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Abstract

Let A¥(n) be the number of positive integers a coprime to n such
that the equation a/n = 1/mq+- - -4+1/my admits a solution in positive
integers (mq,...,my). We prove that the sum of A%(n) over n < z
is both > zlog®z and also < zlog®z. For the corresponding sum
where the a’s are counted with multiplicity of the number of solutions

we obtain the asymptotic formula. We also show that Af(n) < n®s+¢
l-—ag_1
24og_q”

where oy, is defined recursively by ag = 0 and ap =1 —

1 Introduction

An “Egyptian fraction representation” of a given rational a/n is a solution
in positive integers of the equation

e (1)

In case k = 2 we shall say it is a binary representation. A variety of questions
about these representations have been posed and studied. Some of these
require the m; to be distinct but we shall not impose such a condition. We
mention only a few of the many references and refer to the book by Guy [2]
for a survey on this topic and a more extensive list of references.

As one example, a well-known conjecture of Frdds, Straus and Schinzel
which is concerned with the “ternary” case states that when £k = 3 and a =4



the equation (1) has a solution for every given natural number n > 1. It is
easy to translate this into the problem of finding integer points on a family of
rational surfaces. Evidence for this conjecture was provided by Vaughan [5],
wherein, as an application of the large sieve it is shown that, if £,(z) counts
the number of n < z for which the equation a/n = 1/m;+1/my+1/m3 does
not have a solution, then

FE.(z) < zexp (—C’(a) log?/® :v) .

Here C'(a) is a positive number depending at most on a. His result was later
extended by Viola [6] to the case of general k.

In this note we change the point of view and instead of considering a fixed
and n varying, we let n be fixed and vary a. To this purpose, let us set

Ar(n) = #{a,equation (1) has a solution} .
Ai(n) = #{a,(a,n) = 1,equation (1) has a solution}.

In the binary case & = 2 we shall suppress the subscript and simply write
A(n), A*(n). Let us note that trivially A5(n) < Ag(n) < kn and that

A(n) = ) Ax(d). (2)

d|n

Furthermore Ag(n) > Ag_1(n), since any representation of length k —1 gives
rise to one of length k& by means of the trivial identity

LA — (3)

m m+1 m(m+1)

For the most part we shall concentrate on the binary case. Even in this
simplest case there does not seem to be very much known beyond two easily
proven criteria which we record for completeness. The first of these, which
is due to Bartos [1], is not a very easily accessible reference.

Lemm a.n

my, My k17k2
kiko =n?% an+k an+ ky mp =

(n+ki)/a my=(n+k)/a



(= ) Set k; = am; — n. It is clear that a n + k; and also that

kiky = (amy — n)(amq — n) = n? + a(amymy — n(my + my)) = n*.

(=) It is enough to check that
a a on + ki + ko a

Y Ry R Ny e N

We shall make repeated use of the second criterion, which has essentially
been discovered by a number of authors, for instance av [3].

Lemm an (a,n) =1
(m17m2) 2
a 1 1
“olil ()
ma mo
(1, 2) 2 (1, 2)=1 1 2an a 1+ 2
(a,n) > 1 ( 1, 2)
Lemm onsider the map, say , which takes the solution
(mq1,mq) to the pair ( 1, 2) defined by ; = - for = 1,2. Thus

(1, 2) =1 and it is clear that this pair cannot occur as the image of any
other solution (for that fraction a/n). oreover, we have

a 1+ 2

E_ (ml,mg) 1 2.

Since (a,n) = 1, we clearly have a 1+ 2. As ( 1, 2) = 1, it follows that
( 14+ 2, 1 2)=1,andso 1 2 n. Thus theimageof liesinside the targeted
set and it remains to show the map is surjective. Suppose then that there

exist 1, 2 with the described properties. Writen = 1 and 14+ 2=a
for suitable | . We have

a + 1 1

a_ 1 2 _ n

n 1 2 1 2

Since the last argument applies irrespective of whether (a,n) = 1 this com
pletes the proof of the lemma.

From Lemma 2 we deduce



>
A*(n) €< n° A(n) < nf. (5)

Indeed, denoting as usual by (n) the number of positive integers dividing
n, and using the well-known bound (n) < n¢, we have

A*(n) < Z (14 2)<n® (n)?<n™

1 1

Furthermore, the second bound of (5) follows from the first since, by (2),

A(n) =Y A*(d) < n° (n) < n™,

d|n

Thus, the “probability” of a given proper fraction having a representation
of length two is extremely small. In the final section we shall see that a weaker
statement of the same nature holds in the case that “two” is replaced by any
fixed k.

We remark that the above bounds can be sharpened slightly. Specifically,
since log (n) < logn/loglogn, the above argument actually gives

log A*(n) <log A(n) < logn/loglog n.

In this form the bound is best possible apart from the implied constant. In
deed, from the identity (3) it follows that every a dividing n+1 has a represen
tation of type (4). Hence A*(n) > (n+1) solog A*(n) = (logn/loglogn).

n average the above estimates can be further improved. We shall show
the following

e em
zlog’z < ZA*(n) < zlog® .

sing the theorem together with (2) and a little partial summation it is
easy to give upper and lower bounds for the larger sum | A(n) obtaining

in each case the bound zlog =.



It is (apparently) easier to evaluate the corresponding sum *(n)
where *(n) = | *(a,n) counts the number of solutions as a varies subject
to (a,n) =1 rather than just the number of such a for which solutions exist.
This 1s because of Lemma 2 which reduces that problem to counting the pairs
( 1, 2). If we normalize by counting only those solutions with m; < my the

result is

Z *(n) gl’ log® z,

Throughout the paper  will always denote a prime. The proof we
give yields the asymptotic formula with an error term which saves a fac
tor loglog xz. By modifying the argument somewhat we could save a fixed
power of log x.

We remark that we were able to prove the upper and lower bounds of
Theorem 4 with the explicit constants — and 1 respectively. It is obvious
that Theorem 5 implies the upper bound in Theorem 4. evertheless, in the
next section we shall give a direct proof by a much easier argument.

uch of the early work on this paper was accomplished while . .and
F. were visiting the epartment of athematics, niversita oma Tre with
partial support of G. .S.A.G.A., onsiglio azionale delle icerche.
and A. H. were also supported in part by SF E ,|and .F.by SE
anada .

roo o t r ound

In this section we prove that

Z A*(n) < xlog’ z.



Interchanging the order of summation, we have by Lemma 2
2 AM<Y Y 2. L
n a 2 1
1 1

1
1 1
Even after the condition (n,a) =1 is discarded the innermost sum is < —
Hence, discarding also the condition ( 1, 2) =1, we have

3 1

o 2
1 1
1

where we have labeled so that 1 < 5 (doubling to compensate). Therefore,
since 1+ 9

(mod a) and 5 > 1, we have > Z.
Thus, the inner sum over 5 i

NIENOESTD P S

2 18

1 1
< -1
— Z %a—|— a<<a0g$
and so

nZA*(n) <<;L’az; % 122 illoga:<<a:log3:z:.

roo o t o r ound
It is also very easy to give a lower bound but, unlike the previous argument,

this one does not lead to the right order of magnitude. Specifically we have
. An)

zlogx

Take 1 = prime, say with < <ot

. onsider those pairs
(1, 2) with 1 g =nand any a ;4 3 (other than a = 1). We have

Sam= Y Y ((+m-1

1
zlog x Z -  zlogx.

1 1



We were able to sharpen this bound to

log?
ZA*(n) o8 T

wlog log z’

using an elaboration of the above simple idea. However the proof is not so
brief, yet the result still falls short of the right order. Hence we do not give
it here.

The problem with using Lemma 2 to find a lower bound is that some of
the pairs (@, n) give rise to more than one pair 1, 5. ne might expect that
this multiplicity is, for @ > n®, almost always or 1 and therefore that

YA Y ().

n

This would solve our problem in view of our result for the latter sum.

erhaps this can be proven. ertainly if a is su ciently large there is no
such multiplicity and this fact will lead us to our lower bound in Theorem 4.
Specifically, we have

Lemm (a,n) =1 a > 2n*?
a 1 1
fe g (6
n mi mo
my < my

First observe that any solution to (6) with m; < mgy must have
my  n'/3 since

But then we must have that my > n2/3, since n divides m;m, and hence is
no larger than it.

ow suppose there is another solution (my,m,) to (6). Then, m; = my,

m, n'%and m, > n?? and so

1 1 1 1 1 1 1
<

n23 mamy, T omy omy my My n2/3



which is impossible. Therefore there can be no second solution (m,, m,) to

(6).
We shall also need several special cases of the following result.

Lemm

(Goga ) + (og( ()log ) *') .

a

It is possible to prove a result of this type using contour integration
and this would enable us to sharpen some of our error terms. However we
give an elementary proof more in keeping with the spirit of this work.

efine the multiplicative function (n) = |n( () —1) so that

and we have



Yoo lay = 3 X 0= > OO 00
1|a 1|a 1
= (@) Y O00= () 00yt

1
1

To the innermost sum we apply the well-known elementary formula

S 1= i (), ), ()

obtaining
S (o=@ Y 0y (wOX 00
1 1 1 ()

Let  denote the set of those exceptional primes not satisfying ( ), to
gether with those primes for which < . Then is a finite set and

dlog(l+ ()< L

Thus

logz () () < log 1—|———|——22—|-"' —I-Z:log(l—l- ())

= Z——|- (1) = loglogz+ (1)

so we find, on exponentiating both sides, that

Y M0 () <log w. (1)

Also, for a positive squarefree integer,



where ()= | 1. Thus,

Z 3 )Q converges,

and so

From (1 ) and partial summation we have that

DIREEEEE

ombining this with ( ) and (11), we find that

(
)

giving the first result of the lemma.
The second statement follows from the first by partial summation. For
the smallest part of the range, say < | we first use the trivial upper bound

provided by
Yo (<) (o

1



and then apply the first statement of the lemma and partial summation to the
latter sum. For the bulk of the range, < < | we apply partial summation

in the usual fashion. hoosing = () which is close to optimal we obtain
the result.
We are now ready to prove the lower bound in Theorem 4.  From

Lemma we can see immediately that for any >

;A*(n) > > oL

2 a 17 1 -

1 1 !

1 1

Actually the lemma implies the stronger statement with = but it will
be convenient in what follows to take small and positive thus restricting
ourselves to a smaller range of the variables.

We estimate the innermost sum using Lemma . We find that

Yaw o« Y 2 Y LY =

2 a 1— 1 1— 1— 1

and, writing  + o = ma we have

SNam) e Y C(Lj) 3 il 3 % (12)

2 a 1=

sing again Lemma  we may bound below the innermost sum in (12) ob

taining
1 (1)
E — log x
m

1

and hence

ZA*(n) zlogx Z c(zj) Z (%1)

11



For this sum we may again use Lemma to obtain

2 (gl) Ela)log,

1
1 1

and thus,

ZA*(n) zlog® = Z 1(3&)'

2 a 1=

To this last sum we again apply Lemma to deduce that

“(a)
Z e log x,

2 a 1=

and so, as claimed, that

ZA*(n) zlog® z.

ountin it u ti icit

In this section we give the proof of Theorem 5.  ore precisely we prove the

following general result from which Theorem 5 follows as the special case

A= 2zx.

A< 2z

1 1
Z Z *(a,n):%:ﬂ §log2:z;10gA—§log3A + (:z:

3

1
Z Z “(a,n) = Q:L' _ 8 x—l—logwlogAlog(a:/A)—l—

2 12
N (x log® z )
log log =

12

log® =

log log =

). (13)

log® A
3




Here C' is, as stated earlier, given by

12 2
C = 1— = 1+=

and the result can be refined to give an error term (x log ) for some
3, perhaps = 2. o
First suppose A < 2z. To prove (13) we shall estimate

2.2 fam=3 > XL

1 1
The inner sum is equal to

z ()

12 a4

+ (min( (a),2/( 1 2)).

A little calculation shows that this error term, when summed over a, 1, and
2, contributes  (xlog®z). Thus,

+ (z log2 ).

Y em=ey Wy

a 1 1

We make the change of variable from 5 to where 5 = a— ; and then
split the range of | obtaining for the inner sum over 1, -

1

Z Z (a— )+ Z Z (al— )+ (2)'
2 /a fa 1 T ! ! 1 2_/1111 ; ! !

In these sums we replace a — 1 by a, estimate the error so obtained when
summed over the variables it is (zlog®x). This gives

Z Z (a,n)=2 14+ o+ (:z:logZ:L’) (15)

13



where

=y oy Ly L (16

and

2=y EL“) > ia 3 il (1)

—-
—

From equation ( ), supplemented by a trivial bound, one deduces using par
tial summation that

Z i:¥1og + (I+log ( a)). (1)

1
1

1 1
We use this to estimate the inner sum in both ; and 5. In both instances
the contribution of the error terms, when summed over and a, is bounded

by

<<$Z% Z log( C(la))<<$ log® z
. /a

loglog z’

We remark that in this last step we have used the trivial bound for the divisor
function log( (m)) < logm/loglog m whereas we really need only a bound
for this on average. It is this step which in the current argument sets the
limit for the error term in the proposition (and the theorem).

We are now left to estimate

= Yy L0

+Zia)

2 /a /a

3 L 09 ol af2).

a a

By Lemma we obtain that

_Z ia () log(z/ a):—jllogzx—l- (ﬁ)a (1)

a aloglog x

14



where

and also that

1 . log’ log”
Z 1 () log( a/2) = % 0g4 - —log’a + (ﬂ)
a

log1
) 2/aa a aloglog x

Thus, making these substitutions above, we have

i} log?z  log? log®
SN clem=eY P B v (ph) @)

Applying again Lemma we have

(a) log ' A log 'z
—Dog a = ( ) 21
Z a2 8¢ ¢ +1 + log log (21)
where C' is as before. Applying this for the cases = and =2 we deduce

from (2 ) that

log log =

ow suppose that 2z A < 2z. To prove the propositon in this case
we must estimate

Z Z *(a,n):z Z_ *(a,n)—l—z _z: “(a,n).
For the former of these we have

C log?
>y (o) = ralogs+ () (22)

15



by the result for the earlier case and it remains to treat the sum

TZ _z: “(a,n) = Z 1 Zl Z 1.

2 a

1 1

We can estimate this in a way analogous to the previous case, and here it is
somewhat simpler since the sum

> —_—
1 2 /a L ia= 1)

which appeared earlier, vanishes when @ > 2z. ne can show, in exactly
the same way as before, that

Z Z fa,n) = Z (aa) Z ia Z il—l— (zlog®z).
n - 1 /a 1

2 a

Here the inner sum was estimated in equation (1 ). From this we obtain
that the right side above 1is

_ (a) (a) log” z
DY o loa(e/ ) + (xm>

2 a 1 a

The inner sum here is similar to (1 ) and by Lemma is equal to

log® =
2 og? [t =
2 8 (w/a) + (aloglog :c)’

where , is as defined earlier. Thus we have

* _ o (a), log® =
nz _z: (a,n) =2 Z 2 a? log*(z/a) + (xloglog:(;)’

2 a

which by (21) is equal to

%x —ﬂlog?’x +

log® A

log® z
+ log zlog Alog(z/A) + (mw)

By combining this with (22) we complete the proof of the proposition.

16



C

Lacking in this case a characterization comparable to that given in Lemma 2
we were not even able to prove that Aj(n) < n® for k& > 2 although it is
reasonable to suspect that this might be the right estimate. We can prove
the following much weaker result

k>1 k
2= g =1 - g s =1/2, =45 =
13/14,. .. >
Ag(n) < no+te
k

We have already proven the result for £ = 2 in (5), so we next assume
that the conclusion holds for £k — 1. If a is such that % = % 4+ 4+ Lk
where, without loss of generality, m; < my < .-+ < my then it is easy to
verify that 2o < %”

Let us fix some > to be determined and consider an integer a > n .
By the preceding argument, we have that m; < kn'~ . Therefore, applying

14—"N

the inductive hypothesis to — = L+ Lk, we obtain

Ag(n) < Z Ag—1(nmy) +n

1 knl—

- 2 : ag_1+-
<<k . nak—1+ ml _I_ n

1 knl—

Lk nak—l‘l‘_ 'n 1—  14op_q1+- +n .
We can arrange that the right—hand side is <. n®**¢ by choosing
F= o= g+ (0= )1+ k),

. 142 _ .
that is = 21;: 11' The assertion follows.

We remark that it would not be di cult to adapt the proof of the upper
bound to show that

Z Ai(n) < x't* log * x

with an appropriate value ;. However this is still rather far from the ex
pected order of magnitude.
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