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ABSTRACT. We consider a class of quasi-integrable Hamiltonian systems with
“one and a half degrees of freedom” and study how friction forces, analytically
depending on the perturbation parameter, can stabilize some particular periodic
orbits. As a general scenario most periodic orbits can, in absence of friction,
be continued under perturbation but disappear when the system becomes dissi-
pative: given a friction value only a finite, system-dependent, set among them
is left. Applications to Celestial Mechanics models of spin-orbit type are dis-
cussed in connection with resonance-locking between revolution and rotation
periods of satellites.

1. Introduction

Many planetary motions are approximately periodic: for example the revolution of planets around
the Sun, of satellites around planets or the rotation of planets and satellites around their axis.
In some cases the periods are linked by a very simple rational relation. A well known example is
provided by the large satellites of the major planets: in almost all cases rotation and revolution
periods are equal. A deviation from this rule is Mercury for which the rotation period is two thirds
of the revolution period (i.e. for Mercury there are 3 days in 2 years). The latter very interesting
phenomenon is not easy to explain from a Hamiltonian point of view: indeed in a Hamiltonian
system close to an integrable one essentially all periods corresponding to unperturbed orbits can
occur even in the perturbed systems, independently of the period.

To simplify one normally assumes that the energy contained in the revolution is much larger than
that contained in the rotation, leading to assume that the satellite moves on a fixed Keplerian orbit.
Several simple mathematical models describing such a situation are called spin-orbit models, see
for instance [10] and [5]. The models are periodically forced one degree of freedom Hamiltonian
systems, i.e. “one and a half degrees of freedom” systems.

We consider several quasi—integrable Hamiltonian systems with one and a half degrees of freedom;
in absence of friction the system will present a variety of motions among which, if the perturbation
is not too large, isolated periodic orbits remnants of “broken-down” resonant tori.! In general for

L That is periodic orbits that can be followed continuously as the perturbation parameter € grows from 0 to (small)

positive values.
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every given period we expect an even number of such orbits, half of which are elliptic and half
hyperbolic. Introducing a small friction term in the equations of motion, some elliptic periodic
orbits of the considered models become asymptotically stable and acquire a non-empty basin of
attraction. It is an important fact that for a given positive friction only a few of them remain
stable or just existing: it seems likely that, in interesting cases (like the ones we consider here),
the union of the basins of attraction of the stable orbits is the full phase space up to a set of zero
volume. This seems confirmed by numerical simulations in similar cases; see [4].

One can imagine that the system is subjected to an initial friction that “eventually” becomes
negligible (but after a time scale larger than the characteristic periods of the system) because of a
change in the state of the system (e.g. from fluid to solid): then in the long time limit the system
will be found near one of the above mentioned stable periodic orbits.

We shall concentrate on three particular cases. The first is the pendulum with periodically driven
point of support. This system was numerically studied in [4]: here it will be considered for small
values of the parameters, in order to study it analytically by perturbation theory. The analytical
results that we find are indeed inspired by the quoted numerical analysis.

The second model is a special case of a gyroscopic motion, periodically forced. And the third
case is the above mentioned spin—orbit model, more closely related to Celestial Mechanics.

The latter model is classical and very simple: it assumes the equations of motion that would
be obeyed by an asymmetric rigid body constrained to rotate around an axis which moves on
a Keplerian elliptic orbit orthogonally to the orbit plane. In Appendix A4 we discuss several
theoretical questions pertaining the approximation by studying the equations that would describe
the motion of a rigid body with the center of mass moving on a Keplerian orbit but free to change
the orientation of the spin and symmetry axes. The point of our analysis has been to check in which
cases the equatios of motion are analytic in a proper system of coordinates so that neglecting higher
order correctons might be justfied by a suitable perturbation analysis (which we do not discuss,
see [3]).

In the first two cases, considered mainly for illustration purposes, we assume a mathematically
simple friction model imagined to be due to an external background. Then we extend the results
to friction forces which might be more reasonable for the spin-orbit model: friction is imagined as
due to tidal dissipation on a fluid planet whose orbital motion occurs on a fixed orbit.

Further numerical study, like the one performed in [4], of the basins of attraction of the periodic
orbits would be highly desirable in order to detect which periodic orbits are really the natural
candidates for attracting the majority of confined motions when at least two of them coexist.

The mechanism of capture into resonance arising in systems differing from integrable ones by a
small perturbation has been studied by several authors starting with the theory of capture into the
3:2 resonance of Mercury [10], [11]. The general mechanism is discussed and summarized in the
review article [15]. In the latter paper friction is considered either periodic or just not depending
on time. Here we regard the friction as not periodic in time and, ideally, abruptly changing order
of magnitude from a small value to a neglegible value: a situation that we consider possible in the
formation of a planet. At the beginning, when the planet can be considered in a fluid state the
dissipation (due to tidal effects on an ellipsoidic rotating fluid) is sensible (though small), while
after a suitably large (but astronomically not so large) time it becomes negligible: we call this time
the “solidification time”.

Therefore the problem is: which are the possible stable orbits at the solidification time? We know
from [10], [11], [15] that the system will settle into a periodic orbit with a probabilistic pattern.
However the orbit on which, randomly, the system will settle has to be among the ones that are
stable at the solidification epoch. Once the orbits are known a well developed theory [15] will even
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allow us to estimate the probability that a randomly chosen initial datum will be asymptotic to
a given periodic orbit (among the existing ones). We study here possible criteria to determine
periodic orbits and to select the (very few) ones that can compete in the random selection of the
“final” periodic orbit.

In the Celestial Mechanics cases our model is oversimplified, and more realistic pictures could
be devised [12]; nevertheless, because of its simplicity, it is suitable for analytical investigations
(as opposed to just numerical ones) on the relevance of friction in the early stages of evolution of
heavenly bodies and for the selection of structurally stable periodic motions. An important role is
plaid by the assumption on the size of the friction and on the actual existence of stable periodic
motions (which has to be checked). Moreover we interpret the extension studied in Appendix
A5, and supplementing the general analysis in [15], as checking that, at least at low orders in
perturbation theory, only few qualitative properties of friction determine which orbit survives.

2. Statement of the analytical results

2.1. The models. Consider the equation
0+eG0,t) +~(0 —p) =0, (2.1)

where 6§ € T = 27/7Z, the function G(6,t) is 2m-periodic and analytic in each variable and e,y € R,
with «v > 0: we shall call € the perturbation parameter and «y the friction constant; the parameter
1 will be either 0 or 1. The case y = 0 will be called the background friction model, while y = 1
will be called the tidal friction model.

For v = 0 the equation (2.1) is a typical equation that arises in several (Celestial) Mechanics
problems; see [17], [14] and [13]. In this case we can derive (2.1) as the Hamilton equations of the
system described by the Hamiltonian

e 1
H0,0,t, 7)Y we + 507+ T +eg(6,1), (2.2)

where (0,0) € T x R and (¢,7) € T x R are conjugated variables, w € R is a parameter, and
0eg(0,t) = G(0,1).

For e = 0 the system (2.2) admits the one parameter family of solutions X (t) = (6(¢),t, ©(t), T'(t))
= (0p + wt, t,0,0), with 6y € [0,27). If w = p/q € Q, with p, ¢ relatively prime, each such solution
is periodic and it is convenient to use coordinates in which it appears particularly simple. For this
purpose the standard procedure is to define a (canonical) linear change of variables

(3)=e(?)- (B)-(7) (23)
= (7% ) =00 n) (2.4

with (m,n) € Z* such that mp — ng = detC = 1.
Then, by setting w = (w, 1), one has wy = Cw = (1/4,0), and the equations of motion become,
if for instance p = 0,

where

{é&l/q+m(mAqB)7 {Asaaf(a,ﬂ)pv(mAqB)pQV/q, (2.5)
B=—q(mA—qB), B = —edsf(a, B) — ny(mA —qB) — npy/q,
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where f(«, 8) = g(0(«, B),t(a, B)). For v = 0 the corresponding Hamiltonian is

1 1 A
H= 57712142 + §q232 —mgAB+ — +ef(a, ), (2.6)
q
and, for £ = 0, the one parameter family of periodic solutions X () considered above is transformed
into Xo(t) =CX(t) = (o +1t/q, o, 0,0), with gag +mBy = 0: this makes clear the main feature of
the resonance (i.e. only one angle is really rotating while the motion of the other will be entirely
controlled by the perturbation).

2.2. Persistence of periodic solutions. If v # 0 there can be no periodic solution close to Xo(t) for
the system (2.5). Indeed due to the presence of a non-vanishing friction the energy of the system
decreases after every period (in fact, for instance in the case u = 0 for the Hamiltonian H defined
n (2.2), equations (2.1) imply H = 7792). However, as usual in the study of forced system, we
shall call periodic a solution such that the (o, 8) variables (or equivalently the (¢, ) variables) are
periodic in time. And instead of (2.5) or the corresponding one for the case y = 1 we consider the
(equivalent) system
{ & = —me (mdaf — q0pf) — v —ny + pmy, (2.7)
B =qe (mOaf — qdsf) =B +py — nav, '
where p = 0,1, and look for the existence of a periodic solution merging as €,v — 0 with the
motion ¢ — (ap +t/q, fo) (obtained by looking at the angle variables of X(¢)) when €, # 0.
It will be convenient to write
=> ™1 (8), (2.8)

veZ

where, for all v € Z, the coefficient f,(8) is a 2m-periodic function of f.

The form of (2.7) shows that if v > 0 and ¢ = 0 there is no periodic solution close to the
unperturbed one. We nevertheless expect a periodic solution to exist as €,y vary within a set of
parameters values containing a cone of the form C_e < v < Cie. For this reason we shall fix
v = Ce, with C' a parameter to be varied. We could also consider, more generally, that ~ is an
analytic function of e (divisible by ¢), and the discussion to which the rest of the paper is devoted
could be extended to cover such a case; however we prefer do not overwhelm the analysis with
unessential technical intricacies that wider generality would inevitably generate, see Appendix A5.
From a physical viewpoint one should imagine that, in concrete examples, the friction parameter
v is fixed to some value, then we could write it as v = Ce which, for given ¢, fixes C' to some
numerical value and one should then check that the value of C' fulfills the conditions that we shall
find.

We shall look for a solution which is analytic in € for € small enough. This means that we shall
write

a(t) = ag + wot + alag + wot, Bos €), B(t) = Bo + blag + wot, Bo; €), wo = —, (2.9)

where a(1, 8;¢) and b(1, B8; ) will be expanded as
a(y, Bie) Z > a3 b(y, Bie) =Y eF Y b (B). (2.10)
k=1 veZ k=1 veZ

If solutions of the form (2.9) exist then ¢ = ga(t) + mB(t), so that one must have qag + mBy = 0,
hence g has to be fixed as cg = —mfy/q, while b(ay, Bo; €) will be suitably fixed and a(ag, 5o;€)
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will be so chosen to obtain ga(wy, fo;€) + mb(ag, Bo;e) = 0. We shall prove in Section 3 the
following result.

2.3. THEOREM. Fiz w = p/q and fiz C so that

p—Hg

in 0 c 19) . 2.11
slnin 5.fo(B) < 2 s 5.fo(B) (2.11)

If there exists By such that
0af0(B0) = F7C, folBo) #0, (212)

then for € small enough there is a periodic solution of the equations of motion of the form (2.9).

2.4. Remarks. (1) The condition (2.12) can be satisfied only if the function fo(3) is not identically
constant. For instance, if
g(0,t) = — (1 + cost) cos b, (2.13)

one has

F(@ 8) = = cos (pa + nf) — 5 [cos (p+ a)ar + (n+m)B) + cos(p — a)ar + (n —m)B)], (2.14)

so that fo(8) = 0 except for p = ¢ = 1 (that is w = 1). On the other hand, if g is an analytic
function, the condition that the function fo(f8) is not identically constant is generic.

(2) If the stationary points of the function 93 fo(8) correspond only to either maxima or minima,
then as the value of C increases, the two conditions (2.12) fail to be satisfied simultaneously.

(3) In the above discussion the dependence on C' of the solutions is not explicitly indicated. However
the proof in Section 3 implies that the solutions (2.9) are analytic in C' near any C' satisfying (2.12).
We can therefore reformulate our theorem by stating that the solutions (2.9) are analytic in € and
v in the intersection of a neighborhood of the origin with the cone C_e¢ < v < C¢e, where C_ and
C are determined by (2.11).

(4) Tt is important to realize that the above theorem does not provide a one parameter family of
solutions: since only a finite number of values for 5y will, in general, be allowed by (2.12) we can
say that (in general) only a finite number among the free solutions, i.e. the solutions existing when
€ = 0, can be continued to ¢ > 0.

2.5. Extensions. I The case in which 0gfo(8) vanishes identically is excluded from the above
analysis: such a case can be dealt with by setting v = Ce2. In the case u = 0, for instance, we
have the following result (also proved in Section 3).

2.6. THEOREM. Let u = 0. Fizw = p/q such that g fo(B8) = 0, and, setting D = (wo0y)?, define?

F2(8) = — [3m*0. 1 (8)D20.1(8) +

X (2.15)
+ §q23ﬁf(ﬂ)D723ﬁf(ﬂ) —mqda f(B)D™95f(B) .
Fiz C such that

. (2) p (2)
F — F . 2.1
G BT () <O < max B (8) (2.16)

2 Given a function F(a, B) we denote by [F(8)]v its vth Fourier coefficient with respect to a.
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If there exists By such that

F@(3) = %c, 95F@ (8y) # 0, (2.17)

then for e small enough there is a periodic solution of the equations of motion of the form (2.9).

2.7. Remarks. (1) The condition (2.16) is a second order condition, as the analysis of Section 3.2
will show, while condition (2.11) of theorem 2.3 was a first order condition.
(2) Condition (2.15) is generic even if we restrict the analysis to trigonometric polynomials g; in
particular, for g given by (2.13), the condition (2.16) is satisfied for C # 0.

2.8. Euxtensions. II. We can also consider the case v = Ce? when the function fo(3) is not
identically constant. In such a case the following result holds: again we consider only the case
1 = 0 for simplicity.

2.9. THEOREM. Let p=0. Fix w = p/q and fix By such that one has

95 fo(Bo) =0, 93f0(Bo) # 0. (2.18)

If v = Ce? then for e small enough there is a periodic solution of the equations of motion of the
form (2.9) provided that one has |C| < Cy for some positive constant Cy.

2.10. Remark. More generally we can set v = Ce”, with n > 2, and a result like theorem 2.9
holds. The new solution is really different from the one in theorem (2.3) as it will be seen from
the fact that they differ already to first order in e: this means that there are several families
of periodic orbits which merge continuously as € — 0 with the unperturbed orbit. In physical
situations the parameters € and y are fixed: then for v small enough one can have distinct periodic
orbits corresponding to several values of n. However the smallness condition that we find on ¢
becomes more and more stringent as n increases.

2.11. Contents. In Section 3 we briefly discuss the proofs of the theorems stated above referring to
Appendix A1l for the more technical aspects; we stress that in the present case the analysis appears
much easier because of the absence of small divisors (as we are interested in periodic rather than
in quasi-periodic solutions).

The periodic orbits appear in pairs of stable and unstable orbits: this is a consequence of
Poincaré —Birkhoff’s theorem [1]. In Appendix A2 we briefly study the stability of the periodic
solutions by performing a low orders analysis.

In Section 4, we consider a very simple form for the friction term with p = 0 and study some
elementary applications: the periodically driven pendulum and a spin-orbit model for a rigid body
both in a background friction case. Finally in Section 5 we shall realize that, also by considering
a tidal friction case (and possibly a more general form for the friction term), the scenario remains
essentially unchanged. In particular we discuss some qualitative properties of systems relevant in
Celestial Mechanics: the systems satellite-planet (like Moon-Earth) and the systems planet-star
(like Mercury-Sun).

2.12. Conclusions. The general conclusions that we can draw about the resonance-locking in the
spin-orbit problem are the following. In absence of friction each family of periodic orbits present
in the unperturbed system also occurs, in general, after perturbation in the sense that at least one
of the unperturbed orbits can be continued at £ > 0, independently of the value of the period if ¢
is small enough (how small depends on the unperturbed orbit considered, hence in particular on
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its period). This is a general property of Hamiltonian systems (well known: for a derivation with
the methods used here see [9]).

If the friction is different from zero only a finite number of periodic orbits can be continued in ¢
up to a prefixed value g¢. If the friction constant is large enough (but still not too large, see (2.11))
then either there is only one periodic orbit or a few of them which are accessible by continuing at
€ > 0 some unperturbed ones.

We imagine that, in the history of the planetary system, friction decreased slowly: we first realize
that the resonance 1:1 is stable since the beginning. As friction decreased while the planet was
spinning down toward the 1:1 resonance, one after the other, other resonances® became stable but
in most cases (basically all except the case Mercury-Sun) the 1:1 was the only one to exist for a
long time, long enough that the system could essentially fall so close to the resonance to become
unaffected by the new possibilities open by the evolution into stability of the other resonances.
This means that the motions were already well inside the basin of attraction of the 1:1 resonance
before any other stable periodic orbit could exist: this could explain why the resonance 1:1 is
almost always the dominant one. In the Mercury-Sun case as well as in all other cases considered
the resonance 3:2 is the first to become stable as the friction decreases and therefore it is the most
likely one, after the 1:1 resonance, to stabilize some nearby trajectory, a case that seems to have
happened in the system Mercury-Sun which is locked in a resonance 3:2. We shall also find that
the capture into the resonance 3:2 is more likely to occur in the case of Mercury-Sun rather than
in the other cases: Mercury-Sun is the case in which such a resonance seems to appear earlier
by far, essentially because of the larger value of the eccentricity. In particular this yields that
Mercury-Sun is essentially the only case in which such a phenomenon could be really expected to
happen, as in fact it happened.

A more precise discussion should include an estimate of the friction and of the time scales involved
together with an analysis of the sizes of the basins of attraction of the different periodic orbits as
functions of the friction. This goes beyond the scope of the present paper.

3. Proof of the theorems

3.1. Proof of theorem 2.3. The analysis follows the classical perturbation theory pattern for
analytic perturbations: we first check that the problem is soluble to all orders of pertubation
theory so that a power series solution can be defined up to convergence analysis and subsequently
convergence is checked for small enough perturbaton parameter values. Convergence is a rather
standard check once the expansion coefficients have been shown to exist and be algorithmically
computable. In this section we derive the power series and the uneventful convergence check is in
Appendix Al.
For v = Ce, inserting (2.10) into the equations of motion (2.7) gives, for k = 1,

(iwol/)2 a,(jl) =—m (imvf, —qOsf,) — CM(SV@

(3.1)
(iwov)> b = q (imv f, — qdsf.) + (p — pg)Cd, 0,
and, for k > 2,
(iwov)” af) = —m [mdaf — g0 {1 = C (iwor) alF Y, 52

(iwor)” b = g [mda f — g0 f18 " = C (iwor) b,

3 As we shall see the onset of stability can be related, or at least bounded, in terms of the size of ¢ if the period is
T = 27q/p. The higher g, at p/q = w roughly constant, the smaller the value of the viscosity below which the orbit

exists and is stable.
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where, given any function F' admitting a formal series
P(bie) = 3oek 2 VD, 33
k=1 VEZ

[F ],(,k) denotes the coefficient with Taylor label k£ and Fourier label v; see footnote 2.
The above equations can be solved for v # 0 provided that, for v = 0, one has, for k =1,

0 = mqds fo(Bo) — c@, 0= —q®93f0(Bo) + (p — pq)C, (3.4)

and, to order k > 2,
0=—m[mduf—qdsfIF,  0=qmdaf—qdsf]f". (3.5)

The two equations (3.4) correspond to the single equation

95 fo(Bo) = CL ;;Lq, (3.6)

as it is immediate to check. Also the two equations (3.5) reduce to one equation,
[mdaf — 9515 =0, (3.7)

which can be solved by suitably fixing the sequence {bék)} reN: the sequence {aék)} el is, finally,
determined by imposing the validity of the exact relation «(0)q + 3(0)m = 0, see Appendix Al.
More precisely [mOaf — q0p f]gk) can be made equal to zero for all k by a suitable choice of the
sequence {bgk)} reN: this can be easily done if 8; fo(Bo) # 0. To prove such a property we can write
in (3.7)
(k—=1) _ 2 (k—1)
[mOa f — q0s fl = —q935f0(Bo) by + all the other terms , (3.8)

where 8[23 fo(Bo) # 0 by hypothesis (see the second relation in (2.12)), and use the tree expansion
envisaged in [9] and briefly recalled in Appendix A1, to which we defer for details: here we confine
ourselves that the final bound on the radius of convergence gives

. {wo w§ @%fo(ﬂoﬂ} _
€0 = min 3 wp =

== 0 3.9
C'B;’ " B (39)

1
q
for some positive constants By and Bj.

Note that (3.6) admits a solution for C' # 0 only if the function fy(8) is not identically vanishing,
and C is chosen as in (2.11). Therefore theorem 2.3 is proved.

3.2. Proof of theorem 2.6. Suppose now that one has 95 fo(8) = 0 and v = Ce?. In such a case
equations (3.1) and (3.2) have to be modified into

(iwor)* ) = —m (imv f, — q0pf,),  (iwov)* b)) = q (imv f, — ¢ f.), (3.10)
for k=1, and
(iwor)” al) = —m [mdaf — qaﬁf]l(,k_l) — C (iwgv) alF=2) — 0%5%051@2, (311)
(iwor)* b = g [mdaf — adsf1) " = C (iwov) b~ + pC6,, 00k, |

19/novembre/2010; 10:26 8



3.14

3.16

3.17

p.3.3

for k > 2.
The equations (3.10) are trivially solvable as J3fo(8) = 0 by hypothesis, while the equations
(3.10) and (3.11) can be solved for v # 0 provided that, for v = 0, one has, for k = 2,

mp

0= —m [mdaf — qdsfl" - c7 0=gq[mdaf —qdsf]\" + pC. (3.12)

while for k£ > 3 equations (3.5) are satisfied.
The identity [Qaf]él) = 0 still holds, so that (3.12) gives

P
05115 = ZC (3.13)
By developing in (3.13)
051" = 0gaf oV + 9gs f bV, (3.14)

and by using the expressions of a) and b(") obtained by solving the first order equations (3.10),
i.€.

a®) = —m D2 (MmO f — q0sf], b = gD [mOaf — q0sf], (3.15)

where D is the operator D = (wody), one finds that

[aﬂf]@) = —mQGO(BfD_2aaf — qQGﬂBfD_Qan + mq (aﬂafD_Qaﬂf + aﬂBfD_Qaaf)

=0 <%m28a fD20,f + %q%)ﬁ D205 f — mqdo fD~20p f) , (3.16)
and the r.h.s. is a gradient with respect to 3 of a function F(?)(a, 3): and we check that
F(8) = = | gm0, D00 + 5205f D05  madu fD-20:1 0
=— > (%mQ (iv1) fun (B) (iwore) 2 (iv2) fun (B) (3.17)
v1+rv2=0
#5050 (6) () 0 un(8) — o (1) o (5) i) 0 fa(3))
as in (2.15). So that
105115 = 95 Fy” (B): (3.18)

If we choose C' as in (2.16) and fix Sy as in (2.17), then (3.12) can be solved, while all the
equations (3.5) with k& > 3 can be solved through a suitable choice of the sequence {bgk)}keN. It
remains to check the convergence of the series in e: we refer to Appendix Al for details, see also
[9]. The bound, derived in Appendix A1, on the radius of convergence reads as

o mr Wk 193
Eo—mln{ W,E,T (319)

for some positive constants By and Bj.

3.3. Proof of theorem 2.9. We can combine the results of the two above theorems. The condition
on [y follows from a first order analysis, by taking into account that the equations to be used in
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such a case are (3.10): hence the value of fj is the same as in absence of friction. Then equations
(3.12) give a condition on bél) which reads as

bgl) =- (@%fo(ﬂo))il GE)Q),

3.20
GBQ) = %C + other terms , (3.20)
q

so that the condition on the radius of convergence becomes

2
€0 = min{ ¢« |aﬁf0(50)|} (3.21)

plCI" Bs" By
for some positive constants Bz and Bj.

3.4. Remark. (1) The constants Bj, B} can be explicitly computed, see Appendix A1 for details.
(2) Note that with respect to [9] there are no small divisors, and all propagators 1/(wor) can be
bounded by 1/wqg (for v # 0).

4. Simple examples with background friction

4.1. Pendulum with friction and forcing. Consider the case (2.13) with p =¢ =1 (so that n =1
and m = 2 in (2.4)), and choose € > 0 and C > 0. Then from (2.14) we obtain

s fo(B) = —%aﬂ cosfB = %sinﬁ, (4.1)

so that the first of (2.12) gives
By = arcsin 2C, (4.2)

provided 2C < 1. This means that the periodic solution X (t) has ag = —2/3p, hence 6y = —f3y =
— arcsin 2C. Note that (4.2) corresponds to two solutions S € (0,7/2) and S = 7 — ;.

If ¢ cosarcsin2C a (tedious) computation (see (A2.14)) gives for the Lyapunov multipliers
(also known as Floquet multipliers) describing the stability of the orbit the values

Ar =1E£V2en2c+ (—Cr+7c) e+ 0(e%/?) and
c>0 for By = 81, A =14 a1ve+O(e), a1 = V2r2c >0, (4.3)
c<0 for Bg = B1, Ax =1 +iazv/z+ O(e), as =/ —272¢ >0

Therefore we can conclude that, to first order,one of the two periodic solutions is stable and the
oher unstable, in agreement with the cited Poincaré—Birkhoff’s theorem.

It would be interesting to study (at least numerically) the basins of attractions of the stable
periodic solutions: the numerical analysis in [4] suggests that, for values of the parameters not too
large (as it is certainly the case in the perturbative regime), the union of the basins of attractions
of all periodic orbits fills the whole phase space. Then a comparative study of the basins should
determine which periodic solutions attract most of trajectories.

We have also investigated numerically what happens when the friction decreases in time, slowly
with respect to the characteristic periods of the system, e.g. with an exponential decay law v =
Cee™ ", with » small: the periodic orbits which are stable in correspondence of the value of the
initial friction continue to exist and all trajectories appear to be attracted by such orbits if k is
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p.4.2

4.6

4.7

4.8

small enough (with respect to the time needed by the attractor to be reached, i.e. a time of the
order of the inverse of the Lyapunov coefficients of the stable orbits thus singled out).

4.2. Periodically forced gyroscope with background friction. Consider the equation (2.1) with

g(0,t) = " a; cos(20 — jt), (4.4)

jeN

which can represent the precession of a gyroscope subjected to a periodic torque.

For instance the gyroscope could be moving on an ellipse of eccentricity e and it could be subjected
to a gravitational attraction from a mass located in the ellipse focus. For concreteness one can
consider the ¢(6,t) arising in a spin—-orbit planetary model: this is interesting because it gives us
the possibility of introducing a well known model (see equation (2) in [10]) which may have some
relevance in Astronomy and that we shall study in Section 5 under the presence of tidal friction.
The model has been used (without friction) in [5] to study the stability of librations in the cases
of a few celestial systems. It will illustrate the mechanism of resonance selection which depends in
a delicate way on the relative size of the coefficients a; (which depend on the eccentricity e of the
orbit of the planet, see (5.1)). There are 10 such coefficients

The construction of the model is reproduced in Appendices A3 and A4, see (A4.23), and gives
for the function g(6,t) the expression (5.1) in next Section, from which the coefficients can be
obtained once the value of the eccentricity is known. The coefficients have been computed, in our
numerical tests, via an algebraic manipulator from the data of a few celestial bodies by assigning
appropriate values to the eccentricity e.

We shall use data that arise in the following six cases: Moon-Earth, Mercury-Sun, lo-Jupiter,
Enceladus-Saturn, Dione-saturn and Rhea-Saturn. We stress, however, that the following has no
pretention of being a study in Celestial Mechanics because the background friction does not seem
to be a sensible model for the capture into resonance of the systems considered.

For w = p/q one can write f(«, 5) = Z;:—s,j;éo a;cos ((2p — j@Q)a+ (2n — jm)B), so that
fo(B) = aj cos ((2n — jom)B) , 2p = Jog =0, (4.5)

which gives the values listed in table 4.1.

jo |p g |n |m | fo(B)

1 |11(21|1 |3 | aicospf
2 (1|1 |1 |2 |azcos2B
3 (32|11 |agcosp
4 121111 |1 |agcos2p
51512 (2|1 |ascosp
6 |31 (2|1 |agcos2p
7171213 |1 | arcosp

TABLE 4.1. Values of p,q,n,m and the corresponding fo(8)
for different resonances jo : 2, i.e. p/q = jo/2, with jo =
1,...,7in (4.5).

Therefore (2.12) fixes Sy so that
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4.9

p.4.3

4.10

sec.b

p.5.1

provided that one has

p C1
?a5'<1. (4.7)

We define Cj, to be the positive value of C for which one has equality in (4.7) and call this quantity
the ezistence threshold for the resonance corresponding to jo.

Jo 1 2 3 4 5 6 7

v/q 1/2 1/1 3/2 2/1 5/2 3/1 7/2
M-E [¢?|a;,]6/p |0.05488 [0.99247 [0.12725 [0.01272]0.00116 |0.00010 |0.00001
M-S | ¢%[a;,]6/p |0.20553 |0.89475 |0.43787 |0.16398]0.05574 |0.02024 |0.00640

I-G | q¢%|aj,|0/p 10.00410 [0.99996 |0.00957 |0.00007]0.00000 |0.00000 |0.00000
E-S [¢?|aj,|6/p [0.00450 [0.99995 |0.01050 |0.00009 |[0.00000 |0.00000 |0.00000
D-S |q?|a;,|6/p 0.00220 [0.99999 |0.00513 |0.00002]0.00000 |{0.00000 |0.00000
R-S |q?|aj,|6/p [0.00100 |1.00000 |[0.00233 |0.00000|0.00000 |[0.00000 |0.00000

TABLE 4.2. Values of Cjo which characterize the appearance of periodic orbits with periods

p/q for the cases Moon-Earth (M-E), Mercury-Sun (M-S), Io-Jupiter (I-J), Enceladus-
Saturn (E-S), Dione-Saturn (D-S) and Rhea-Saturn (R-S).

Thus we see that for C large, i.e. at least for C' > C}, in our (not optimal) estimates, there is no
periodic orbit close to an unperturbed one, while for values of C' just below C5 only the periodic
orbit with frequency w = 1 exists. Another periodic orbit (with frequency 3/2) appears when C
falls below the value C3. In the case of Mercury-Sun one has C3 ~ C/2, while in all other cases
one has at best C5 & C/8. This should be in agreement with the fact that Mercury-Sun is the only
case in which at the end the system was captured into the resonance 3:2; however for a physical
interpretation of the results we defer to next Section.

In all cases, in concrete applications, one should check that the values of € of interest are less
than the value of the radius of convergence of the perturbative series (relative to each orbit). Here
we have not fixed the value of ¢ because the present analysis is an illustration rather than an
application: hence we are free to take € very small, as small as necessary to insure convergence of
the series that define the resonant orbits. We shall discuss this matter, i.e. how to fix €, in the
context of Celestial Mechanics applications when the friction is tidal.

4.3. Lyapunov coefficients of the periodic orbits As far as the stability of the periodic solutions
are concerned, one has oy = —mpo/q + O(e), hence 0y = —fy/q + O(e), with By given by (4.6).
As in deriving (4.3) a trivial computation (but still more tedious than the previous one) gives, for
the cases Moon-Earth (with jo = 2) and for Mercury-Sun (with jo = 3) or for Mercury-Sun with
jo = 2, respectively

Ay =14 8.85229\/c cos 23y + (—Cm + 39.18154 cos 26y £ + O(3/?),
At =1+ 14.35847+/e cos By + (—2CT + 103.08289 cos fy) € + 0(53/2)7 (4.8)
At = 14 8.40999/c cos 23y + (—Cm + 35.36398 cos 26y ) £ + O(3/2),

where the stable periodic orbits are those with cos§8y < 0.

5. Spin-orbit interaction with tidal friction

5.1. Application to the spin-orbit model. In a system satellite-planet (or planet-Sun) there can be
several types of friction: the friction between satellite layers of different composition, say one liquid
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5.1

5.2

5.3

and one solid (core-mantle friction), or the friction due to the tides (tidal friction). There could
be also other sources of friction which we do not consider (especially those which could modify the
revolution motion of the planet that, as we are implicitly using that it occurs on a fixed orbit).
One can expect that such phenomena produce a friction term of the form 79r(9, 0, t) + v/, with
7,7 € R, and r a 27r—periodic function (in # and t) analytic and positive, to be added to the
forcing term G(0,t) = 0pg(0,t), where, [5] and appendix A4, A5

g(0,t) = (ie - 31—263 + %65) cos(20 — t) + (% - 262 + 564) cos(20 — 2t)
+ ( - ge %63 - %65) cos(26 — 3t) + (11762 - %64) cos(20 — 4t)
+ ( - 89;46563 %65) cos(260 — 5t) (5.1)
+ (%64) cos(20 — 6t) + ( - 23223765) cos(20 — Tt)
+ ( - 9—1663 - 1;;665) cos(20 +t) + (%64) cos(20 + 2t) + ( - 2?(130@5) cos(260 + 3t).

Here the parameter e is the eccentricity of the orbit, and g(6,t), as given by (5.1), is the #-dependent
part of the power expansion in e of w?(Ar)wry? cos?(6 — Ar) (see Appendices A3 and A4 for details
and notations). The perturbative parameter ¢ is related to the asymmetry do = (I, — I)/I. of the
equatorial moments of inertia, which we suppose to be due to the tidal equatorial bulge of height
h, so that 63 = 2h/R, while C' is related to the viscosity of the fluid magma forming the planet:

32h Cdiflﬁ

sdifé = ——
~ 2T 9 R T 3Muw’

(5.2)

The above model can be derived from the theory of rigid motions as explained (for completeness)
in Appendix A4.

Here we consider the case in which the friction is fixed as in (2.1), with p = 1, and fix v = Ce.
The choice reflects that one expects friction to be due to tidal phenomena and to be minimized in
a resonance 1:1; see Section 5.2 for further comments. Then the equations of motion become

b4 2G(0,1) + Ce (9’ - 1) —0, (5.3)

with G(0,t) = dpg(0,t) given by (5.1). See table 5.1 for the values of € and +.

Planet v=Ce € C
Moon | 1.00e — 02 3.38¢ — 05 (2.96¢ + 02)
Mercury |6.06e — 04 |2.03e — 06 (2.99¢ 4 02)
To  |1.26e— 01|7.66e — 03] (L.64e + 01)
( )
( )
( )

Encelado |6.51e 4+ 01 | 3.49¢ — 02| (1.86e + 03
Dione |[5.33¢+00]|7.98¢ — 03| (6.68¢ + 02
Rea 2.31e 4+ 00| 3.38¢ — 03] (6.85e + 02

TABLE 5.1 Values 7, e,C for the various cases according to the model developed in
Appendix A3,A4 and in Section 5.2; they are the values adopted in this paper.

We change variables in a way suitable to study one of the seven resonances (corresponding to
the seven terms in (5.1): this step is the same as the corresponding one performed in the case of
the gyroscope in Section 4. The resonances will be labeled in the same way by jo = 1,2...7. The
coefficients a; are the same; see table 4.1.
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5.5

By recalling (2.12) we see that one has to fix 8y so that

(_p—qgl

¢ ajd

p—q C 1
q2 ajy 8

1
By = = arcsin

5 (5.4)

) , provided ‘ ‘ <1

0,]'0 5

with 6 =1 if jo =1,3,5,7and § = 2 if jo = 2,4,6. As a consequence the table 4.3 is replaced by
table 5.2.

Jo 1 2 3 4 5 6 7
p/q 12 [1/1] 3/2 2/1 5/2 3/1 7/2
M-E % 0.05488 | oo |0.38176 |0.02545|0.00193 |0.00015 |0.00001
M-S % 0.20551 | oo [1.30786 |0.32796[0.09290 |0.03036 |0.00896
-G % 0.00410 | oo [0.02870 |0.00014 |0.00000 |0.00000 |0.00000
E-S % 0.00450 | oo [0.03150 |0.00017|0.00000 |0.00000 |0.00000
D-S % 0.00220 | oo [0.01540 |0.00004 |0.00000 |0.00000 |0.00000
R-S % 0.00100 | oo [0.00700 |0.00001 [ 0.00000 |0.00000 |0.00000

TABLE 5.2. Estimated values Cjo of C' below which attractive periodic orbits with
periods p/q exist, for the cases Moon-Earth (M-E), Mercury-Sun (M-S), Io-Jupiter (I-
J), Enceladus-Saturn (E-S), Dione-Saturn (D-S) and Rhea-Saturn (R-S). The entries
0.00000 mean that the first nonzero digit is beyond the ones written.

Evaluating the thresholds for the various cases we can estimate the various constants and we
get that the radius of convergence of the series defining the periodic orbit starts being positive for
C < Cj, and rapidly tends to a limit as C — 0. If C' < C}, /2, say, the radius of convergence has a
size €, that should be compared with the actual value of ¢ in the case of each planet. The results
of our estimates is reported in table 5.3.

o 1 3 1 5 6 7
/4 1/2 3/2 2/1 5/2 3/1 772

Moon |1.23¢ + 00] 1.28¢ + 01| 3.05¢ + 01 | 1.94¢ — 01]3.63¢ — 01 | 1.99¢ — 03
Mercury [8.52¢ 4 01| 7.18¢ + 02]7.28¢ + 03[ 1.73¢ + 02| 1.35¢ + 03 | 2.78¢ + 01
To  |4.02¢ — 04[4.22¢ — 03] 7.50e — 04| 3.57¢ — 07| 4.94¢ — 08]2.03¢ — 11
Encelado | 9.68¢ — 05| 1.02¢ — 03| 1.98¢ — 04| 1.04e — 07| 1.57¢ — 08| 7.08¢ — 12
Dione |2.07¢ — 042.18¢ — 03[ 2.08¢ — 04| 5.30e — 08| 3.94¢ — 09| 8.66¢ — 13
Rea |2.23¢ — 04]2.34¢ — 03| 1.01e — 04| 1.18¢ — 08]3.97¢ — 10| 3.97¢ — 14

TABLE 5.3. Values ¢ /e (for C = Cj /2).

If the value is > 1 the theory can be
applied to the resonance corresponding to jg. The values of € are from Table 5.1.

A rough estimate of ¢, easily follows from the proof in Appendix Al and it gives a growth of

the convergence radius as C' — 0 proportional to

lp—4ql C
q2 |aj0|,

le| < consty |1 —

p#q (5.5)

Table 5.3 is based on a more detailed estimate following the proof details in Appendix Al.

The interest of table 5.3 is that it shows that aside from the cases of Io, Enceladus, Dione, Rhea
the resonance 3:2 falls in the domain of convergence of our theory. In the case of the latter four
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p.5.7

heavenly bodies the interesting resonance 3:2 (as well as all others) is outside the convergence
radius as estimated in Appendix Al, see (A1.15). The estimates, however, might be improvable
beyond our crude results derived in Appendix Al, although it seems unlikely that the cases of the
four satellites could be covered. However attempting an improvement would not be really useful
because the time scale for the attraction by the 1:1 resonance turns out to be too short for all
heavenly bodies except for Mercury, see below.

The main difference with respect to the case studied in Section 4 is that the periodic orbit
with frequency 1 exists for all values of C'; besides that we can immediately realize that no real
qualitative change is produced with respect to the results obtained in the previous section.

5.2. A physical friction model. A detailed discussion would require assuming a more realistic
model for the satellite structure and relying on some theory of evolution of the planetary system:;
see for instance [19] for an introduction on the subject.

Suppose that friction is essentially due to tidal effects on an entirely fluid “fast” rotating planet
(i.e. with rotation speed w at least a few times larger than the revolution speed) evolving toward
a solid body with neglegible tidal effects. A model for tidal friction can be derived by assuming
a tide on a fluid planet which creates a bulge lagging behind the radius vector from the center of
attraction S to the planet by an angle 7. In this way the planet looses its equatorial symmetry
and its smallest axis of inertia points in a direction at an angle 7 with respect to the line joining
the planet center to the attraction center S.

This means that in a frame fixed with the planet the axes of inertia rotate at speed Ar and the
equations of motion of the body are affected, to first order, by the presence of a torque which in
the comoving frame is 20, sin 7( — wr), where 6 = (I, — I,))/I. = (a® — b?)/(a® + b?) = 2h/R,
if h is the tide height and R the planet radius (because we suppose a = R — h,b = R+ h), see
Appendix A4. Furthermore the phase shift 7 will be taken simply 7 = g (9 — 1) i.e. proportional
to |0 —wr| of the order of wp = 1 (in our dimensionless units) or smaller. Also the rotation velocity
wp should enter in the dimensional analysis but we assume it to be of the order of wr because we
are studying simple resonances.

The constant 7y has to be a dimensionless constant formed with the following physical quantities:
the viscosity 7 of the magmatic fluid constituting the planet, the planet radius R, the tide height
h and the angular velocity wr. Simplest is to take v9 = nh/Mwy. Defining ¢,C as in (5.2) we
obtain the equations (5.3) and the coefficients can be computed from the tidal excursion h.

The tidal excursion (as long as the planet is fluid, see [8], problem 1.4.10) is of the order of
R(R/p)3(Mo/M), if R is the radius of the planet, p is the distance between planet and central
body, and Mj is the mass of the latter. In the early history of the solar system one can assume
that the viscosity is very large: larger than that of magma, which can exceed that of water (which
equals 1072 C.G.S units) by a factor up to ~ 102 and smaller than that of the Earth mantle (of
about ~ 10?2 times the water viscosity); see for instance [16] and [18].

By assuming for 7 a value 107 C.G.S. units and inserting the values of R, M,w, p, My of the
various systems considered so far (see for instance [2]), we find that the order of vy at the beginning
of the life of the celestial body (in units of the inverse of the revolution period) can be quite different
depending on the body and it can be essentially negligible in some cases (for instance it is around
610~* for Mercury, and negligible for the Moon and the other satellites). This means that the
characteristic time for the approach to the 1:1 resonance is quite fast for Mercury (a halving time
for the spin of about 103 years) and much faster for the Moon, see table 5.1. Halving the value
of 1 does not affect the values of C}, but it doubles the time of the spin down: hence the actual
value of 7 is quite important.

At the same time the value of 7 = Ce has to decrease, in the case of Mercury, by a factor of

19/novembre/2010; 10:26 15



about ~ 102 before the value of C reaches the treshold of stability of the first non-trivial resonance
(i.e. 3:2) and of the order of 4 times more to reach the stability treshold for the (next) resonance
1:2 (compare column C' in table 5.1 and columns 3 and 4 in table 5.2).

In the case of the Moon the value of v has to decrease by a factor ~ 103 for the stability of
the 3:2 resonance and 15 times more for the (next) 2:1 (again compare column C' in table 5.1 and
columns 3 and 4 in table 5.2).

The cooling, i.e. the moment when the viscosity can be regarded as much smaller because the
body solidifies, should take quite likely the same time in both cases. Hence there is the possibility
envisaged in the introduction that the planet will spin down while cooling and that its solidification,
when the friction becomes comparatively rapidly neglegible, occurs when the spin is still greater
than 3:2 so that the planet can be captured by the 3:2 resonance which has become stable. The
cases of Mercury and of the Moon seem best suited for the appearance of the stable 3:2 resonance
because it has the lowest treshold (provided the solidification time is of the order of 10* revolutions
of Mercury, i.e. ~ -103 years, or ~ 102 revolutions of the Moon), see table 5.1): this seems to make
Mercury the only case in which 3:2 can become a stable resonance (as the Moon would collapse on
the 1:1 resonance in time much shorter because v is quite large, a time of order of 102 lunar years,
i.e. ~ 10% months or ~ 8 years).

The choice of the value of n = 10'® C.G.S. units affects the results but qualitatively it has the
only effect of changing the time scales by a common factor. Unfortunately without a detailed
model for the formation of rocky planets and the evolution of the dynamic viscosity the above
seems all one can say at the moment.

Acknowledgments. We are indebted to Alessandra Celletti for useful discussions and explana-
tions about the spin-orbit model.
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Al.l

Al.2

Appendix Al. Tree expansion and technical details of the proofs

A1.1. Trees. We prefer to follow the tree formalism introduced in [9]: other approaches based on
the implicit functions theorem could also be applied, if preferred. A tree 6 is defined as a partially
ordered set of points, connected by lines. The lines are oriented toward the root, which is the
leftmost point; the line entering the root is called the root line. If a line ¢ connects two points vy
and vo and is oriented from vy to v we say that vo < v1 and we shall write v{ = vo and ¢ = £,,,;
we shall say also that ¢ exits from vy and enters v;.

Vg

U1 U7
4y vs
root Vo U3 Us

V4 v11

U2 V10

V12

V9

Fic. Al.1. A tree 6 with 9 nodes and 4 leaves: the latter ones are graphically
represented as bullets. The length of the lines should be the same but it is
drawn of arbitrary size.

Besides the root, there will be two kinds of points: the nodes and the leaves. The leaves can only
be endpoints, i.e. they have no lines entering them, but an endpoint can be either a node or a leaf.
The lines exiting from the leaves play a very different role with respect to the lines exiting from
the nodes, as we shall see below. We shall denote by vy the last (i.e. leftmost) node of the tree,
and by £y the root line; for future convenience we shall write v, = r but r will not be considered
a node. See figure Al.1 for an example of tree.

We shall denote by V() the set of nodes, by L(6) the set of leaves and by A(f) the set of lines.

Fixed any line ¢, € A(f), we shall say that the subset of # containing ¢, as well as all nodes
w =< v and all lines connecting them is a subtree of 6 with root v’: of course a subtree is a tree.

Given a tree, with each node v we associate a mode label v, € Z, and to each leaf v a leaf label
Ky € N. The quantity

k=[VO)|+ Y ke (A1.1)

is called the order of the tree . With any line ¢ exiting from a node v we associate a label v,
assuming the symbolic values a, 8 and a momentum label vy € Z, which is defined as

Ve = vp, = Z Vi, (A1.2)

weV(0)

w=w

while with any line £ exiting from a leaf v we associate only the label v, = (.
We can associate with each node also some labels depending on the entering lines and on the
exiting one: the branching labels r, and s,, denoting how many lines ¢ having the label v, = «
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Al.3

Al.4

Al.5

Al.6

Al.8

Al.9

Al.10

Al.11

and, respectively, 7o = 8 enter v, the label 7,, defined as

_ L iy, =5,
77”_{0, if v, =a, (41.3)

and the label j, assuming the values 1,2,3. The label j, indicates which of the three terms in
(3.1) is selected.
Then with each node v we associate a node factor

- 11 . Ty QS
Fy = (=0, a1 + 0y, 59) (85, 1mivy = 85, 2q05) — — ()™ 93" fu, (Bo)

ol 5!
. (A1.4)

— 5,3 [&W (6%158“,0 - 7176”,068“,0) + 6305 (Gry 00,1 + POry.00s,.0)|

which is a tensor of rank 7, + s, + 1, while with each leaf v we associate a leaf factor (to be defined
recursively, see below)
L, =0b{"", (AL5)

which is a tensor of rank 1 (i.e. a constant); to each line ¢ = ¢, exiting from a node v we associate

a propagator
1 1

P ; Al.6
(twore)? 008 ( )

Go = (0j,1 +9j,.2)

iwore’

while no divisor is associated with the lines exiting from the leaves. For consistence we can define
Gy=1, (A1.7)

for lines exiting from leaves, so that a propagator Gy is in fact associated with each line.
Call O, the set of all trees of order k with v,, = v and vy, = v, if ¢y is the root line, and
define the application Val: O, , — R, as

Val(o):( II Fv)( I1 Lv)( I1 Gg), (A1.8)
veV(0) veL(H) LeA(0)

which is called the value of the tree 6.
We can define also the reduced value of the tree 6 as

Val’(@):ﬁ“vo( I1 Fv)( I1 Lv)( 11 Gg), (A1.9)

veEV (0)\vo veL(H) LEA()\bo

where, as usual, £y denotes the root line, and Fvo is defined as

~ . 1 1
Fvo = 5ju0,1 (m“/Uo - qaﬂ)

j (i) 05" funy (Bo); (A1.10)

then, by setting 627017 = Of,0,4 \ o, where 6 is the tree given in figure Al.2, one can define the
leaf factor (A1.5) as
-1
b == [3h50)] Y Var(o), (AL.11)

6€@z+1,0,7

where the quantity 8[23 fo(Bo) is nonvanishing by the second condition in (2.12). Note that in (A1.11)
the value of the label 7 is irrelevant as Val'(¢) does not depend on 4.
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Al.12

p.Al.2

Al.13

Al.14

Al.15

Vyo =0 Ky=k
0y =

T V0 v

Fi1c. Al.2. The tree 6y with one node vy and one leaf v. One has 7y, = 0
and sy, = 1. The order k of the tree is given by k = 1 4 ky, and the
momentum is vanishing, so that vy, = 0.

Then it is straightforward to prove by induction that the following tree expansion holds for the
coefficients in (2.10) of the periodic solution (2.9):

al» = " Val(d), b= > Val(0), (A1.12)

€O, v, a 0€Ok,v.8

for k € N and v € Z\ {0}, while b(()k) is given by (A1.11) and a(()k) = 0 has to be fixed in such a
way that the identity a(wo, So;e) = —mb(ao, Bo; €)/q is satisfied to all orders.

A1.2. Bounds. It is easy to realize that, for bék) fixed as in (A1.11) no line ¢ € A(f) can have
vy = 0, except for the lines exiting from the leaves; but for them the propagator has no divisor (see
(A1.7)) and it is replaced by 93 fo(So).

By using (A1.11) we can decompose iteratively the leaves into trees, so that at the end only trees
without leaves appear. For such trees (Al.1) has to be replaced with k = |V (0)|; we can write
k = k1 + ko, where kp is the number of nodes v with j, € {1,2} and k2 is the number of nodes v
with j, = 3.

Then, by using that

1 . )
— 0", (Bo)| < FD e,
Sy
L. ry+1 8 T Klvy|/8
— (i)™ < (ry + 1) - erivel/s] (A1.13)
!
Z (ro +8y) =k —1,
veV(0)

for some positive constants F, D, k, one obtains easily

1\"™ /1\"™
I1 Fv‘ge—n\u|/2Bi€1|C|k2’ ‘ I1 Ge‘g (_2) (_) , (A1.14)
Wy wo

veEV(6) LEA(0)

for a suitable constant B;. If we take into account also the leaves we have no propagator to
associate to the root line, but we have to take into account the factor before the sum in (A1.11),
so that (3.9) follows.

A better bound can be found in the case in which fy contains only one harmonic, as in the
case (4.4) and as in Section 5; in such cases given the resonance jy of type p : ¢ (i.e. w = %) we
consider the corresponding m, n, see (2.4), and set v = 2p— jq,p = (2n—jm) for j = 1,...,7 then
convergence occurs for

e< (max{a,c}~b~d)71, with

b= max{g?, 1/((2n — jom)?|ago | cos(6o))}. (AL15)
_ mlp —d|

c= Cmax{max{l, p },max{l,p}},

d=3.2.2.4 =48,
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where the first term in a arises from the quantity in the first parenthesis in (Al.4), the second
and third arise from the next two factors; the ¢ arises from the term proportional to C' in (A1.4);
the factor b is due to the propagators attributed to the lines (using wy = % for the first term
in the maximum, coming from the lines with label v = «, 3, while the second term comes from
the leaves); the factors in d are due to the choices of the values of j, (3), choices of the labels v
(i.e. 2), choices of the nodes representing leaves (2) and choices of the tree structures (4), see [9].
The (A1.15) leads to the table 5.3 (for jo # 2) which is evaluated at C' equal to 3Cj, if Cj, is the
maximal value estimated below which the resonance in question is stable (see Table 5.2 and (5.5)).

A1.3. About the proof of the other theorems. The technical parts of the proofs of theorems 2.6
and 2.9 (and of theorem in Appendix A5) can be dealt with in the same way, up to slight changes
which we leave to the reader.

Appendix A2. Stability of periodic solutions

A2.1. Linearization around the periodic solutions. The periodic orbits for our system appear in
pairs of stable and unstable orbits: this is a consequence of Poincaré-Birkhoff’s theorem [1]. To
detect the stable solutions from the unstable ones a first order computation is enough.

Let us consider the case dealt with through theorem 2.3. The corresponding equations of motion,
in the original variables, are

é:er@, Q:—gagg—EC(w+®), (42.1)
t=1, T = —c04g. '

It is clear that for a study of the stability it is enough to consider the first and third equation,
t.e. the system
0=w+0, © = —cdgg —eC(w+09). (A2.2)

The variable T indeed does not enter in the other equations. On the other hand we can study the
stability of a periodic orbit by looking at the corresponding periodic point for the Poincaré map
defined by t € 2nZ. This allows us to disregard variations in the inial value of ¢.

The linearization of (A2.2) around the periodic solution X (t) = (6(t), ©(t)) given by the theorem
2.3, leads to

=E=L({t)E,  Z=(80,00), (A2.3)
where -
L(t) = (589990(9(15),t> ic) L= R0, (424
with
and so on.

A2.2. Wronskian matriz. Let us denote by W (t) = Yo, e*W*)(¢) the Wronskian matrix, that
is the matrix whose columns are two independent solutions of the linearized system (A2.3) (so that
W (t) = L(t)W(t)). Then one has

WO (t) = exp {tL(O)} = (é i) , (A2.6)
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while W) (t) is obtained by solving the system W = LOHW O (1) + LO (WO (1), d.e.

Az.7 WO () = wO @) {W(l)(O) n / "ar (W<0> (T>)_1L<1>(T>w<0> (7)} , (A2.7)
0

where one has to take W1 (0) = 0 in order to have W (0) = 1.
A trivial computation shows that in (A2.7) one has
_ 1 -7 0 0 1 7 —rx(1) —7%x(1)+CT
WO L WO (r) = (0 1 ) (z(T) —C’) (0 1) - ( SC(T() ) T:c((T))— c )
A2.8 (A2.8)
where we have set z(t) = —0ggg(fo+wt, t). Denote by xy () the kth primitive of x(t) with 2 (0) =0
(so that &y (t) = xg—1(t), with xo(t) = z(t)). Then, by using that

T T
/ drz(1) = 21 (T), / dr rz(7) = Tx1(T) — zo(T),
A2.9 0 0 (A2.9)

/0 dr 7%2(1) = T2 (T) — 2T2o(T) + 223(T),

we obtain
[ ar(wom) " LW -
A2.10 0 (A2.10)
- —T.Z‘l(T) + ,CCQ(T) —T2.Z'1(T) + 2T$2(T) — 2$3(T) + CT2/2
w0 that (T) Txo(T)—2x3(T) — CT?/2
A211 WT) = (xfm Tar(T) - 2s(T) - CT ) (42.11)

p.A23  A2.3. Floquet (or Lyapunov) multipliers. The Floquet multipliers around the periodic solution
are the eigenvalues of the Wronskian matrix, computed at time 7. Hence, for ¢ = 0, W(©) (T) =

((1) 711) , and the corresponding Floquet multipliers are equal to 1. To first order one has

W(T) = WO(T) + eWI(T) 4+ O(c?)

A2.13 [ 1+exo(T) T+eTao(T)—2ex3(T) — eCT?/2 +O(2) (A2.12)
o ex1(T) 14Tz (T) — exo(T) — eCT '
so that, by neglecting the terms O(¢?) in the Wronskian matrix, the corresponding multipliers are
AL = A4, Ao = A_, where A4 are the roots of the equation A\ — 2b)\ + ¢ = 0 with
de f
20= 2+ T (z2(T) - C
A2.15 et | (z2(T) ) (A2.13)
[1—eCT +exs(T)e” (221 (T)x3(T) — 23(T) — CTao(T) + CT?21(T)/2)] .

Taking the divergence of (A2.2) it is easy to see that the phase space contraction in one period
is given by eC. This implies that we must have A\_\; = 1 — Ce + O(g?), as it can be checked.
Therefore the two Floquet multipliers Ay are given by

A2.17 Ar =1+ % (x1(T) - C) £ (A2.14)

2
+ \/ETxl(T) + Ez (T2C2% + T222(T) + 423(T) + ACTxo(T) — 821 (T)x3(T) — 4T22,C)

1+ ST (T) + % (1(T) = C) + O(¥2),
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Appendix A3. Andoyer-Deprit angles trigonometry and rigid bodies

A3.1. The spin-orbit model. The potential energy of a body B of ellipsoidal shape with polar
radius R, and equatorial radius Ry and density v, attracted by a center of mass My at distance a
from its center is, up to irrelevant (time dependent) additive quantities,

9, . kMo (p\2 . )

—V/B pdp sinfdf dy — (E) Py (sin « sin 0 cos ¢ + cos a cos ), (A3.1)
where £ is the universal gravitation constant, P> is the second Legendre polynomial, Py(z) =
(322 —1)/2, p, 0, ¢ are the polar coordinates of the point x in the body B of density v and « is the
angle between the polar axis of the ellipsoid and the radius from the center of the ellipsoid to the
center of attraction; one has a = ag(1 —e?)/(1 — ecos Ar), if e is the eccentricity of the body orbit,
Ar is its true anomaly on the orbital plane measured from the apocenter and ag is the orbital
semiaxis. Therefore we get that aside from an additive periodic term (depending only on a) the
potential energy of the body is, using cilindrical coordinates 7, z, ¢ instead of the polar p, 8, p,

— (2mv)

3 kMo /Rp q /Rox/l(Z/Rp)
- z
-R, 0

2
1
5 3 rdrp? (5 sin acsin® 0 + cos? a cos? 9)
a
N (A3.2)
3 M 1 1—=z 1
=250 [ (27v) R3R, 2 cos® a dz rdr=(22% — TQ):| .
2 a? 0 0 2
Since the term in square brackets equals the difference between the moments of inertia I and J
with respect to the xz—axis (or y—axis) and with respect to the z axis, respectively, we get
3 kMo . (1—ecosAr\® J—1T
§J 23 5< o2 cos® a, 5:7.
More generally in the case of an ellipsoid with axes R, < R, < R, (note that in such a case
the moments of inertia satisfy I, > I, > I), if 5 is the angle between the comoving axis i; of the

ellipsoid and the radius from the center of the ellipsoid to the center of attraction, we get, instead
of (A3.3),

(43.3)

ngQ()\T) (61 cos® a + b2 sin” a cos® B). (A3.4)
where .
1—ecosAr\? o def KMo
CU()\T) = ( 1 — e2 ) wr, Wp = —ag s (A35)
def def

with J = I, 6,2 (I, — I.)/J, and 6,"< (I, — I,,)/J.

Define: m the line of intersection between the plane orthogonal to the angular momentum A
and the orbit plane, . the line of intersection between the plane orthogonal to the symmetry axis
and the orbit plane, n the line of intersection between the planes orthogonal to the symmetry axis
and to the angular momentum axis; and call i the x axis on the orbit plane (arbitrarily prefixed
and from which the true anomaly Ar is measured). Let

(= angle between m and n,
1)= angle between n and i,
v= angle between m and i,

then the pairs (K,7v), (4, ¢) and (L,v) are canonically conjugated variables, cf. p. 318 in [7], and
the Hamiltonian for the system becomes
P RN
L1,

1 3 .
oL 27 ~ 3% (A% — L?) cos® ¢ + §Jw2()\T) (61 cos® a+ 03 sin® av cos® B), (A3.6)
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where we recall the definitions J = I, & = (I, — I)/I., and d2 = (I, — I;)/I,, and define
0 =(J—-1,)/1,.

To proceed one needs to express Ay in terms of the mean anomaly A\ = wypt = ¢ in our units and
cos a, sin cos B in terms of the canonical variables. This can be based upon the identities

cosa = —sinf sin(Ar — ),
sin v cos 8 = costp cos(A\r — @) + cos f sinyp sin(Ar — @), (A3.7)
sina sin 8 = — sin 1 cos(A\r — ) + cos 0 cos P sin(Ar — P),

expressing the polar angles of the line joining the center of attraction S to the center of the planet,

i.e. its the declination « and the longitude [, in the comoving frame, if the latter is determined by
its Euler angles (g, 9, 0) with respect to the fixed frame. The algebraic work is discussed below.

A3.2. Spherical trigonometry and Andoyer-Deprit angles. We refer here to figures A3.1, A3.2 and
A3.3 below (see also [7], p. 321+323) and to the well known spherical triangles trigonometrical
identities (see figure A3.1):

sinA sinB sinC

- =— = — , “sine rule”
sina  sinf  sinvy
cos A =cos BcosC + sin BsinC cos o, “cosine rule” (A3.8)
sin C cos 8 = cos Bsin A — sin B cos A cos 7, “analogue rule”
cos A cosy =sin A cot B — siny cot 3, “four parts rule”

B

Fi1c. A3.1. Spherical triangle with sides A, B, C' and angles «, 3, 7.

The above rules become well known trigonometric properties of a triangle with sides a, b, ¢ if the
spherical triangle is imagined drawn on a sphere of radius R so that the A, B, C are respectively
a/R,b/R,c/R. The third relation is analogous to the statement that a side is the sum of the
orthogonal projections on it of the other two sides and the last rule follows by combining the sine
rule and the analogue rule. Other other identities can be obtained by “duality” by remarking the
if (o, 8,7; A, B,C) is a spherical triangle also (A, B,m — C;«a, 8,7 — 7y) is a spherical triangle.
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The Andoyer-Deprit angles are represented in figure A3.2, where (i,j, k) is the “fixed reference
system”, with k axis orthogonal to the orbital plane, (i,j,k) is the reference system with k axis
parallel to the angular momentum A and i axis on the line between the orbit plane and the plane
orthogonal to the angular momentum, and (i, is, i3) is the reference frame with i3 axis parallel to
the symmetry axis of the body and i; axis fixed on the equatorial plane of the body.

. k
13
0
ip
A 0 ¢
O —_
J
) gl (4
i @
— i
_ v
2
n
i=m n

Fic. A3.2. Andoyer-Deprit angles: here 7 is the node line (i,j) N (i1,i2), n
is the node line (i1,i2) N (i,j) and m = i is the node (i,j) N (i,j). j axis not
drawn. The axis i; has to be thought below the (i,j) plane (for a drawing
consistent with the notations used here.

The above trigonometrical identities imply, see figure A3.3, the following relations

L
=  J—
cos( 1 cos T
cot(® — ) =(cos ¢ cos — sin( cot §)/ sin p,
A3.9 — . . (A3.9)
cot(¢p — ) =(cos p cosf — sinf cot ¢)/ sin @,
sin :sin9¥ = — sin@“%,
sin(@ — ) sin() — ¢)
immediately from the definitions, see [7], p. 323.
0
U=
¥
0
¢
[l
F1c. A3.3. The spherical triangle associated with the Andoyer-Deprit an-

gles.
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Therefore writing A\ — 3 = (A — ) — (7 — ) and ¢ = ¢ + (¥ — ) the relations (A3.9) lead to
expressing cos « and sin « cos 3, sin asin 8 in terms of the Andoyer-Deprit angles.

This is interesting because the pairs (A, p), (L,¥),(K,7v) are canonically conjugated pairs of
action—angle coordinates. However it is clear that several square roots will appear involving quan-
tities like 1 — K2/A2 or 1 — L?/A%, which in the interesting cases will be close to 0, and their
reciprocals. Therefore the resulting equations of motion will be difficult to discuss unless we can
show that such a priori singular expressions do not really appear. We call this the “rationalization”
of the Hamiltonian and to show it we study a few identities relating the angles introduced above.

Appendix A4. Rationalization

A4.1. Rationalization: L ~ K ~ A symmetric case. Let ¢, = cosz, s, =sinx, J =1,,1 =1, =
I,. Then cosa can be written as

(SAT*'Y(C‘PCCSG — s¢ep) — CAT*'YSGSSD) = (SAT*'Y(CLP(CC —1)sg — s¢cep) + S)\T*H@*'YSG)' (A4.1)

(um)Z(é 1) (f) (A’T):(_l1 (1)) (ﬁ) (A4.2)

p=+v—2Tcosv, q=+V—2Tsinv,

en=(o 1) (1) wo-(4 1) (%) s
T=v2Gcosp, K =+2Gsinpu.

If we set sp = (2G/L)% 0y, s¢ = (—=2T'/L)%0,, thus defining o, o¢, and use cc—1=-1

Define canonically

and

(=2T)

Cg,Co—

T
= —%@ then cos o becomes

oL ocCo ooco (pm + gK)

E(SkTﬂ- - CATK‘) - LC% (S)\Tp - CXTQ) - 2L% T(SXTP - C)\Tq)a (A44)

and, since 2G = 7% + 1% and —2T = p? + ¢ and therefore oy, o¢, g, ¢ are analytic at the origin
and have value 1 there we have achieved complete rationalization of the Hamiltonian for 7', G close
to 0. Since there is no singularity at 0 a simplified Hamiltonian could be

2
- %(H +r?) 4 3Jw2£)\T)

Note that L is rigorously a constant of motion.
The equation is not useful to study the tidal capture into resonance phenomena in heavenly
bodies because the evolution takes place on a time scale proportional to 67 Li=1 if 4 is the tilt
angle: the latter is very small in most cases (except perhaps the Moon and a few other large
satellites) and of the order of §; so that the effects that we study become relevant on time scales

01 (7 =) sag — (5= @) exr) ™. (A4.5)

much longer than the ones due to even slight equatorial asymmetry. Therefore the interesting
model for our cases is the model with A ~ L ~ K and equatorial asymmetry (i.e. I, < I): this is
much harder and is discussed below.

A4.2. Rationalization: L ~ A #+ K symmetric case. In this case define canonically

&) = ((1) 1) (:ﬁ) (L, G) = (_11 (1)) (fl) (A4.6)

7= V2G cos p, Kk = V2Gsin p,
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and cos « becomes
CcOog
SAT—v(W—L; — 5¢Co) — Cag—y
2

| Q

K. (A4.7)

1
2

h

And calling fo(m, k, L, K,~y) the function in (A4.7) and Hy = %(L—l—(%(ﬂ'2 +x2))?) the Hamiltonian
H=H,+ 3(51 Jw?(Ar) f& can be simplified for G ~ 0 into

L 3 2 C¢ 1 2
H= 21(# + K% + 551 Jw ()\T)(S,\T_V(—Sg-i-gﬂ') _C/\T—WEH) . (A4.8)

The equations above can be used to study the corrections to the cruder approximation consisting
in considering the Hamiltonian 55 A% + 28, Jw(Ar)?(sxnp—5¢)? (i-e. neglecting sg = (1 — L?/A?)3)
and subsequently assuming that the adiabatic invariant K is constant. Since s¢ = (1 — K2/A?)2
this leads to the nodal precession model ¥ = 351 % AT) cos? \r—~ Which is a model used in simple
theories of the lunar node precession (with ¢ 1dent1ﬁed W1th the tilt angle, i.e. cc = % of the
symmetry axis over the normal to the orbit and A/J identified with the rotation velocity) which
originated the theory of the rotation numbers by Poincaré, see [14], [13].

A4.3. Rationalization: L ~ A # K asymmetric case. The nonsymmetric case, which is the only
one that interests us in our applications, requires understanding the rationalization of sin « cos 3.
Algebraic analysis shows that H will take the form, if G = %(7‘(‘2 + k2) and 1 = p — @, so that
Gecos?yp = (WCOS/L-FHSlnu)

1 1 L? I
H= L 2R - — 5=
L+ g+ =0 —

+ gJW2()\T) : (51f0 + 52f1),

(LG + %GQ) cos? P+
(A4.9)

where fo, f1 are analytic (see below) in their arguments (p, q), (K, ), (L,{) and nonsingular near
mk = 0,0 < K < L. To check the statement we express sin «cos 8 from the second of (A3.7).
Setting cotz_y = (cpccso — 5¢Cp), so that cotz_y = cot(P — ) S8y, and coty;_,, = (cpcosc — spcc),

so that cotw = = cot(1) — 1) 8¢5, we find

. L/ — —
sinacosff = = ((cota_chT,.y + Sar—yS05,)(COty_cp — Syscsy)+
o (A4.10)

+ cg(cotz_ySap—y — Car—y805y)(COty_ 54 + 011,54390)),

which is rewritten as

1
5_2 (((C(pch@ - SgC@)C,\T—ry + S,\T_VSQSQ,) ((0900984 — s‘gcg)cw — 31/;5(390)
g (A4.11)
+ 5(((oecsn = 5cca)sne— = exrys055) ((Cocasc — soc)su + cuscsy) ) )
which, by (A3.9), is (sinf)~2(a + b cos ), with
a =((cp(cc —1)s9 = scco)err—y + Car—y—p50)((co(co — 1)s¢ — spcc)ce—p + ces¢), (A4.12)
b=((cocc —1)s9 = 5¢Co)Sxr—y + Sar—v—p50)((Colco — 1)s¢c — socc)se—p + ses¢),
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where & = 9 + ¢ according to (A4.6). Furthermore cos « is given by (A4.7) and cos 6, sin § are

cosf = (1 — 5333/5%77)5
= (1 — s3s3(1 4 cot*(§ — 7)) = cacc + s05¢Co, (A4.13)
(sinf)? = sg +s2—(1+ ci) szsg — 259CoScCcCop,

and (A4.13) show analyticity because only ¢, s, appear multiplied by the appropriate power of
(2G)=. Collecting the above algebraic relations we get

1
sinacos B =ca.—~_¢ + L72(Cm + Caok) + O(7? 4+ K2),
B =Crp—y—¢ (Cy 2k) + O( ) (4414)

COSQ =S$¢Sxp—ny — cdfé (TSAp—ny — K Crp—ry) + O(T* + K?),

where C1, Cy are (simple) analytic functions of £, Ay —~y and analytic terms of second order in p, ¢
are neglected, while no nonanalytic terms appear (to any order in 7, k).

The squares of the r.h.s.of the second in (A4.14) is fy and the r.h.s. of the first equation is fi.
fo in (A4.9). The above analysis requires |K|/L < 1 and it is not uniform as K — +L.

A4.4. Rationalization: L ~ A ~ K asymmetric case. In this case we canonically set

(-GDE B-CO@E
oGO0 (GO

so that (T,7), (L,£), (G, u) are canonically conjugated variables:

—

and then

—_

T=K-A, G=A-1, L=1,
(A4.17)
7= =9+, E=ptr+i
We define canonically also the pairs (p, q) and (7, k)
1 1
=(—2T)2 cos~, 7™ =(2G)? cos u,
p=( )1 gl ( )1 p (44.18)
q =(—2T)2 sin~, Kk =(2G)? sinp

The rationalization, i.e. the absence of the square roots of p? 4 ¢? and of 72+ x? in the remainders,
is seen by going back to the original expression for sin«cos 8 in (A4.12) and change the name of
the variables to adapt it to the new definitions in (A4.19).

In this case, however, we cannot achieve an analytic expression: the elimination of the square
roots is not sufficient because the division by (sin §)? introduces denominators which vanish at the
origin. Even though whenever the denominators vanish also the numerators do (because sin « cos 8
is bounded) a singularity of the generic type zy/(x? + y?) cannot be excluded: and therefore the
leading term in the Hamiltonian might not necessarily be the leading term in the equations of
motion and this makes perturbation analysis very difficult.

Let R(p) be a rotation by an angle p in a plane, then sin acos 3, by (A3.7), becomes the scalar

product
7 1 0 Co—n
w0 (0) (b wta) w0 (7). (129
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In fact the expression 55_ 2(c§ — 1) is analytic near the origin so that we only have to study the
scalar product in (A4.19) with c; replaced by 1. This is

—s2? <ﬁaw ) -R(\p —~ — ) <R¢_7 > (A4.20)

8¢S —5¢S¢,

where it is should be noted that sz is the common value of the length of the vectors. The latter
scalar product is

2 _ CpCYS¢ — SeC¢ . _ CpCeSe — S¢Co
sz R(—) ( ses, ) R(A\r —¢) ( o5, > (A4.21)

having applied a rotation R(—¢) to both sides of the scalar product.
Let us denote A, B and C, D the components of the two vectors:

A =cy (cpcosc — spce) + SpScSe,
B =—5,(cpcos¢ — SpCc) + CpScSp,
<P(<P ¢ C) P=C3p (A4.22)
C =(cpces9 — sccp),
D = — sps,,
and one has, by our construction and by the unitarity of the rotations, s% =A%+ B%2=(C%4 D2
Therefore sin v cos 3 is such that

B 24C+BD) 2(BC — AD)
TR et D2 M A T B2+ O 4 D2

—sinacos (A4.23)
where the ratios depend only on 7, k,p,q, L,& but they are Ap-independent; furthermore by the
above analysis the combinations of the functions A, B,C, D appearing in the numerators and
denominators of the above expression are analytic at the origin. One has also

2(AC + BD)
A2 4+ B2 4 (C? + D?

2(BC — AD)
A2 + B2 4 C? + D?

=-1+ QQ(pa q,T, K)v
(A4.24)

= Qé(p’q’ Tr) H)’

where 9, €, denote functions analytic outside the region § = 0 (which coincides with A% + B2 +
C? + D? = 0) and with bounded second derivatives, possibly discontinuous on the surface 0 =0.
That the leading term near the origin is given by the r.h.s. of (A4.24) can realized by staring at
figure 4 above and remarking that 6 — 0 implies ¢ —,0 —( — 0, (¢ —7) — (¥ —¢) — 0. That the
corrections are of “second order” in the sense of (A4.24) follows from the fact that the analyticity
of the expressions like (A4.12) gives as a result a low degree polynomial in p, 7, ¢, k with coefficients
which are analytic in T/L and G/L, i.e. in p? + ¢%, 72 + k2.

A straightforward calculation yields, in fact, the values of the quantities in (A4.24). For instance

. . - d . .
introducing the further abbreviation s2.92 éf(cm — 1+ s2) the coefficients of ¢y, —¢ and sy, —¢ in

(A4.23) are, respectively, the (manifestly rational) expressions

AC + BD 555552 (1 —c¢)(1 — ca) s2s3 s n
—— —_ (1 P I — A4.2
C? 4 D? ( + 52 555% (soscce + (1—cc)(1 = cop) (S0 + SC)))’ (44.25)

BC — AD 1

D =2 (5905954(1 —cecp) — s¢c¢(s§sg(1 + Sg + 592) +cpsesc(co — 1)(ce — 1))),
[
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which has the form in (A4.24). This can be seen to be not analytic at the origin: for instance the
second derivative of the first in (A4.22) in the direction py, qo, 7o, ko evaluated at the origin is 0 if
(po —70)? + (qo — ko)? # 0 but on the latter 2-dimensional plane it is bounded and in general not
0. Therefore the Laplacian is bounded and it has a bounded normal limit to the singularity surface
and the function in (A4.20) is of class C° for all ¢ < 2 but it is not more regular (in particular it
is not even C?): roughly in the variables z = (p — m)a,y = (¢ — k)b, z = (p + m)c,w = (q + K)d it
is a sum of terms similar to the following

(zy)*(2® +y* + 2% + w?)
P+ @ P T
if the constants a, b, c¢,d > 0 are suitably defined.
Note that the (A4.24) implies that the corrections to the equations of motion due to the terms
of higher order in 7, K, p, ¢ are also small in the latter quantities and of almost the first order.

(A4.26)

Retaining only the lowest orders a simplified Hamiltonian is

1
H= ELQ + gjw%(,\T)52 cos?(A\r — &), (A4.27)
with 02 = (Iy — I;)/I.. Therefore the equations of motion are rather simple in the considered
approximation and become £ = L/J and L = —3 Jw2(Ar)d20¢ cos?(Ar — £) because L, ¢ are pairs
of conjugated coordinates. Or

§W2 (A7) (522 cos®(Ar — €), (A4.28)

52_2 w2, o€

in dimensionless units (i.e. time is measured in units of w;'). Expanding Az in powers of the
eccentricity e via Kepler’s law A = (1 —e2)? O/\T (1—ecos¢)~2d¢ and setting A = ¢ (as in our units
the average anomaly of the planet and the time coincide) then, once also the friction contribution
is taken into account, (A4.26) gives (5.3) if the expansion is truncated to the fifth degree in e. The
coefficients a; in (4.4) are computed in table 4.1.

The singularity that remains at the origin of the new variables is much weaker that the one
in the original variables (i.e. it is algebraic rather than of square root type and it vanishes to
order almost 2). This gives some grounds to argue in favor of the statement that the model
might be a good approximation as its widespread use in Celestial Mechanics shows. However the
rigorous perturbation analysis necessary to substantiate more quantitatively the statement would
pose serious problems. For instance C?-regularity in a three and half degrees of freedom, like the
asymmetric model considered here, is not enough (in general) to prove any type of KAM stability
result.

Finally it should be stressed that, of course, the (A4.21) are the same equations that one would
obtain by studying an asymmetric rigid body constrained to rotate around an axis which moves
orthogonally to the orbit plane and intersecting it on a Keplerian elliptic orbit. The point of our
analysis has been to check in which cases no nonanalytic terms arise in the corrections of higher
orded in s¢, g in a proper system of coordinates.

Appendix A5. Some Generalizations

A5.1. More general forms for the friction. In the applications to Celestial Mechanics the friction
takes often rather elaborated forms: therefore it is of some interest to study how strongly the
analysis in this paper depends on the simple forms assumed for the friction.
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So (2.1) will be replaced by
0 +cG(0,t) +~0r(0,0,t) ++ =0, (A5.1)

where (6, 0, t) > 0 is 2m-periodic in (6,t), analytic in each variable, and &,v,~’ are parameters.
For instance the tidal torque should be proportional to the sine of the phase shift 7 and 7 is
proportional to & — 1 only for ¢ small. Hence (A5.1) provides flexibility for a rather general class
of interesting friction models and it is desirable to extend the theory t such cases.

For v = +' = 0 we can still derive (A5.1) as the Hamilton equations of the system described by
the Hamiltonian (2.2). For 7,v" # 0, (A5.1) can be seen as a Hamiltonian system with friction
given by the equations of motion °

0=w+6, O = —e0pg(0,t) = (O +w) (6,0 +w,t) =/, (45.2)
i=1, T = —cdg(6,1). .

Likewise (2.5) is replaced by

{@ =1/qg+mP, {A = —edaf (e, B) — pyPula, B, P) — p*y/qu(a, B, P) — p/, (45.3)
ﬁ:_qpa B=—Eaﬂf(a,ﬁ)—n’yPu(a,ﬁ,P)—np’y/qu(a,ﬁ,P)—n'y’ ’

where f(a, 5) = g(0(a, 5),t(c, B)) as in (2.5), and

P=0=mA—q¢B=(a—1/q)/m=—P/q, (A5.4)
U(a,ﬁap) = r(@(a,ﬁ),é(A,B),t(a,ﬁ)) = r(pa + nﬁ’p/q + P’ qo+ mﬁ)’ |

for v = 4/ = 0 the corresponding Hamiltonian is given by (2.6), and, for £ = 0, the periodic solution

X (t) is still transformed into Xo(t) = CX (t) = (ao + t/q, Bo,0,0), with qag + mBy = 0.
In terms of the only («, 8) variables, by using that

P = —c(mdof —qdsf) — vPu— gvufv’, (A5.5)

we can rewrite (A5.3) as

{ a = —me (Mo f — g0 f) —.vdu(a,ﬁ,.(d —1/q)/m) — nju(a,ﬁ, (& —1/q)/m)—my, (45.6)
B = qe (mOuf — q0sf) — vBula, B, —=B/q) + pyule, B, —B/q) + a7 '
As in Section 2 it will be convenient to write
fla, By = e f,(B),  u(a,f,P)=Y PNuy(a,f)=> PN e™uy,(8), (A5.7)
VEZ N=0 N=0 VEZ

where, for all v € Z and N € Z, the coefficients f,(8) and un ,(8) are 27-periodic in S.

We want to study the possibility of continuing some of the periodic solutions X (¢) when & # 0
and vy, # 0.

We shall fix v = Ce and v/ = Ce, with C and C’ parameters to be varied, and we shall look for
a solution which is analytic in ¢ for € small enough. This means that we shall write, formally, «(t)
and S(t) as in (2.9), with the functions a(v, 8;¢) and b(v, B;¢) given by (2.10).

5 1t would be also possible to generalize such equations by considering a potential g depending also on T, © and by

adding friction terms to all components of the vector field appearing in (A5.2).
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Observe that a solution (2.9) of (A5.6) is not necessarily a periodic orbit of (A5.3). In fact &
and 3 do not determine A and B but only P = mA — ¢B. In term of the original variables this is
due to the fact that 6, © and ¢ are independent of T', so that (2.9) describes a periodic orbit only
if the friction terms do not work in the average; but this would impose conditions on C and C’.

For the model (A5.1) a result analogous to theorem 2.3 holds. More precisely one has the
following result (reducing to theorem 2.3 for ¢/ = 0 and u(«, 8, P) = 1). The proof is entirely
analogous to the one in Section 3.

A5.2. THEOREM. Fizw =p/q. If C and C' are so fized that there exists By such that

05 1o(B0) = 25 Cuno(o) + 30’, 03 1o(80) = HCOsu00(fh) 0. (45.8)

then for e small enough there is a periodic solution of the equation of motions of the form (2.9).

A5.3. Remarks. (1) Even if 0gfo(83) is identically vanishing the condition (A5.8) can be still
verified, provided that one chooses C and C’ such that

1
;%Cuo,o(ﬁo) + ac’ =0,  Cdsuoo(Bo) # 0; (45.9)

in particular the function ug o(f) cannot be identically constant. Note however that such a choice
of the constants C' and C’ has no particular physical meaning, and it has to be considered just as
a mathematical curiosity.

(2) If we are interested in positive values for C' and C’, and ug () is a function weakly varying
around its positive average value, then a (reasonable) sufficient condition for the first equation in
(A5.8) to be satisfied is to require that one has

p L,
=C max wu 4+ -C"< max 0 , A5.10
q* pefo,2n] 00(f) g~ peloan fol8) ( )

note that such a condition reduces to (2.11) for 7(6,0,t) = 1 (so that uo(8) = 1) and 7/ =1 (so
that C" =0) in (A5.1).

(3) Of course we could also consider if and how theorems 2.6 and (2.9) extend to the more general
case: we leave their formulation to the reader.
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Momenti d’inerzia di un ellissoide con assi ¢ < b < a e densita p:

=2y, =i, A=Y

5 5 5
where V' = 4Tﬂabc and p is the density. It is C' > B > A.

Assi solidali si ottengono applicando le rotazioni R, ()R, (0)R. (1) agli assi fissi. Si ha

cosp —sinp 0 1 0 0 cos@ — sin_E 0
sing cosp O 0 cos —sinf siny cosv¥ 0
0 0 1 0 sinf cosf 0 0 1

e quindi

(cos @ cos 1) — sin@sin w cos 9) (— cospsin w — sinp cos 1/1 cos 9) sin g_sin ©
(smtpcosw + cosgosmwcos 9) (— sin @sin ¥ + cosgocosz/Jcos ) —sinf cosp
sin ) sin 0 cos 1) sin 0 cosf

e le colonne sono i vettori iy, io, i3.

Trigonometria sferica: Sia (A, B, C,«, 3,7) un triangolo sferico; allora

cosa = — cos 3 cosy + sin 3 sin~y cos A

Posto: Pdéf%(A + B+ C) si trova

=

sin %a :(sin(P — B)sin(P — C)/(sin Bsin 0))

cos %a :(sinPsin(P — A)/(sin B sin C’)) B

=

1 . . . .
tan Tl :(sm(P — B)sin(P — C)/(sin P sin(P — A)))

Se o (a+6+7)

=

sin %A :< — coso cos(o — )/ (sin B sin ’y))

1

cos %A :(cos(a — B)cos(oc —v)/(sin B sinfy)) ’

W=

tan %a :< —coso cos(o — a)/(sin(c — B) sin(c — 'y)))

Inoltre (regole di Nepero)

sm%(oﬂrﬂ) tan 3C sin 3(A + B) _ cot R

sin 3 ( —B)  tani 1(A-B)’ sin 3(A — B) B tan 3 (a — 3)

cos%(omLﬁ) tan $C cos 2(A+ B) _ cot 1y

cos 1(a —B)  tani 1A+ B)’ cos 2(A—B) B tan 3 (o + 3)
Infine se ¢ + B + v — w Parea del triangolo e e e

=

1
tan €= (tan 2Ptam 2(P A) tan 2(P B)2 tan(P — C))
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Altre identita

.1 1 1 1 1 1 1 1
s1n§(a+ﬂ)cos 50 = cos §(A7B)cos 57 cosi(omLﬁ)cos 507 cos §(A+B)s1n§'y

1 1, 1 1 1 1, 1 1
s1n§(ozfﬂ)sm§cf81n2(A7B)cos27 cos2(0475)511120781112(A+B)s1n2fy

(o +B) —sin3(m — )
(o + B) + cos 3(m — )

e inoltre se

=

rdé (Sin(P — A)sin(P — B)sin(P — C)/sin P) ]

def —coso 3
pP= cos(oc—a) cos(o—pf) cos(o—7)

si trova 1 1
tan 50&1 m, taniA:pcos(Jfa)

Da: [CS] Carmichael, R.D., Smith, E.R.: Plane and spherical trigonometry, Ginn, Boston, 1930.

Teorema (dualita sferica) Se (o, 8,7; A, B, C) € un triangolo sferico anche (A, B,7—C;«, 3, m7—)
e’ un triangolo sferico.
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