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Abstract

We show that for any > 0, there exists ¢ > 0, such that for
all x supcien tly large, there are x*?(logx) 094 °@) integers n 2
[x;x + ¢ X], all of whoseprime factors are ~ x47=(190" e+

AMS Suject Classi cation. 11N25.

Keyw ords. Smaoth Numbers, Multiplicativ e Number Theory.

1 Intro duction.

There are many unsettled questionsconcerningthe distribution of integers
having no\large" prime factors. Sud integersare called\smooth numbers”,
and we sa that an integer n is y-smaooth if all its prime divisors are < y.
For an interval [a, b] de ne v¥([a, b],y) to be the number of y-smaoths lying
in [a,b]. The following is one sud important, unsettled question:

Conjecture 1

Yz, x+ Vx],2 ) >0, foral 0<d <1 andall z > z¢(0).
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Harman [6] shaved that this conjecture holds for y = 2479 ang
any € > 0; moreover, he has shavn that there are > /= sud y-smaoths in
[z, z+ \/x], and hasobtainedresultsfor even shorterintervals, at the expense
of requiring larger valuesof y. For intervals of length much longerthan /x,
much more is known. For instance, Balog [1] shoved that

¢([£L’,JI+ Jil:2+ ],JJ ) > Jil:2+ 0; (1)7

and mary researbers have proved various re nements. For instance, Fried-
lander and Granville [3] shavedthat the interval width »** canbereplaced
with any

z > y*Vrexp((log )'),

and z with y, where
exp((log )5 W) < y < .

Friedlander and Lagarias[5] obtained results for intervals shorter than 272,
and shoved that

Y(z,x+x ],x) >. x, wheneer>1—a—ca(l—a)?

where ¢ is an absolute positive constart. There are also some conditional
improvemerts; for instance, Xuan [9] shoved that the Riemann Hypothesis
implies [z, z + /z(log z)** °Y] cortains an = -smaoth.

In this paper we prove the following

Theorem 1 For everye > 0, there exist ¢ = ¢(¢), suchthat for all z su -
ciently large,

UL, a+ e/, 99 ) S i(loga) P9t oD,

This result improvesupon that of Harman's for intervals of length more
than a constart times /z; howewer, Harman's still givesthe strongestresult
for intervals of length exactly /z. It might be possibleto re ne the argumert
in our paper to beat Harman's result for intervals of length lessthan /z,
but the argument would certainly be much more complicated.



2 Pro of of Theorem 1.

2.1 Discussion of the Pro of Strategy

Let 6 = 4(¢) be someparameter, which we will chooselater. The proof will
work by showing that a little more than half of the integers

2z e Z = [(A+9) W, A+ 0)Vz] N Z

have the property that [z, z + k] cortains a y = 7477190 8 _smepth integer.
Here, k = k(¢) denotesa constart that dependsonly on e.

If we canshow this, then, aswe will explainin the next subsection,there
must exists lots of pairs of integers

z1 € [(1 - 5)\/57 \/E]a 22 € [\/57 (1 + 5)\/5]7 with 22 = [$/Zl—|7

sud that both the intervals [z1, 21 + k] and [z, zz + k] cortain y-smaooth
numbers s; and sp, respectively. The product s;s; is also y-smooth, and
satis es

r < 5185 < x+ 3ky/x. (for small enoughd > 0.)

In fact, we will shav that there are more than «./x sud pairs sy, s,
wherex = k(d,e) > 0. This will prove our theoremin light of the following
obsenation: Let P denotethe set of all thesepairs, and note we have |P| >
ky/x. Among the (s, s2) € P, considerthose satisfying

( s1), ( s2) < loglogz + (loglogz)®3, (1)

where ( n) denotesthe number of prime power divisors of n. As densily
1 — o(1) of the integersn < 2./ satisfy this inequality, we concludethat
(1 — o(2))|P| of our pairs (s1, s2) dotoo. ! But then for eac sud pair we
have

( s152) < 2loglogz + 2(loglogz)?=,

which implies
7(s152) < (logz)94+ol.

INote that nos 2 [(1+ ) 1P X; " X] appearsmore than O(k) times asa rst coordinate
of %pair in P, and the analogousthing is true for the secondcoordinate. Thus, there are
X distinct rst coordinates, and distinct secondcoordinates.
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Thus, the number of distinct products s;s, sud that (sq,s,) € P satis es
(1) is at least
(1 —0(2))|P]

> \/E(Iog I) log 4 0(1)7
MaX(sy;sz)2p 7(5152)

which would prove our theorem.

2.2 Further Discussion

Let A denotethe setof all integersz € Z, sud that

Uz, 2+ kly) = 1 (@)

As we said before,if |A| is alittle morethan |Z|/2 ~ §/x, then we can make
the above approad to proving our theoremwork. More speci cally, we will
show that our argumert will work if z is su ciently large and

Al > (6+ %)V,

Assume|A| is indeedthis large, and de ne the mapping
f:Z — Zu{b}
a — [z/a],

where b is one more than the largest elemen of Z, and let fo denote the
restriction of f to A C Z.
Although f is not injective, it almostis for small §: First, de ne

Zy = [(1+0) "Wz, Va)nZ, and Z, = [V, (1+ 6)y/z]NZ,

and note that Z = Z; U Z,. Now, f maps Z; injectively into Z, U {b}, and
all but O(1) integersin Z; arein the imageof f restricted to Z,. Thus, for
x su ciently large,

im(f)] > 2|21+ 0Q1) > (20 — 26%)/x;
and therefore
im(fa)l > Al = (|Z]+ 1= |im(f)]) > (6 —0°)Vx. (3)
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This inequality follows since f is at worst two-to-one (at least for 6 small
enough),and there are at most |Z| + 1 — |im(f)| points on Z U {b} with two
preimagesin Z.

The fact that f5 satis es (3) implies
im(fa) NA] > A+ [m(fa)| — 2] > (202 — 289V,
Thus, there are more than (20% — 25%)/x pairs (a, [z/a]) € A x A, which is

just the sort of conclusionwe wanted.

2.3 An Application of the Second Momen t Metho d

To shaw that |A| > (6 + 62)/z, and therefore complete the proof, we will
apply the secondmoment method, along with a standard trick for reducing
the smoaothnessbound (the standardtrick is what cortributes the factor /e).

De ne

D = {pip, : piprime : p € [¢1F% =3 1295 =4

and for an integern, de ne

h(n) = Hge D : qn}|.

The expectedvalue of h(n) over n € Z will be

E(h) = o hn) ~

1 X X 1
||nZZ qZDq

A lower bound for this expectation is

X 1Z| 2
E(h) > — — > € (4)
1Z| pip2

p1§922[><12:95 =3, y12=95 =4]
pi prime



We will shav that for xed €,0 > 0if x > z¢(d,¢€) and k > ko(6, €), then
0 1,

X X

Vo= @ h(n) — (k+ 1ER)A

z2Z  n2[z;z+Kk]

0
X X
= @ hn)A  — (k+ 1)°E(h)?|Z] + O(k). (5)

z2Z n2[z;z+Kk]

2

is\small". What this will meanis that for \most" 2z € Z we will have

X
h(n) ~ (k+ 1)E(h).

n2[z;z+k]

At this point all we would get is that most of theseintervals [z, z + k]
cortain a number which is 2471 smaeoth, becausdf h(n) > 1 for somen
in this interval, then it factors as

n = pipod, Wherep, > 1% =3
which forces

d < (1+ 0)z'™ < 9,477190+2 =3
Pip2

< ZE47=190+ )

(For § < 1, of course.)

2.4 Boosting the Smoothness

To get that extra boost of /e in the exponert of the smoothneps§bound, we
shav that \about half the time" the divisor d above is z471% ¢ smaooth.
We begin by de ning the modi ed weighting (a modi cation of h(n))

RN
1, if nis 2?9 & smooth;

ha(n) = g(m)h(n), whereg(n) = b SS

Then, we have that

1 X X
E(ho) = 7 9(n/q). (6)
2D n2z
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To estimate this inner sum we usethe well-known fact that for ¢g > 0 there
existse; > 0 sud that

DN, NI & o) ~ (1/2+ ).

Thus, the inner sumin (6) exceedy1/2+ ~1)|Z|/q, where~; > 0 depends
one > 0, and tendsto O ase tendsto O; and so,

E(h2) > (1/2+ 1)E(h). (7)

In the next subsectionwe will shov that once

0 < 6§ < dole), E > ko(e,0), (8)
and z is su cien tly large, then
V < SE(h)?(k+ 1)?|Z]. (9)

It turns out that this implies that at least (§ + §2)/z of the integersz € Z
satisfy

U(lz,z+ kly) > 0, (10)
which we know provesour theorem from commerts in the previous subsec-
tion.

To seethis last deduction, supposethat (9) holds and that, on the con-
trary, fewer than (6 + 62)/z intervals [z, z + k] satisfy (10). Let Z°denote
the setof all z € Z sud that [z, z + k] is oneof theseintervals. We have

0 1, 0 1, 0 1,
X X X X X X
@ hn)A > @ ho(n)A  + @ h(n)A .
z2Z  n2[z;z+K] 2270 n2[z;z+k] z2ZnZ% n2[z;z+kK]
(11)

To bound this rst sum on the right-hand-side from belonv we note that all
but O(k) integersn € Z lie in exactly k£ + 1 intervals [z,z + k],z € Z; and
so, by Caudy-Sdtwarz, this quartity is at least
P
X
(k+1)%29 * ha(n) — + O(K?)

n2z

(k+ 12|29 Y Z|PE(h2)? + O(K?).

(k+ 1)’E(h2)?] Z](2+ O(5))

(k+ 1)’E(h)|Z|(1/2+ 2y1 + 292 + O(9)).

I\
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To bound the secondsum on the right-hand-side of (11) from below, we rst

apply the triangle inequality [|ull> % [|e[|2—[[u—e]|2, whereu, e are vectors,
with the coordinates of u equalto | ,r,.,,; 2(n) and the coordinates of e
equalto (k + 1)E(h), and deduce

O O 1 21 1=2
X X
@ @ h(n)A A > (k+ 1DE()|Z\ 292 - v

z2ZnZ% n2[z;z+K]

> (k+ DEM(Z\ 297 - 01 Z]).

Now, if 4 > 0 is su cien tly small, then this last quartity is positive, and its
squareis easily seento be at least

(k+ D’E(W)*(1Z\ 29 — 20| 2))) = (k+ 1)’E(R)*(1/2+ O(5))|Z].

So, we deducethat

0 1,
X X
@ hm)A > (k+ 17[Z|E(h)*(L+ 21+ 295 + O(5)).

z2Z  n2[z;z+Kk]
This and (5) implies that
V > (k+ 1?Z|E(h)*(2n + 29F + O(9)),

which cortradicts (9) onced > 0 is su cien tly small.

2.5 Exponential Sums

To prove (9), in light of (5) it suces to obtain a very sharp upper bound
for

0 1,
X X X X
@ M)A = (k+ 1)) 1+ O()
722Z  n2[z;z+K] jiji k 01;022D auin ngzzjn+jjj
Xk X X
= 2 (k+1-—7) 1+ O(k|Z]).
j=1 01;022D n2z

gpin; dgjn+j



It is pretty clear, and easyto shaw, that this last quartity hasthe expected
sizeprovided we can show for 1 < j < k that

X X
1= (1+ o (D)EM?Z]; (12)
t;2D  n2Z
qiin; qzin+]
and, if we candothis, theniif £, ¢ satisfy (8), we will have (9) for = su cien tly
large, thus proving our theorem.

In the sumonthe left-hand-sideof (12) we only needto considerg;, ¢ € D
sud that (q1,q2) = 1, sincewe cannot have a prime p > 21 =3 dividing
both n» and n + j. Thus, to prove (12), we just needto court the number of
integersd, and integersqs, ¢z € D, (q1,¢2) = 1, satisfying the congruence

1
d = jg,t (mod q1), Wherew <d < W (13)
a2 q2

The fact that the range for d dependson ¢, is problematic. We handle
this by partitioning D into D, U---U Dy, wheret = [logx], and where D; is
the set of all elemeits of D lying in the interval

[.1'24:95 2=3+ (Z— l)Lo, 1'24:95 2=3+ iLo), WherELo = ¢ 11'24:95 227

and by dening I,...,I; to be integer intervals, where I; is the set of all
integersd satisfying

1+ Vo (1+ )=
max{q € D;} s d < min{q € D;}

Then, our number of solutionsto (13) is

Xt X X X
(1+ o (1) 1 (14)
i=1 2D 22Dj d21;
(@2:9)71 d jg, ' (mod ap)
Good estimatesfor this quantity can be given through an application of
exponertial sums: First, de ne

X .
Di(a,r) = ¢? BlA whereglg]=1 (mod r),

g2D;
(qir)=1



and de ne X _

I (a’ 7ﬂ) — 62 iad=r )
d21;

Then, our sumsin (14) equal

XX 1 X ‘
— Di (](l, QI)Ii(_av q1) (15)
i=1 2D 1 jaj<qs=2

The total cortribution of the ¢ = 0 terms hereis
Xt X 1 Xt
(1+ o ; (1)) | Di ||| — = A+ o ; (1))E() | Di || 1.
i=1 q2Dp 11 i=1

This last sumover i courts, up to an error factor 1+ oy. . (1), the number of
products ¢,d which lie in Z, whereq, € D. Thus, the cortribution of all the
a= 0termsis

(1+ o ; (V))ER)?|Z];

and so, proving (12) amourts to shaving that the cortribution of the terms

2.6 Klo osterman Sums

To bound from above the terms in (15) wherea # Owe rst x i = 1 ...t
and a satisfying

a7 0, [a] < maxg/2 < *° 7Z
012D
and then, we try to bound

X 1
_Di (]CL, Q1)Ii(—aaQ1) (16)
12D

from above in absolutevalue.
To carry out this plan, we will require the following very slight modi-

cation of a theorem of Duke, Friedlander, and Iwaniec [2, Theorem 2] on
bilinear forms of Klo ostermansums: 2

2The modi cation amounts to replacing the range on n from [N;2N] to [N;N* °].
This is easily handled by writing the sum with [N; N * ¢] asa seriesof sums over dyadic
intervals. Also, our versionis stated for arbitrary a, whereasversionin [2]isfora 0/{
the version for arbitrary a is easily deducedby taking complex conjugates.
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Theorem 2 Supmsethat {am}tm<m 2m and {Gn}n<n n1+ o @re sguenes
of complexnumkers, and de ne

X X o
B(M,N,a) = Bn ame? am=n,

N<n N o M(;]r;m:] ):iM
Then, for everye; > 0 and everyinteger a we havethe following bound
B(M,N,a) <, llall2llBlla(]a] + MN)ZB(M + N)H4e 142 03

P
Here, [[a]l2= ( ;of)™.

Remark. In our case,the [, are supported on a set of integersn = pip,,
wherep; < 21279, and perhapsthereis a way to take advantage of this special
form to improve the bilinear form estimatesin this case.If so,it would lead
to an improvemen to our main theorem.

We apply this theoremwith

M = N = n;igq = (1+ o (1))224% 273
g

with
1, if me D
O, if m ¢ Di.

am =
with

_ N Ii(—a,n)/n, if ne D, andn > 2|a;
b = Galja) = 0, otherwise;

and nally with ey = ¢/6 (we leave ¢; asa parameterthat we chooseassmall
asneededater). With this choiceof parametersthe expressionn (16) equals
B(M, N, ja), which for |a| < maxgp ¢/2,a 7 0is

< ) ||ﬁ(ja)||2|Di\1:2x47:190+ 1=3 3=10 < “6(ja)“21’71:190+ 1=3 3:4. (17)

2.7 Bounds on jj3(a)jj2, and the Conclusion of the Pro of

In order to sum this over all thesevaluesof a, we require upper bounds on
[16(ja)||2: We rst realizethat [i(—a,n) is a geometricserieswith common
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ratio e 2 ¥"; and so, using the notation ||¢|| for the distancefrom ¢ to the
nearestinteger, we get the bound

Ii(—a,n)| < min(|5|, 2le? & —1] b
= min(|5i|, (sin||a/n|]) %)
< min(|5i], 2[la/n|)) ). (18)

This last inequality follows from the fact that | sin(t)| > 2|t|/7.
Now, if |a| < 219 | then we will just usethe bound |I;(—a, )| < |[i],
which gives
I
X )

12=95+ =3 < $23=190+ )

[18(a)ll2 = |Li

12D

< |L‘SL‘

§N| L

On the other hand, when |a| > 2% we usethe bound (2||a/n||) %,
which gives

0 1
X 1 |D|%2 12795 =4
Bl < & K < < -
wro Mllajai]] 2l ]
a1> 2jaj

Putting theseboundsfor ||3(ja)||, together with the upper bound (17)
for the expression(16), we nd that

X X 1
—Di(]aaCh)Ii(—aan) = 1t 2,

jaj<max gop 9=2 d12D 0

a60 a1> 2jaj
where ; is the sum of terms wherea # 0 satis es |a| < 2¥1% | and where
» is the sum of terms wherea # 0 satis es |a| > 2¥71%° | We have that
1=190 . 71=190+ =3 3=4 1=2+ 1=3 3=4.
) max [[B(ja)|[22 < ,

jajex 15100 3=5
ag0

1 K (l‘

likewise,

) < $1=2+ 1=3

Thus, for ¢; = 2¢ we will getthat the cortribution of terms wherea # 0 to
(15) is ok.. (#¥2) = ox.. (|Z]), which is just what we neededio shawv in order
to completethe proof of our theorem.

logz.
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