exercise 2.3.26 we have used that any x € R(P) gives Pz = z and
any © € R(I — P) gives Pz = 0. Because of the spectral resolution relative to P,
this means that P has as many eigenvalues equal to 1 as rank(P), the rest being all
0’s.

The following corollary is now an immediate consequence of symmetry, spectral
theorem for symmetric matrices, and rank of an orthogonal projection onto a p-
dimensional subspace.

Corollary 2.3.27 After a change of coordinates, each orthogonal projection onto a

p-dimensional subspace can be written as P = Hf 8] ) (]
1 I |
1 1

Exercise 2.3.28 A = % . Clearly A is a projection (AT = A,

1 1 - 1
A% = A) and has rank 1 and therefore A has one eigenvalue equal to 1 and (n — 1)

eigenvalues equal to 0.
1 0 1

ﬂ

0 1
IfQ:QTAQ =A= A= . = A=qq (and ¢ =—= )0
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2.3.2 Positive definiteness and congruence

An important class of Hermitian (symmetric) matrices are those which have all
positive eigenvalues.

Definition 2.3.29 A € C™" (respectively, in R™*"), A* = A (respectively, AT =
A), is called positive definite if (x, Az) >0, Va # 0.

e Similar definitions exist for nonnegative definite, negative definite, and nonpos-
itive definite matrices. Be aware that often nonnegative definite matrices are
called positive semi-definite, and nonpositive definite matrices are called nega-
tive semi-definite. Also, be aware that we only defined positive definite matrices
which are Hermitian. (One could define positive definite non-Hermitian matrices
as those matrices A for which (x, Ax) > 0, V& # 0; for example, the real matrix

A= E _11} would be positive definite).

Exercises 2.3.30

(1) (a) Show that if A, B are positive definite = A + B is too. (b) Show that if A
is positive definite, and o € R, av > 0, then oA is also positive definite. [These
two properties say that the set of positive definite matrices is a cone.]

(2) Show that if A is positive definite and S is any invertible matriz = S*AS is
positive definite. [This fact we will encounter again, it is a “congruence” relation.|
In particular, positive definiteness is preserved by unitary similarity.

(8) Show that A is positive definite < all its eigenvalues are positive.

As consequences of this fact, we have:
a) {x, Az) > A ||z||?, V.
b) A is invertible and A™" is also positive definite.

Let us now verify some important properties of positive definite matrices.

Lemma 2.3.31 (Positive definite square root.) If A is positive definite, then
3! B, positive definite, such that B* = A.

Pf. (3) Take U such that U*AU = D, diagonal and positive definite: D =
dy 0

. , d; > 0. Then, define the (diagonal and positive definite) matrix
0 d,
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) 0
D'Y? = , so that (DY/?)? = D. Now take B = UDY2U*, which
0 di/*?

is clearly positive definite and satisfies B> = A. Next, let us show uniqueness. We
verify this, while also showing other things and introducing a useful technique.
Since B> = A and B = UDY2U* = AB = BA. Moreover, consider the following
data set:
{5, V), A2, V), ..o (An, VL)) and further the subset given by the distinct
points in this data set, call it (after possible relabeling) {(A1, VA1), (A, VA2), - .., (A, VA }.
Now, let p(¢) by the unique interpolatory polynomial of degree < (p — 1) through
these points. Then, we have (see below for this computation)

p(D) = D2 = p(A) = p(UDU*) = Up(D)U* = UD2U* = B ,

so that There is a polynomial p(t) such that p(A) = B.

Now, suppose that C' is another positive definite square root of A: C? = A =
B = p(A) = p(C?) = CB = Cp(C?) = p(C?)C = BC = B and C commute and
being both Hermitian, then are simultaneously unitarily diagonalizable. That is:
AV : V*BV = Ap and V*CV = Ag, but since C? = B> = A = A? = A% but
positive square root is unique and so Ac = Ag = B =C.

Finally, let us verify that p(D) = D'/2. The interpolatory polynomial in La-
grange form is

Pt — )\
p(t) =\ )\1L1(t>+ . '+\/ Apr(t) y where Ll(t) = p]_ld#Z( ]) y = 1, o, pP
j:l,j;ﬁi(ki - )‘j)

and thus
p(D) = VMLi(D) + -+ /2 Ly(D) .
Now, examine the terms Ly(D),..., L,(D). We have
1
[T (A = A))

and therefore a simple computation gives Ly(D) = diag(/,,, 0py, . . ., 0y,). Similarly
for Ly(D), ..., L,(D), fom which p(D) = v/D. O

Ly(D) = (D= XI)---(D =M\ ,

Lemma 2.3.32 (Open cone.) Consider the set P ={A € C"": A* = A and A
is positive definite}. Then P is an open set in the set of all Hermitian matrices.
Similarly for real symmetric matrices.
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Pf. Let A = A* be positive definite and let A\, = Anin(A) (> 0). Let B = B* be
such that [|[A — B|| < A\,,. We claim that B is positive definite. (Notice that, then,
it will follow that P is open).

Let M = A — B. We know that for any x # 0:

|Mzl| < Aml]
(x, Az) > Mpll2]|? .

Now, for any = # 0, we have:
0 < [z, Ma)| < [lof| - | Ma]| < Aol
and also

(x,Bx) = (z,(A— M)z) = (z, Az) — (z, Mx) > )\m||:E||2 — (x, Mx)
> Apll2]]? = Anlz]* =0 .

Therefore, (x, Bx) > 0, Vx # 0 and so B is positive definite. O

Lemma 2.3.33 (Boundary of Cone) The boundary elements of the set of positive-
definite matrices are the nonnegative definite matrices, which are not positive positive

definite.
Pf. We need to look at matrices which are limits of positive definite matrices:

B = klirrolo A, Ap = A positive definite.
Now, Vo # 0 : (x, Agz) > 0 . limgoo(z, Agz) > 0 .. (z,Bz) > 0, Vo € C" .
B is nonnegative definite. But B cannot be positive definite, otherwise by Lemma
2.3.32 it could not be a boundary element. Next, we show that if B is a nonnegative
definite matrix, then it is on the boundary. But, for this, it is enough to take the
sequence of positive definite matrices given by Ay = B + %] . O
Lemmata 2.3.32 and 2.3.33 give us the geometrical description of the set of
positive definite matrices, to which we simply add that the vertex of the cone is the
origin (the 0-matrix).
e Several other useful characterizations of positive definite matrices exist as well.
We recall a few below.

Theorem 2.3.34 The following statements are equivalent:

0) A= A* is positive definite.

1) 3C nonsingular, such that A = CC"*.

2) AL, lower triangular with positive diagonal such that A = LL*.
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Statement (1) in Theorem 2.3.34 is another instance of a congruence relation
(see below). Statement (2) gives the so-called Choleski factorization of A.

Exercises 2.3.35

(1) Show that if A is positive definite = it has a unique positive definite k-th root,
for any k € Z.

(2) Prove Theorem 2.3.34.

(3) Show that if A = A* is nonnegative definite, then it is has a unique nonnegative
definite square root.

(4) [Signed Choleski] Show that A = A* is positive definite if and only if there exists
L, lower triangular and nonsingular, such that A = LL*.

(5) Let A € C™™™ be positive definite. How many Hermitian square roots of A are
there? How many Hermitian cubic roots? And Hermitian k-th roots (k =4,...)?
Are there any non-Hermitian square roots (that is, matrices B such that B* =
A)?

(6) Let A € C**% be nonnegative definite. How many Hermitian square roots of A
are there? How many Hermitian and non-Hermitian square roots?

(7) [Harder]. Take any A € C*2, possibly not even Hermitian. Discuss when A
has a square root B, that is a matriv B € C**? such that B> = A, and discuss
uniqueness of B. Further, discuss when/if B is a polynomial of A.

e Another useful characterization of positive definiteness is in terms of the Gram-
matrix.

Definition 2.3.36 Given vectors vi,...,v, in C", the matriz G' of entries G,; =
(vj,v;) is called Gram-matriz (or Gramian) of the given vectors.

Observation 2.3.37 Since Gy; = (v;,v;) = viv; = vl v; = Gj; = (’fvi) = v;fpz’)i =
vlv; = Gy = G* = G. So, the Gramian is always Hermitian.

Theorem 2.3.38 For a Gram matrix G, the following hold.

1) G is nonnegative.

2) The vectors {vy,...,v,} are linearly independent <= G is positive definite.
3) Every positive definite matriz A € C™*" is the Gram matriz of n vectors in C".

Pf. For any vector x, we have

(x,Gr) =2"G'x = 2"Go = Z GijTix; = Z (v, 0:) T,

,j=1 i,j=1
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= E x]v],xlvl —<E ZL’jUj,E xlvl>:

2,7=1

and so 1) and 2) follow at once.
To get 3), let B be such that B>= A, B=B*= A= B*B = A;; = (b;,b;) O

Exercises 2.3.39

(1) Suppose we have two set of vectors {vy,...,v,} and {wy,...,w,} in C" giving
the same Gramian. What is the relation between the matrices V. = [v1, ..., v,]
and W = [wq, ..., w,]? (Hint: You may want to first assume that the matrices

are invertible. Then, it may be simpler to do this exercise after section 2.4.2.)
(2) How does the Gramian of a set of orthogonal vectors look like? Of an orthonormal
set?

Remark 2.3.40 Gram matrices can be built over any inner product space. See
Ezamples below.

Example 2. 3 41 [Hilbert matrix] Consider C([0, 1], R) with the usual inner product

fo t)dt, and the Gram matriz of entries G;; = (fj, f;) . Now, take
fj = tj 1 so that (fi, i) = Gy = z+g1—1 This gives the famous Hilbert matrix,
which is therefore positive definite, since the functions {f. = t*71} are linearly

independent. The Hilbert matriz is a standard example of a severely ill-conditioned
matriz for large n. The so-called condition number of G, ||G||||G7Y||, gets large for
n large.

Example 2.3.42 [Hankel matrix] Given a positive function f, f(t) > 0 fort €
[0, 1], consider the algebraic moments

1
ak:/ thft)dt, k=0,1,2,... .
0

To these, we associate the quadratic form

itk
E Aj kT = g / Ty f (1)

7,k=0 7,k=0
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and the matriv A € R""H defined by (A);; = aiy;. Obviously, A = AT and A is
positive definite because

2
n 1 n
2T Ax = Z ik T T = / <Z a:ktk> f(x)dx .
§,k=0 0 \x=0
Notice that the entries of A are functions only of i + j. Fvery time this fact holds,
we have a Hankel matrix.

Exercise 2.3.43 [Toeplitz matrix| Consider the trigonometric moments:
1
ay, :/ ek f(t)dt, k=0,£1,+2,...,
0

and the associated quadratic form: Z?,k:o a;—k2;Zx. Form the matriz A and verify
that its entries only depend on i — 5. These are called Toeplitz matrices. Show that
if f >0, then A is positive definite.

e Statement (1) of Theorem 2.3.34 told us that A = A* is positive definite < A =
CC* for an invertible matrix C. By looking at this as C~'AC™* = I, then we’d
have that A is congruent to the identity.

Definition 2.3.44 Given A = A* and S invertible, then B = SAS* is called con-
gruent to A. (Similarly in real case: B = SAST.)

Observe that congruence is an equivalence relation. Of course, congruence is not
the same as similarity (unless S is unitary), but it still allows for some simplifications
in many problems.

Remark 2.3.45 It is useful to think of similarity as a simplification of the “dy-
namics” of a problem. For example, consider the discrete dynamical system y*+b
Ay®)  The change of variable v = V~ly gives v* Y = (VLAV)0® and V' should be
chosen so that VYAV is simpler (say, in Jordan form). As the example below will
show, in some contexts, congruence arises naturally when we change the “internal”
variables of a system.

Example 2.3.46 Let [ be a twice continuously differentiable function in some do-
main D of R, and consider the general 2nd order linear differential operator L:

Li@) = 3 asla) )

,j=1
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To this operator, we associate the matric A = (a;;), where the entries a;; are func-
tions of x € D. Observe that A may not be symmetric, but since

" Pf 1 2f 1 82 f
Z aij(z) 81’1825] N Z |:§al]($) 81’18:6) * §aji(x) 82[']85(7@

ij=1

1 0*f
= 5(%( ) + aji(x ))W’

ij=1

then L is impacted only by the symmetric part of A and so we may as well assume
that A is symmetric.
Now, suppose that we make a nonsingular change of variables from x to s =

si)y, with s; = s;(xy,...,x,). Nonsingularity implies that the Jacobian matriz

i=1

S = (8?—;@) is nonsingular (and also that the change of variable is invert-
i Jij=1

ible: © = x(s), at least locally). Under this change of variables (Exercise: Verify
(lengthy, but easy)), we get

ds;  0s; \ O*f
Lf Z ( Z 8% p 825'[1) 8Si88j )
i,5=1 \p,q=1

'

bij(s)

-

Thus, if we let B = (bi;)} =y, then B = SAST. Intuitively, we would expect that
physical laws described by the original differential equation will not be impacted by
this change of coordinates. O

Motivated by the above, we will now address the following questions:
(1) What are the invariants of congruence transformations?
(2) What kind of simplifications can we achieve by congruence?

The answers turn out to be surprisingly simple.

Definition 2.3.47 (Inertia) Let A = A* € C*" (or A= AT € R"™"). We define
inertia of A, and write it i(A), to be the triplet i(A) = (ny(A),n_(A),no(A)) where

ny(A) = # positive eigenvalues of A,

n_(A) = # negative eigenvalues of A,

no(A) = # zero eigenvalues of A.

Inya)
Further, we define inertia matrix of A the matriz [(A) = —1Ip,_(a)
Ono(a)
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Remark 2.3.48 The pair (ny(A),n_(A)) is often called signature of A. But, be
aware that there is no consensus on this terminology.

Theorem 2.3.49 (Inertia Matrix) Let A = A* € C™" (or A = AT € R™"),
and let i(A) = (ny(A),n_(A),no(A)) be its inertia. Then, A is congruent to its
own inertia matrix.

Pf. Let U be such that U*AU = A where in A we first put all positive eigenvalues
then all the negative ones, then all the 0 ones. Accordingly, taking the positive
square root, define the positive definite matrix D:

D = diag (\/71 RIS WY/ SR/ s IO 1)

= A= DI(A)D = A = (UD)I(A)(DU") .

Now, let S =UD. U

Theorem 2.3.50 (Sylvester law of inertia) Two symmetric (Hermitian) matri-
ces are congruent iff they have same inertia, and therefore the same inertia matrix.

Pf. (<) If i(B) = i(A) = I(B) = I(A), and therefore B = SgI(B)S} =
SpI(A)SE = SpS tSaI(A)SY(SE)1SE = B = (SpSy1)A(SpSHT
.. A and B are congruent.
(=) Let S invertible be such that A = SBST. Obviously, rank(A) = rank(B) and
(since A and B are symmetric) rank(A) = n — ng(A) = n — ng(B) = rank(B),
so that ny(A) +n_(A) = ny(B) + n_(B). Now we show that n,(A) = n.(B).
Note:

L, (a) I, (B)
I(A) = —In_(a) , 1(B)= —In, (B
O’no OnO

and since A = SuI(A)S%, B = SpI(B)S% = we have I(B) = TTI(A)T, with
T = SESTS,T invertible, and .I(A) and I(B) are congruent.

So, we want to show that two congruent inertia matrices have the same inertia.
Suppose not. Then, without loss generality n,(A) < ny(B) and so n_(A) >

0 jn(4)
n_(B). Consider the subspace V. =<v e R":V = |v_| }n_(A) p and notice that
0 }TLQ

dim(V) = n_(A) and (v, [(A)v) < 0, Vv # 0, v € V. Consider also the subspace
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wy | tny(B)
W=<RweR":w=| 0| }n_(B), and notice that dim(W) = n,(B) + ng =
Wo }no

n —n_(B) = dim(TW), since T is invertible. Moreover, 0 < (w,I(B)w) =
w, TTI(A)Tw) = (Tw, [(A)Tw), Vw € W.

Now: dim(V) +dim(TW)=n_(A)+n—n_(B) >n=3Jx#0,2 € VNTW.
But then for this  we would have

(x, [(A)x) <0, (zeV)
(r, I[(A)x) >0, (zeTW)

which is a contradiction and therefore ny(A) = n,(B). O

Remark 2.3.51 In other words, under congruence, we have a partitioning of the set
of Hermitian (symmetric) matrices into equivalence classes, each having the same
wnertia, and hence same inertia matriz

Exercise 2.3.52 Given the set H = {A € C"" | A* = A}. How many equivalence
classes are there for H under congruence?

e An interesting question, also with physical motivation, is to decide if/when two
matrices can be simultaneously diagonalized by congruence. (Note: not neces-
sarily to the same inertia matrix.)

A typical result reads as follows (for a proof, and similar statements, see [4]):
“Let A= A*, B = B* and A be nonsingular. Form C' = A~!B. Then, there exists
invertible S such that SAS* and SBS* are both diagonal < C' is diagonalizable
and has real eigenvalues.”

2.3.3 DMore inner products and projections

One natural way in which congruence transformations arise is when we work with
a non-Euclidean norm. The starting point is to realize that, whereas the identity
matrix defines the Euclidean metric, any other positive definite matrix can be used
to define a metric. In fact, any positive definite matrix can be used to define an
inner product and hence a metric.

Definition 2.3.53 (Positive definite inner product) Let G = G* € C"" (or
G = GT € R™™) be positive definite. The quantity

(r,y)e = y*'Gz
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1s the inner product associated to G' or just G-inner product.
The G-norm of a vector x € C™ is given by ||z||q = (2*Gx)'/2.

Observe that —letting G'/? to be the unique positive definite square root of G—
the G-inner product can be appreciated to be a standard weighted inner product
(z,9)q = (GY2x,G'?y),. Since G'/? is diagonalizable with a unitary transforma-
tion, and the diagonal is positive, in the appropriate system of coordinates, we are

just assigning positive weights to the different coordinates. G-norms are also called
ellipsoidal norms.

2.3104 1.2672 —0.3840
Example 2.3.54 Consider R, and let G = | 1.2672 3.0496 0.28380 |. In fig-

—0.3840 0.2880 1.6499
ure 2.1 are visualizations of the sets {x € R® : ||z||3 = 1} (the standard unit
sphere) and {x € R® : ||z||2 = 1}. The latter is an ellipsoid, though both are unit

spheres in their respective metric. In the coordinate system of its principal azxes, the
ellipsoid is simply x3 + 273 + 422 = 1.

\
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Figure 2.1: The unit sphere in the standard metric and in that induced by G.

It is a simple exercise to verify that the constructions we carried out with respect
to the standard inner product can be performed with respect to a G-inner product.
For example, the Cauchy-Schwartz inequality trivially generalizes:

(=)l < lzlellyle
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and as a consequence we can also talk of angles between vectors from

<x>y>G

cos) = ————
zllcllylle

and have an immediate definition of G-orthogonality:
(x,y)6 =0=z and y are G — orthogonal.

With this, we can define vectors to be G-orthonormal, and extend the Gram-Schmidt
process with respect to the G-inner product. Likewise, a matrix U € C™*" will be
called G-unitary if U*GU = I. Schur’s theorem and the like also have a natural
extension to this new setting. As illustration, in the next result we look at the G-
unitary version of the spectral theorem for Hermitian matrices. You will recognize
in it a special congruence transformation.

Theorem 2.3.55 (G-unitary spectral theorem) Let A € C"" A* = A, and
let G € C™™ be positive definite. Then, there exist U € C™*", G-unitary, such that
U*AU = D and D 1is diagonal.

Pf. Let G'/? be the unique positive definite square root of G, and define B =
G~Y2AG~'2, which is Hermitian. Let V, unitary, be such that V*BV = D, diago-
nal. Now let U = G2V, so that U*GU = I and U*AU = D. O

Remark 2.3.56 Notice that we do not get the eigenvalues of A from a result like
Theorem 2.3.55. All we can say is that the matriz D (which is real) has the same
inertia as A (in fact, it is trivial to get 1(A) from D). Moreover, observe that the
matrixz U in Theorem 2.3.55 is the product of a positive definite matriz and a unitary
one (this is a polar factorization, see Section 2.4).

Once we have Theorem 2.3.55, we can define projections as well, though it is not
obvious how to do it.

In the notation of Theorem 2.3.55, let U* AU = D be a G-unitary diagonalization
of a Hermitian matrix A. Let dy,...,d,, be the distinct entries on the diagonal of
D, of multiplicity ns,...,n,, respectively, and let ul(j), Jj=1....p, k=1,...n,
be the columns of U corresponding to the values d; in D, j =1,...,p. So, we have
the subspace decomposition of C":

C'=UYaqU%a. . -0UP ,
where UV = span(ugj),... u(j)), J=1....p.

) nj

(2.3.2)
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Now, we claim that the following are orthogonal projections in the usual sense:

g
Py=> GPul )G, j=1,...p, (2.3.3)
k=1

where G'/? is the unique positive definite square root of G. The verification that
these are orthogonal projections is simple.

e That P; = P; is obvious, since G'/? is positive definite.

e To show that P;P; = P; is also a direct verification using that the matrix U
is G-unitary.

To define G-orthogonal projections onto a subspace )V of dimension ¢ (e.g., into
one of the UY, j = 1,...,p, above), we resort to the following (and see Exercise
2.3.57-(3)). Let U € R™™ be a G-orthogonal matrix, partitioned as U = [V, W],
where V' € R"*? and the columns of V' span V. Then, we define the G-orthogonal
projection onto V to be

P=VViG. (2.3.4)

Note that P2 = P, but P is not symmetric, at least not in the usual sense; this
is actually a deep fact, since in the end symmetry is an inner-product dependent
concept!. Also, note that in the case of V = UY, for some j = 1,...,p, then we
have P = G~Y2P;GY/2, with P; as in (2.3.3).

Exercises 2.3.57

(1) Find the analogous formulas to the “resolution of the identity” and “spectral
resolution of A”, according to the projections in (2.3.3). Do it also for the G-
orthogonal projections given by (2.3.4), that is G=Y/2P;GY/2.

(2) Let P be a projection with respect to the G-norm. What are the eigenvalues of
the projection P? Can you define the complementary projection?

(8) LetV be a subspace of C*, and let b € C™ be given. Find a closed form expression
for the solution of the problem

in ||z — bl -
mitl [z — blla

[In essence, this is the reason why we defined the G-projection as we did in
(2.3.4).]

'Think about this statement.
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-1 4 0 0
(4) We are in R3. Let V be the line of direction | 0 |, andletG= [0 9 0
1 0 0 25
(a) Find a G-orthogonal matriz whose first column spans V.
1
(b) Solve the problem min,ey || — bl|¢, where b = | 1|, and find the residual
1

|z —b||q with respect to the optimal solution you found. Compare this solution
to the standard least squares solution of this problem.

2.4 Polar form and the SVD

In this section, we introduce one of the most useful decomposition of a general
matrix, the Singular Value Decomposition (SVD). As a stepping stone, we will in-
troduce the polar form of a matrix. To appreciate the latter, it will be useful to
understand some important similarities between representations and transforma-
tions we are used to perform on complex numbers, and their matrix analogues. We
already encountered one of them, the decomposition of a matrix A € C"*" into Her-
mitian and anti-Hermitian parts, A, = (A + A*)/2 and A, = (A — A*)/2. Indeed,
this is the analog of the representation of a complex number as sum of its real and
imaginary parts:

2€C, z=Rez+ilmz = AeC™", A=A, +A,.

2.4.1 Polar Factorization

Let us begin with an example which extends to matrices an important transforma-
tion we do on complex numbers.

Exercise 2.4.1 (Mobius transform) Let z € C, z = a+ib, a > 0, and let
(= % = % Then, |C| < 1. In other words, the mapping % takes the RHP
(right half plane) inside the unit disc. Moreover, it takes the imaginary axis onto

unit circle.

Solution. Rewrite { = Ei;gj{f;g —i(Hf)Zerz. So, the claim is true if (1 —a? — b%)? +

4b* < ((1 + a)?* + v?)?, which boils down to having a + 2a? + ab® + a®> > 0, which
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is true since a > 0. To verify that it takes the imaginary axis onto unit circle is
equally simple:
1—1b 1
= = (= 1—b%) —2ib
(= (1= 1) — 20D)

and (1 —0?)% +4b* = (1 +b?)?). O

Exercise 2.4.2 Similarly to the previous exercise, let w = o + i3 with a > 0 be a
giwen complex number with positive real part, and consider the mapping z — ( =

=42 Show that this maps the RHP into unit disk || < 1.

e The last exercise has an important analog for matrices.

Theorem 2.4.3 (Generalized Cayley transform)

a) Let w = o +if be a given complex number with o« > 0, and let A € C"*™ be
such that Ay is positive definite. Then the matriz B = (I —wA)(I +wA)™" is
such that ||B|| < 1. Conwversely, if |B|| < 1, with B = (I — wA)(I + wA)™,
then A, is positive definite. Here, the norm is the 2-norm.

b) In the special case of w = 1 and all eigenvalues of Ag being 0, then B is
unitary?®.

Pf. Let us prove (a). Observe that, since Ay = A% is positive definite = Re(\) > 0,
where \ is any eigenvalue of A. Since all eigenvalues of I + wA are of the form
1+ wA, with A eigenvalue of A, they are non-zero and [ + wA is invertible. So,
B is well posed. Now, Vz, let y = (I + wA)'z — 2 = ([ + wA)y = Bz =
(I —wA)(I +wA) 'z = (I —wA)y. We want |Bz||? < ||z||?, V& # 0. This is true
if and only if

(T = wAYI < (I + @AY o y*(T — wAY (I - wA)y
<y (I +wA)* (I +wA)y « y*y — wy*A*y — wy* Ay + |w|*y* A* Ay
< yry +wyt Aty +wyt Ay + Jw|*yF AT Ay < 0
<wy (A" + Ay +wy (A+ A"y < 2y"Agy(w + w) > 0
—day* Ay >0 y" Ay >0

and therefore Ay is positive definite. Since all this chain of inequalities can be
reversed, we also get that if || B|| < 1 then A is positive definite.

2In this case, B is called just the Cayley transform of A
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To prove (b), we observe that if w = 1 and all eigenvalues of A are 0, then (since
As =A%) A = 0, and we must have that all eigenvalues of A are on the imaginary
axis and A = A,. Once more B is well defined, since [ + A is invertible.

Now we only need to verify that B*B = I. We have B = (I — A)(I + A)™! =
B =1+ A" I—-A)=({I—-A)"YI+A). Moreover, B= (I — A)(I + A)~' =
(I+A)~1(I—A) since the two factors commute: (I—A)(I+A)~! = (I+A) 1 (I-A) <
(I+A)(I—A)=(I—-A)(I+ A) which is obvious. Therefore

B*B=(I—-A)"YI+A)I+A)I-A)=1I.
O

Remark 2.4.4 With Theorem 2.4.3, we can map matrices with eigenvalues in the
RHP into a matriz with eigenvalues in the unit disk. There is an immediate similar
construction (with B = (I +wA)(I — wA)™) to map matrices with eigenvalues in
the LHP inside the unit disk.

Exercises 2.4.5

(1) If A= A* is nonnegative definite, where are the eigenvalues of B = (I — A)(I 4+
A)~t?

(2) We have seen that: If X is an eigenvalue of A, and Av = M, v*'v =1 = v* A =
Re). Find an example of a matriz A € R**? whose eigenvalues have positive real
part, but such that A is not positive definite. (Hint: can the matriz be normal?)

e Next, we continue exploring another, deep, analogy between matrix factorizations
and complex numbers mappings and representations. The next result is the analog
of the representation of a complex number z in polar form: z = pe®.

Theorem 2.4.6 (Polar Factorization) Let A € C*™, n < m. Then A admits
the factorization A = PU, where P € C"*" : P* = P and is nonnegative definite,
and U € C™™ has orthonormal rows: UU* = I,,. If A is full rank (i.e., n), then
P is positive definite. In all cases, P is uniquely determined as P = (AA*)Y/2, the
unique nonnegative definite square root of AA*, and U is uniquely determined if A
1s full rank.

Pf. First, suppose A is full rank. Then, AA* is positive definite: (AA*z,x) =
(A*z, A*z) = ||A*z|* > 0, Vo # 0. Then, 3! positive definite square root P
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of AA*, P = P* : P? = (AA*). Define U = P7'A = U* = A*P~! and so
UU* = PY(AA*)P~! = P7'P2P~! = [ . U has orthonormal rows and A = PU.
If A is not full rank = AA* is only nonnegative definite. Still, it has a unique
nonnegative definite square root P : (AA*)Y/2 = P, P* = P € C"™. Let rank
of P be ¢ (< n). Let V& C™" unitary such that V*PV = {lo) 8} ;{L _y where
D is diagonal with positive entries, so D! exists. Let U € C™™ be defined as

A 21
U= (D 0) V*A. Observe

0 0

NS, D7t 0\ ,,. . D™t 0\ (I, 0

o _( i O)V(AA)V( i 0)_(0 0)
" first ¢ rows of U are orthonormal. Now, extend these to an orthonormal U e Crxm
(gxtensign~ is obviously not unique) in such a way that first ¢ rows of U are those of
U. So: UU* = 1,. .

Now, take U = VU € C™™ and clearly UU* = [,,. Finally, let us verify that

with this U we get A = PU. But, to have A = PU is the same as

D 0\ \or e (D O\-
A_<V<0 O)V)VUHVA_<O 0>U.

The first ¢ rows of this relation are clearly satisfied, since the first ¢ rows of U are

~

those of U and (lo) 8) U = V*A. For the last (n — q) rows, we have to verify

viA = 0, since the last (n — ¢) rows of lo) 8) U are clearly 0. Recall that vj,
j=p-+1,...,n, are the eigenvectors of P relative to the eigenvalue 0. Therefore,

’U;AA*’U]' = U;P2Uj =0 ||A*’Uj||2 =0= A*Uj =0,5=q+1,...,n. 0
Remarks 2.4.7

(1) If A € R"™™ n < m, then Theorem 2.4.6 holds in the real field, unchanged.
(Of course, now P = PT and U is real with orthonormal rows: UUT = I,).

(2) If A € C"™ (square case), then A = PU, U*U = UU* = [ that is, U is
unitary.

(8) Obviously, there is an analogous “polar factorization” for A € C™" m >
n:A=WR, W e C™" : W*W = I, (orthonormal columns) and R = R*
nonnegative definite. [Just apply Theorem 2.4.6 to A*.]
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(4) From above Remarks (2) and (3) we immediately get that a square matriz
A € C™™ can be factored as

A=PU=WR, UU=U0U=WW=WW*"=1 (U and W unitary)

and P* = P, R* = R, both nonnegative definite (positive definite if A is full
rank). [These are often called right and left polar factorizations./

Exercises 2.4.8 Below, o(B) indicates the set of eigenvalues of a matriz B repeated

according to their multiplicity. E.g., o ((é (1] ) ={1,1}.

(1) Let A € C"*". Show that 0(AA*) = o(A*A).
(2) Let A e C™*", m > n. Show that
o(AA") =o(A"A)UA{0,...,0} .
————

m—-n

(8) Let A € C™" and let A= PU, A =WR be its right and left polar factorizations.
Show:

a) If A is nonsingular, then U = W ;
b) If P = R < A is normal.
[Hint: do this problem after the SVD below is introduced.

(4) Show that if A € C"™™ is normal, then its polar factors P and U commute.
[Hint: How many nonnegative definite square roots does a nonnegative definite
matriz have?|

As a consequence of Exercise 2.4.8-(4), observe that if PU = UP = AA* = A*A.
In fact, A = PU = AA* = P? and A*A = U*PPU = U*PUP = U*UP? = P
That is, we have found one more characterization of normality:

“A e C™ 4s normal if and only if PU = UP, where A = PU 1is a polar
factorization of A.”
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2.4.2 The SVD: Singular Value Decomposition

An immediate consequence of the polar factorization is one of the most useful matrix
decompositions.

Theorem 2.4.9 (SVD) Given A € C™™ and assume m > n. Then A may be
written as A = UXV™, where U € C™™ unitary, V € C"*™ unitary and X € R"™*"

01
O
1s “nonnegative diagonal,” of the form ¥ = Okl ,
o
0 .- 0« 0)tm—n
"
with o1 > 09 > +++ > 0 > Opy1 =+ =0, =0.

Pf. Consider the polar form A = WR, where W € C™" . W*W = [,, and
R = R* = (A*A)"/? is nonnegative of rank k. Let V be a unitary matrix: VRV* =
A =diag(A\;, i =1,...,n), where A\; > -+ > A\ > A\eyg = -+ = A, = 0. Therefore,
A= (WV*)AV = UAV where U € C™ " has orthonormal rows: U*U = I,,.

Now, complete U to an orthonormal basis for C™: U € C™*™ so that the first n

columns of U are those of U, and complete A to X: ¥ = [‘3} . U

Remarks 2.4.10
(1) The values o1, ...,0, are called singular values of A. Clearly, rank(A) = k, the
number of nonzero singular values.

. , AA* = U U* »
Notice that since , then the o;’s are the positive square roots
A*A = VXV

of the eigenvalues of A*A. The columns of the unitary factor U are called left
singular vectors of A (they are eigenvectors of the matriz AA*). The columns of
the unitary factor V' are called right singular vectors of A (they are eigenvectors
of A*A).

(2) There is an immediate analogous result in real case: A = ULV, with U € R™*™
and V € R™™ orthogonal.

(8) The ordering of the singular values is the usual way the result is given. In
principle, we could order them differently: It is the set {o1,...,0,} which is
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uniquely determined. [At times, also the restriction of o; > 0 is lifted; in this
case, one obtains a so-called signed SVD |

(4) Of course, there is no need to assume m > n. If we have m < n, then we can
gust apply the SVD to A*.

(5) Notice that the SVD is a two-sided diagonalization by unitary matrices obtained
by effetively piecing together the unitary facgtors of the two nonnegative definite
matrices AA* and A*A.

(6) From the above proof, obviously the unitary factors U and V' are not unique. In
case k = n, and distinct singular values, then V' is unique up to a diagonal phase
matriz (see Homework 2): V&, ® = diag(e™,j =1,...,n; ¢; €ER). If m > n,
of course U s not unique. But if m =n =k, and V' 1is fixed, then U is unique:
U=AVx1

(7) In the same notation of Theorem 2.4.9, one can also rewrite the result relatively
to the so-called reduced SVD, which is obtained neglecting the last (m-n) rows of
X

A=U0XV* veC™ :UU=1,, SeR”" VeC¥" :VV=I.

(8) If A = A*, then o; = |\;| (the absolute values of the eigenvalues of A). Indeed,
from the Schur theorem we have, for a unitary U: A = UAU* = U|A|SU* =
ULV*, where V.= US, and S = diag(+1), where we take the sign £1 corre-
sponding to the positive/negative eigenvalues (and either one of £1 relatively to
the 0 eigenvalues).

e An interesting consequence of the SVD is that near any given matrix there is one
with distinct singular values. Although we state and prove the theorem below for
the 2-norm, the result holds in any norm, since all norms are equivalent.

Theorem 2.4.11 Given A € C™"™, m > n, whose singular values are not all
distinct. Then, Ye > 0, there exists A, € C™*™ such that all singular values of A.
are distinct and ||A — A2 < e.

Pf. From A = UXV*, let k be the rank of A, and write X = [g} So, we have

that S = diag(o;), and 0y > 09 > -+ > 0% > 041 = -+ = 0, = 0. Let us first
assume that not all singular values are equal. Let d = min;. 5 o, +1(‘7j —0j41) and
let n: 0 < n < d. Consider the matrix ¥, = [%’7], where S, = diag(oy, +n/k, k =
1,2,...,n). Form A, = UX,V*, so that |A—A,| = | - %,|| = »; now take n < .
If all singular values are equal, then just take 1 = ¢ in the definition of X,,. O
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e There is also an interesting, and very useful, characterization of the SVD from an
enlarged Hermitian problem. We show it in the next exercise.

Exercise 2.4.12 Let A € C™", m > n. Define M = [12* 61

Clearly M = M* and rank(M) < 2n. Now, if A =UXV* is an SVD of A, and we
further partition U columnwise U = [Uy Us|, where Uy € C™™, and ¥ = {g], then

0  U,SV*
VSUr 0

c Cn-{—m,n-{—m

M = [ } . Now, observe that this can be also rewritten as

UVE U /Y3 U S 0 0 Uf{ﬂ VI/ 2
V/V2 V2 0} 0 =5 0 -U/v2 Véﬂ

- |
0 0 0 Us

and that the matriz

Z_|:U1/\/§ —~U,/V2 Uz}
CLVV2 O VIV2 0

s unitary, ZZ* = I, m. In other words, the SVD of A gives a Schur form for
M with all positive eigenvalues A1, ..., A\ first (ordered decreasingly), followed by
the negative eigenvalues (ordered increasingly), and then the 0 eigenvalues; further,
N =04, j=1,... k. Likewise, from a Schur form of M (with eigenvalues ordered
as above), we immediately get an SVD of A upon partitioning the unitary factor Z
of the Schur form of M as above. O

The equivalence of Exercise 2.4.12 suggests that results that we can prove for
Hermitian matrices should have a counterpart in results we can prove for the SVD.
This is essentially correct; however, since the SVD applied to rectangular matrices,
we need to carry out the details carefully —even when we have distinct singular
values— and need to take care of the part relative to the zero eigenvalues of AA*.

A nice byproduct of the SVD is that it reveals a lot of structure about norms as
well as fundamental subspaces associated to A. We see some of these results below,
in the form of exercises.

Exercise 2.4.13 Use the SVD of a matrix A € C™*™ to find orthonormal bases for
R(A), N(A), R(AT), N(AT) and to express orthogonal projection matrices onto
these subspaces.

Exercise 2.4.14 (2-norm) Show that |Alls = o1 (largest singular value of A).
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Solution. The verification is immediate:
|A|3 = [[USVH3 = Anax (VETUUSV®) = Ao (S?) = 07 .

[An alternative proof of the result rests on the fact that the 2-norm is invariant with
respect to unitary transformations on the right and left.] 0

Exercise 2.4.15 (Frobenius norm) Show that ||Al|r = (er.inlk(A) 02-2)1/2.

Solution. Again a straightforward computation:
|A||% = tr(A*A) = tre(VETUUSVH) = tr(27%) |

where we have used that the trace is similarity invariant. 0J
A consequence of the last two exercises is that

[A[l2 < [[Allr < v/min(n, m)[|All .

The SVD also allows for writing the solution of the least squares problem in a
very compact way, as we do in the example below.

Example 2.4.16 Let us revisit the full rank least-squares problem: “Find x € R"
such that || Ax—b||y is minimized, when A € R™* ", m > n, A full rank, andb € R™.”
Of course, we know that x = (AT A)~YATb. Let us rewrite this in terms of the SVD

of A: A=UXVT. Then, since ¥ = {S

O} with S invertible, we can also write:

r=V (S, 0)UTb=VETU"D,

where we have set ¥ = (S_l, 0). Observe that X% = I,. We call X a left-
inverse for ¥.. Moreover, observe that for this X1 we also have the following four
properties:

YNt =3t

YYtY =13, (2.4.1)

Yt and XY are Hermitian.

—1
We also observe that if we had m < n, hence X2 = (S, 0), then defining X* = [SO }

such X7 would satisfy properties (2.4.1); now L would be a right-inverse for X:
Yt =1, 0
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Let us generalize this last example. Consider A = UXV* (regardless of m ; n).

Definition 2.4.17 (Pseudo-inverse) Let A = UXV* be an SVD of A € C™*".
Let R € R™ "™ be the matrix obtained by replacing the positive singular values in 3
by their reciprocal values. Finally, let ¥© = RT. Then, ¥ is called pseudo-inverse
of X.

Further, define AT as AT = VX1TU*. Then, AT is called pseudo-inverse of A,

or also Moore-Penrose generalized inverse.

Exercises 2.4.18

(1) Verify that 3% just defined satisfies properties (2.4.1).

(2) Verify that A% satisfies properties (2.4.1) (with A and A" replacing ¥, 3"
there).

(3) Verify that if A is full rank, and m > n, then A" = (ATA)~LAT. What is the
formula for m < n? What for m =n?

e The pseudo-inverse of A allows to write the solution of the best-approximation
problem in the rank deficient case in a very compact way.

Exercise 2.4.19 Show that regardless of whether or not A € R™*™ is full rank, the
minimum-norm solution of the least squares problem, min, ||Az — bl|y, is x = ATb.

e Arguably, the SVD is the most practically useful tool to solve a number of
approximation problems. We are going to review some of them here below, in
the form of Examples.

Example 2.4.20 (Nearness to singularity) Given A € C"*", invertible, we want
to find a matriz B of minimal 2-norm such that A+ B is singular. [We could have
also used the F-norm.]

Solution. Observe that since A+B = A(I+A™'B) = if |[A™'B||<1=I1+A"'B
would be invertible , and so would be A+B 1< ||A 1B|| <A~ 1||||B|| B must
satisfy || B|| > But

IIA A=T] IIA M= II(UEVT) = ||E T = Tou — =Bl = o

3See Homework 2
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Now, take B = U V* = —o,u,v). Clearly B is of minimal norm

and A + B is singular.

Remark 2.4.21 Observe that B in Example 2.4.20 is surely not unique if o,_1 =
on. The minimal value of || B|| is uniquely determined.

Exercise 2.4.24 below is very useful, somewhat easy to accept, but its verification
is lengthy and nontrivial. It will be broken down in several steps. The following
Lemma will be useful and it is of independent interest.

Lemma 2.4.22 (Eigenvalues of product) Let A, B € R™"™ m > n. Consider
ATB € R™" and BAT € R™ ™. Then:

o(BAT) = o(ATB)U{0,...,0} .
T

That is, the eigenvalues of BAT are the same as those of AT B —counting multiplicities—
plus an additional (m —n) zero eigenvalues.

Pf. One way to show it is the following. Consider the matrices in R™*™m+m:

T
M = {B;ép 8] and N = L(l)T Af(p) B]' Observe that
v I B| [BAT BATB
0 I| | AT ATB
I B BAT BATB
and [O I}N:[AT ATB}'

So,

o [BAT O] _[1 B][o 0 [1 =B] _[1 B] [l B]"
AT o] |0 1| |AT ATB{|0 I | |0 I 0 I
and so M and N are similar and o(M) = o(N). Given the block triangular structure
of M and N, we thus have

o(M) = o(BATYU{0,...,0} , o(N)=o(ATB)U{0,....0}
—— ——

n m

and the result follows. O
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Corollary 2.4.23 With notation as in Lemma 2.4.22, we have tr(AT B) = tr(BAT).

Pf. This is because the trace of a matrix is the sum of its eigenvalues. U

Example 2.4.24 (Nearest rank k to A) Let A € R™" m >mn, and rank(A) >
k. We want Ay, of rank k : ||A— Ag||F is minimized. [Here we are using the F-norm,
though the result holds also for the 2-norm, in fact for any orthogonally invariant
norm. Also, the same result —and much the same proof— holds for matrices having
complex valued entries. |

01
Ok
Solution. Let A = UXV? beaSVD of A. Then, take 3, = 0
0
! 0 ]
and let A, = U, VT, Obviously Ay has rank k and [|A — A% = Z;il,fﬁ) oF. It
remains to show that for any matrix B € R™*" of rank k (and therefore for which
we have oy 1(B) = -+ = 0,(B) = 0) we have
A—B|r>|2(A) —X(B
4= Bllr > [5(4) - =(B) 1)

= |[diag(on(4) = o1(B), .., 04(4) = 0w(B), 0k1a(A), ., om(A)) [ ¢

and the result will follow. This last fact is actually rather involved, and we show it
in several steps.

1st step. 0 < ||[A - B||2 = tr((A — B)T(A - B)) = tr(ATA — ATB — BTA +
BTB) = tr(ATA) + tr(B"B) — tr(ATB + BT A). Now, tr(A"B) = tr(BTA) since
BTA = (AT B)T so they have same diagonal.
. min |A=BI[3. = tr(AT A)+tr(BT B)—2tr(ATB) = Y1, o2(A)+ 1Y o(B) -
rank(B)=k
2tr(ATB).
.. Now, we need to find B € R™*", of rank k, to maximize the above expression.
Note: ATB € R™". Next, we solve this problem by keeping A fixed and letting B
be a matrix with given (but arbitrary) singular values o1(B) > --- > 04(B) > 0,
all other singular values being 0. In other words, we are letting B to be of the
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form B = UXgV7T, with U and V orthogonal of appropriate dimension, and
we are going to maximize (over the set of orthogonal matrices) the expression
tr(ATUXgVT). If we can show that —for any given k-tuple of singular values of
BD- we have tr(ATB) < >0 | 0:(A)o;(B), then the result will follow.

2nd step. Now, maximizing U and V for tr(ATUS5V7) exist, since the orthogonal
matrices form compact sets, though they are possibly not unique. In any case, for
any orthogonal V' € R™*" we must have

tr((ATUSp)V) > tr((ATUZE)V) .
Take the SVD of ATUSy: ATUY 5 = QXWT. Then,
tr((ATUSE)V) = tr(QEWTV) = tr(X7)

where Z = WTV(Q is orthogonal. So:
tr((ATUEB)V) < Zgizii < Zai ;
i=1 i=1

and so Z = I surely maximizes. This means that V = WQT, and so (ATUSg)V =
QXQT, and thus we can restrict our search for B such that BT A is symmetric and
nonnegative definite.

3rd step. In light of Lemma 2.4.22 and Corollary 2.4.23, we can thus restrict our
search to B € R™*" such that we maximize tr(BAT). But, as in Step 2, this implies
that we can restrict our search to the case of BAT being symmetric and nonnegative
definite.

4th step. So, we are restricting our search to the case when both AT B and BAT
are nonnegative definite. In this case, we have:

Claim. tr(A"B) =tr(BAT) =37 | 0:(A)ou)(B), where 7(i) is a permutation of
{1,...,n} and the singular values of A and B are ordered.

Postponing (see Lemma 2.4.25 below) the proof of this claim, we can now con-
clude our argument.



MATH 6112: ADVANCED LINEAR ALGEBRA 72

5th step. The observation is that the identity is a maximizing permutation in the
formula for tr(AT B). In fact, suppose 7 is not the identity. Then, there are indices,
11,100 : 1<ii<u<n for which Uw(il)(B) < O'W(Z‘Q)(B).

But then consider our sum, S = »"" | 0;(A)ox;)(B), and exchange the positions
of these two singular values obtaining S = D itin i Oi(A) o) (B) + 04, (A) (i) (B) +
iy (A)0r(in) (B). Now S =5 = 0, (A) (i) (B) = 04, (A)Tr(iz) (B) + 01, (A) I (ir) (B) —
T3y (A)0r (i) (B) =
(04, (A) — 0y, (A)Z (Or(in)(B) — 0z (B)) = 0, and so since the singular values of B

J

' ~~

>0
(and of ;1) are ordered, the Zigentity maximizes the sum.
" max(tr(ATB)) = > 0i(A)oi(B).
- Mingap)—rk [|[A — Bl = 30 05(A) + 220, 05(B) — 2327, 0(A)oy(B) =
>0 1(0j(A) — 0;(B))* which is what we wanted in (2.4.2). O
e Next, we are left to verify the Claim. We single this out as

Lemma 2.4.25 Let A,B € R™", m > n, be such that ATB and BAT are sym-
metric and nonnegative definite. Then:

tr(A"B) = tr(BA") = " 0i(A)ax)(B)

i=1
where w is a permutation of the indices {1,...,n}.

Pf. First, we observe that the proof is simpler if A and B are both symmetric and
nonnegative definite (and so m = n). In this case, since AB = ATB = (AB)T =
BAT = BA, they would commute and thus can be simultaneously diagonalized by
an orthogonal matrix U: UTATA = Ay and UTBU = Ap. Therefore, tr(ATB) =
tr(UTATUUT BU) = tr(AaAp) = D1 Mi(A)Ai(B). In this case, the set of singular
values of A, B concide with the set of their eigenvalues, of course. Note that we do
not know that the eigenvalues of A and B are ordered by U, but nevertheless can
surely conclude that > 7" | \;(A)Ni(B) = > 1, 0i(A)ox)(B), as desired.

So, the idea is to reduce ourselves to this case of A and B being symmetric.

We search for W € R™™ and V € R™™ VTV = I (V orthogonal) and WIW7 =
I,, (W has orthonormal rows) such that defining

AT = wTATY e R™™, B =VTBW e R™™ (2.4.3)

then we have
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a) /:lTé? — BAT and
b) A, B both symmetric nonnegative definite.
If we can do this, then

tr(ATB) = tr((A"BW)YWT) = tr(WT(ATBW)) = tr(WTATVVTBW)

n n

= (ATB) = 3 N(AN(B) = D i(A)ows (B),

i=1 i=1

where the last equality is a consequence of the fact that AAT = VTAWWTATY =
VTAATV and BBT = VIBWWTBTV = VT'BBTV so that the set of singular
values of A, respectively of B, coincide with the set of eigenvalues of A, respectively

of B,

and we would be done. So, let us build W and V' as in (2.4.3). We do this in

three steps.

(i)

Since AT B and BA” are nonnegative definite, let orthogonal U and Z be such
A O A 0] [ZF

TR _ T T _ T _ 1l _
that A*B = UAU* and BA' = [0 O}Z = [Zl Zg] [O 0} [ZZT] =
ZINZT. Let Y = UZI (=Y € R™ . YYT = [,). Note YTATBY =
YTUANUTY = Z\AZT = BAT and BYYTAT = BAT . YT AT and BY are in
R™™ and commute and (WTAT)(BW) and (BW)(WTAT) are nonnegative
definite.

So, without loss of generality we can restrict to the case of A, B € R™™ :
ATB = BAT both nonnegative definite, though the single factors A and
B are not necessarily nonnegative definite. Let U : UT(ATB)U = A =
diag(Arlx, k = 1 : p), where I is of size my, and m; + --- +m, = m. No-
e {UT(ATB)BU — UTB(ATB)U = (UTBU)A

UT(ATB)ATU = UTAT(ATB)U = (UTATU)A
bt also {UT(ATB)BU = A(UTBU) : {(UTBU)A = A(UTBU)

UT ATBATU = A(UTATU) (UTATU)A = A(UT AT

and easily we must then have UTATU = diag(A;Fj,j =1:p), and UTBU =
diag(B;;,j = 1: p).

.. We can directly consider A := UTAU and B := UTBU both block-diagonal

(iii)

So, without loss of generality, we have A, B : ATB = BA" = X\, A > 0. We
only need to show that we can modify A, B and take A = AT and B = B”
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both nonnegative definite. Now, take the polar form of AT : AT = PU and
let AT = ATUT = P which is symmetric nonnegative definite. Define B =
UB = ATB = ATB = A\ = BAT = UBATUT = BA = PB = \. We have
two more cases to consider.

(ii-a) A > 0 = A nonsingular and P is positive definite = B = AP~ is also
positive definite and we are done.

(iii-h) A = 0 = ATB = BAT = 0. Still, take AT = PU (polar) and AT =
ATUT = P which is nonnegative definite. Let B = UB, then clearly
ATB = ATB = BAT = 0 = UBATUT = BAT. So AT and B com-
mute and AT = P is (symmetric) nonnegative definite. Let W orthog-
onal be such that W PW = D = diag(d;I;,j = 1 : r) and d; > 0.
Then, from 0 = PB = BP — D(WTBW) = (WTBW)D = WTBW =
diag(Bjj,i =1: 7’) "'ijjj =0. If dj % 0= Bjj =0. If dj =0= Bjj

not necessarily 0; but, B;; = V};Pj; (polar factorization) so, we take
Bj; = VIBj; and the pair we take is d;I - Vj; and Vi Bj;. O

Exercises 2.4.26

(1) We have seen that given A, B € R™*" m > n, for the set of eigenvalues we have
o(BAT) = o(ATB)U{0,...,0}. Show that such a result is not true for singular
values.

(2) Let A € C"*". Show that ||A—U||lp > [|X(A) — I||r for any unitary U and that
the inequality is sharp. [That is, for any given A, there is a unitary U such that
the equality sign holds in the above bound.] From this, you have that the distance
(in F-norm) from A to the compact set of unitary matrices is ||2(A) — I||p.

(3) [Wielandt-Hoffman| Show that if A, B are Hermitian in C**", then

IA = Bl[F > Z(MA) —Xi(B))*, (2.4.4)

where the eigenvalues of A and B are ordered decreasingly.

In the next example, we look explicitly at an interesting problem which has
applications in statistics of data set: We try to “rotate” a matrix B (a data set)
as close as possible to another matrix A (a different data set). Note that in case
m =n and B = I, then we are seeking the closest unitary matrix to A. (See above
Exercise (2).)
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Example 2.4.27 (Procrustes Problem) * This is a recurring problem where we
try to modify the data to match another set of data. The problem is the following.
“Given A, B € C™™, we want to find U € C™™ unitary such that ||A — UB||p is
minimized. Also, we want to find the expression of the error.”

Solution.

|A—UB|% =tr((A—-UB)*(A—UB)) = tr(A* — B*U*)(A - UB)
— tr(A*A — BU*A — A*UB + B*B)
=tr(A"A) + tr(B*B) — tr(A"UB) — tr(B*U*A) .

Now, we have

tr(A*UB) + tr(B*U*A) = tr(A*UB) + tr((A*UB)")
= 2Re tr(A*UB)

and therefore we are seeking U unitary to maximize Re tr(A*UB) = Re tr(UBA*).
Let BA* = VEW™ be a SVD of BA*. Then

Re tr(UBA") = Re tr(UVEW™)
— Re te(WW*UVEW*) = Re tr(W*UVE) = Re tr(Z%)

where 7 = W*UV is unitary, 2*2 = ZZ* = [,. So, we need to maximize
Re > " 0;(BA*)Z; which is obviously maximized if Z; = 1= Z =1= W*UV =
I = U = WV*. Therefore, the best solution is U = WV*. Note, since BA* =
VEW* = VEVVIV* = AB* = (WV*)(VEV*) = QP = the optimal U is the left
unitary polar factor of AB*.

The error is ||A — UB|% = ||A|% + ||B||% — 23", 0:(BA*). In particular,
there is no error only if ||A|lp = ||B|lrp = >, 0;(BA*). In the special case of

—_———

surely necessary

B=1I=|A-Ul} =31 07(A) +n—230 0i(A) = 3, (03(A) — 1)* m

i=1"1

2.5 Partial order and inequalities

Hermitian matrices allow for a natural partial order.

4A mythological Greek figure, who stretched/cut the visitors who could not “fit” into a bed he
provided for their rest.
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Definition 2.5.1 A, B € C™", or R™™", be Hermitian, respectively symmetric.
We say that A is greater than B and write A = B if A — B is positive definite.
Stmilarly, we write A = B if A — B is nonnegative definite. Similarly for A < B,
A< B. O

Exercises 2.5.2

(1) Show that this is only a partial order (that is, there exist A and B Hermitian
such that A% B nor A A B).

(2) Show that if Ay = By and Ay = By = Ay + Ay = By + Bs.

(8) Show that A = I < all A’s eigenvalues are > 1.

(4) Show that partial order is invariant under congruence. That is, if S is invertible,
A= B& S*AS = S*BS.

(5) Give an argument of why we may as well restrict partial order to nonnegative
matrices. [Of course, this is in principle only, in practice a given matriz may be
Hermitian without being definite./

To investigate properties of the above partial order, the following results are
handy:.

Lemma 2.5.3 If A, B € C"*" are Hermitian and there exist a real number o such
that oA + B is positive definite, then there exists S € C"*™, nonsingular, such that
S*AS and S*BS are both diagonal.

Pf. Let P = aA+ B be positive definite. Since B = P —aA, we set up to show that
A and P are simultaneously diagonalizable by congruence. Since P = P* is positive
definite = 3C such that C*PC = I (just take C = P~/2). Now take C*AC which
is Hermitian = 3 U unitary, such that U*(C*AC)U = D (diagonal). Take S = CU,
then U*C*PCU =1 and U*C*ACU = D. 0

Corollary 2.5.4 If A is positive definite and B is Hermitian, then 35 : S*AS =1
and S*BS = D, diagonal. O

We are now ready to give a classical result about ordering of positive definite
matrices.

Theorem 2.5.5 A, B be Hermitian and positive definite. Then

(a) A= B & p(A™'B) < 1. (Similarly, A= B = 0% p(A™'B) <1.)
(b) A= B& B = AL

(¢c) If A= B = det A>detB and tr(A) > tr(B).
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Pf.

(a) By Corollary 2.5.4 we can assume that A = [ and B = D = diag(d;, i =
1,...,n), and we have to show that I > D < p(D) < 1. But this is obvious.

(b) Again, by Corollary 2.5.4 we can assume that A = [ and B = D = diag(d;, i =
1,...,n), and we have to show that I = D < D! = I which is again obvious.

(c) Since A = B, then from part (a) p(A~1B) < 1 and therefore c(A™'B) €
(0,1]. (For this last inference, we have used that A~'B has all positive eigen-
values, which follows from A~'B = A~1/?2 (A_1/2BA1/2)A_1/2). Therefore,
[TN(A™'B) < 1 and so det(A™'B) < 1 from which det A~'det B < 1, or
det B < det A. For the trace, from Corollary 2.5.4 we can write A = CC*,
B=CDC*and 0 < d; <1,i=1,...,n. Sotr(A) = >0, |c]*, tr(B) =
tr(CDC*) = tr(DCC*) = Y77 dileij]* < tr A, O

e An interesting form of ordering is obtained for matrices depending on a real

variable.

Definition 2.5.6 Given A : R — C"*", and let a be a real parameter. We say that
A(a) is a continuously differentiable function of o if its entries are, and we write
A € CHR,C™™). For the derivative, we write 3 or also A().

Remark 2.5.7 Observe that if A(«) is Hermitian for all o, then so is A(c).

Lemma 2.5.8 (Monotone function) Suppose A € C*(R,C"™") and Hermitian.
If A(«) is positive definite, then A is an increasing function; that is, A(s) < A(t)
for s < t.

Pf. Let z € C", x # 0. Take L(z,A(a)z) = (x,Az) > 0. So, if we let the
function g(a) be defined as g(«) = (2, A(a)z), then ¢ is increasing and therefore
(x, A(s)x) < (z, A(t)z), s < t, for any = # 0. O

As we saw, the positive definite partial order is kept under addition (see Exercise
2.5.2-(2)). Unfortunately, the situation for the product is not as favorable. In fact,
in general, product of Hermitian matrices may even fail to be Hermitian!

Exercise 2.5.9 Give an ezample of 2x2 matrices A and B, to show that the product
of two Hermitian matrices is not necessarily Hermitian. (Hint: take two symmetric
matrices).
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Because of the above Exercise, it makes sense to introduce the so-called “sym-
metrized product’ of two Hermitian matrices A, B € C"*™:

S=AB+ BA.

Clearly S = S* and (z,Sz) = (v, ABxz) + (v, BAx) = (Ax, Bx) + (Bx, Ax). If
A, B € R™" (symmetric) = (z, Sz) = 2(Az, Bx).

Remark 2.5.10 Note that if A, B are positive definite, we cannot say that the
symmetrized product S is positive definite. In fact, A, B positive definite means
(x,Az) > 0, (z, Bx) > 0, Vz. So:

0<ﬁAﬁﬂMLWMM%aH—g<a<g

0 < "Bz = ||z|| - | B|| cos B — —g <B< g

However, we cannot say much about the angle between Ax and Bzx.

Exercise 2.5.11 Give two positive definite matrices in R?**? whose symmetrized
product is not positive definite.

In spite of the last Exercise, we have that if S and one of A or B are positive
definite, then the other matrix is as well.

Theorem 2.5.12 (On symmetrized product) Let A, B € C"™" be Hermitian
and such that A is positive definite and that S = AB + BA s also positive definite.
Then B is positive definite.

Pf. Take B(a) = A+ B, a > 0. Consider

S(a) = AB(a) + B(a)A = AB + 2aA* + BA
— 2

=5 +20A°= S(a) -0, YVa>0.
=0 =0

Now, consider B(«). Since A is positive definite and B is Hermitian, then by
Corollary 2.5.4 there exists C' nonsingular such that C*AC' = D4 and C*BC = Dgp,
both diagonal. Then, C*B(«a)C = aD4 + Dg .. for « sufficiently large, say o > oy,
we have that aD 4+ Dp is positive definite and so is B(«). In particular, A\(B(a)) > 0
for @ > ap, where A\(B(«a)) denote any of the eigenvalues of B(«). Next, suppose
that B(a) is not positive definite for all @ > 0. Then, since B(«) is continuous
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and Hermitian, so are its eigenvalues®, which of course are real for all values of

«. Then there is a value & € [0, o] such that B(&) has an eigenvalue equal to

0. Then, 3z # 0 such that B(d)z = 0. Take this z and consider z*S(&)z =

2*AB(&)z + 2" B(a) Az = 0. But this contradicts that S(«) > 0, Va > 0. O
=0 =0

e There is an interesting consequence of Theorem 2.5.12 and Lemma 2.5.8.

Theorem 2.5.13 (Square root ordering) Let A, B be positive definite such that
A > B. Then VA = VB, where we are taking the unique positive definite square
T007.

Pf. Let A(a) = B+ a(A — B) for @ > 0. Since A(«) is positive definite, we let
S(a) = /A(«a), S*(a) = A(a), and S(«) is positive definite. Now, assume that
S(a) is differentiable in « (it is, see Chapter 4). Then

SS+SS = A.

But S = 0 and A=A — B > 0, then by Theorem 2.5.12 S = 0 = S is increasing.
In particular S(0) < S(1) = VB < VA. O

Remark 2.5.14 The above Theorem can be extended to all so-called monotone func-
tions of positive definite matrices; e.g., the negative inverse, —A~!, the exponential,
et and the principal branch of the logarithm, log(A), are all monotone. [See [7] for
a complete characterization of all monotone functions.]

Exercises 2.5.15

(1) Give an example of 0 < B < A for which it is not true that B*> < A2

(2) [Harder.] Show that if A(a) = B+ (A — B) with A= B > 0, o > 0, then the
unique positive definite square root S(a) = (A())'/? is differentiable in o.

(3) Show that if 0 < B < A = log(B) < log(A). Here, log(A), where A is positive
definite, can be defined from the Schur form of A. That is, if A= UAU*, where
U is unitary and the diagonal matriz A > 0, then log(A) = Ulog(A)U*. It
is important to note that log(A) is symmetric, and —as expected— '8 = A.
(Hint: To prove the stated result, you may want to assume that log(C(«a)) is
differentiable in « if the positive definite function C(«) is.)

5They are roots of the characteristic polynomial, hence they depend continuously on the poly-
nomial coefficients, which in turn depend continuously on the entries of B(a).
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2.5.1 Determinantal Inequalities

One of the few equalities involving determinant is of course that det(AB) = det(A) det(B).
Also, for A = B > 0 we know that det(A) > det B. But it is harder to give good
bounds on det(A) itself in terms of easily computed quantities, or on det(A + B) in
terms of det A and det B. This is our present goal.

Before presenting the celebrated Hadamard inequality, let us recall the arithmetic-
geometric mean inequality:

n n 1/n
1
SN > o, m>o0,i=1,....n. 2.5.1

Exercises 2.5.16
(1) Show the arithmetic-geometric mean inequality (2.5.1) following these steps.

i) Take any convex function f, that is, f(ax + (1 — a)y) < af(z) + (1 —
a)f(y), a € [0,1] and z,y € J (some interval of R ). By induction,
generalize this to

f (Z aixi> < Z Oéif(l’i), n=23,...
=1 1=1

where a; > 0,1 =1:n, > ja;=1and x1,...,x, € J.

ii) Now use f(x) = —log(x), J = (0,00), and obtain a generalization of
(2.5.1).

i11) Finally, choose the «;’s appropriately.

(2) Show that there is equality in (2.5.1) iff all x; are equal. [Hint: x +1 <e”.]

Theorem 2.5.17 (Hadamard Inequality) Let A € C"*" be Hermitian and non-
negative definite. Then

det(A) < ﬁaii. (2.5.2)

If A is positive definite, then we have equality iff A is diagonal.
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Pf. If 0 € 0(A) = det A = 0 and since a;; = e! Ae; > 0, there is nothing to prove.
So, assume A invertible and so A is positive definite (since 0 is not an eigenvalue).
Therefore, a; > 0. Now, take d; = \/%, D = diag(d;,j = 1,...,n), and consider
DAD. Now: DAD is a positive definite matrix (congruence of positive definite) with
1’s on the diagonal, and since det DAD = (det D)*det A, we have det DAD <1
det A < [, aii. So, without loss of generality we can assume that A is positive
definite and has all diagonal entries equal to 1. Obviously det A = []'_, A;, where
Ai>0,1=1,...,n. From (2.5.1), we obtain

E[Ai < <%iA)n= (%tr(A))n: (%(1+~-~+1))n: L

and so det A < 1 is derived.

Finally, if det A = 1 then [T, A; = £ > | ); that is there is equality in the
arithmetic-geometric mean inequality. But, this is possible (see Exercise 2.5.16-
(2)) only if all \;’s are equal and therefore all equal to 1. Then, A is Hermitian,
positive-definite, with all eigenvalues equal to 1, that is A = I. O

Corollary 2.5.18 (Hadamard) Let C be any matriz in C**™. Write C' = [cy,. .., ¢y
(columnwise). Then [det C| < [, ll¢;l|. If C is nonsingular, we have equality iff
the columns of C' are orthogonal. Here, || - || is the 2-norm.

Pf. If C is singular, there is nothing to prove. So, let C' be invertible and consider
A = C*C which is positive-definite .. det A <[], a. But a; = ¢f¢; = ||¢;]|* and
det A = det C* det C' )

Lldet O < (H?Zl ||cj||> . Finally, the columns of C' are orthogonal precisely

when A is diagonal and in this case we have equality in Hadamard theorem. O

Remark 2.5.19 Note that — if C' € R™"™ — the above Corollary states that among
all parallelepipeds with edges of length ||c;||, the one of largest volume is rectangular.

e A final useful extension of Hadamard theorem is related to block partitioning of
positive definite matrices. First, we have this simple Lemma.

Lemma 2.5.20 Let A € C™™" be positive definite. Write A in partitioned form as
A= (Aij)f,j:l , where A;; € Cv*" 4.5 =1,...,p, andny + ---+n, = n. Then,
the diagonal blocks A;; are positive definite, 1 = 1,...,p.
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Pf. Since z*Az > 0, for all nonzero vectors z, it suffices to take vectors z partitioned

21
conformally with A, as z = | : |, letting 2, # 0, and z; = 0, j # 4, for each
“p
1=1,...,p. U
The next result is really a block-extension of the Hadamard inequality (2.5.2).
n m
A B
Theorem 2.5.21 (Fischer) Let M = it e CmtmmEn pe positive
m{\ B* C
definite, with A € C"", B € C™*™. Then:
det M < det A-detC. (2.5.3)
. . I X
Pf. We consider a congruence with 0 1)
I 0\(A B\(lI X A B I X
det M = det <X* I) (B* C) (o I) = det <X*A1B* X*B+C) <0 I)
~ det A AX +B
T \X AL BT XPAX B X+ X*B+C)

Now, thanks to the previous Lemma, A is positive definite and thus so is A~1. So,

A 0
_ -1 : _ : _
we choose X = —A7'B and obtain det M = det <O C_ B ]_13) . det M

det A - det(C' — B*A7'B). Now we show that det(C' — B*A™'B) < detC. To
achieve this, it is sufficient to show that C' = C — B*A™'B > 0 (see Theorem
2.5.5-(c)). But C = C — B*A™'B < C — (C — B*A™'B) = 0 «+ B*A™'B = 0.
The latter relation is clearly true, since for any z € C", we have 2*B*A™ 1Bz =
(Bz)*A7'Bz > 0. Finally, that C — B*A™!'B = 0 is a consequence of the fact that
0 C— B(iA_lB) and thus
the sub-block C' — B*A~!B is positive definite. O

we did a congruence transformation of M to obtain (

Exercises 2.5.22

(1) Deduce Hadamard inequality (2.5.2) from Fischer inequality (2.5.3).
(2) Prove Fischer inequality using the Choleski factorization of M.
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(8) Prove “Ostrowski” inequality: “Given A € C™*", consider S = % and assume
S is positive definite. Thendet S < |det A|.” [Hint: A=S+H, H = (A—A")/2.
So, show |det(I + S™'H)| > 1.]

There are also important and useful determinantal inequalities for the sum of
positive-definite matrices.

Theorem 2.5.23 Let A, B € C"*" be positive definite. Then
det(aA+ (1 —a)B) > (det A)*(det B)'™* , Va€]0,1].
Pf. det(aA+(1—a)B) = det[B(aB ' A+(1—a)I)] "2 ' det B-det(aC+(1—a)I)

.. we need to show det(aC' + (1 — a)l) > (det A)*(det B)~* = (det C')*. Now, let
Aj be eigenvalues of C'. So, we need to show

n

[(eX +(1-a) 2HA§‘.

i=1

Now, recall that A\; > 0 because C = B™'A and A, B positive-definite (see
Problem 2 of Homework Set # 3). So, the result follows if

ar+(1—a)>z% Ver>0and0<a<l1.

But this is a simple calculation [do it!]. O
The last result we give is reminiscent of a similar inequality in real analysis.

Theorem 2.5.24 (Minkowski) Let A, B € C"*" be positive-definite. Then
(det(A+ B))Y™ > (det A)Y" 4 (det B)Y/™.

Pf. (det(A + B))Y/™ > (det A)/™ + (det B)'/™ if and only if

(det A=Y/2)V/7(det(A+B))Y™(det A=Y/2)V/™ > (det A=1/2)Y/?[(det A)Y/"+(det B)'/"](det A~1/2)1/7
that is if and only if (det(I + A~Y2BAY2))Y/" > det I + (det(A~/2BA~1/2))l/n,

Observe that A=Y/2BA~Y/? is positive definite and thus without loss of generality

we show (det(/ + B))Y/™ > 14 (det B)Y/", where B is positive definite. But, letting

Aj’s be the eigenvalues of B, then this is the same as

(o) =) e
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But

<1;;1§?:\;);;;1/n B <H 1 +1>\j) : " (H 1 ij)\j)l/n

and thanks to (2.5.1) this last quantity is lesser than or equal to

1 I I & Le=lt)
1 1 _! _1 0
n;1+)\j+nzl+)\j P2 TN

j -

Exercises 2.5.25

(1) Let A, B € C™™ be positive definite. Show: det(A + B) > det A + det B.
(2) Let A be positive definite. Show that

det A = min {H vf Av; s {vy, ... v} is orthonormal set} :

1=1

2.5.2 Variational characterization of the eigenvalues and more
inequalities

For a general matrix A € C"*", it is hard to characterize the eigenvalues except as
roots of the characteristic polynomial. However, if A = A* they can be characterized
as solutions of optimization problems. Below, the norm is always the 2-norm.

So, let A = A* in what follows. For historical reasons, let eigenvalues (which are
real) be labeled as

>\min:)\1§)\2§"'§)\n:>\max-

Theorem 2.5.26 (Rayleigh-Ritz) We have

. Tt Ax .
Amin = A1 = min = min 2" Ax |
z#£0  T*X llzll=1
x*Ax .
Amax = A, = IMax = max 2" Az .
z£0  T*X llz]|=1

Pf. Let U unitary be such that U*AU = A = diag(\1,...,\,). Let € C", then
r*Ar = 2*UUAUU*z = (U*z)*"A(U*z) = y*Ay = > Nilyi|* where we have
set y = Uz S0, Amin Diy |Uil? < a¥Az = 70 Nilwil* < Amax Doiy |yil?. Since



MATH 6112: ADVANCED LINEAR ALGEBRA 85

Sorluil? = vy = a*x, then we get \jz*z < a*Ax < \,z*z. Observe that these
estimates are sharp: if take x = u; = get A\{, take x = u,, = get \,. Finally if
r#£0= X\ < % < \,. But, since these are attained, then

z* Az

Ap = max = max z*Ax |
220 T flal=1
. Az .
A1 = min = min 2" Az . O
w0 7T flef=1

Notation: The quantity “’”*éf is called Rayleigh quotient.

xT

Remarks 2.5.27

(1) Since unit ball is compact (we are in finite dimension), then A1 is min value of
x*Ax as x ranges over unit sphere. (A, is max value of x*Ax as x ranges over
unit sphere.)

(2) If x # 0 is any vector in C", then since Ay < mxéf < A\, by letting o = ””;f;””, then
A has at least one eigenvalue in [, 00) and at least one eigenvalue in (—oo, «].

e What can we say about the other eigenvalues? The idea is to realize that the
extremal eigenvalues A; and )\, have been obtained as solutions of unconstrained
minimazation/maximization problems. If we restrict our search to appropriate
subspaces, we will manage to characterize also non-extremal eigenvalues. The
next exercise gives the key insight.

Exercise 2.5.28 Let x € C" : 2*u; = 0 and look for m;(r)l Az — min o* Az, With

*
*

T llz|l=1

zlug zlug

U: U*AU = A, we have

ZL'*Al’y = Z)\Z|yl|2 Z )\2 Z |yi|2yi0 )\2 Z |U*:L'|2 = )\2(113'*1’)
i=2 i=2 " i=1

=U*x <

. min z* Az = Ay. In the same way, it is immediate to obtain max x* Az = \,,_;.
llfl=1 ll=1
o o

And more generally

m;n xmff:)\k, k=223,...,n
x#0

v he N\ k=1,2,....n—1.
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e Using this, we now show the celebrated

Theorem 2.5.29 (Courant-Fischer Mini-Max Theorem) Let A € C"", A =
A*, with eigenvalues \y < --- < \,, and let k:1 <k <n. Then

, x* Az ,
min max =Xt (min-max) ,
Wi W 270 xrrx
Tlwy,. .. w,
_ r*Ax _
max min =\ (max-min) .
W1 yee ey Wh—1 z#0 T*r

zlwy,..,wp_q

Pf. Take x # 0 = £42 — £ UAUTr vAY - Show (min-max)

*x z*UU*x y*y
* * n
x*Ax y* Ay 5
sup — = sup — = sup g ilyil
@70 rxr y#0 vy lyll=1 =)
zlwy,..wy, g yLlU*wy,....U*w, yLlU*wy,....U*w,, =
n n
2 2
> sup E Ailyil® = sup E Ailyil® > Ak
llyll=1 : nool2eg 4
LU 0y U, =1 MEJ:k\y]U\* i=k
Yy1="=yYp_1=0 Y WU Wy |
. * .
CSUDL Ly, xx;ix > \i. But, if we choose w; = u,,...,w,_p = Upyq, then
: : ¥ Ax :
have equality, and therefore inf,, ., _, sup w0 o, T = A, and since the
oWy

extremum is attained we can use min and max. To show (max-min) is similar:
use “inf” instead of “sup” to obtain

k
. ¥ Ax .
inf < inf E Nilyil? < e
z#0 x*r lyl=1 .
rlwy,..wp_q yLlU*wy,....U*wy,_q =1
yn=:=Yp11=0
then, choose wi = uy, ..., wp_1 = up_1. O

Remark 2.5.30 The mini-max theorem can be also formulated in an equivalent
subspace notation. That is, with S denoting a subspace of C" of the stated dimension,
one has:

) x*Ax
min max =\,
dim(S)=k =#0 x*x
xzeS
. ¥ Ax
max min =\ .

dim(S)=n—k+1 w?g xT*r
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e If A is not Hermitian, there is no nice mini-max theorem for the eigenvalues.
However, something can still be said.

Exercise 2.5.31 Let A € C™*", not necessarily Hermitian. Show

min |z*Az| < |\| < max |2"Ax| .
[|l[|=1 lz]|=1

[Observation: We cannot claim that these bounds are attained at eigenvectors, unlike

11 1
0 Jandx—[o}j)\l—)\g—l,
x is the only eigenvector, and z* Az = 1. But if we take

ng H ;xx*szgu,ug m _ g 1] O

the case of A Hermitian. For example, if A =

e Also, even if A is not Hermitian, a variational characterization can always be
given for the singular values.

Corollary 2.5.32 (min-max for singular values) A € C"™", m > n, o >
cor >0, > 0 be singular values, and let k: 1 < k <n. Then

. [ A
min max ks
W1y W1 20 |||
zlwy,..., Wi,
Az
max min Of -
WLy Wi 0 |||
rzlwy,..., Wy,
Pf. Since 07 > --- > o2 are the eigenvalues of A*A, we only need to take care of
the “opposite” ordering of eigenvalues with respect to singular values and just apply
the mini-max theorem 2.5.29. U

Among the most important consequences of the min-max theorem 2.5.29 are
those results which allow us to give bounds on eigenvalues of sum of matrices, or of
bordered matrices. We see these next.

Theorem 2.5.33 (Weyl) Let A, B € C**" be Hermitian. Let \y(A+ B) <--- <
A (A+B) be the ordered eigenvalues of A+B and A\ (A) < --- < A\, (A) and M (B) <
-+ < A\ (B) be the ordered eigenvalues of A and B. Then, for any k =1,...,n, we
have

Me(A) + M (B) < Me(A+ B) < Me(A) + M\(B) .
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Corollary 2.5.34 (Monotonicity) Let A, B € C"™" be Hermitian, with usual or-
dering of eigenvalues.

(1) If B = 0, then \g(A+B) > M\ (A), k= 1,...,n. (Eigenvalues cannot decrease
if we add a nonnegative definite matriz.)

(2) If A= B =0, then \y(A) > M\e(B), k=1,...,n. O

Exercise 2.5.35 Prove Theorem 2.5.33 and Corollary 2.5.34.

e In case B of Corollary 2.5.34 is of rank 1, then we get a very useful interlacing

result.
Note that if B € C"*™ is Hermitian and of rank 1, then it is of the form B = +zz*.
A1
0
Indeed, it is enough to take the Schur form of B : B = U ) U =

0
ur Al = Fug[A )Y A\ [Y?uk. In one case B = 0, in the other case 0 = B.

Theorem 2.5.36 (Interlacing Theorem) Let A be Hermitian and let B = zz*
(z #0). Then M(A) < M(A+ 22%) < X(A) < XA+ 22") < - < N\ (A) <
An(A+ z2").

Pf. Since B = 0, we only need to show that A, (A+22%) < A1 (A), k=1,2,...,n—
1. We know:

, T (A+ z2%)x ,
Me(A+22") = max min v+ e2)e < (search for min on a smaller set)
W yeeyWh— 1 z#0 T*r

(A4 22%)x

< max min
Wi, W1 @70 T*r
rlwy,..., Wp {1
xlz
r* Az
= max min < (search for max on a larger set)
WY 5eeny Wp_1 z#0 l;*x
W =2 zlwy,..., Wy _1,Wwp
¥ Ax

= A1 (A) .

W ,eeey W z#0 T*x
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Remark 2.5.37 Of course, there is an immediate analog for A — zz*:
AM(A = 22") S M(A) < - SN (A = 227) S \(A)
(Just let A «— A — zz* in Theorem 2.5.36.)
Exercise 2.5.38 Prove or disprove
Me(A+22") < M1 (A—22%), k=1,2,...,n—1.

e The next result gives a different type of interlacing, when we add a row/column
to a given matrix. It is very useful in so called updating techniques.

Theorem 2.5.39 (Bordered matrix interlacing) Let A € C"*" be Hermitian.

Let z € C*, b € R, and form B € C™\"L " Hermitian, as B = ;ilk Z] . With usual
ordering of the eigenvalues, A\j(A) < -+ < A\, (A) and \(B) < -+ < \q(B), we
have M\ (B) < A (A) < Xa(B) < Xo(A) < -+ < A\(B) < M\ (A4) < M\ (B).

Pf. We will show that A\y(B) < M(A) < Apya(B), for any £ = 1,2,...,n. From

mini-max theorem, we have

: T* Bzt
Mer1(B) = min max —— > (max on a smaller set)
YlyooUng1— (1) €ECPTE az0zecntl T*T
TLyls Y1 (k+1)
: T*Bx
> min max

YLy Yn—k ECPTL @£0zeCntl  THL
Ly, Yn—k
lepy

Now, let = [ﬂ,xé@" and y; = {1’;2],7}2 ceC,weCi=1,....n—k. If

T Ly, syppand z Le, g =& =0and x L wy,...,w,_; and the values of »;
are immaterial. Further 2* Bz = 2* Az. Therefore:

x*Ax
Mer1(B) > min max = \(A) .
k+1( ) T Wi, Wy_, €CM 2#0,zECT ¥ k( )
rlwy,..., Wy
Similarly:
, T*Bzx ,
Me(B) = max min < (min on a smaller set)

YlyeYp—1 ECMHL @20,3eCn+l  T*T
TLyp,..ns Yk—1
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. ¥ Bz
< max min —
Yl,osYp—1 270 T*r
Ly, Yk—1
ci‘Le,,L+1
. ¥ Ax
=  max min = \e(A) . O

W1,y wy_1€Cn r#£0,2€CM x*r
zlwy,..., WE_1

The matrix B in Theorem 2.5.39 is called a “bordering” of A.

Example 2.5.40 Let A=[a] e R,z€ C,beR= B = 'Z . We just said that

M(B) < a < X(B). Since eigenvalues of B satisfy (a — N)(b— ) — |z]> = 0 —
A atb — V/(a=b)?+4]z]?

12 = 57 F Y——5——, we are saying simply that

1
N

AP 2 A 2
a—QFb_\/(a b; + 4|z| Saga—;bjL\/(a b; + 4|z| .

O

Remarks 2.5.41

(1) It is often useful to interpret Theorem 2.5.39 the other way around. That is,
when we remove the last row and column from given Hermitian matriz.

(2) It is also useful to observe that there is nothing special about the column and
row being the last one. We could have inserted (or deleted) any pair of row and

column with same index. (This is because we can use similarity by permutation.)
In Example 2.5.40, we are simply saying that A\;(B) < b < X\o(B).

Taking the last remark to its logical conclusion, we could also consider what
happens when we delete several rows and columns (with same index) from a given
Hermitian matrix. Obviously, we are left with a submatrix of A which is a prin-
cipal sub-matriz of A. Here, the word “principal” means precisely this: obtained
from deleting any number of rows and columns of same index. Naturally, every
row/column deletion leads to an interlacing of the eigenvalues, progressively coarser.

Exercise 2.5.42 Prove Theorem 2.5.43. [Hint: Make repeated application of the
interlacing property.|

Theorem 2.5.43 (Inclusion Principle) If A, is a (p X p) principal submatriz of
A, forp=1,...,n, for the usual ordering of the eigenvalues (A < Ay < -+ ) we
have

Ae(A) < Me(Ap) € Nen—p(4), 1<k <p.
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An important consequence of the inclusion principle is the following result, which
is useful when we have information on the inner products u; Au; with orthonormal
vectors, but no explicit knowledge of A nor of its eigenspace, as it is the case in
quantum mechanics.

Theorem 2.5.44 (Poincaré separation) Suppose A € C**" is Hermitian and let
p:1<p<n. Letuy,...,u, be given orthonormal vectors. Let B = [u] Au;] € CP*P.
Let \(A) < -+ < A(A) and \(B) < -+ < A\(B) be the eigenvalues of A,
respectively B. Then:

Me(A) < M(B) < M plA), k=1,2,...,p.

Pf. Extend uy,...,u, to an orthonormal basis for C" : wy, ..., up, Upi1,. .., Up.
Form U = [uy, ..., u,] and take U* AU which is unitarily similar to A. Now B is the

leading (p, p) principal submatrix of U* AU and we can use the inclusion principle.
[

Exercises 2.5.45

(1) Let A € C™*" 'm > n with singular values o1(A) > --- > 0,(A) > 0. Let B be
matriz obtained deleting one column of A: B € C™ 1 and let o(B) > --- >
on—1(B) >0 be its singular values. Show

01(A) > 01(B) > 09(A) > -+ > 0,_1(B) > 0,(A).

(2) Let A, B € C™", m > n, and let 0;(A+ B), 0;(A), 0;(B) be the ordered singular
values, oy > -+ > o,. Show

Oitj-1(A+ B) <o0i(A) +04(B), 1<4j<n, i+j<n+Ll

(Hint: Use M = Lg* 61] and Ezxercise (3) below.)

[Note that this result implies (A + B) < min(ox(A) 4+ 01(B),01(A) + ox(B)),
k=1:n.]

(3) [Harder] Let A, B € C**™, Hermitian, and let the eigenvalues of A, B, A+ B, be
arranged as usual: A\ < --- < \,. Show that

Nitj—n(A+B) < N(A)+ M\(B), 1<i,j5<n, i+j>n+1,
and

Nts1(A+B) 2 M(A) + A (B), 1<ij<n, i+j<n+l.
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We conclude this section with a simple but useful result and a consequence of
Weyl theorem.

Theorem 2.5.46 Let A, B € C"*" be Hermitian and A (A) < -+ < X\, (A4), M(B) <
-+ < A\ (B) be their ordered eigenvalues. Then:

M(A) = NB) < A= Bl j=12,....n.

Pf. Recall that if A = C = N(A) > N(C), i = 1,2,...,n. Now, let C =
B+|A-B|I,D=B—|A-B| I

We claim that D < A < C. [Indeed, C — A >0« (B—A)+||[A—-B| I = 0.
But this matrix has eigenvalues > 0 since ||A — B|| = [Amax(A — B)|,s0 C — A > 0.
Similarly A — D = 0.]

Therefore, \;j(B) — ||A— B|| < X;(A4) < \(B) + ||A— B O

Remark 2.5.47 The novelty in Theorem 2.5.46 is that the inequality holds for all
the ordered differences of the eigenvalues of A and B, not for the eigenvalues of their
difference. [The latter is a simple property of the norm.]

e Finally, let us recall Weyl’s theorem 2.5.33 ( A and B are Hermitian with eigen-
values ordered as usual):

Me(A) + M (B) < M(A+ B) < MN(A) + M\(B).
Therefore, we immediately get
aXp(A)+(1—a) A (B) < M(aA+(1—a)B) < aXp(A)+(1—a)\,(B), 0<a<]1.
In particular, using £ = 1 and k£ = n, respectively, we get

M(@A+ (1 —a)B) > aX(A) + (1 —a)\(B) .

Wo, we have obtained that

“The smallest eigenvalue is a concave function on the vector space of Hermitian
matrices.”

Similarly,

M(@A+ (1 —a)B) < al(A)+ (1 — a)\.(B) .

That is, we found that

“The largest eigenvalue is a convex function on the vector space of Hermitian
matrices.”

Somewhere in between the smallest and largest eigenvalue there is a change in
convexity.



Chapter 3

Positive (Nonnegative) Matrices:
Perron Frobenius Theory

To prepare these lectures, have used [4], [9] and [1].

3.1 Preliminaries

Here we consider matrices A € R™*™ which have positive (or nonnegative) entries.
Be careful that these are quite different than positive (or nonnegative) definite ma-
trices. In fact, now matrices are not even required to be symmetric.
e We write A > 0, or A > 0, if the entries a;; > 0, or > 0. Similarly, A > B if
A — B > 0 entrywise.

,,,,,

example, these are useful (and perhaps not immediately obvious).

Exercises 3.1.1 Below, matrices are square as needed.
(a) |Al <|B| = ||Allr < [|BllF.
(b) [A™] < [A]™.

(c) 0<A<B,0<C<D=0<AC <BD. [Note: A, B can be in R™*" and
C,D e R™7].

() 0<SA<B=0<A™<B™ m=12,....

93
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(e) A>0, x>0 butx#0= Ax > 0.

Our interest in positive/nonnegative matrices is given by the large number of
applications where they arise quite naturally. For example, in numerical analysis, in
Markov-chains, in Economics (Leontiev input-output models), in theory of games,
in dynamical systems.

The next two examples highlight the kind of questions we will try to answer.

Example 3.1.2 (Population Dynamics) Consider three (hypothetical) species that
reside in regions A, B,C. Every month, the entire population of each region splits
evenly in the two other regions. Initially, the population of each group is 400, 600,
800, respectively. We want to describe the population distribution after 1 month,

0
2 months, ..., k months and as k — oco. Let p© = | 3O be initial population:
7(0)
400 a®)
p©@ = [600]| and p* = |B®) | be the distribution after k months. We represent
800 (k)
0 1/2 1/2 700
this situation as pV = Ap® = [1/2 0 1/2| p©@ = [600|. We observe that
1/2 1/2 0 500
A>0,A=A" and 30 ja; =1= Z?:l aij, a fact that will be referred as say-
550
ing that A is double stochastic. Next, p® = Ap) = A%?p©® = [600|. Note that
650
2 11
A*=111 2 1| and we have A% > 0. Inductively, we get p¥) = Ap=1) = AFp(0)
1 1 2

e thv1 e ;
and A¥ = |tir  tr tra | tj = % [1 4+ 1 }, j =k k+1 (the formulas for ty

27—1

Tet1 Trp1 Tw

1 11
are simple to verify by induction). Therefore, we have lim,_., A* = % 1 11
111
600
and so limy_. p*) = [600] is the stationary distribution.

600
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0 1/2 1/2
Let us make a note of these facts: (a) A= |1/2 0 1/2| > 0. (b) For the
1/2 1/2 0
1
spectral radies, we have p(A) = 1 = Apnax(A) with eigenvector e = |1|: Ae = e
1

(and note that e > 0). Here, since A = AT also ATe = e — T A = €T, so that
e is both a left and right eigenvector of A. (c¢) Also, observe the very interesting

111
fact that limy_,. A = % 11 1 = %eeT. In particular, if we normalize the
111
positive right and left eigenvectors x and y such that y'x = 1, then as k — oo
AF —= 2yT (= yaT). O

Example 3.1.3 (Random Walk) This is a model for a “Random Walk” of a par-
ticle in a finite 1-d lattice. There are n states, si,...,S,, and a particle moves from
a state to an adjacent one with a certain probability. Namely, if the particle is
in state sp (k # 1,n), then it moves to the Right (i.e., to siy1) with probabil-
ity pr = 0 < pr < 1, and to the Left (that is, to the state sy_1) with probability
g = 1 — pi. If it is in state s1, it goes to the Right with probability 1. If it is in
state s,, it goes to the Left with probability 1.

We will model this situation with a transition from an initial probability distri-

n

bution to another. That is, if p©) = : 15 the initial probability distribution
(0)

(p§°> >0, Y0, p§°’ = 1) then we seek pV) = Ap®). To get A, we reason as fol-
lows. Suppose that the initial probability is concentrated all at the initial state s;:

1 0
0 1

p O = | |, then p®™ = |0| and so Ap©® = p(M) is the first column of A. Similarly,
0 0

by progressively taking the initial probability concentrated at the s;’s, i = 2,...,n,
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that is taking p® = e;, i = 1 : n, then we get all of A’s columns. This gives

[0 ¢
1 0 qs O
0 P2 0
A= Y2
qn—1
0 Pn—2 0 1
_O O Pn-1 0_

Again, A > 0. Now A # AT. Still: Y0 ja;; =1, Vj=1,...,n: Ais a column-
stochastic matriz. Again we observe that p(A) = 1. However, now it is not easy at
all to answer questions such as “What is the asymptotic probability distribution”? In
fact, “is there one”? In this example, these questions are harder, because —and this
is not obvious at all- A™ # 0,V mJ; in fact, and even this is not obvious, p(A) =1
s not attained just when A =1 is an eigenvalue of A. OJ

3.2 Perron-Frobenius theory

The understanding of the asymptotic behavior of positive (nonnegative) matrices
is the essence of Perron-Frobenius theory. Perron developed the theory for A > 0,
then Frobenius extended it to the case of A > 0.

The simple observation is that if A > 0 = A* > 0, for all £k = iterates of a
positive vector remain positive; in other words, the positive orthant is invariant. We
expect the dominant behavior of an iteration process with A to depend on p(A).
So, to understand the eventual behavior of iterating with A will lead us to study
the spectral radius of A. And, it will be important to see if/when the right/left
eigenvectors associated to p(A) are in the positive orthant. These are the key tools
the theory. Indeed, the Perron-Frobenius theory will tell us that/when spectral
radius is also itself an eigenvalue and if/when is of multiplicity one. Moreover, it
will also give us information on the associated right and left eigenvectors and on the
limiting behavior of AF.

e Let us recall formulas for the sup-norm (or oco-norm) and 1-norm of matrices.

Here, we can take A € C™*". Recall that (just as for any norm induced by

a vector norm) [[Allo,1 = maxy. =1 [|A%||e,1, and that for vectors ||z[l. =

max; |x;| and ||z||; =), |z;|. With this, we have:
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n
[Alloc = max Z |aij]

1<i<m

(3.2.1)
|All; = max Z |aij] -

1<j<n

Exercise 3.2.1 Prove (3.2.1).

We are now ready to explore properties of the spectral radius of nonnegative
matrices.

Facts 3.2.2 All matrices below are in R™"*™.

(1) Let |A| < B. Then, p(A) < p(|A]) < p(B).
Pf. Since A < [A] < B = A™ < |A|™ < B™ and thus [|A™|r < |||A]"|r <
1B™ 1 = (1A™1L™) < JA™[IZ™ < |B™[I}X™. But we know that p(A) =
lim,, oo ||A™||Y/™ (we did this for 2-norm, but in fact result and proof is true

for any norm), and the claim follows. O
(2) If0< A< B, then p(A) < p(B).
Pf. Obvious from (1). O

(3) If A >0 and A, is a p X p principal submatriz of A, then p(A,) < p(A). In
particular: a; < p(A),i=1,....n
Pf. Take B € R"™ " being given by original A with rows/columns of 0’s
corresponding to the rows/columns of A we deleted to get A,. Then 0 <

B < A= p(B) < p(A). But B is similar via permutation to {/(1);, 8] and so
o(B) = plA,).
(4) Let A> 0. Then:

(a) If 377, aij is constant for alli =1,...,n, then p(A) = || A .
(b) If 77, aij is constant for all j =1,...,n, then || Al = p(A).

Pf. We know that [A] < ||A]| for any norm. Now, if ) a;; is constant for
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(5)

(6)

(7)

1

alli=1,...,n,then e = || is an eigenvector: Ae = <Z] aij) e=p(A) =
1

|Al| and past (a) follows. For part (b), use the 1-norm. O

Let A > 0. Then:

(Cl) l'Ilil'lZ' Zj Qg5 S p(A) S max; Zj 5, and
(b) min; - a;; < p(A) < max; y-, ai;.

Pf. Let us show (a). Since max; ), a;; = [|Alle, then p(A) < max;)_; ay
is obvious. To get the other bound, let ¢ = min; ) | ; @i Build B > 0 such
that Zjbij =c¢ i=1,...,n,as follows. If c=0= B =0, if ¢ # 0, let
bij = cziif”j. From this, we have A > B >0 and p(B) = min; Y, a;; < p(A),

by (2) above. For part (b), use AT and part (a). O

Let A>0. Let x € R™, x > 0. Then:

1l 1
min p ; a;x; < p(A) < max p ; a;;T; .

(2

T

x @)
Pf. Build D = ‘o ,so D is invertible and (D~1AD),; = %%

O T,
Now the result follows from Fact (5) above.
If A > 0, and there is a vector v € R™, x > 0, such that ax < Az < [z for
some o, 3 > 0, then a < p(A) < (. Further, if ax < Ax = a < p(A), and if
Az < Pz = p(A) < 5.
Pf. This follows from (6), because if ax < Az = o < min; x% > Wi O

We are now ready to give Perron’s theorem, which deals with the case of A > 0.

Theorem 3.2.3 (Perron) Let A€ R"*", A>0. Then:
(a) p(A) > 0;
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(b) p(A) is an eigenvalue of A and it is simple (i.e., it has algebraic multiplicity
one);

(¢) 3z e€R", x>0, such that Ax = p(A)x;

(d) |\ < p(A), ¥ X # p(A) eigenvalue of A (i.e., p(A) is the only eigenvalue of
largest modulus);

k
(e) (ﬁ) — L, L=uwy’, Av = p(A)z, Aty = p(A)y, >0,y >0, 2Ty = 1.
e The proof will be somewhat long. Before embarking on it, let us make a few

observations.

Remarks 3.2.4

(1) Parts (a)—-(d) characterize the dominant eigenstructure of A. Part (e) is about
asymptotic behavior and it states that — after rescaling by p(A) — asymptotically
the problem is effectively that of a positive matriz of rank 1.

(2) The vectors x and y are called right, and left, Perron vectors. To be precise,
Perron vectors are typically normalized so that ¥x; = Xy; = 1.

Proof of Theorem 3.2.3. Part (a) is obvious, from Fact 3.2.2-(5).

Let us show the first half of (b) and point (¢). Suppose Ax = Az, x # 0 and
A = p(A). Then |[z] = p(A)}z] = |\o| = |Az]| < |Allz] = Ala| > p(A)]a] < Ala].
Let y = Alz| — p(A)|x|, so that y > 0. Notice that if y = 0, then since Alz| > 0

(since z # 0 and A > 0) = |z| = ﬁAm > 0. So, if y = 0 we get (c). Now, if

y # 0, then 0 < Ay = A(Alz| — p(A)]a]) =0 (A = p(A) D) Ala] = Az = p(A)z =
Az > p(A)2"4 32270 p(A) > p(A) and so y = 0 and Alz| = p(A)|z| .. p(A) is an
eigenvalue of A with an eigenvector with positive entries and in fact we have seen

that if Az = Az, |\ = p(4) = |z| > 0, and so (c) and the first half of (b) are
proven.

We now move to show (d): that p(A) is the only eigenvalue of largest modulus.
First, we show that if Az = Az, |\ = p(A) = = = €?|z|, where |z| : Alz| =
p(A)|x|. Reason as follows. Suppose Ax = Az, x # 0 and |\| = p(4) = |Az| =
|Az| = p(A)|xz|. But we know that Alzx| = p(A)|z], |z] > 0 = p(A)|zx]| = |[Axg| =

)22:1 aijj) < i anjlzl = p(A)|zy|, for all k = 1,2,...,n. So, we must have

)23;1 ;T

since ‘Z] ;5
Therefore, |z| = e~z > 0. So, we have shown that if Az = Az, |\ = p(4) = = =
e?|x|, where |z| : Alz| = p(A)|x|.

= Y5 akjlz;|. But each entry x; = pje'® = agja; = (ar;p;)e’ and

= >, akj|z;| = all phases ¢; must be same, j =1,...,n, call it 6.
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Now, suppose \ eigenvalue of A, X\ # p(A), Az = Az, and suppose || = p(A4) =
Aw = w and w = e 2 > 0= X\ > 0 (since Aw > 0) = X\ = p(A4). So, we have
proved (d).

We now show that the geometric multiplicity of p(A) is 1. Let w, z such that
Aw = p(A)w and Az = p(A)z. Then, we know that there 3 vectors p > 0, ¢ > 0,
w = e%pand z = €2q, or p = e 1w, ¢ = e72z. Define o = min;<;<,, ¢;/p; and
take the vector r = ¢—ap. Since each entry of r is r; = ¢; — (miny<;<,, ¢;/p;) pj, then
r > 0 and at least one entry of r is 0. Now, Ar = Aq — aAp = p(A)q — ap(A)p =
p(A)r. Therefore, if r # 0 = we'd have r > 0, A >0, r # 0= Ar >0=1r >0
which is a contradiction since one entry of r is 0. So, r =0 = ¢ = ap = w = cz,
and the geometric multiplicity of p(A) is 1.

So, there is a unique eigenvector (right Perron vector) associated to p(A), call
it z, and > 0; we can normalize it so that > . x; = 1. Of course, there is also a
unique left Perron vector z : ATz = p(A)z, z > 0, normalized so that Y, z; = 1.

k
Next, we show that if we let y = —7—2, and hence 27y = 1, then limy,_. (ﬁ) =

L, L = ay™. To prove this fact, we make the following observations.
(i) La: = x, yT'L =y (this is obvious);
(i) L* =L, k=1,2,..., (this is also obvious);
(iii) AkL LAk = p(A)kL, k=1,2,...; [AFL = AF L Agyh = AR 1p(A)ayk = -+ =
p(A)kL; similarly for LA* ]
(iv) (A= p(A)L)* = A* — p(A)*L. [By induction. Obviously true for k = 1. Write
(A—p(A)L)* = (A—p(A)L)*"1(A—p(A)L) = (induction hypothesis) = (A*~1 —
P(APIL)(A — p(A)L) = A — p(A)~1LA — p(A) AP L + p(APL2 = (use (ii)-
(i) = A% — p(A)*L — p(AL + p(A)*L)
(v) If A # 0 is an eigenvalue of A — p(A)L = X is also an eigenvalue of A. [Suppose
A # 0 is such that (A — p(A)L)v = M = (LA — p(A)L*)v = \Lv " (p(A)L —
p(A)LYv =ALv = Lv=0= (A—p(A)L)v = v < Av = \v |

k k
Therefore, to show that ( (A)) —L r 0 is the same as to show that ( 6‘4) — L)

and to show this is enough to show that p(A — p(A)L) < p(A) which is further
guaranteed (because of (v)) if p(A) is not an eigenvalue of A — p(A)L. By contra-
diction, suppose that p(A) is an eigenvalue of A — p(A)L. Then, there 3 v # 0 :
(A—p(A)L)v = p(A)v. Then, since p(A) has geometric multiplicity 1 as eigenvalue
of A, v = ax (see proof of (v)), a # 0 = aAzr — ap(A)zyTer = 0 = ap(A)v = 0
which is a contradiction. Thus, p(A) is not an eigenvalue of A — p(A)L and so

k
p(A—p(A)L) < p(A) . p <ﬁ — L) < 1 and ( o L) k_)—O;() as desired. That

% 0
k—oo
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is, (e) is proven.

Last thing left to show is the second part of (a): the algebraic multiplicity of
p(A) is 1, that is p(A) is a simple eigenvalue. Suppose it has multiplicity p > 1.
Take the Schur form of ﬁ:

I dpafp(A) x
U*AU  [Rp R12} - o :
— = Ry = ' |, Rg=
p(A) |: 0 R22 ) 11 22
0 1 An/p(A)
Therefore,
(1 z--x x X
. :
U LU = Tim U (=) v = |° Lo ‘| = B.
k—s00 p(A) 0 z---x
L 0 0]
But rank(B) > p while rank(U*LU) = 1 .. we must have p = 1. O

Exercises 3.2.5

(1) If A > 0, describe all possible asymptotic behaviors of A™. [Characterize and
analyze the three possible cases.]

(2) Let A > 0 and let x > 0 be the right Perron vector. Verify that p(A) =
D i1 QT

(3) Show that if A € R™™ >0, n > 1, is invertible, then A~" cannot be > 0.

(4) [Harder] Suppose A(«), a € R, are positive: A(a) > 0, V a € [a,b], and that A
depends smoothly on « (i.e., it is continuously differentiable in «). Show that
p(A(a)) also depends smoothly on «, and so do the right/left Perron vectors.
[Hint: first argue for continuous dependence. |

Probably, the most important aspect of Perron Theorem is that

k
lim (%) =L=ay’ (Az=p(A)z, ATy =p(Ay, 2"y =1). (3.2.2)

k—o0
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The importance of (3.2.2) of course is that it tells us that there is a projection taking
place: for k large, the rescaled matrix (A/p(A))* is well approximated by a rank
one positive matrix. Although a similar approximation property is true for other
matrices (e.g., symmetric matrices with one dominant eigenvalue associated to the
spectral radius), it is specifically for positive matrices that this property provides
the mathematical justification for search engines like Google.

Unfortunately, to obtain Perron Theorem, the assumption A > 0 was essential.
In particular, it gave us that p(A) is the only eigenvalue of max-modulus. What can
we still say if we only have A > 07

It is natural to think of perturbing A > 0 into a positive matrix and then take
the limit as the perturbation goes to 0. By doing so, this is what we can say.

Theorem 3.2.6 [f A € R"*" A >0, then p(A) is an eigenvalue of A and there is
x>0, 2#0: Az = p(A)x.

Pf. Take A(e) : (A(e))i; = ai; + ¢, for e > 0. So A(e) > 0 and 3 z(e) (Perron
vector): A(e)x(e) = p(A(e))z(e), D5, wj(e) = 1, z(e) > 0,V e > 0. Now, the set of
Perron vectors is inside a compact set (since >, x;(¢) = 1, x(¢) > 0), and so there
exist a sequence {ex}, monotonically decreasing, limy .., ex = 0, such that z(ey)
converges as k — 0o to a vector x; further, since ), x; = lim, o > xj(e) = 1 =
x # 0 and x > 0. Also, consider p(A(eg)). Observe that p(A(ex)) > p(A(gks1)) =
- > p(A) (since A(ex) > A(egi1), ete.) .. the sequence pr = p(A(ex)) is non-
increasing .. 3 limg_opr = p and p > p(A). But Azr = limy_ . A(er)z(er) =
limy oo p(A(e))x(ex) = px, x # 0. So, p is an eigenvalue of A, but then p <
p(A) - p=p(A). u
With the help of Theorem 3.2.6, we can now show that in important circum-
stances p(A) is a simple eigenvalue of A, thus also helping to clarify the behavior
we observed in Example 3.1.2.

Theorem 3.2.7 If A > 0 and A* > 0, for some k > 1, then p(A) is a simple
eigenvalue of A.

Pf. The eigenvalues of A* are A¥, ... A\* where \i,..., )\, are the eigenvalues of A.

We know that p(A) is an eigenvalue of A (see Theorem 3.2.6), so (p(A))* = p(AF) is

an eigenvalue of A*. So, if p(A) was a multiple eigenvalue of A, then (p(A))* would

be a multiple eigenvalue of A*  but this is not possible since A* > 0 and by Perron

Theorem 3.2.3, p(A¥) is a simple eigenvalue of A*. O
e Without additional assumptions on A > 0, not much more can be said.

e To make some progress, we restrict consideration to irreducible matrices.
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Definition 3.2.8 An (n,n) matriz A is called reducible if there exists a permutation
P such that

r o n—r
T _ r{(An A
PAP _n—r{<0 A22) for some r > 1.
If no such P exist, then A is called irreducible. O

Remark 3.2.9 The meaning of reducibility is the following. Suppose we have to
solve Ax = b and A is reducible. Then:

PAPT Pr — Pb — Ay Agg U1 _ &1
S~~~ S~~~ 0 A22 y2 Co

=y =c
and the system size has reduced. 0

e Obviously, if A > 0, then A is irreducible.
e There is a useful -and interesting- connection to a directed graph associated to

A.

Definition 3.2.10 Let A = (a;);;—, be given. Take n distinct points (vertices,
or nodes) in the plane: Py, P, ..., P,. Fori # j, connect P, to P; by a directed

arc P;P; iff a;; # 0. The resulting collection of vertices and directed arcs form the
directed graph, T'(A), associated to A.

Example 3.2.11

0 1/2 1/2

(a) The matriz of Example 3.1.2: A= |1/2 0 1/2| has T'(A) as in Figure 3.1.
1/2 1/2 0

(b) A= [(1) (1)] and (c) A= E ﬂ have the same I'(A); see Figure 3.1.

(d) A= E g] has T'(A) as in Figure 3.2.
0 q2 0

(e) The matriz of Example 3.1.3: A= |1 0 1|, ga,p2 >0, go+p2 =1, has T'(A)
0 P2 0

as in Figure 3.2.
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N

|
||
‘

Figure 3.2: Directed graphs associated to cases (d) and (e).

Definition 3.2.12 We say that the directed graph T'(A) is strongly connected if
gwen any two ordered vertices, P;, P; (1 <1,j < n), there is a directed path from P
to Pj. U

Notice that there may be more than one dlrected path between two nodes. E.g.,

in Example (a) we can go from P; to P, as P1P2 or P1P3, P3P2

In Definition 3.2.12, we did require i # j; but this is irrelevant, since (even
by allowing P, = P;) if I'(A) is strongly connected we can surely come back to P;
through a directed path.

The above Examples (a), (b), (¢) and (e) give strongly connected graphs I'(A),
example (d) does not. Also Example (e) with ¢o = 0,1, does not give a strongly
connected I'(A).

e Our goal is to show that I'(A) is strongly connected if and only if A is irreducible.

We will do this in three steps. (In the general case, (1) and (2) below hold if we
replace A with |A]).
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Facts 3.2.13 Let A€ R™™", A > 0. Then, the following facts hold.

(1) There is a directed path of length m in I'(A) from P; to P; iff (A™);; > 0.
In particular, there is a directed path of length m from any P; to any P; iff
A™ > 0.

Pf. By induction. For m = 1 is obvious. Now, let m = 2, then (A?);; =
S or_y Qikay; - (A%);; > 0 iff for at least one k both a; and ay; are # 0, which
is true < there is a directed path of length 2 between P; and P;. In general:
(Arth), = S0 (A9)kar; > 0 < for at least one k we have (A?);, and ag;
both positive. By induction hypothesis this is true iff 4 a path of length ¢
from P; to P, and a path of length 1 from P to P; .. there is a path of length
q+ 1 from F; to P;. U

(2) T(A) is strongly connected < (I + A)"~! > 0.

Pf. (I+A)" =1+ ("YA+(",))A*+-- -+ A"~' > 0 if and only if for each
(i,7) at least one of A, A% ..., A" ! has (7, j)-th entry > 0. Now use 3.2.13-(1)
above. n

(3) A is irreducible < (I + A)"~1 > 0.
Pf. (=) Weshow that Vo # 0,2 > 0= (I+A)" 'x > 0. (The result will fol-
low since z is arbitrary; so, we can take x = ey, es,...,€,.) So,let x > 0, z # 0,
20 =g
2D = (T + A)z®, k=0,1,....n—2.
Let ((z) denote the number of 0-components in z. We show that z(*+1
has fewer O-components than z®). Obviously, since 2D = 2z + Az®) =
C(x®+D) < ¢(2™). Suppose ¢(z**+) = ¢(2*)) = they must be in same posi-

tion (since Az®) > 0) = 3 permutation P: Px*+1) = o) ym , Pz G tm :
0)n—m 0)In—m

a >0, >0. Then (g) = (g) + PAPT (g) = (/(6)) + (i; ﬁ;z) (/(6))
= 0=0+ Ay F and since § > 0 = if Ay; > 0 — A3 >0. Ay =0 ..
A is reducible, which is a contradiction .. ¢(z**V) < ¢(z®)) . ¢(2"V) =
0. 2™ >0, but Y = (I + A" 12® " (I +A)"" >0, since 2 >0
was arbitrary.

be given, and consider the sequence {

(<) Suppose A is reducible = 3 P such that PAPT = (AOH ﬁm) and so
22
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(since PTP =1)

n—1
(I+ A" =P(I+PAPT"'P" = P (I T e ) p"

0 I+ Ay
I+ Ap)"! * T
P ( 0 (I + A22)n—1 P
. (I + A" !is reducible .. it cannot be that (I + A)"~1 > 0. O

Exercises 3.2.14

(1) Show that an irreducible matriz can have at most (n — 1) entries equal to 0 in
each row or column.

(2) Let A >0 be diagonally dominant: a; > 377 aij, for alli=1,...,n. Show
that Re(\;) > 0, for all eigenvalues of A.

(3) Show that for a general matriz A € R™"™ we have p(I + A) < 1+ p(A)
and give an example where strict inequality is achieved. Then, show that if
A>0=p(I+A) =1+ p(A).

e We are now ready for Frobenius result, which is an extension of Perron’s theorem
to the case of A > 0.

Theorem 3.2.15 (Frobenius) Let A € R™", A >0, and irreducible. Then,
a) p(A) > 0 is an eigenvalue of A;

b) dx>0:Ax = p(A)x;

c) p(A) is a simple eigenvalue of A.

Pf. From Theorem 3.2.6, we know that p(A) is an eigenvalue of A with eigenvector
x >0, x # 0. Further, since A is irreducible = Zj a;; > 0, forall e =1:n.
Therefore, since min; ) ; a;; < p(A) < max; }; a;;, then p(A4) > 0.

Now, let x > 0, z # 0 : Az = p(A)x = (A+ I)x = (p(A) + 1)z (we have used
Exercise 3.2.14-(3)). Then (A + I)" 'z = (p(A) + )"z, but (A+ 1) >0 =
(A+ 1)z > 0= p(A)z > 0= 2 > 0. Finally, if p(A) is a multiple eigenvalue of
A =1+ p(A) is a multiple eigenvalue of I + A, but (I + A)"~! > 0, then p(A) + 1
must be a simple eigenvalue of A. O

Remark 3.2.16 The vector x > 0, when normalized as >, x; = 1, is still called
the right Perron vector. Of course, since AT is irreducible if A is irreducible, then
there is also a left Perron vector y.
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So, if A > 0 and irreducible, we have right/left Perron vectors = and z and we
can choose y = z/(272) so that 27y = 1 and let L = xy?. But, do we have that

k
limy_ oo (ﬁ) = L? In general, no.

Example 3.2.17 A = <(1) (1)) = A > 0 and irreducible, p(A) = 1 and it is a

simple eigenvalue. Perron vectors are x = Gﬁ) =z, andy = G) So, L = ay” =

: G }) However, (A¥) /— L. Note that here A% = (1) (1]), A3 = A, etc., so
k—o0

A does not converge. Also, note that p(A) is also obtained at the eigenvalue —1.
Nevertheless, there is a convergence “on average”, in the sense that the average of
two consecutive terms in the sequence is constant and equal to L/2; see Ezercise
3.2.20-(3). Finally, observe that this Example is a special case of Example 3.1.3. O

k
In order to obtain that, for A > 0, one has (ﬁ) — L, Frobenius realized

k—oo

that this is true if A has only one eigenvalue of max-modulus, p(A) itself. He called
such matrices primitive.

Definition 3.2.18 (Frobenius, 1912) Consider a matriz A > 0, irreducible. Let
p be the number of eigenvalues of A of modulus p(A). Then:

i) If p=1, then A is called primitive;

ii) If p> 1, then A is called cyclic of order p. O

With this, the following is immediate.

k
Theorem 3.2.19 (Frobenius) If A > 0 is primitive, then limy_ (ﬁ) =L=
xy? with 2Ty =1 and Az = p(A)x, ATy = p(A)y, x>0, y > 0.

U

Exercises 3.2.20
(1) Prove Theorem 3.2.19.

(2) We know that when A > 0, irreducible, we cannot claim that limy,_,(A/p(A))*
exists. However, give an example to show that there are matrices A > 0,
wrreducible, not primitive, for which the limit does exist.
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(8) Let A > 0 be irreducible, and let x,y, be normalized Perron vectors associated
to p(A): 2Ty =1, and let L = xyT. Show that

k
o1
lim EZ:: A/p(A))" = L. (3.2.3)

k—o00

The next obvious question is: Which matrices are primitive?

Remark 3.2.21 Clearly, if A > 0 = A is primitive. Indeed, since A > 0, then A
is irreducible. Moreover, Perron’s theorem tells us that p(A) is a simple eigenvalue
and it is the unique one of maz-modulus.

Bust, beside positive matrices, what other matrices are primitive? In order
to give some useful criteria to check whether A > 0 is primitive, the following
preliminary lemmata are useful.

Lemma 3.2.22 If A is primitive, then A™ is primitive for all m > 1.

Pf. Since p(A) is the only eigenvalue of max-modulus of A (and, since A is ir-
reducible, it is simple by Theorem 3.2.15), then (p(A))™ is the only eigenvalue of
max-modulus of A™, and it is simple. Further, since obviously A™ > 0 for all m,
then we just need to show that A™ is irreducible (we know that A is). Suppose A™

is reducible, for some m > 1. Then, 3 permutation P such that PA™PT = [g g .
Since Az = p(A)z, with z > 0, then PA™PT Py = p(A)™ Py "L {? g] El] —
2

m |1
a1
Now, we likewise have that AT > 0 is irreducible, and so ATy = p(A)y, y > 0. Then

. T . -
Pyt ey = oy ey =2 [ ] (3] = sar 2] = 570 =
2 2

], = Diy = p(A)"Zs .. p(A)™ is an eigenvalue of D > 0 with 25 > 0.

CT DT
and §; > 0. Then, p(A)™ is an eigenvalue of BT, hence of B. But then p(A)™ is
eigenvalue of B and D .. it is not a simple eigenvalue of A™. Contradiction. U

Lemma 3.2.23 If A > 0 is irreducible and a; >0, i =1,...,n, then A"~1 > 0.

Pf. By Fact 3.2.13-(3), A > 0 is irreducible < (I + A)"~! > 0. Moreover, recall
that if A > B > 0 = A™ > B™, for any positive integer m. So, we are going
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to build a B > 0 such that A > u(l + B) with x> 0 and B irreducible, so that
A=t > i1+ B)" > 0.
To build B reason as follows. Take A > 0 and write

1 aip/arr -+ a/an arp O
asp| it Lo spuem) DD
anl/ann 1 © e
A2 min (0)(1+ B) = 1+ B) . = min a)

Now, just observe that B > 0 and irreducible (if not = PBPT = {

P(I+BT)PT = (I +OBH 7 flé ) and A would be reducible: PAPT = PDPTP(I+
22

B)PT). O
We are now ready for the following result, which fully characterizes primitive
matrices, and completely clarifies Example 3.1.2.

Bll BlZ
0 BQJ =

Theorem 3.2.24 Let A € R"", A > 0. Then A™ > 0 for somem > 1< A is
primitive.

Pf. (=) Since A™ > 0 = A™ is primitive. If A was not primitive, then it would
have more than the eigenvalue p(A) of max-modulus, but then also A™ would have
more than the eigenvalue (p(A))™ of max-modulus, which is a contradiction.

(<) Since A is primitive, then by Lemma 3.2.22 A™ is primitive (for all m > 1),
in particular it is irreducible, as is A. Now, since A is irreducible, there is a path
in T'(A) from P, back to P, say of length k;. But then (AF);; > 0 and A" is
primitive (power of a primitive matrix). Now, for I'(4*) there is a path from P,
to P, say of length ko. Then ((A*)*2)y5 > 0 as well of course as ((A4*)*2),; > 0.
Continuing this way we get that A**2-*n is primitive with positive diagonal entries
and so by Lemma 3.2.23 (AF-kn)n=1 > (), O

It is interesting to obtain good bounds on the smallest integer v(A) such that (if
A is primitive) A7) > 0. The value v(A) is called index of primitivity of A. Good
bounds for (A) are useful, because in a practical situation we may have a matrix
A > 0, but do not know if it is primitive. Suppose we start taking powers of A: A™,
m =1,2,.... Can we stop at some value m and declare that if A™ % 0, then A is
not primitive?
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It is not hard to argue that y(A) < (n — 1)n" (i.e., that each k; in the proof of
Theorem 3.2.24 satisfies k; < n). (Verify that!) Also, by Lemma 3.2.23, we know
that v(A) < (n—1) if a; > 0,7 = 1,...,n. The following result of Wielandt gives
the optimal upper bound (see [9]):

Let A > 0. Then A is primitive <= A" >0, where

Y(A) < (n—-1)*+1. (3.2.4)

Exercise 3.2.25 Prove this statement or provide a counterexample: “If A and B
are primitive, then AB is primitive”.

3.2.1 Stochastic matrices

We conclude our discussion of nonnegative matrices with a few considerations on
stochastic matrices.

Example 3.2.26 Suppose A

> 0, A # 0, and it has a positive eigenvector x.
Then, we know that Ax = A ).

[Simply because if Axv = Az = X > 0 and

so \x < Ax < Ax = p(A) = X > 0; that A > 0 is a consequence of Ax > 0.]
Now, take D = = since Ax = p(A)xr — ADe = p(A)De, where
e=(1,....,1)T .. 1AD Je = p(A)e. But this means that each row of Dil/fD has
nonnegative entmes addmg up to 1. In other words, each row of A is akin to a vector
of probabilities. O

Motivated by Example 3.2.26, the following definition is natural.

Definition 3.2.27 If A > 0 is such that Y 7_ a; = 1 for all i = 1,...,n. then
A is called (row) stochastic. If Y7 ja;; =1 for all j = 1,...,n, then A is called
(column) stochastic. If A is both row and column stochastic then it is called doubly
stochastic. O

Example 3.2.28
(1) A >0 is doubly stochastic iff Ae = e and ATe = e.
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ny A >0, , with positive eigenvector x > 0 is such that == is similar to
2) Any A >0, A# 0, with positive ei t 0 is such that —fs is similar ¢
a stochastic matriz.
(3) Permutations are always doubly stochastic.
is unitary = the matriz A = = (Jui;|*)r.—; is doubly stochastic. (Ez-
4) If U is unit the matriz A = |UJ? i) =1 is doubly stochastic. (E:
amples (3) and (4) are called ortho-stochastic).
(5) Any A > 0, irreducible, is similar to a stochastic matriz.

Exercises 3.2.29

(1) Verify the statements in Example 3.2.28.

(2) Show that if A € R*>? A > 0, and doubly stochastic, then it is A = AT and
11 = A22.

(8) Show that if A, B are stochastic (or doubly stochastic), then AB is too. That
is, the set of stochastic (doubly stochastic) matrices is a semigroup with respect
to matriz multiplication. By example, show that it is not a group. It is easy to
show that arithmetic mean of stochastic (or doubly stochastic) matrices is also
stochastic (doubly stochastic). Generalize this to the conver sum a1 Ay + -+ +
amAp,, where a; >0, > oy = 1. [That is, they form a conver set.]

(4) Show that if A > 0 is doubly stochastic and reducible = 3 P : PAPT =

{AH 0 } where A1 and Asgs are doubly stochastic.

0 Ay
This next theorem is the celebrated Birkhoff-von Neumann theorem and fully

characterizes doubly stochastic matrices. The proof we give is from [3].

Theorem 3.2.30 (Birkhoff doubly stochastic) A > 0 is doubly stochastic iff
there exist a finite value m such that A = a1 Py + -+ + a,, P, where a; > 0,
S ;=1 and Py,..., P, are permutation matrices. O

Pf. (<) This follows from Exercise 3.2.29-(3).

(=) We will show that the set of doubly stochastic matrices form a polytope
whose vertices correspond to permutation matrices, at which point we will use that
every polytope is the convex hull of its extreme points (its vertices).

As customary, through the natural identification of a matrix in R"*" with a
vector in R™ obtained upon writing the columns of A one after the other, we can
think of the set of DS (doubly stochastic) matrices as points in R

So, let A = (a;;) be a DS matrix. The constraints of the system on the a;;’s are

a; >0,Vi,j, Y ay=1Vi=1...n and Y a;=1Y=1,. n
j=1 i=1
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This defines a polyhedron () which is actually a polytope since the linear constraints
imply that each 0 < a;; <1, and so @) is bounded. Now we show that every extreme
point of ) is integral (has integer entries), by showing that any nonintegral point of
@ is the center of some line segment inside (). This will tell us that the vertices of
the polytpe are integral, and therefore are permutation matrices.

So, suppose that A is DS and not a permutation, that is the associated vector
x € @ is not integral, and let 0 < z;, j, < 1. Since Y 7 | @, ; = 1, there must be
some jo: 0 < x;, 4, < 1. Similarly, since Y | z;;, = 1, there must be some iy such
that 0 < @y, j, < 1. This process can be iterated, and we will stop the first time some
index (i, j) is repeated. Consider the sequence just obtained, without repeating the
first (and final) point, and therefore the sequence must have even length (because
we alternated choosing row and column indices). Let © = x; j» be the smallest entry
in this sequence. Consider now the point y € R™ associated to a matrix Y built
as follows: Y has a 1 in the same position as the first entry of the above sequence,
x;,;, then —1 corresponding to the second entry, then +1 corresponding to the third
entry, etc., all other entries of Y being 0. So, y is a vector with entries 1, —1 or 0, and
Y’s rows/columns add to 1. Now take the two points 27 = x + py and = = x — uy.
By minimality of u, ™ and 2~ are in @, and therefore the associated matrices A"
and A~ are DS. But, by construction, x = 1/2(z*+2~) and thus A = 1/2(AT 4+ A7)
and obviously A # AT, A, and so = (which is not integral) is not a vertex of @,
and A is not an extreme point of the set of DS matrices. Therefore, every extreme
point of @) is integral, it corresponds to a permutation matrix and every DS matrix
is a convex combination of permutation matrices. 0

Remark 3.2.31 The above proof is not constructive; constructive proofs can be
giwven and used to provide insight into the best general upper bound for m in Theorem
3.2.30. It is interesting (see references in [4]) that the best general upper bound for
m in Theorem 3.2.30 is (n — 1)® + 1 (cfr. with v(A) in (3.2.4)).

Exercise 3.2.32 Use Theorem 3.2.30 to show the Wielandt-Hoffmann inequality
(2.4.4).



Chapter 4

Matrices depending on parameters

The purpose of this chapter is two-fold: to discuss perturbation and smoothness
results for eigenvalues (and eigenvectors), and to give general smoothness results for
bases of key subspaces, such as the kernel of a matrix.

The default setting will be to have A € C"*", unless otherwise stated. Also,
with o(A) we indicate the set of eigenvalues of A (repeated by multiplicity).

First, we investigate variation of eigenvalues (and eigenvectors) on the entries
of the underlying matrix. We will discuss two types of results: (i) general bounds
when A is perturbed, (ii) what can we say when A depends smoothly on one or
more parameters.

Of course, we already encountered several perturbation results for eigenvalues,
chiefly for Hermitian matrices (e.g., see the results in Section 2.5.2, but also results
like (2.4.4)). What follows complement for general matrices these earlier results.

4.1 General Perturbation Results for Eigenvalues
and Eigenvectors

The first result is comforting and simple: “The eigenvalues depend continuously on
the entries of A”. More precisely, we have the following result.

Theorem 4.1.1 If{Ay} is a sequence of matrices converging to A, then o(Ay) — o(A).

That is, ¥V € > 0, 3 k. such that if k > k., then all eigenvalues of Ay are contained
in disks of radius € centered at the eigenvalues of A.

113
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Pf. This is simply because the roots of polynomials of (exact) degree n depend
continuously on the coefficients of the polynomials. So, we can use this fact for the
characteristic polynomials of Ay, whose coefficients approach (as k — oo) those of
the characteristic polynomial of A, and the result follows. O

To obtain easily computable localization results (bounds) for the eigenvalues,
the following is a classical and useful result.

Theorem 4.1.2 (Gerschgorin Discs) Given A € C" ", then all eigenvalues of
A are located in the union of n closed discs:

n

n
U ZGCZ|Z—CI,Z'Z'|§Z|CLU| =: (.
i=1 j=1

J#i

Furthermore, if the union of p of these discs form a connected region R, disjoint
from the remaining (n — p) discs, then in R there are p eigenvalues.

Pf. Suppose A is an eigenvalue, so Ax = Az, x # 0. Let |z, = maxj<;<,, || =
ATy, = Y 01 ATy = (A = Q) T, = 22;1 Ui = (N = Q) = D05 Omj s =
JFmMm

A= @ | < 3252 lam;|. However, we do not know m, so can only conclude that A
is in the union of these discs.

To show the second statement, we resort to a simple homotopy argument. Let
D = diag(a;,i = 1,...,n) and let B(t) = (1 —t)D +tA, 0 < ¢t < 1. So, the
statement is surely true for B(0) = D. Now, notice that the diagonal entries of B(t)
are the same as those of A, so the center of the Gerschgorin discs of B(t) and A are
the same for all ¢t € [0,1]. However, the radii of the discs for B(t) are tR;, where
R; = 3 . lai;| are the radii for the discs relative to A, and 0 < ¢t < 1. So, if p
discs of A are disjoint from n — p discs of A, for sure also the corresponding p discs
of B(t) are disjoints from the corresponding (n — p) discs of B(t). Since discs are
closed, the distance between the unions of the two collections of discs for A is d > 0.
Next, let d(t) be the distance from any eigenvalue A(¢) of B(t) in the union of the
p-discs of B(t) from the remaining (n — p) discs. Since eigenvalues are continuous,
and so is d(t), then 0 < d < d(t) for all t € [0,1], and in particular d(0) > d. Now,
if \(1) happened to be in the union of the (n — p) discs of A, then d(1) =0, and so
at some value 0 <ty < 1, we had to have d(ty) < d, which is a contradiction. [

Exercise 4.1.3 Formulate and prove a Gerschgorin theorem with discs |z — ay;| <

Zj;ﬁi |ajil.
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With this, we can get our first perturbation result.

Theorem 4.1.4 Let A € C™" be diagonalizable: VYAV = A = diag(\;,i =
1,...,n). Let E € C"". For any eigenvalue j1 of A+ E, there is an eigenvalue \
of A such that

=A< (Voo - IV e 1B co-

Pf. A+ FE is similar to V"' (A+ E)V = A+ V~'EV, so we will show that |\ — u| <

IVTEV]|eo (S IV oo Voo I1E||ls). Call F=V~1EV sothat V-1 (A+ E)V =

A+ F. By Gerschgorin theorem 4.1.2, the eigenvalues of A 4+ F' are in union of discs

Ui, {\z =N = Ful <370 \Fw\} But each of these discs is contained in the discs
i

|2 = Nl <307 [Fyl. So, if p € o(A + F) then there is some A € o(A) such that

= Al < [ F |- O

Remarks 4.1.5

(1) IV |loo - IV Y|so is the condition number of V in the sup-norm. We write it as
condy (A) or simply cond(A) when the norm is clear from the context.

(2) If ||E|| is small, Theorem 4.1.4 is effectively a continuity result.

Actually, a result like Theorem 4.1.4 holds for any norm for which ||[AB| <
| Al - || B]| and for which || D|| = maxi<;<n |D;;| when D is diagonal. Let us call these
norms “diagonally consistent”. For such norms (e.g., the 2-norm or the 1-norm, but
not the F-norm) we have much the same result, but need a different proof.

Theorem 4.1.6 Let A € C™" be diagonalizable: VYAV = A = diag(\;,i =
1,...,n), and let E € C™". Let || - | be a diagonally consistent norm. Then, for
any eigenvalue p of A+ E, there is an eigenvalue A of A such that

=A< [VTIEV]] < cond(V)| E]| -

Pf. As before, we look at A+ F, F =V 'EV. Let pe oc(A+ F) = ul — (A+ F)
is singular. If ul — A is singular = p is eigenvalue of A = obviously the result is
true. So, assume that I — A is invertible.

Since ul — (A + F) is singular = (ul — A)7'ul — A= F] =1 — (ul — A)7'F
is singular. Then, ||(ul — A)™'F|| > 1 (if | — B|| < 1 = B invertible; in fact,
Bt =57 (I - B)"). So:

1< (ud = M) FI < [[(ed = A)7H 1P = max [( = )~ - (17
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F
e ]
minj<;<n \,u — >\2‘ 1<i<n
0
The term ||V~ - [|[V]| = cond(V) is unpleasant, since it can be large. Of

course, the best situation is when this is as small as possible. Now, observe that
since 1 = ||I|| = [[V7'V] < [|[V7Y] - |[V]|, then cond(V) > 1. So, the best situation
is when cond(V') = 1, which is surely guaranteed (in the 2-norm) if V' is unitary,
since then |V = ||[V| = 1.

Corollary 4.1.7 If A is normal, and u is an eigenvalue of A+ E, then 3 X\ eigen-
value of A: |\ — pu| < ||E||2. A fortiori, also |\ — u| < ||E||r holds. O

e As a final result of the above type, we consider a so-called “a posteriori” estima-
tion problem. The problem is the following.

Exercise 4.1.8 Suppose A € C"*" is diagonalizable by V', and let || - || be a diag-
onally consistent norm. Suppose we have found an approzimation to an eigenpair:

(5\, ), & # 0 (approximation means that Az =~ A&, but X is not equal to any eigen-
value of A).

Question: How good an approximation is A to an exact eigenvalue of A?

Answer: In general, it depends on cond(V'). Let us see the details.
We form the residual: 7 = A% — A% (r is computable, and not 0). Thus, r
VA=AV — 2 =V(A=AX)"'WV=lrand so ||z|| < [[V(A = AD)7VE| |7

S S Il
cond(V) ||l == [E]

(@]
[}
=
=3
=
OIA I

and finally miny<;<, [\ — A| <

Example 4.1.9 In particular, from Exercise 4.1.8, if A is normal = condy(V') is
1 and if ||r|| is small then we can trust the approximate eigenvalue in the sense that
there is always an eigenvalue \ of A close to A

Nevertheless, not even in this normal case, there is an analogously simple result

for the eigenvectors.
1 0

For example, take A= (O 1+277) and F = (g 8), n,e > 0 and small,
and let A = A+ E. Now, for the eigenvalues of A and A we have O’(A) = {5\1 =
L =1+2p}, 0(Ad) = {\ = 1+n—s1+n+s}, s = (2+0>)2, which
are indeed close to one another for any ratio of € and n. Further, as (normalized)
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eigenvectors of A we hae & = Ll)} and Ty = [ﬂ , and for the residuals we have

N T . . 0 €
r12 = AZ19 — A1 2Z19 which gives ry = - and ry = o) 50 that ||rislla = ¢,
which is small, as expected. However, the true (normalized) eigenvectors of A are

2518—77) (77 i s) and \/ﬁ (‘U;L 8), whose limiting behavior depends on the

ratio of € and 1. O

Exercises 4.1.10

(1) Suppose \,ju € 0(A), X # p. Let v,w #0 : Av = v and A*w = fw (that is,
w s left eigenvector corresponding to p). Show that v:w = 0.

(2) Let A = 8 0 (a € R), and E = g 8 We know that if p € (A + E),

then 3 X € o(A) 1 |A— u| < ||E|l2. Find |E|2. Also, discuss the behavior of
the eigenvectors of A+ E and contrast this to the eigenvectors of A for different
ratios of n and €. [Hint: Different ratios means to consider different curves in
the (n,¢)-plane along which we go to the origin. E.g., ¢ = n?, where p € Z.]

4.2 Smoothness results

This next set of results is relative to the case of a matrix valued function A(t), t € R
(could also have ¢ in some interval, the half-line, etc.). Our interest in this case
is when A has some good smoothness properties (often, A is analytic in t) and we
want to know if/when/how the eigenvalues and eigenvectors have too. Henceforth,
we will write A € C¥(R,C"") when A is k-times continuously differentiable, as
appropriate.

4.2.1 Simple Eigenvalues

e The first results are concerned with the case of a simple eigenvalue. Recall that
a simple eigenvalue means that that it has algebraic multiplicity 1.
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Theorem 4.2.1 Let A € C¥(R,C™"), k > 1. Suppose that at a value ty, N\o is a
simple eigenvalue of A(ty). Then, for |t — to| sufficiently small, there is a unique
eigenvalue \(t) of A(t) which is a C* function of t and equal to \g at ty.

Pf. There are many ways to show this result. Here, we will use the implicit function
theorem (IFT).
Take the characteristic polynomial of A(t) = det(Al — A(t)) = 0. Since Aq is a

J

~~

p(A0)
p()\()a tO) =0
%p()\v tO)‘)\O 7é 0
But then the IFT guarantees that the equation p()\,t) = 0 has a unique C*
solution (a branch) A(¢) in a neighborhood of ¢y such that A(ty) = A. O

simple eigenvalue of A(ty), then {

Remarks 4.2.2

(1) Theorem 4.2.1 says that -locally, near to- there is a smooth eigenvalue parametriz-

able in t passing through X\o at to. If we view this as a curve, then it has a

well defined tangent, which we can also get from the IFT. Indeed, for |t — to|

sufficiently smally, we have p(A(t),t) = 0, and thus Lp(A(t),t) = 0, and so

%p()x,t) A+ %p()\,t) 1 = 0. Now, since a%p()\,to)‘)\:)\o # 0 = what we get

is that indeed there is a well defined tangent to the curve \(t) at to: %‘to =
[358],,,
PA(AD) (Xosto)

(2) Also, it is important to stress that -as long as a%p(k,t

)})\(t) # 0, then the above

argument can be continued and \(t) continues to exist as a smooth function. In
other words, as long as the eigenvalue \(t) remains simple, it is a globally C*
function.

e Next, we see that —relatively to a simple eigenvalue— also the corresponding
eigenvector can be chosen smoothly.

We will give three different arguments for this result, each of which offers a
different insight, uses different tools, and has different strenghts and weaknesses. The
first argument is from [7], the second argument will give more explicit information
on the derivative, and the third argument is more original, and it will give some
extra information as well.

Simple Eigenvalue: Smooth Eigenvector, Part 1

e The following preliminary Lemmata are useful and of independent interest.
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Lemma 4.2.3 (On the derivative of det(A(t))) Let A € C'(R,C™ "), and write
A in partitioned form column-wise: A(t) = [a1(t), as(t), ..., a,(t)], for all t € R.
Then

d(det A(t))

dt = det(dl,aQ, e ,CLn) + det(al,dg, .. .,an) + -+ det(al,ag, .. ,an) .

Pf. The key observation is that det(A) is a multilinear function in ay,as,. .., ay,
that is, it is separately linear in each of the arguments aq, as, ..., a,. Therefore, we
have

det A(t + h) — det A(t) = det(a(t + h),...,a,(t + h)) — det(ai(t),. .., an(t))
= det(ai(t + h) —ai(t),a (t +h),...;an(t + h))+det(a(t),as(t + h),...,a,(t+ h))
)

—det(ai(t),...,an(t)) =det(a1(t + h) — ai(t),as(t + h),as(t + h),...,a,(t + h))
+ det(ay(t), as(t + h) —as(t),as(t + h),...,a,(t + h))
+det(ai (), as(t), ..., an(t + h)) — det(ay(t), . .., an(t)) =

det(ai(t +h) —ay(t),as(t + h),...,a,(t+h)) + det(al( ), a (t + h) —as(t),...,a,(t+ h))
+ -+ det(ar(t), az(t), ... an(t + h) — a,(t)) + detlar( Bt = detlar B} rar ()

Now the result is obtained taking limy_.

det(A(t+h))—det(A(t)
) . 0

Lemma 4.2.4 Suppose A € C"™" has a simple eigenvalue X. Then, at least one of
the principal minors of A — A\l is nonsingular.

Pf. Since A is simple, for the characteristic polynomial p(A\) we have p(A) = 0
and Lp(A)[5 # 0. Let us compute “<p(A)[5. We have p(\) = det(AAI —A) = ()A\el -
ap, Neg—ag, . .., Ae, —ay,). From Lemma 4.2.3, dAp()\)|/\ = det(el, >\e2 ay, .. Ae, —
an)+ - +det(5\el —ai, ..., e,). Now, observe that det(ei, )\62 >\€n a,) is
the determlnant of the ﬁrst prln(:lpal minor of A — )\I det(Ael — al, 62, .. >\€n —ay)
is the determinant of the 2nd principal minor of A — M, etc.. So, at least one of the
determinants of a principal minor of A — M is not zero. U

Exercise 4.2.5 Let A € CH(R,C™") be invertible for all t, and let b € C*(R,C").
Then, the solution x of Ax = b is also in CF(R,C").

We are now ready for the anticipated result.

Theorem 4.2.6 Let A € CK(R,C™"), k > 1, and let Xy be a simple eigenvalue of
A(ty). For |t — to| sufficiently small, say t € Iy = (tg — a,ty + a), let A(t) be the
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C* eigenvalue going through \g at tg. Then, there is an associated eigenvector v(t),
also a C* function of t, fort € I, C I,.

Pf. We have an eigenvalue \(¢) such that (A(t) — A(¢)]) has a 1-d null space for
t € I, and A(tg) = A\g. Therefore, from Lemma 4.2.4, one of the principal minors of
Mol — A(tp) is invertible, suppose it is the i-th minor, call it A\gl,,—1 — A;(to). So, we
have (Aol — A(tg))vo = 0, vg # 0, and Aol,,_1 — A;(ty) nonsingular. Now, observe that
the i-th component of vy is nonzero, (vy); # 0 (if not = (Ao — A(to))ve = 0 with
vo # 0, but since (Agl,—1 — A;(to))09 = 0 has the only solution 9y = 0, then vy = 0,
where 0y is the result of removing the i-th component from vy). Therefore, (vg); # 0
and so without loss of generality can take it to be 1. But then (Aol — A(ty))vo =
0 — (Noln_1—Ai(to))00 = ai(to), where a;(to) is the i-th column of A with i-th entry
removed. Therefore, we can get 09 = (Agl,_1 — Ai(to)) a;(to). However, the matrix
Moln—1— A;(t) must remain invertible for |t —%o| small, since it has no 0 eigenvalue at
to, and the eigenvalues are continuous in t. So, for ¢ in some interval I, centered at
to, we can define v(t) : v(ty) = vg, (v(t)); =1, and 0(t) = (A (t)L,_1 — As(t)) La; ().
From Exercise 4.2.5, 9 is C*, and so is v. O

There are a few shortcomings of the above proof. The first is that it is a local
result, ultimately because it relies on the implicit function theorem. The second
shortcoming is that it does not extend nicely, since it hinges on selecting a certain
principal minor. This is bothersome, because even if A(t), the eigenvalue branch
through Ay at ty, remains simple for all ¢, we cannot say that the ¢-th principal
minor remains invertible for all ¢, as the next example clarifies.

sint sint

cost cost)’
small number. The eigenvalues are A = 0, A = sint + cost, both simple for all our
values of t. Consider A = 0, so that we have two principal minors of A(t) — N\ :
Ay = cost and Ay = sint, neither of which remains invertible ¥V t in our interval. [

Example 4.2.7 Let A(t) = te(—m/4+¢e,3r/4—¢), e >0 a given

One final general unpleasant aspect of the previous argument is that it does
not give nice formulas for the derivatives, A and v at ty, since we have used the
characteristic polynomial. Also, unfortunately we still do not have much insight
into the variation of the eigenvector. This is because, as we will see, the behavior
of the eigenvector depends also on the complementary subspace to the eigenvector
v itself.
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Simple Eigenvalue: Smooth Eigenvector, Part 2

Below, we are going to derive an important, and beautiful, formula for the derivative
of the eigenvalue, and further show that there must be a smooth eigenvector, without
resorting to the principal minors of A(¢)I — A(t).

We want to find v(t), smooth, such that A(t)v(t) = A(t)v(t), where A(¢) is a
simple eigenvalue of A(t), for all t € R (or, at least, near ¢y). Note that —just as
there is a smooth (right) eigenvector v, for t near ty: Av = \v— there is also a smooth
left eigenvector w (again, at least near t,) such that w*A = w*)\, or A*w = Aw.

Exercise 4.2.8 Let A € C"*". Let v be a right eigenvector associated to a simple
eigenvalue \ € o(A) and let w be an associated left eigenvector. Show that v*w # 0.

Now, reason as follows. Differentiate Av = v = Av + Ao = 9\ + v\. Let
w:w A= w\ = whv + v A0 = (WD)A + (W)X, or wrAv = MNw*v). But (see
Exercise 4.2.8) w*v # 0 and so A= “i:—éf’ which is a nice expression for )\, repeated
here for later reference and understood to be valid at least in an interval near t:

w* Av

wry

A = (4.2.1)

With this, we can write (A — A )v+ (A — X )0 = 0, and we have found the equation
which must be satisfied by o:

(A= X))o =—(A—A)v. (4.2.2)

Of course, on the LHS we have a singular matrix, but notice that a solution exists
(and it will be smooth), since the kernel of (A — AI) remains 1-dimensional. In
fact, (A — M) € R(A — M) = (N(A* — X))+ . ¥ exists & 2*(A — A)v = 0,
V z € N(A* — XI); but (aside from normalization) there is only one such z, which
w* Av

is w. So, a solution exists precisely when w*(A — )\I)v = 0, that is when A =
which is exactly how we chose it in (4.2.1).

This still leaves open the problem of how to constructively find an expression for
0, now that we know that it must be such that

{)\ = (w*Av) Jw*v

(A=A =—(A= M) . (4.2.3)

The approach below is essentially in [8].
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One possibility is to impose the normalization condition
w(to) v(t) = constant, say wiv(t) =1.

[Note that we are using the “reference” left eigenvector at ty, w(to) .". this normal-
ization is guaranteed to be valid only locally.]

With this, we have wio = 0 = wowio = 0. So, the expression (A — \[)0 =
—(A — AI)v can be rewritten as

(A= M +wow)o = —(A — M)

Let us evaluate the above expression at tg:

and now we claim that the matrix G(ty) := (A(ty) — Aol + wowy) is nonsingular.
Let us verify this last fact.

Suppose there exists z # 0, such that (Ag— o/ +wowg)z = 0. Then, (A—A)z =
—(w§z)wo and thus wi(Ag — Aol)z = —(wiz)wwy, from which we would get that
wgz = 0. Therefore, (Ag — A\o/)z = 0 and z must then be a multiple of the right
eigenvector vy, and thus we would have wgjvy = 0. But this is a contradiction, since
the inner product of right and left eigenvectors associated to a simple eigenvalue is
not 0 (see Exercise 4.2.8).

Therefore, the matrix G(ty) is invertible and we are ready to summarize the
above in the following theorem.

Theorem 4.2.9 Let A € C*(R,C™ "), let Ny be a simple eigenvalue of A(ty), and
let vy, wo, be the right, left, associated eigenvectors. Let A(t), v(t) and w(t) be the
smooth branches of eigenvalue and right/left eigenvectors passing through Ao, vo, wo.
Then, for the derivatives of the eigenvalue and eigenvector v at ty, we have:

b(to) = GH(t )(/\(to)f A(to))(to)
A(to) ( 0)A(to)v(to) (4.2.4)
w*(to)v(to) =1,

where G(ty) = A(ty) — Aol + wowyg. O

Clearly, (4.2.4) provides an explicit (and nice) formula for the derivative -at to-
of A and v. At this stage, the one drawback left is that we do not yet know how
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to properly continue ¢ in ¢, which we know must be possible as long as A(t) stays
simple.

Nevertheless, the approach just taken is very useful and it can be further ex-
panded to obtain also higher derivatives (if A is sufficiently differentiable of course).
Let us see how things go for the 2nd derivative. Below, all derivatives are at t.
From

(A=X)v=0— (A= X)v+2A—- Ao+ (A=) =0 (4.2.5)

S (A=XN)i € R(A=N) = (N(A*—AI))* . (4.2.5) has a solution iff 2*[(A—AI)v+
(A Ao =0,V 2z € N(A* — AI) which is however 1-dimensional, and spanned
by w. Thus, (4.2.5) has a solution iff w*(A — AI)9 +w*[(A— Al )v+2(A—AI)0] =
or Aw*v = w*Av + 2w (A — \)v, and thus
w* Av + 2w* Ao — 2 w*o

A= . at t=tg. (4.2.6)
w v

To get an expression for 0, use -as before- wgv = 1 = wjd = 0 = wowyv = 0. Then,
from (4.2.5), we get (Ag — Aol + wowg) Vo = — (Ao — Aod)veg — 2(Ag — Mol )V, OF

o = G (to)[(Nod — Ag)vg + 2(NoI — Ag)ig] . (4.2.7)

In principle, we could continue these type of calculations and obtain an expansion
for A\(t) and v(t), which is valid near ty. These are “regular” Taylor-like expansions.
They are useful especially if A(t) is a simple function, for example linear, say A(t) =
Ao + tE, because in this case A =0, A = E.

Exercises 4.2.10
(1) Show formulas similar to the ones we have derived for the case of A(t,s) € C*(Rx
R, C™™). That is, assuming that Py = (to, So) 1 a point where A(t, s) has a sim-

: : : oA 92\ 92X
ple eigenvalue Ny, derive expressions for E‘Pa ' 5 ‘P , as well as W‘Pa , 8tas‘P0,
and 62)\‘
P
: o 0% : .
(2) Find the expressions for 3 ‘Po as well as - at p, 0nd 5 ‘Po’ where v is the eigen

vector associated to the simple eigenvalue.

Simple Eigenvalue: Smooth Eigenvector, Part 3

So, we know that if A(¢) is a simple eigenvalue for all ¢ (or at least near t;), it stays
smooth and so does the associated eigenvector. Still, we are missing a constructive
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procedure which defines the derivative of the eigenvector, except locally, near a point
tg. Indeed, in one of our approaches to obtain the derivative of the eigenvector at
to, we neeeded to assume a certain principal minor to be non-singular, and there
is no guarantee that the same prncipal minor remains nonsingular as we evolve the
simple eigenvalue in ¢; in the other approach, we used a normalization of the (right)
eigenvector v with respect to a fixed left eigenvector wy at ty, and again there is no
guarantee that this normalization is valid except near ty. Then, the idea is to use
a moving normalization, which gets automatically updated in ¢. The difficulty in
doing so is that the evolution of an eigenvector now will depend on the (generalized)
eigenspace complementary to the one spanned by the eigenvector itself, in other
words we will need to bring into play the eigenspace complementary to v.

We now present an approach which resolves this need. The idea is to derive a
differential equation whose solution describes the evolution of the eigenvector. It is
similar in spirit to a constructive version of the IFT applied to the eigendecomposi-
tion of A.

So, we are being more ambitious, and seek a “similarity transformation” V(-)

B At) 0
such that A(t)V(t) = V(t) [ 0 B
and A € o(B), V t. We will derive differential equations for V', show that they are
well defined, and this will imply that V exists and is smooth.

Formally differentiating the relation AV = V (())\ g) we get AV + AV =

)} , with V' being a smooth invertible function,

(A0 _ (A0 , P W
V(O B)—V(() B)fromwhlchwegetV AVIVIAVV -V = V-1V > 0)+

G 5)

Now, let 7= V1V and use V1AV = (A O) (surely true at t = 0, for some

0 B
reference V'(0)). From this, we get the rewriting

iy A 0Y,. (A O A0
VAV+(OBT_TOB+OB.

Next, partition VLAV and T as (g\ g) is; that is,

1 n—1

1} Tu T )
T = ,ete. .
n — ]_} ( T21 T22
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So, we get:
(V_lAV)ll (V_lAV)lg I )\Tll )\Tlg _ Tll)\ TlgB I )\ 0
(V7EAV )y (VTEAV g BTy Bl T\ TxnB 0 B)’
", >\ = (V_lAV)H + )\Tn — T11>\, and so

A= (VTTAV); . (4.2.8)

Observe that 77; is not uniquely determined. Also, observe that (4.2.8) was already
obtained in (4.2.4) (when we chose the normalization w*v = 1).

Of course, we also have the relation B= (V_IAV)QQ + BT — 15 B, and we note
that T3y also is not uniquely determined from this relation.

Finally, using the O-structure of (())\ g), we get

0 — >\T12 - TlgB + (V_lAV)lg
0 — BT21 - T21>\ + (V_lAV)gl

and since A\ ¢ o(B), then smooth Tjs, T are uniquely determined as solutions of
this linear system.
Therefore, from the relation V'V = T, we can obtain the differential equation
: Ty Tio
for V: V=VT, T = <T21 T
and 771, Ty not yet specified.
Indeed, we are free to choose T1; and Ty, smooth, and have a differential equation
for V', well defined, and giving the desired block eigendecomposition for A. O

) with 715 and T5; uniquely determined as above

Example 4.2.11 Here we discuss some constructive choices for Ti1,Ts. Recall
T A A VR AT

that T =V—'V = <T21 T22) )

T21 0

W = vT1y making it clear that evolution of v(t) depends on its complementary

etgen-space.

(b) {”*”:1 . Then V*V:< ) (U,W)Z( ! ”*W). Now

(a) Ty =0, Ty, =0=V = v( ) and if V.= (v, W), then 0 = WThy,

v
W*W =1,4 w= W I

%(VV)_<d(W*U) ) =y
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=VVIVV A VIVYTIV = T(VV) + (VV)T
_ (Th T Lo W (1 W (T T
T T5) \W*u I W 1 Toy o
_ 0 (v W),
N (W*U)t 0
)TN AT W+ T + v W =0 N Ty + Ty = —(v'WTy + Ty W)
T3 + Tiu W+ WoThg + Thy = 0 Ty, + Toy = —(W Ty + Ti0* W)

and so we can uniquely determine the Hermitian part of 111 and Tsy. For in-
stance, we can choose T1; and Ty to be Hermitian. O

The above construction can be nicely generalized to obtain

Theorem 4.2.12 Let A € C*(R,C™") have eigenvalues which can be clustered in

p groups oy, ...,0,, which remain disjoint for all t. Then, there exist V € C*, in-
Dy 0

vertible, such that V1AV = , where o(D;) =0, Vt, j=1,...,p.
0 D,

O

Exercise 4.2.13 Prove Theorem 4.2.12, and discuss different normalizations for
V', as in Example 4.2.11.

Hermitian case: simple eigenvalues

Let us specialize the construction we just presented to the case of a function A €
CF(R,C™"), which is Hermitian, A = A*, V¢, and with all eigenvalues simple. Now
we seek a complete Schur decomposition of A : U*AU = A as smooth as A, with U
unitary: U*U = 1.

Remark 4.2.14 In this Hermitian case, left and right eigenvectors are of course
equal.

We proceed similarly to the general case.
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Let Uy, Ag be the Schur factors of an initial decomposition at to : A(to) = UpAoUs.
Differentiate the relation AU = UA : AU + AU = UA + UA, from which we get
U*AU + (U*AU)U*U = U*UAN + A. Now, let H = U*U, so that we have

A = (U*AU) + AH — HA |

that is
).\1 0 )\1 )\1 0
. = (U*AU) + H-H . (4.209)
0 An An 0 An

Now, since U*U = I = U*U + U*U = 0 = U*U = ~U*U . H* = —H that is H is
skew-Hermitian.
So, using the O-structure from the LHS of (4.2.9), we must have (for i # j)
- U*AU),
0= (U*AU)ZJ + >\sz] — Hij)\j = Hij = % , 1 §£ j,
j— Ai

which is well defined, since A\; # A;, and notice that H;; = —H,; since A is Hermitian.
This allows us to determine H;;, for ¢ # j. The diagonal entries H;; are not uniquely
determined and a simple normalization choice is to set them to 0. So doing, we get
the differential system defining a smooth Schur decomposition:

N = (U*AU);; = ut Au;, =1,...,n,
{ 5= i = WA, ] (4.2.10)

U:UH,HZ']‘:(U*AU)U i%jaHdejIO,jzlln.

X —Ni

Remark 4.2.15 Recalling Exercise 2.2.5, we know that any other smooth Schur
decomposition must be of the type V (t) = U(t)®(t), where ®(t) = diag(e’®®, j =1:
n) and ¢; are real valued smooth functions. This is exactly reflected in the freedom
we have in choosing the entries H;; above.

4.2.2 Multiple eigenvalues

When we consider non-simple eigenvalues, things become considerably more compli-
cated. As a general rule of thumb, the eigenspace behaves more singularly than the
eigenvalues. This is true also in the Hermitian case, where there is also a distinct
difference between the cases of A being an analytic function versus a (arbitrarily)
smooth function. [Recall that a real analytic function is one which admits a conver-
gent power (Taylor) series at any point.|
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Example 4.2.16

(a)

(b)

This is a classical example due to Rellich of a Hermitian function, arbitrarily
smooth but not analytic:

2

2 in 2
Alt) = e-V/2 (cosg smt2)7 A(0) = 0.

sin ¥  —cos ¥
Note that A € C°(R,R**?) and A = AT, V t. Since all derivatives vanish at
0, but A is not identically 0, the function is not analytic. The eigenvalues are
Ao(t) = £e V¥t £ 0 and M 5(0) = 0, so the eigenvalues coalesce at the origin.

1
cos +
Still, observe that A1 o2 € C* as well. Now, the unit eigenvectors are ( . f)

S1n n

1
sin ¢

and ( ! 1) for t # 0 and are in fact C™° on any interval not containing
— CoS 7

t = 0. However, they cannot be continued as continuous functions at t = 0.
Geometrically, the problem is that ast — 0 each eigenvector points in any given
direction infinitely often! Finally, let us notice that the function A is surely
diagonalizable everywhere, just not continuously so.

Even more dramatic is the situation in which the eigenspace changes dimension
discontinuously. A nontrivial example is the following one from Kato. Take

0t O
this (non-symmetric) function A(t) = [0 0 t |, t € R. Obviously, A(t) =
t 01
000 010
00 0f+¢t[0 0 1| isan analytic function. The eigenvalues satisfy \> —
0 0 1 1 01
A2 —t3 =0, and we claim (see Exercise 4.2.17) that the characteristic polynomial

has 8 distinct roots, except when t = 0 or t3 = —4/27. Now, for t = 0, A(t) is
diagonalizable even if it has a double eigenvalue A = 0, but for t = —%\3/4_1 the
matrix is not diagonalizable.

Exercise 4.2.17 Verify the claims made in Example 4.2.16-(b) above. That is, that

>\3

— X2 — 13 = 0 has three distinct roots for t # 0, t # —+v/4, and that A is not

diagonalizable at t = —%\3/4_1

To see what differences exist with respect to a simple eigenvalue, let us examine

the situation of a double eigenvalue with one eigenvector only.
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First, consider this example:

Alt) = (g (1]) _ (8 (1)) + (g’ 8) | (4.2.11)

so A is obviously an analytic function of ¢ € R. The eigenvalues are 4+/¢ and so

they are:
t<0, t=0, t>0,
purely imaginary;, double, both real.

At t = 0, we have one eigenvector only and A(t) clearly is not differentiable at
t = 0. What kind of perturbation result can we get for A? The key observation
is the following. From the characteristic polynomial A\? — ¢ = 0, we know that the
non-simple eigenvalue at t = 0 splits into two simple eigenvalues 4+/.

Therefore, generalizing this idea, we next consider a sufficiently smooth matrix
valued function A taking values in € R"*" with a double real eigenvalue A\ at ¢t = 0
and only one eigenvector. (If Ay € C, much the same contruction below still holds.)
We anticipate a local expansion of the eigenpair as (Newton—Puiseuz series)

AE) = Ao+ 12N+t + 13205 + - -
U(t) :U0+t1/2’01 —|—t’U2 —|—t3/2’03—|— cet
[Note that these become complex valued around ¢ = 0, even if \g € R/]
Now, if A is sufficiently smooth, then A(t) = Ag +tA; + t2As + -+, where
Ay = A(0), Ay = A(0), ..., and so from A(t)v(t) = v(t)\(t), we get
(A0+tA1 +"')(U0+t1/21)1 +t1)2+t3/21)3+"') -
(Uo+t1/2'111 —|-t1)2—|-t3/2’113+"')()\0+t1/2)\1+t)\2+"‘)
and equating same powers of t we get
AQUQ = )\O'U() (O(l))
AQUl = )\O'Ul + )\11)0 (O(tl/2)) (4212)
Ao’UQ + Alvo = )\0’02 + )\11)1 + )\2’00 (O(t))

To be able to solve this, we need to impose some normalization. The standard
construction goes through consideration of the associated Jordan “chains” of length
2 at t =0 (i.e., relatively to \g). We have a right Jordan chain:

Aouo = )\(]U(] JO _ [)\0 1 :|

AV =V iy, V =luy,
0 0 [0, wr] = {AOUl = ug + AUy
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(in the case of our previous example (4.2.11), Ay = 0 and A is the Jordan block

(8 (1))), as well as a left Jordan chain AIW = WJy, or WTAy = JIWT, with

wg AO = )\()wg
W?AO = wép + Aow{
Of course, the right Jordan chain is not unique. But, once it is fixed, we will

make the left Jordan chain unique according to the following normalization. The
standard normalization conditions are:

W = [wy, w;], which gives

wiuy =1, wiu; =0. (4.2.13)

Now, with these, we have
wi Aguy = wi uo + Mowd up — Xowd uy = wiug + Nowd ug — wiug =0,
and
T T T T T
wy Aguy = wy up + Aow; up — wy Apur = wi g,
but also
T T T T T
wy Aouy = wy ug + Aow; up — wy Aguy = wyug
from which we get wlug = 1. That is, the normalization (4.2.13) gives also
waug =0, wiug=1. (4.2.14)

Going back to (4.2.12), we will impose the standard choice wv(t) = 1, where w,
is the left generalized eigenvector associated to the double eigenvalue. Now, because

of (4.2.13) and (4.2.14), this gives (note that vy = ug in (4.2.13) and (4.2.14))

wivg=1 and wlv;=0, i=12,....

With these, we can now solve (4.2.12). Obviously, we have \g = w{ Agvg. Also, we
formally get A\, = wl Agvy, though we do not have v; yet. To get an expression for

AQUl = )\01)1 + )\11)0 N (AO — )\0 I)Ul = )\11)0
A0u1 = )\(]Ul + Vg (A(] — )\0 I)u1 = Vo
Now we can use this expression in the third relation of (4.2.12):

V1, We compare = v = A\U.
(AO — )\0 [)Ug = —Al’Uo + )\1()\1U1) + )\21)0 .
Obviously Ag — Ao I is singular, but wl (Ag — Ao I)vg = 0 .. we must have

wg()\ful + )\21)0 — Al’Uo) =0— )\% = nglvo s
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which will give us (in case wl Ajvg # 0) two values for the two branches of the
eigenvalue and from these two values, we will get the associated two branches v; of
the (bifurcating) eigenvectors.

This process can be continued, though it is a bit tedious. The main message
we want to retain is that multiple eigenvalues typically lead to an expansion in
fractional powers.

Remark 4.2.18 We observe that the fact that there was only one eigenvector asso-
ciated to Ao lead us to consider Jordan forms. But, the expansion of the eigenvalue
in fractional powers did not directly depend on having just one eigenvector. Ulti-
mately, this has to do with the behavior of roots of the characteristic polynomial: In
general, a double root att = 0 will split into a pair of roots whose locally leading term
is +t1/2. We also observe that if we had an eigenvalue with algebraic multiplicity
m and geometric multiplicity 1, we should expect a local expansion of the eigenvalue
and eigenvector in powers of t'/™.

Example 4.2.19 (Hermitian Analytic) Here we will see a very important fact,
whose explanation can be found in [6] in full details, though we will follow the more
informal explanation from [7]. The end result is to show that Eigenvalues of Hermi-
tian analytic functions are analytic.

So, take a function A € CY(R,C™*™), which is Hermitian, A = A*, Vt. [Recall
that C* means that A is real analytic.] So, we have A(t) = > p t* Ay, where

© = Ay for all k. Since A is analytic, also the characteristic polynomial p(\,t) will
have coefficients which are analytic functions of t.

So, ift =0 (say) is a value where the eigenvalues are simple, then the roots of the
characteristic polynomial will also be analytic function of t. That is, the eigenvalues
will have an expansion like \(t) = > 7o t*c,. On the other hand, if —say at t = 0
we have a multiple eigenvalue of algebraic multiplicity m, then that root of p will
have an algebraic singularity and will be expressable as a Newton-Puiseux series
around t = 0: \(t) =Y e o t*/™by.

But, for allt € R, the eigenvalues of A(t) must be real since A is Hermitian,
and fractional powers of t become complex valued for t near 0. This means that in
the Newton—Puiseuzr series we can only have integer powers. That is, A(t) is an
analytic function of t.

Now, if A is real valued, and symmetric, then a similar argument (since the
eigenvectors must remain real valued) tells us that the eigenvectors also admit a
reqular epzransion in powers of t. For the general Hermitian case, in [6] the same
conclusion about the eigenvectors is also given, so that altogether one has:
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Theorem 4.2.20 An analytic Hermitian function admits an analytic eigendecom-
position: A(t)U(t) = U(t)A(t), for all t € R, with U unitary and analytic and A
diagonal, and analytic. 0

4.2.3 Multiple eigenvalues, several parameters: Hermitian
case

Here we consider the symmetric (Hermitian) eigenproblem when A depends on two
parameters.
To begin with, we need to realize that things can go very awry.

Example 4.2.21 Let (z,y) € R?, and consider the function of two parameters A

below:
_ vy
A =[5 V]

Obuviously, the function A is analytic in x and y (it is linear). However, the eigen-
values are £+/x? + y? which are not even differentiable at (0,0). The problem is the
lack of global differentiability at the origin, where both eigenvalues are 0. We no-
tice that viewing A(x,y) as a function of one parameter (holding the other frozen),
renders analytic eigenvalues (see Example 4.2.19 and Theorem 4.2.20).

The above example notwithstanding, we now try to understand when/how a
double eigenvalue of a (smooth, even analytic) Hermitian function of two parameters
persist as a double eigenvalue.

So, we are given a symmetric matrix valued function A of two parameters (z,y)
such that at the point & = (x¢,y0) A has a double eigenvalue \g. We will want to
understand when/how this eigenvalue persists —as double eigenvalue— along a curve
passing through &,. We will assume that A depends analytically on x and y.

Let uy,us, be orthonormal eigenvectors associated to Ay (for Ay = A(&)).

As we know, u; and us are not unique. The degree of nonuniqueness is given
by all possibilities: [u1,us]R, where R is a (2,2) orthogonal matrix. However, for
a given pair [ur,us], the left eigenvectors [vr,vo] of Ag such that v]u; = §;; are
uniquely determined, and naturally are given by [uq, us].

(1)

Take a planar curve (t) = {y ( t)] , depending analytically on ¢, such that ~v(0) =

dl] dy

&y. Let d = [ &l = @ li=o. Consider the restriction of A to this curve, and call
2
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A(t),t > 0, the analytic function of ¢ giving this restriction. So, we can write (where
all matrices Ay, A, Ay, ..., are evaluated at ¢ = 0, that is at &):

Aty =Ag+tA +---, Ai=Adi+Ads -, (4.2.15)

and all matrices are symmetric. Because of analyticity of A(t), we have (see Theorem
4.2.20) that the eigenvalues and eigenvectors of A are analytic function of ¢. In other
words, along the curve v we have:

A(t) =Xo+tA+---, u(t) =vo+tor +--- . (4.2.16)

Observe that vy is the limit as ¢ — 0 of u(¢) and it is not known ahead of time. All
we can say is that vy will need to be a combination of u; and wu,.

From the eigenvalue relation Au = Au, using the expansions (4.2.15-4.2.16), and
equating equal powers of t, we must have:

AQUQ = )\OUO — Vg = C1U1 + CaUsg ,

4.2.17
A(ﬂ)l + Al’UO = >\0U1 + )\1’00 . ( )

Multiplying the second relation by u! on the left, and using the eigenvalue relation
Aoguy = Auy and the form of vy, we get

(ul Ayuy)er + (ul Ayug)ey = ey
Similarly, multiplying the second relation in (4.2.17) by u2 on the left we get

(ud Ayuy)er + (ud Ayug)ey = ey .

Therefore, we must have

T T
M lcl} — H . M= [“1 Ava g v\ (4.2.18)

T T
Co 2 Uy A1u1 Uy A1UQ

So, for A\g to persist as double eigenvalue in some direction d, we must have that \;
is a double eigenvalue of M for that d. Since M is symmetric, the requirement that
A1 is a double eigenvalue of M means that M;; = My, and My, = 0. Recalling that
Ay = Azdy + Aydy, this translates into the requirement

(U{Agﬁul)dl -+ (U{Ayul)dg = (ugAqu)dl -+ (ugAyUQ)dg
(uf Ayus)dy + (uf Ayug)dy =0 ’
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which can be further rewritten as the system

di| _ _ [(uf Apwn) = (ug Aguz)  (uf Ayun) — (ug Ayus)
N {dz] =0, N= { oT A uT A . (4.2.19)

So, persistence as double eigenvalue requires non-trivial solutions of (4.2.19), that
is det(N) = 0. To further elucidate what this means, let

T T
p_|u Azuy  uy Ayug
ul Aguy  ul Agug|

T T
| Ayur ug Ay

- T T ’
[ul Ayuy  us AyU2:|

biy — b — : :
so that N = | b 22 Cllc 2| and so det(N) = 0 is the same as the requirement
12 12

bi1c12 — baocia — biaciy + biacos = 0. But this latter requirement is equivalent to the
requirement BC' = C'B, as it is easily verified.

e Conclusion. \j persists as a double eigenvalue —in some direction d = {dl} — only

ds
if BC = CB, with B=UTA,U, C = UTAyU, U = [uq,us).
Some remarks are in order.

(a) We expect that, if NV is singular, it is of rank 1, that is there is only one curve
along which the eigenvalue through A\, stays double. If N has rank 0, then
the double eigenvalue would persist along any direction. This requires that
B=0bl,C=cl.

(b) In case Ay persists as a double eigenvalue, then )\ is a double eigenvalue of M
in (4.2.18). Therefore, ul Aju; = ul Ajuy and uf Ajuy = 0, Ay = vl Ajuy, and

[zl} is any unit vector. This means that —at first order at least— the limiting
2

value vy of v(t) is not determined: any unit vector in the plane spanned by
U1, U, would be a possible limit. This means that, once we fixed u; and uo,
we will demand that vy be the same as u; or us. This should be contrasted to
the case when )\ does not persist as double eigenvalue. Then, there are two
distinct eigenvalues A; of M, and two independent associated eigenvectors:
Each of these would give a (unique, up to sign) pair of unit vectors [Z and
a well defined limit, in general distinct from wu; or us. In other words, if the
double eigenvalue splits, then there are well defined eigenvectors paths. If the
eigenvalue stays double, any eigenvector path in the plane spanned by w1, uo,
could be retrieved.
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(c) It is worth pointing out that the above construction and conclusions are inde-
pendent of the choice of eigenvectors wuy, us, done at the beginning. In other
words, replacing U with UR, R any (2,2) orthogonal matrix, does not change
anything.

Example 4.2.22 Consider the following function

3 2 2 1
A= Il +2B+yC, B= {2 1] , C = [1 J .
At (0,0) the eigenvalue Ao is double. Here, BC = CB, and neither B or C is
diagonal. In this case (A is linear in x and y), we have an entire line along which the
eigenvalue remains double. It is a simple computation to verify that the direction d of

this line is d = [_12 . In the figure we show the two eigenvalues of A(x,y) computed

along the circle x = 1/2 cos(0), y = 1/2sin(0), 6 € [0, 27|, clearly showing the double
eigenvalue at the two values where the line intersects the circle (6 : tan(f) = —2).
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Chapter 5

Homework Assignments

Homework 1 Problems.

(1) [20 points.] Given the block upper triangular matrix R € F"*" of the form

Ry Rip -+ Ry,
B 0 Ry --- Ry,
0O --- 0 R,

where each block R;; € F"7*™ is upper triangular, with constant diagonal given by
Ni,j=1,...,p,ny+---+n, =n,and \; # \; for j # k. Show that there exist
a similarity transformation matrix V' € F**" such that V"'RV = diag(R;;, j =
1,...,p).

(2) [20 points.] Suppose that A € F"*" has Jordan form diag(J,,(A;), 7 =1,...,k),
ny + ---+ ni = n. Assume that the field F has characteristic 0.

(a) If Ais nonsingular, show that A* has Jordan form diag(.J,,(\3), j =1,...,k).

(b) Is the result of part (a) true if A is singular? Justify your answer.

(c) Is the result of part (a) true for all powers A™ m > 2?7 Justify your answer.
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(3) [20 points.] For parts (a) and (b), let R € F"*" be upper triangular.
(a) Show that the eigenvalues of R are the diagonal entries of R, and only these.

(b) Suppose that R = AI + N, where N is the strictly upper triangular part of R,
and \ # 0. Give an explicit formula for R~

(c) Now, let A € F™ " be nilpotent of index k: A* = 0, but A*~! = 0. Show that
I + A is invertible, and give a formula for (I + A)~%.

(4) [10 points.] Let T'€ Hom(V,V') where V is a vector space over F of dimension
n. Suppose A, ..., \, € [F are distinct eigenvalues of T" with associated eigenvectors
vy, ..., V. Show that vy, ..., v, are linearly independent.
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(5) [15 points.] Let T € Hom(V,V) as in problem (4) and consider its minimal
polynomial.

(a) Show that the minimal polynomial is unique.

(b) Show that T is invertible if and only if the constant term of the minimal
polynomial is not 0.

(6) [20 points.] Suppose A, B € F**™ are diagonalizable (via matrices in F"*").
Show that they can be simultaneously diagonalized, that is there is V' € F™*" such
that V1AV and V1BV are both diagonal, if and only if AB = BA.

(7) [10 points.] Suppose that A € C"*™ is such that A*> = I. What are the possible
Jordan forms of A?

(BONUS) (25 points.] (This problem is IMPORTANT).

Suppose that A, B € F"*" are two different matrix representation of the same
linear transformation 7' € Hom(V, V). Show that A and B are similar matrices.
That is, that there is an invertible matrix S € F**” such that A = S~'BS.
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Homework 2 Problems.

(1) [10 points.] Let A € C™™ and let AT denote its transpose. Use the Jordan form
of A to show that A and AT are similar.
|Observation: This result, and technique of proof, remain true for A € F**" |

(2) [10 points.] Let A € C**™. Let J be the Jordan form of A: J = diag(Jx(A\x, 1), k =
ni,...,ny), withny >--->n,, ny +---+n, =n. Here, we have used the notation
Je(Ag, 1) for the standard Jordan blocks to signify that the eigenvalue is Ay and the
super-diagonal is made of 1’s.

Now, let € > 0 be a given (small) value. Show that J, and hence A, is similar to
the matrix J. = diag(Jx (A, €), k = nq,...,n,), that is the 1’s in the super-diagonal
entries have been replaced by &’s.

(3) [10 points.] Let A € F™*" be invertible, and let B € F"*" be such that
lA= Bl < 1/]A7] .

Show that B is invertible. [Here, F = R or C and the norm is the 2-norm.|
[Observation: This very useful result also holds for an infinite dimensional ver-
sion.]

(4) [25 points.] [On Spectral Radius.] Let A € C**". Define the spectral radius of
A as the quantity
p(A) := max |\,

1<i<n

where \;’s are A’s eigenvalues. You have to show that:
p(4) = Jim [|AKE.

The norm is the usual 2-norm. (Hint: The construction of Exercise 2 is useful.)

(5) [10 points.] [On Pfaffian.] Let A € R™" be anti-symmetric (AT = —A), and
suppose that n is an even number. You are asked to compute the determinant of A
in the special case of A tridiagonal. Your formula must be expressed in terms of the
entries of A.

[Observation: It is known —though we have not seen it— that every anti-symmetric
matrix is orthogonally similar to a tridiagonal one.|

(6) [20 points.] (This is about uniqueness of reduction to Schur form.) Do exercises
(1) and (2) p.23 of the notes I gave you.

(7) [15 points.] Do Exercise (1), bottom of p.30 of the notes.
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Homework 3 Problems.
Notation. In the exercises below, F = R or C, indifferently.

(1) [5 points each.] [A collection of counterexamples.] By giving counterexamples,
show that the following statements are generally false.

(a) Let X(A) denote the collection of singular values of a matrix A, and let B, C' €
F™" m > n. Then: X(CBT) =X%(BTC)U{0,...,0}.
—————

m—-n
(b) The product of two Hermitian matrices in F™"*™ is Hermitian.

(¢) The symmetrized product of two positive definite matrices in F"*™ is positive.
[Hint: See Problem (2) below.]

(d) Let A and B be Hermitian and positive definite, and suppose 0 < B < A.
Then 0 < B? < A2

(2) [20 points.] Let A € F**™ be positive definite, and B € F"*" be Hermitian.
Show that AB is diagonalizable and it has all real eigenvalues, with the same number
of positive, negative and zero eigenvalues as B. In particular, conclude that if B is
positive definite, then AB is positive definite if and only if it is Hermitian.

(3) [25 points.] Let A, B € F"*" be Hermitian and positive definite and assume
that S = AB is also positive definite.

(i) Show that for the unique positive definite square roots of A, B, S, we have

VS =VAB =VAVB.

(ii) Consider the positive definite matrix valued function P(t) = B +tA, t > 0.
Show that the unique positive definite square root \/P(t) is a smooth function
of t > 0. [Recall that a matrix valued function is smooth if its entries are.]

(4) [20 points.] [Projections from SVD.] Use the SVD of a matrix A € R™" to
find orthonormal bases for R(A), N'(A), R(AT), N(AT) and to express orthogonal
projection matrices onto these subspaces.

(5) [15 points.] [On commutators.] Let A, B € F"*". Define the commutator of
A, B as
[A,B] = AB— BA.
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It is easy to observe that if a matrix X is the commutator of two matrices A, B,
then tr(X) = 0. You need to show that:

“Any given matrix X whose diagonal entries are 0 can be represented as the com-
mutator of two matrices A, B.” [Hint: You are free to choose A and B.]

Bonus [10 points.] Show that a (2 x 2) matrix whose trace is 0 is similar to one

whose diagonal entries are 0. This result is actually true for (n x n) matrices, but
it is enough for you to do it for (2 x 2) matrices.

[Note that by putting together this result, and the previous one, we have obtained
that: “A matriz X is the commutator of A, B, if and only if tr(X) = 0.”]
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Homework 4 Problems.

(1) [10 points each.]
(a) [Lecture notes, p. 56] Prove the AGM inequality:

" n 1/n
%le > (H xz) ;x> 0. (5.0.1)
i=1 i=1

(b) Prove that there is equality in (5.0.1) if and only if all z;’s are equal.

(c) [Lecture notes, p. 59] Let A, B be positive definite. Show det(A + B) >
det(A) + det(B).

(2) [20 points.] Let A € C™™ be Hermitian, and B € C"*" be positive definite.
Consider the minization problem:

Az
min )
x#0 r*Bx

(5.0.2)

(i) Show that there is a (nonzero) vector v € C" which gives the minimum value
in (5.0.2), call if y. Show that the pair (v, ) solves the equation Av = pBwv.
|Generalized Eigenproblem.|

(ii) Show that the constrained minimization problem
. TFAx
min

w£0 x* By
xl Bv

where v is the vector from point (i), has a solution v, with associated vector
w, which also solves the generalized eigenproblem: Aw = vBuw.

(3) [15 points.] [Lecture notes, p. 65] Let A, B € C™*", m > n, and let 0;(A + B),
0;(A), o;(B) be the ordered singular values: oy > -+ > g,,. Show

Oirj-1(A+ B) <0i(A) +0i(B), 1<i,j<n, it+j<n+l
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(4) We have seen in class that if A € C**" is such that its symmetric part is negative
definite,
A+ A" <0,

then the eigenvalues of A have negative real part. You have to show the following
generalization.

(a) [15 points.] If B € C™™ is positive definite, and we have
BA+A*"B <0,
then the eigenvalues of A have negative real part.

This part (a) is only half of a beautiful Theorem of Lyapunov. The remaining
half states that

If A has eigenvalues with negative real part, then there exists a Hermaitian,
positive definite matriz B, such that BA+ A*B < 0.

(b) [20 points.] Assume that et converges to 0 (it does), take
B = / eMtetar
0

and show that B is Hermitian positive definite and BA + A*B < 0. In other
words, you have proved Lyapunov theorem.

(c) [Bonus| [10 points.] Show that e? converges to 0 as t — oo.
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Homework 5 Problems.

(1) Recall that for any square matrix, say A € C"*", the matrix exponential is

: A _ N0 Ak
given by e® = =0 T -

(a) [10 points.] Give an explicit counterexample to show that —in general— ee?” #
AtA
e :

AeA* A+A* )

(b) [5 points.] If A is a normal matrix, show that e =e

a 0

(2) [20 points.] [Lecture notes, p. 84] Let A, E € R**? of the form A = {0 "

} and

0 0|
Find [|F||2. Also, discuss the behavior of the eigenvectors of A + E and contrast
this to the eigenvectors of A for different ratios of n and e.

E = [77 1 We know that if u € o(A+ E), then 3\ € o(A4) : [A — p| < [|[E].

(3) [15 points.] [Lecture notes, p. 80] Let A € R™" A > 0. Show that if A is
doubly stochastic and reducible, then there exists a permutation matrix P such that

Ay 0}

PAPT =
{0 Ag

where Ay; € R™*™ and Agy € R™*™ ny > 1,ny > 1,n1 + ny = n, are doubly
stochastic.

(4) [15 points.] Let A € R™" A > 0, and A be (column) stochastic. Let z € R",
x >0, and x # 0. Show that

lim A"x = cz,

m—00

where ¢ is some positive constant, and z is the eigenvector associated to the spectral
radius of A.
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(5) This is an exercise about a special class of matrices, the so—called symplectic
matrices, which are of key importance in Hamiltonian mechanics. These are matrices
of even size, defined as follows:

“A matrix S € R ig called symplectic (or J-orthogonal) if

T o o 0 In
STJS = J, where J= [_[n 0] )

The matrix J is called symplectic identity and it is easy to see that it satisfies
JT = —J= J—l.n

Below, S € R?"*?7 is symplectic. The exercises are arranged in such a way that
you will need the previous one to solve the ones after it. If you cannot solve one of
them, you may still use the result to solve the exercises that come after it; however,
you cannot use the later results to show one of the preceeding ones.

(a) [5 points.] Show that S is invertible and S™! is similar to S.

(b) [5 points.] Show that if X is an eigenvalue of S, then also 1/X is. (Note that
we could have A = 1/)).

(c) [10 points.] Let A € R™™ be symmetric. Show that the matrix S defined by
S = e’ is symplectic.
[Incidentally, matrices of the form JA with A symmetric are called Hamilto-
nian.|

(d) [10 points.] Show that if A = —1 is an eigenvalue of S, then it cannot be a
simple eigenvalue of S.
[The result is true also relatively to the eigenvalue A = 1, but it is enough for
you to show it for A = —1. Moreover, it is also true that A = £1 cannot be
eigenvalues of odd algebraic multiplicity of S; you do not have to show this
last fact, though you can assume it for part (e).]

(e) [5 points.] Show that det(S) = 1.

(f) [Bonus. 10 points.| Show that if A = —1 is an eigenvalue of S, then it cannot
be an eigenvalue of odd multiplicity of S.



Chapter 6

Exams

Math 6112. Fall 2010. Exam 1.
October 6, 2010.

Problems.

(1) Consider a matrix A € R™™ and its transpose AT. Let A be a (real) simple
eigenvalue of A, hence also of A”. Let v be an eigenvector of A associated to A and
let w be an eigenvector of AT associated to A\. Show that vZw # 0.

[Notation: The eigenvalue being simple means that it has algebraic multiplicity 1.]

(2) Let A € C**? be a Hermitian positive definite matrix. Show that it admits
a unique factorization A = LL*, where L is lower triangular with positive (real)
diagonal.

(3) Let A € C™™ and let p(z) be a polynomial. We know that if A is an eigenvalue
of A, then p()) is an eigenvalue of p(A). You need to show that: “FEvery eigenvalue
of p(A) is of the form p(\), where X\ is an eigenvalue of A.”

(4) Show that a matrix A € C™" is normal if and only if it satisfies A = A*U,
where U is unitary.
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(5) Let A € C"*™ be Hermitian negative definite. Consider the matrix
B=(I+A)(I—-A"".

Show that B is well defined and determine where are the eigenvalues of B in the
complex plane.

[Hint: Use the Schur form of A to obtain a Schur form for B.]

(6) Let A € C™™, m > n. Show that the nonzero eigenvalues of AA* and of A*A
are the same, counted with their multiplicities.
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Math 6112. Fall 2010. Exam 2.
November 29, 2010.

Problems.

(1) Let A, B € C"*™ be Hermitian.
(a) (7 points) Let S € C™*" be invertible, Show that:
Ar B& STAS = S*BS.

(b) (3 points) Show that A = I < all A’s eigenvalues are > 1.

(2) (10 points) Let A, B € C™™ be Hermitian. Show that if A > B > 0, then all
eigenvalues of A7'B are in (0, 1].

(3) (10 points) Let A € R™" A > 0. Show that if Ax = Az, with z € R", x > 0,
then A = p(A).

(4) Let A € R™™,
(a) (2 points) Show by example that we may have p(I + A) < 1+ p(A).
(b) (8 points) Show that if A > 0= p(I + A) =1+ p(A).

(5) (10 points) Suppose A, i € o(A), A # p. Let v,w : Av = lv and A*w = jw
(that is, w is left eigenvector corresponding to ). Show that v*w = 0.

(6) (10 points) Let A € C™*" be Hermitian (n > 2). Prove that if B is a ((n —2) x
(n — 2)) principal submatrix of A, and the eigenvalues of A and B are ordered in
increasing fashion, we have

)\k(A) S )\k(B) S )\k+2(A), 1 S k S n—1.



