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1 Introduction

In this paper we give the original proof of the Balog-Szemerédi Theorem,
as appears in Nathanson’s Additive Number Theory: Inverse Problems and
the Geometry of Sumsets. By “original” here I mean that there is a more
recent, simpler proof due to Gowers, which has the additional advantage of
giving much sharper bounds on the respective constants that appear in it, as
it does not appeal to the Szemerédi Regularity Lemma (which is known to
give “tower-type” bounds for certain parameters in its conclusion).

Let us first state a simplified version of the theorem, which is the only
version we will bother to prove in this note:

Theorem 1 For every ey, €1 > 0, there exists C' > 0 and 6o, 01 > 0 such that
the following holds: Suppose A is a finite set of integers having cardinality
k, and further suppose there is a subset S of 2A, having cardinality at least
eok, such that for every s € S,

#{(a, ) e AXx A : a+b=s} > k.
Then, if |A| > C, there exists a subset A" C A such that
|A/| Z (50]{7, and |2Al‘ S (51]{?

Note that the set S cannot be too large as

1 Al?
S| < —kz#{a,beA ca+b=s} < Ll = E (1)
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To prove Theorem 1, we will make use of the celebrated regularity lemma.
First, we need to introduce some definitions. Suppose that G is an undirected
graph, and that X and Y are two disjoint sets of vertices of G. Let e(X,Y)
denote the number of edges that connect a vertex of X to a vertex of Y.
Define the density
e(X,)Y)

d(X.,Y) = .
XY = 117

Note that
0 < dX,Y) < 1.

We now can state the regularity lemma:

Theorem 2 (Szemerédi’s Regularity Lemma) For every0 < e <1 and
m > 1, there exist numbers M and K such that the following holds: Suppose
that G is a graph having vertex set V and edge set E, where |V| > K. Then,
there is a partition of V' into sets Vo, Vi, ..., V,,, where

m < pu < M,

which have the following remarkable properties

1. |Vo| < €|V|. This set Vj is called the exceptional set.

2 Vil = Vol =+ = [V,

3. All but at most ep? of the pairs (Vi,V;), 1 <i < j < u are e-regular.
A pair (V;,'V;) is said to be e-reqular if for every

XCV, andY CVj,

with
|X| > €e|Vi], and Y| > €|V},

we have
A(X,Y) —d(Vi, V)] < e

Remark. The unfortunate thing about the regularity lemma is that the
constant M can have “exponential tower” growth in terms of m and e .
This is not merely an artifact of the method used to prove the theorem, but
is in fact necessary, as a paper of Gowers shows.



2 Proof of the Balog-Szemerédi Theorem

2.1 Basic Strategy

The basic idea for proving the theorem will be to produce a subset S C S
such that
|Sl| Z Clk7

and
|2S,| S Cgk‘.

Let us now see that the mere existence of such a set S’ proves the theorem:
First, we claim that there exists a € A such that the number of elements
b € A satisfying a + b € S’ is at least c3k, where ¢3 does not depend on k;
this follows since there are at least |S’|e;k > cie1k? pairs (a,b) € A x A such
that a +b € S’. For such an a € A, let A’ be the set of all these numbers
b € A such that a +b € S’; thus,

A'+a C 5, and |A]| > csk.

Also,
24| = 24" +2a| < |25 < ook,

and the theorem is proved for dg = ¢3 and d; = cs.

2.2 Proving that 25’ is small

Suppose C'is a set of integers satisfying
IC| < K,
and for which we want to prove that
12C) < ¢4k

An obvious approach to this problem is to show that each n € 2C has at
least c5k representations as n = x1 + x9, with x1, 29 € C: For if this holds
for all such n, then we can deduce that

IA
|

1 c?  k
20] < — e
‘ C‘ - 051{5 T(n> 051{5 C57

ne2C



where 7(n) is the number of pairs (x1,x2) € C' x C such that z; + x5 = n.

One can generalize this idea further by introducing greater flexibility into
the argument, to make it easier to prove |2C| is small. For example, suppose
that one knows that the sumset

Ci+Cy+Cs

contains 2C, where
|Cl|, |02|, and |Cg| S k’

Further, suppose that
r(n) > csk?,

where, in this context, r(n) is the number of representations of n € 2C' as
n = x1 + x2 + x3, where x; € C;. Then, we will have

1 3 [CLlICo||Cs] _ &
2 < — < — < —.
| C| - C5/€2 T(n) - C5/€2 T Cs

ne2C

As good as this approach seems, without some extra knowledge about
the set S', it will not prove that |25’| is small, as we would like. In the
next section we will give a construction of a set S’ having a lot of additional
structure, and we will use this last technique for bounding |2C| to bound
|257| from above.

2.3 The Connection with Graphs (no pun intended)

A common technique to prove such a combinatorial result as finding a set S’
is to somehow encode the problem in terms of graphs, and in this section we
will explain how to do this.

One obvious thing to try is to build a graph where the vertex set V' = A,
and where there is an edge between the vertices a; and ay if and only if
ay + ap € S. Denote this graph by GG. To this graph G we will also give an
edge coloring with |S| colors, where the edge (ay, as) has color a; + as. For
a vertex set Vo C V and a color s € S, by Vy(s) we denote the set of all
vertices v € V) which are endpoints of an edge of color s.

Suppose that there are two vertex sets V7, Vo C V and a color set S’ C S,
such that |S’| > c7k, and there is “high-connectivity” between those vertices
in V; and in V5 that are endpoints of edges of the colors s € S’. More
specifically, we suppose that:



For any si,s, € S’ there are at least cok? edges between Vi(s1)
and V(sg); that is, e(Vi(sy), Va(ss)) > cok?.

If we can find such a pair of vertex sets V; and V5 and the color set S,
then our theorem will follow rather easily from the ideas listed in Sections 2.1
and 2.2. To show that 25’ is small, we will show that each element s* € 25’
has “many” representations as

*

s* = s+ a; + as, where s € S, aq,ay € A.

That is, we will show that there are at least ciok? triples (s, a;,as) € Sx Ax A
such that

*

s = SsH+a;+ as.

To see that this implies our theorem, we note that if each s* has so many
triples (s, a1, by), then from the upper bound on |S| in (1) we deduce

S| Al? k3 1
ciok eiciok €1C10

k.

The theorem would then follow from the comments in Section 2.1.

To show that there are so many triples (s, ay, as), for each s* € 25, fix a
representation s* = s; + s9, where s1, s5 € S’. Now suppose that v; € Vi(s1)
and vy € Va(sg) have an edge between them; as stated above, the number of
such pairs (vi,ve) € Vi(s1) X Va(sz) with this property is at least cok?. By
the definitions of the sets Vi(s1) and V5(s2), associated to this pair (vy,vs)
is a unique pair of vertices (ap,as), such that there is an edge of color s;
between v; and a;, and an edge of color s, between vy and aq; these vertices
a; and as may not lie in V; or V5, which does not matter for our argument.
Thus, associated to s* is a set of at least cok? distinct triples

(s,a1,a9) = (v1 +wv9,a1,a2) € S X AXA,
such that
S+a;+ay = (vl+a1)+(vg+a2) = 81+ 89 = 8*,

which is just what we wanted to show.



2.4 Regularity Lemma and Proof of the Existence of
Vi, Vs, and S

In this section we will finish the proof of the theorem, by showing how the
regularity lemma can be used to construct the vertex sets V; and V5, and the
color set S’.

Let € > 0 be as small as needed, and m > 1 be as large as needed, in
order for our argument to work (that is, € > 0 and m > 1 will be chosen
later). Then, we invoke the Szemerédi regularity lemma, and apply it to our
graph G, while supposing that £ is large enough for the lemma to apply for
our particular choice of € and m. Thus, we have a partition of the vertex set
of G into Vp, V1, ...,V satisfying the conclusion of the regularity lemma.

Now we remove edges from the graph G, to produce a graph G’, in four
different phases:

1. Delete all the edges connected to vertices in the exceptional set V. As
Vo has at most ek vertices, this step removes at most ek? edges from G.

2. If a pair of vertex sets (V;,V;) is not e-regular, then we delete all the
edges between them. As there are at most eu? pairs of vertex sets (V;, V;)
which are not regular, and since |V;| = |V;| < k/p for 1 <4, j < p, this step
removes at most the following number of edges

> V) < Y (k/w)? < ek

1<i,j<p 1<i,j<p
(V4,Vj) not regular (V3,Vj) not regular

3. For any vertex set V; and any color s such that |V;(s)| < €|Vi| we
delete all edges of color s with an endpoint in V;. The total number of edges
deleted, for all the vertex sets V;, and for all colors s, is at most

H 2

k
SN il < ekl <
i=1 s&S €1

This last inequality follows from our upper bound on |S| provided by (1).

4. Finally, we delete all the edges from V; to V;, for each ¢ = 1, ..., u. The
number of edges deleted here is at most

il‘/l2 < u(ﬁ)z - e

i=1 K



The total number of edges in G is at least

Z#{edges in G of color s} > |S|etk > eperk?.

ses

And, the total number of edges we removed is at most

1
(26 + £ + —) k2,
€ p
which can be made to be as small a proportion of the > €ye; k% edges in G as
we like, by taking ¢ > 0 sufficiently small, and m > 1 sufficiently large. In
particular, we can choose € > 0 and m > 2 so that
€p€1

#{edges in G'} > Tk‘Q.

Since there are at most

M Loy
<_
(2) <20

pairs of vertex sets (V;, V;), there must be a pair with at least ciok? edges (in
G') between them, where ¢j9 = €per/p?. Such a pair (V;,V;) is necessarily
e-regular in the original graph G, for edges between non-regular vertex sets
get deleted by step 2 above.

Relabeling the vertex sets as needed, we can assume that ¢ = 1 and j = 2
so that the pair under consideration is (V;,V5). We now let S” be the set of
all colors of edges (in G’) between V; and V5. To bound |S’| from below, pick
a vertex v € V7 having at least the average number of edges into V5. As V}
has at most k vertices, we conclude that there are at least ciok edges form v
into V5, and each of these edges must be of a different color, which gives that

|S,| Z Clok‘.

Now, from the way that we have deleted edges from G to produce G’, and
in particular, step 3 of the deletion process, we have that |Vi(s)| > €|V;]| for
any color s € S’; bear in mind that not all these edges will have their other
endpoint in V5. We similarly have that |V5(s)| > €|Va|. Let s1, 52 € S”. From

7



the fact that the pair (Vi,V5) is e-regular (in the original graph G), we have
that

d(Vi(s1), Va(s2)) > d(V1,V2) —e.
(Here and below the quantities d and e refer to the original graph G, not to
G'.) Now,
e(Vi,Va) > eoer k2
Vil[Val = w2V |Vel

By taking € > 0 sufficiently small, we will have that

d(‘/lv‘/é) = > €p€q-
d(Vi(s1), Va(sg)) > eeg —€e > e
It follows that
e(Vi(s1), Va(s2)) > €[Vi(s1)|[Va(s2)l > e(eVi])(e]Val) > €|Vi[Val.

To bound this from below, we note for € < 1/2 that there are at least k/2
vertices in V3 U --- UV, (because |V| < €k, and |Vi| = |Vo| = --- = |V,]),
which implies

k
Vil, Vo] > —;
‘ 1‘7 ‘ 2‘ — 2/,6’
and so,
k?
e(Va(sn) Valow) > T

Thus, we have proved that the vertex sets V7 and V5 have the requisite

properties with

63

09:4—,u2’

for € > 0 sufficiently small; and so, the theorem follows.



