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3.9. The Least Squares Solution of Overdetermined Linear Systems
Systemns having more equations than unknowns often arise in data fitting problems. In the simplest
case a researcher might assume that the output, v, of an experiment is a linear function of the input, .

In other words,
¥y = ac + b

is assumed where the parameters a and b are to be found to fit the observed experimental data.
Typically, the experiment is performed many times. This generates data {2,,9,),(Zo: Y2 )seeer (T ¥ V)

which are supposed to satisfy

y, = az; + b, 1= 123..V, (1)

for some numbers a and 6. This can be viewed as a system of linear equations for ¢ and &

a 1 i ]
5 1 h
z 1 a
_ 9
Co [ b } I (2)
Iy L Yy

If ¥ > 3, then (2} will in general have no solution. For example, in the ¥ > 3 case the
n
column space of the matrix is either a line or a plane and the chance that the vector of outputs | ¥»
¥3

is in the column space is small. In higher dimensions it doesn’t get better. Nevertheless, there is the
need to make some good sense out of (2).

One standard way of treating systems like {2) is to replace the right hand side by a vector in
the column space of the coefficient matrix. The best vector to choose would be the member of the

column space closest to the right hand side. We formulate this as a general principle.

Least Squares Principle. If the system Ax = b has no solution, then replace b by the member of the
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column space closest to b, say b*, and then solve Ax = b". If Ax = b* has a unique solution, it is
P ) )

called the least squares solution of Ax = b.

There are still problems to be overcome. First, how do we find b*? Next, what should we do

if Ax = b" does not have a unique solution?

Our present treatment avoids the first problem and ignores the second. However, in some

simple cases, like system (2), one can readily check if Ax = b has a unique solution.

Theorem 1. If A is an Nx2 matrix and neither column is a multiple of the other, then the system

Ax = b has either no solutions or exactly one solution.

The following result is more general but the hypotheses are not easy to check.
Theorem 2. If A is an nxk matrix and if no column is a linear combination of the others, then the

system Ax = b has either no solutions or exactly one solution.

Remark. The condition on the columns in Theorem 2 is called fineer :'ndcpemfencc. B

Under the conditions of Theorem 1 or Theorem 2, there will be a unique solution to Ax = b".

Now, consider the case of a 3x2 matrix whose column space is a plane. From basic facts about

projections onto planes, we have

Facl. b" is the point in the column space of A closest to b if and only if b—b" 1s perpendicular to every

vector in the column space of A, That is, for every z in R®, Az is perpendicular to b—b":
(Az)'(b—-b") = 0. 3

L]

Since we know b" is in the column space of 4, we can write Ax* = b*. Also, we have

(Az)' = 2*Af

s0 (3) becomes
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S0 | AA—[36 and Ap = 20 |
The solution of 2r + 3y = 13
3z + 6y = 20

isz=6,y=%.

Ezample 2. The data in the table below appear to lie near a straight line y = mz + b Find the

values of m and b that give the least squares fit to the data.

z } 0.78 0.80 0.82 0.54 0.86

0.88

v; | 0.70 0.72  0.73 0.74 0.76
Soluiton. The linear system for m and b is given by the equations

m, + b=y 1= 1,2,...,6.

0.78 1] 0.70 |
0.80 1 0.72 -
0.82 1 mi | 073
0.84 1 p| T | 074
0.86 1 0.76
0.88 1 | 07

Now,

0.76 080 082 084  0.86 0.88

At =
1 1 1 1 1 1
3.6734 4.1404  4.9800
Aly = and A'A =
4,4200 4.9800 6

So, we must solve

0.77
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4.1404m" + 4.988" = 3.6734
4.98m" + 60" = 4.42,

With a hand calculator we obtain m* = 0.6857 and 4" = 0.1675. Here is a sketch of the straight line

together with the data points.
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Ezample 3. A researcher obtained the data in the table below and suspects that the data points all lie

on or near a quadratic so it is reasonable to set up the system
y, = azxi + bz; + ¢ i = 12..56

EY

and find the least squares solution 4%, §7,¢.

P T i
1 0 3
2 2 11
3 4 32
4 6 T3
5 8 122
6 10 200

Solution. We have a 6x3 system, Ax = y, where the entries of y can be read directly from the table,

the last column of A contains all 1’s, the middle column contains the s and the first column contains
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the squates of the z.’s.

0 0 1 5
4 2 1 a 11
16 4 1 b | = 32
36 6 1 c -l 73
64 8 1 122
L 100 10 1 ] L 200 ]
We compute
15,664 1,800- 220 30,992
AtA =] 1,800 220 30 and A'y = 3,564
220 30 6 443

and solve

15,6642 + 18006" + 220c* = 30,992
1,800a" + 2205 + 30c" = 3,564
290a* + 305" +  6c° = 443

From a programmable hand calculator we get & = 2.11, & =

3.2. EXERCISES

1. Find the least squares solution of Ax = b if
2 1 1
(ayA=| 4 2 | b=|0] b=jl
1 1 0
1 0 1
(byd=1-11 | b =11} b= 2
2 1 3

= —1.80, ¢ = 5.57.

2. For each system in Exercise 1, verify that b — Ax" is perpendicular to the columns of A.






