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Abstract

In this manuscript, we propose a structural condition on non-separable Hamiltonians, which we
term displacement monotonicity condition, to study second order mean field games master equations.
A rate of dissipation of a bilinear form is brought to bear a global (in time) well-posedness theory,
based on a—priori uniform Lipschitz estimates on the solution in the measure variable. Displacement
monotonicity being sometimes in dichotomy with the widely used Lasry-Lions monotonicity condition,

the novelties of this work persist even when restricted to separable Hamiltonians.
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1 Introduction

In this manuscript, T' > 0 is a given arbitrary time horizon and S > 0. We consider evolutive equations
which represent games where the players are in motion in the space R% and their distributions at each time
are represented by elements of Py(R%), the set of Borel probability measures on R?, with finite second

moments. The data governing the game are a Hamiltonian H and a terminal cost function G such that
H:RYxPy(RY) xR R and G :R% x Py(R?Y) — R.

For our description, we assume to be given a rich enough underlying probability measure space (2, F,P).
The problem at hand is to find a real valued function V' which depends on the time variable ¢, the space

variable x and the probability measure variable p, such that

{ —0V — Ztr (04 V) + H(w, 1,0,V) =NV =0, in (0,T) x R? x Py(RY),

V(T,z,p) =Gz, p), in R? x Py(RY). (1)

This second order equation is called the master equation in mean field games, in presence of both id-

iosynctatic and common noise (if 3 > 0), where A/ is the non-local operator defined by

2

=2 5 - N -
NV(t,iL’,M) =tr <E|:ﬁ 8528uv(t7$7/’(‘a§) - auv(ta x,p,g)(ﬁpH)T(f, ,U/7azvv(t7§7 :u))
P00V (518 + 50V (45, 8] ).

(1.2)

Above, [ stands for the intensity of the common noise, the idiosyncratic noise is supposed to be non-
degenerate (for simplicity, its intensity is set to be 1) and we use the notation 32 =14 B2. We always
assume H (z, i, -) to be convex, however, we emphasize already at this point the fact that in general it can

have a ‘non-separable structure’, i.e. we do not assume to have a decomposition of the form

H(z,p,p) = Ho(z,p) — F(z,p). (1.3)

In (1.1)-(1.2), &; stands for the time derivative while 9, stands for the gradient operator on R?. We
postpone to Section 2, comments on the Wy—Wasserstein gradient d,, and the Wy—Wasserstein second
gradient 9,,,,. Given p € Py(R?), £ and € are independent random variables with the same law z, and E
is the expectation with respect to their joint law.

First introduced by Lions in lectures [32], the master equation appeared in the context of the theory of
mean field games, a theory initiated independently by Lasry-Lions [29, 30, 31] and Caines-Huang-Malhamé
[16]. Tt is a time dependent equation which serves to describe the interaction between an individual agent
and a continuum of other agents. The master equation characterizes the equilibrium cost of a representative
agent within a continuum of players, provided there is a unique mean field equilibrium. Roughly speaking,
it plays the role of the Hamilton-Jacobi-Bellman equation in the stochastic control theory. We refer the
reader to [17, 21, 22] for a comprehensive exposition on the subject.

The master equation (1.1) is known to admit a local (in time) classical solution when the data H and
G are sufficiently smooth, even when the noises are absent (cf. [12, 26, 33]). Local solutions are known to

exist and to be unique in the presence of noise (cf. [18, 22]). Nevertheless, it is much more challenging to



obtain global classical solutions, as they are expected to exist only under additional structural assumptions
on the data. Such a sufficient condition is typically a sort of monotonicity condition, provides uniqueness
of solutions to the underlying mean field game system (a phenomenon that heuristically corresponds to the
non-crossing of generalized characteristics of the master equation). For a non-exhaustible list of results on
the global in time well-posedness theory of mean field games master equations in various settings, we refer
the reader to [19, 21, 22, 23], and in the realm of potential mean field games, to [10, 11, 25]. We also refer
to [35] for global existence and uniqueness of weak solutions and to [7, 8, 9, 13, 14] for finite state mean
field games master equations. All the above global well-posedness results require the Hamiltonian H to
be separable in u and p, i.e. it is of the form (1.3), for some Hy and F. Moreover, as highlighted above,
F and G need to satisfy a certain monotonicity condition, which in particular ensures the uniqueness of
mean field equilibria of the corresponding mean field games. We remark that nonseparable Hamiltonians
appear naturally in applications (such as economical models, problems involving congestions effects, etc.,
see e.g. [1, 2, 5, 28]). We shall also note that [15] establishes the global in time well-posedness result for
a linear master equation, without requiring separability or monotonicity conditions. However, since the
Hamiltonian H is linear in p, there is no underlying game involved in [15].

A typical condition, extensively used in the literature [7, 14, 19, 21, 22, 23, 35], is the so-called Lasry-

Lions monotonicity condition. For a function G : R? x Py(R?) — R, this can be formulated as

E[Gl¢1, Le,) + G(6, Le) — Gléh, Le) — GlEa, £e,)| 2 0, (1.4)

for any random variables &, &> with appropriate integrability assumptions. Here, £¢ := {4 stands for
the law of the random variable £.
In this manuscript, we turn to a different condition. The main condition we impose here on G, is what

we term the displacement monotonicity condition, which can be formulated as

E[[amc:(ghcgl) — 0,G(&2, Ley)] €1 — gg]} > 0. (1.5)

When G is sufficiently smooth, displacement monotonicity means that the bilinear form

(m,12) = (dud)eG(m,12) = E[(00pG (&, 1y )i, m2)] + E[(D2a G (&, 1)1, m2)] (1.6)

is non—negative definite for all square integrable random variables £. Here (5~ ,71) is an independent copy
of (§,m) and [ is the expectation with respect to the joint law of (&, m1,m2, I3 ).

Our terminology is inspired by the so—called displacement convezity condition, a popular notion in the
theory of optimal transport theory (cf. [34]). Indeed, when G is derived from a potential, i.e. there exists
g : Po(R?) — R such that 9,G = 9,9, then (1.5) is equivalent to the displacement convexity of g. Let us
underline that in the current study, we never need to require that G is derived from a potential.

Displacement convexity and monotonicity have some sparse history in the framework of mean field
games and control problems of McKean-Vlasov type. In the context of mean field game systems, the first
work using this seems to be the one of Ahuja [3] (see also [4]), whose weak monotonicity condition is
essentially equivalent to the displacement monotonicity. In the context of control problems of McKean-
Vlasov type, displacement convexity assumptions appeared first in [20] and [23]. It seems that [23] is

the first work that relied on displacement convexity in the study of well-posedness of a master equation



arising in a McKean-Vlasov control problem. However, let us emphasize that this master equation is
fundamentally different from the master equation appearing in the theory of mean field games. In the
framework of potential master equations and in particular in more classical infinite dimensional control
problems on Hilbert spaces, the displacement convexity condition has been used in [10, 11]* and [25].
Our main contribution in this manuscript is the discovery of a condition on H, which allows a global
well-posedness theory of classical solution for the master equation (1.1). This condition, which we continue

to term displacement monotonicity condition for Hamiltonians, amounts to impose that the bilinear form

(m1,m2) = (disply H) (1, m2) = (dud)e H (-, 0(€)) (11, 72)
4 1B (O H €1 00) ™ O H (€, 1. 0E)i, D H €, 1.6, 002

is non-positive definite for all u € Py, ¢ € L2(F, ) and all appropriate ¢ € C'(R?; R?), see Definition
3.4 below for the precise condition. In the previous formula, we clearly assume strict convexity on H the
p variable. This condition is instrumental for our global well-posedness theory of classical solution to the
master equation (1.1). To the best of our knowledge, this is the first global well-posedness result in the
literature of mean field games master equations, for non-separable Hamiltonians. When H is separable (i.e.
of the form (1.3)) and Hy = Hy(p), the non—positive definiteness assumption on displ“gH , is equivalent
to (1.5) for F. For certain Hamiltonians, displacement monotonicity is in dichotomy with the Lasry-
Lions monotonicity. Thus, not only our well-posedness results are new for a wide class of data functions,
but we shall soon see that the novelty in our results, extends to a class of separable Hamiltonians. For
discussions on displacement monotone functions that fail to be Lasry-Lions monotone we refer to [3, 25]
and to Subsection 2.3 below.

We show, at the heart of our analysis, that under the condition (3.2) on H and (1.5) on G, V (¢, -, ),
the solution to the master equation (1.1), which has sufficient a priori regularity, also satisfies (1.5) for all
t €10, 7). Let us recall that, when H is separable and both G and F' satisfy the Lasry-Lions monotonicity
condition (1.4), then V'(¢,-,-) inherits (1.4) as well for all ¢ € [0,T]. However, when H is non-separable, it
remains a challenge to find an appropriate condition on H which ensures that if G satisfies the Lasry-Lions
monotonicity, so do V (¢, -,-) for all ¢t € [0,T] (see Remark 4.2(iii) below).

For separable H, the Lasry-Lions monotonicity of V(¢,-, ) is typically proven through the mean field
game system, the corresponding coupled system of forward backward (stochastic) PDEs or SDEs for which
V serves as the decoupling field (see Remark 2.8 below). We instead follow a different route and derive the
displacement monotonicity of V (¢, -, ) by using the master equation itself. We show that if V' is a smooth
solution to the master equation then for any u € Py and n € L2(F,) there exists a path t — (X3, 6X;) of
random variables starting at (§,7n), with u = L, such that

T
(dzd)XTVT(éXT,5XT) — / (diSpl?tH) (5Xt,(5Xt)dt S (dmd)XDVO(n,n). (17)
0
Here, (see Remark 4.2 for a more accurate formulation),

Yt = a:cv(ta ',,U,t), Mt = Xt #]P

I These references used a notion of A-convexity in displacement sense, and obtained local classical solutions for the master

equation. However, it is clear from their results that the solution is global when the data are actually displacement convex.



Note that (1.7) provides us with an explicit “rate of dissipation of displacement monotonicity” of the
bilinear form (d,d)V(t,-,-), from smaller to larger times. This favors our terminal value problem, as we
are provided with a “rate at which the displacement monotonicity is built in” from larger to smaller times.

Our approach seems new, even when restricted to separable H. We were also able to obtain a variant
of (1.7) that is applicable to the Lasry-Lions monotonicity case, but only for separable H. One trade—off
in our approach is that, since we apply 1t6’s formula on the derivatives of V', we need higher order a—priori
regularity estimates on V' and consequently require regularity of the data slightly higher than what is
needed for the existence of local classical solutions (cf. [22]). We anticipate that, thanks to the smooth
mollification technique developed in [35], one could relax these regularity requirements. In fact, we expect
a well-posedness theory of weak solutions in the sense of [35]. In this work, our main goal is to overcome
the challenge of dealing with non-separable Hamiltonians and so, this manuscript postpones the optimal
regularity issue to future studies.

The displacement monotonicity of V (¢, -, -) has a noticeable implication: it yields an a—priori uniform
Wo—Lipschitz continuity estimate for V' in the p variable. Here is the main principle to emphasize: any
possible alternative condition to the non—positive definiteness assumption on diSprH , which ensures the
monotonity of V' (either in Lasry-Lions sense or in displacement sense), will also provide the uniform
Lipschitz continuity of V' in p (with respect to either Wy or W5). As a consequence, this yields the global
well-posedness of the master equation. We shall next elaborate on this observation which seems to be new
in the literature and interesting on its own right.

Uniform Wj-Lipschitz continuity of V' is known to be the key ingredient for constructing even local
in time classical solutions of the master equation (cf. [22, 35]) in mean field games with common noise.
The uniform Ws-Lipschitz property we obtain, is not final. We complement this in light of a crucial
observation: when the data H and G are uniformly Wj—Lipschitz continuous in p, we can show that
the uniform Ws—Lipschitz continuity of V' actually implies its uniform W;—Lipschitz continuity in the u
variable. We achieve this by a delicate analysis on the pointwise representation formula for 9,,V', developed
in [35], tailored to our setting.

In our final step to establish the global well-posedness of the master equation, we follow the by now
standard approach in [22, 23, 35]. That is, based on the a—priori uniform Lipschitz continuity property
of V in the p variable (with respect to W7), we construct the local classical solution and then extend it
backwardly in time. Another important point in our argument is that the length of the time intervals
used for the local solutions, depends only on the Ws—Lipschitz constants of the data.

The rest of the paper is organized as follows. Section 2 contains the setting of our problem and some
preliminary results. In Section 3 we present our technical assumptions and introduce the new notion of
displacement monotonicity for non-separable H. In Section 4 we show that any solution of the master
equation which is regular enough, preserves the displacement monotonicity property. Section 5 is devoted
to uniform a—priori Wo—Lipschitz estimates on V. In Section 6 we derive the uniform Wj;—Lipschitz

estimates and establish the global well-posedness of the master equation (1.1).
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2 Preliminaries

2.1 The product probability space

In this paper we shall use the probabilistic approach. In order to reach out to the largest community
of people working on mean field games, in this subsection we present our probabilistic setting in details,
which we think will facilitate the reading of those who are not experts in stochastic analysis.
Throughout the paper, we fix T > 0 to be a given arbitrary time horizon. Let (Q,F° Py) and
(Q,FL,P;) be two filtered probability spaces, on which there are defined d-dimensional Brownian motions
B and B, respectively. For F* = {F}}o<i<r, i = 0,1, we assume F, = ffo, Fl=FtvFP, and P; has
no atom in F3 so it can support any measure on R? with finite second moment. Consider the product

spaces
Q:=QoxQ, F={Flocicr = {F®FYo<i<r, P:=Py2P;, E:=EF. (2.1)

In particular, F; := o(Ag x A1 : Ay € F), A1 € F}'} and P(Ay x A1) = Po(Ao)P1(A1). We shall
automatically extend B°, B, F9 F! to the product space in the obvious sense, but using the same notation.
For example, B%(w) = BY(w?) for w = (w%,w!) € Q, and FP = {4y x Q1 : Ag € F?}. In particular, this
implies that B and B! are independent P-Brownian motions and are independent of Fy.

It is convenient to introduce another filtered probability space (Ql,f@l, B, ]@1) in the same manner as

(1, F, B,P;), and consider the larger filtered probability space given by
Q = Q X Ql, F = {]}t}OStST = {]:t ® ﬁtl}Oﬁtha ]ID = P ® Pl, ]E = Eﬁp (22)

Given an Fy-measurable random variable £ = &(w?, w!), we say £=¢ (w®, @) is a conditionally independent
copy of ¢ if, for each w?, the P;-distribution of £(w?,-) is equal to the P;-distribution of £(w®,-). That
is, conditional on F?, by extending to Q the random variables ¢ and §~ are conditionally independent and

have the same conditional distribution under P. Note that, for any appropriate deterministic function ¢,

Ero[0(6,6)] (") = B P [p(¢(w, )
0

[ ,
- - - 2.3
B (6 ) (0.!) = B [ (€0, 1). € 29

£(W°,* ))}, Py — a.e. w;
(w° ))} P—ae. (W wh).

Here EP! is the expectation on &', and EF1 *P1 is on (w!,@%). Throughout the paper, we will use the prob-
ability space (Q2,F,P). However, when conditionally independent copies of random variables or processes
are needed, we will tacitly use the extension to the larger space (Q, F, ]@) without mentioning.

When we need two conditionally independent copies, we introduce further (Q;,F!, B,P;) and the

product space (Q,F,P,E) as in (2.2), and set the joint product space
S:) =0 x Ql X Ql, IT? = {]::t}ogth = {ft ® j:tl ® ftl}()gtSTa IE =P® ]fbl & Pla E - E]P (2'4)

Then, given F;-measurable £ = £(w®, w!), we may have two conditionally independent copies under P:
E() = £(0,51) and £B) = 60, @), & = (00!, 0, 01) € 0



To avoid possible notation confusion, we emphasize that

when ¢ = £(w?!) is F}-measurable, then 5 ,€ are independent copies of ¢ under ]I:”;
the expectation E is on @ = (w® W, @), not just on @!; similarly for E; (2.5)

and E is an expectation on @ = (w°, wt, &, @!).

2.2 Preliminary analysis on the Wasserstein space

Let P := P(R%) be the set of all probability measures on R? and d, € P denotes the Dirac mass at € R9.
For any ¢ > 1 and any measure p € P, we set

1

My(p) == (/]Rd |:E|q,u(dx)> " and Py i=P,(RY) ;= {ue€P: My(u) < o0} (2.6)

For any sub-o-field G C Fr and p € P, denote by L9(G) the set of R-valued, G-measurable, and g-
integrable random variables §; and L9(G; i) the set of £ € LY(G) such that L = p. Here L = {4 P is the
law of £, obtained as the push-forward of I’ by . Also, for u € Py, let L7 (R%;R?) denote the set of Borel
measurable functions v : R — R? such that ||vH]‘iZ = Jga [v(@)|?p(dx) < o0o. Moreover, for any u,v € Pg,

their W,~Wasserstein distance is defined as follows:
1
Wy (i, v) = inf { (B[Jg —nl?]) "+ for all € € L4(Fr; o), 0 € LI(Frs) }. (2.7)

According to the terminology in [6], the Wasserstein gradient of a function U : Py — R at pu, is an
element 9,U(u,-) of W]Li (the closure of gradients of Cg° functions in L2 (R%; R?)) and so, it is a
priori defined p—almost everywhere. The theory developed in [17, 27, 32, 36] shows that 0, U(y, -) can be
characterized by the property

U(Letn) — Uln) = E[@,U 1, ),m)] + ollnll2), ¥ €., with L = p. (2.8)

Let C°(Py) denote the set of Wa—continuous functions U : P, — R. For k € {1,2} we next define a subset
of C*(Py), referred to as functions of full C* regularity in [21, Chapter 5]), as follows. By C!(Py), we
mean the space of functions U € C%(Ps) such that 9,U exists for all u € P2 and it has a unique jointly

continuous extension to P, x R?, which we continue to denote by
R% x Py 3 (7, p) = 9,U (1, ) € R

We sometimes refer to the extension as the global version, and we note that our requirement of pointwise
continuity property of this global version is stronger than the L?—continuity requirement made in some of
the mean field game literature (cf. e.g. [23]). Similarly, C?(P;) stands for the set of functions U € C(Ps)
such that the global version of 0,U is differentiable in the sense that the following maps exist and have

unique jointly continuous extensions:
R x Py 3 (&, 1) = 0z, U(p, #) € R and  R* x Py 3 (7,7, 1) = 0,,U (1, 7, 7) € R,

C%(RY x Py) is the set of continuous functions U : R x Py — R such that the following are satisfied:

(i) 0,U, 0., U exist and are jointly continuous on R? x Py;



(ii) The following maps exist and have unique jointly continuous extensions
R x Py > (2,7, 1) = 9, U (2, 11, 7) € RY and  R* x Py 3 (2,7, ) > 9, U (, p, 7) € R,
(iii) Finally, the following maps exist and have unique jointly continuous extensions

R x Py > (2,7, 1) = 0z, U (x, p, &) € R and R3 x Py > (2,7, 7, 1) v 9,,U (x, u, &, ) € R,
Finally, we fix the state space for our master equation:
0 :=1[0,T] x RY x Py,

and let C*22(0©) denote the set of U € C°(0;R) such that the following maps exist and have a unique
jointly continuous extensions as previously described: 0,U, 0,U, 0,,U, 0,U, 0,0,U, 030,U, 0,,,U.

We underline that for notational conventions, we always denote the ‘new spacial variables’ appearing
in Wasserstein derivatives with tilde symbols (for first order Wasserstein derivatives), with “bar” symbols
(for second order Wasserstein derivatives) and so on, and we place them right after the corresponding
measures variables. For example, when U : R? x Py x RY — R is typically evaluated as U(x, u,p), we
use the notations 0,U(x, i, ,p), 0:0,U(x, 1, &,p), 0,0,U(x, 1, Z,Z,p), and so on. This convention will
be carried through to compositions with random variables too, for example 0,U(z, u, é ,p), when 5 is an
R?valued random variable.

Throughout the paper, we shall also use the following notations: for any R > 0,
By :={peR*:|p| <R}, Br:={peR?:|p|<R}, Dg:=R*xPsx DB (2.9)
The following simple technical lemma (not to confuse with [22, Remark 4.16]) is useful.
Lemma 2.1 For any U € C*(Ps) and (u, %) € P2 x RY, 8;,U (1, &) is a symmetric matriz.
Proof. Since U is of class C?(Pz), we may assume without loss of generality that p is supported by a

closed ball Bp, it is absolutely continuous and has a smooth density p with ¢ := inf,cp, p(x) > 0. By the
2

fact that 0,U(p,-) € VO (Rd)L“, there exists a sequence (¢,,), C VC(R?) such that
0 = lim |9 — 0,0 (1 oz = elim 0500 — .U (11|12, (2.10)

where L?(Bpg) stands for the standard Lebesgue space. Set

1

Dp = Oy — = n(x)de.
Pn = £d(BR>/BR<p()

By the Poincaré—Wirtinger inequality, there exists a universal constant ¢y such that
1@nllL2(Br) < callOz@nll2(sr)-

Thanks to the Sobolev Embedding Theorem and the strong convergence of (9z$,,)n in L?(Bgr), we conclude
that there exists ¢ in the Sobolev space H'(Bpg) such that (@,), converges to ¢ in H'(Bg). By (2.10)

we have

0, U, ) = 0z, /B p(x)dz = 0. (2.11)



Since 9, U (u, -) is continuously differentiable, the representation formula

o) = o0+ [ 0,U(u13) -

implies that ¢ is continuously differentiable. Since 0z = 9,U(u,-) is continuously differentiable, we

conclude that ¢ is twice continuously differentiable. Thus, 0;0,U (i, ) = Ozz¢ is symmetric. |

An interesting property of C1:2:2(©) functions is their use in a general Ité formula. Let U € C12:2(0)
be such that for any compact subset K C R% x P,

swp [ [ (10,000 D)+ 0:0,U (k0,3 + 100,00, D)) ()
(t,z,n)€[0,T]xK - JR4

+ [ Ut . 0Pl (@)] < o
R2d
For i = 1,2, consider F-progressively measurable and bounded processes
b [0, T] x Q=R and of,0™0:[0,T] x Q — R,

Set
dX} = bidt + oldB; + 0%dB?, and introduce the conditional law p;, := L2 7o

Then (cf., e.g., [22, Theorem 4.17], [15, 23]), recalling the notations for conditionally independent copies
and (2.5),

1

AUt XE,pr) = [0 +0,U b} + Str (90aUlot (o) T + 01 (o) 7)) | (1, X po)at

+[(@ )T 0 X o) + Bor, [(57°) 0,0 (1, XL XB)] | - dBY

+O,U(t, X}, pt) - oldB, + trE, (6‘uU(t, X!, pe., Xf)(z}f)T)dt (2.12)

. - 1 -
+irEx, (azaﬂU<t,X37pt, XP)o* @77 + 50:0,U(t XE o X7) 5269 T + 6?’°<&?’0)T}>dt
+ i B, (0,U(t X1, oo, X2, X2)520(620)T ) dt
B} TIF A\ Oup (t, Xy, pe, X7, X7)oy (0,7)

Throughout this paper, the elements of R? are viewed as column vectors; 9, U, ouU € R? are also column
vectors; Oy, U = 0,0,U := 8$[(8HU)T] € R4 where T denotes the transpose, and similarly for the

other second order derivatives; both the notations “-” and (-, -) denote the inner product of column vectors.

Moreover, the term 0,.U -0} dB; means 9,U - (o} dBy), but we omit the parentheses for notational simplicity.

2.3 The Lasry-Lions monotonicity and the displacement monotonicity

In this subsection, we discuss two types of monotonicity conditions and provide more convenient alternative

formulations.
Definition 2.2 Let U : R? x P, — R.

(i) U is called Lasry-Lions monotone, if for any &1, & € L2(FL),

E[U(&, £e,) + UlEe: £ea) = Ul L) = Uléa: Ley)| > 0. (2.13)



(i) U is called displacement monotone if U(-, ) € CY(R?) for all u € Py and for any &1, & € L2(Fh),
]ERamU(&v Le,) = 0U(&2 Ley) 61 = 52>] > 0. (2.14)
Remark 2.3 Assume U € C*(R? x Py)
(i) If 8,U (-, pu, ¥) € CHRY), for all (u, &) € Po x RY, then the inequality (2.13) implies,
0 < E[U§ L)+ U(§ +en Lesen) = ULE Leven) = U(§ + e, Le)|
- / / awU €+ O01n, L yo,en, & + O2277), n>}d01d92,
for any &,n € L*(F+) and any € > 0, where (€, 7) is an independent copy of (&,n). Thus
]E[<6WU(§, cg,é)ﬁ,@] >0, Ve nell?(FL). (2.15)
(ii) If 0,U € C*H(R? x Py), then the inequality (2.14) implies
0 < E[(0.U (€ + 20, Lesen) — DU, Le). o))
=¢? /01 E|(02aU (€ + 02, Leyoen)n,n) + (0, U (& + 0en, Letoen, & + GSﬁ)ﬁ,nﬂd@,
for any &,n € L2(F}) and any e > 0, where (£,7) is an independent copy of (€,m). Thus,
(ded)eU (1) = B[(00U (€ £, €)1 m) + (00U (&, Lemm)| 20, Ven € LA(FE).  (2.16)

(iii) Assume U € C*(Ps) and U € CY(R? x Py) are such that ,U = 0,U(x,p) on RY x Py. Then U is

displacement monotone if and only if U is displacement convex, cf. [34].

Remark 2.4 Throughout this manuscript, given U € C2(R? x Py), we call (2.15) the Lasry-Lions mono-
tonicity condition and call (2.16) the displacement monotonicity condition. Indeed, it is obvious that

(2.14) and (2.16) are equivalent. We prove in the appendiz that (2.13) and (2.15) are also equivalent.

Remark 2.5 (i) (2.16) implies that U is convex in x, namely 0,,U is nonnegative definite. We provide
a simple proof in Lemma 2.6 below, and we refer to [25, Proposition B.6] for a more general result. Note
that in particular, (2.15) does not imply (2.16). Indeed, let U(z, u) = Up(x)+Ur(p) such that 0y, Up is not
nonnegative definite. Then 05, U(x, 1, &) =0 and so, (2.15) holds while 0,,U = 0,,Uy is not nonnegative
definite. Thus (2.16) fails.

(ii) For any function U € C*(R* x Py) with |0,,U| and |0,,U| bounded above by C > 0, the function
Uz, p) := Uz, p) + Clz|? will always satisfy (2.16):

(dod)eU (1,1) = B[(00uU (& 1,€)71sm) + (92U (€ ), m) + 2C ]
> E[ - Clyllal - Clnl? + 2CInf?| = C[Ellnf] - )] > 0.

This means that (2.16) does not imply (2.15) either. Indeed, if U is a function violating (2.15) but having
bounded derivatives, then the above U satisfies (2.16). But, since 0,,U = 0,,U, U violates (2.15).
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Lemma 2.6 Assume 0,U € C*(R? x Py) and U satisfies (2.16). Then 0,,U is non-negative definite.

Proof. Without loss of generality we assume that p has a positive and smooth density p. For £ €
L2(Ff, 1), zo € R, and 0. = v:(€), where v € C°(R%R?) and for £ > 0, denote ve(z) := e~ %o (E=22).

We see that 7. = v:(£). Then, straightforward calculation reveals
(d2d)eU(ne,me) = / (0upU(o + €2, pt, w0 + £2)v(2), v(2)) p(0 + £2)p(0 + £2)d2dZ
R2d
e [ (00Ul + 22 10(2), ()l + )iz
Rd

Thus, by (2.16) we have

0 < lim [Ed(d$d)5U(n5,n5)} = p(mo)/ (022U (w0, p)v(2),v(z) )dz.

e—0 R4

Since p(z¢) > 0 and v is arbitrary, this implies immediately that 0,,U(zo, 1) is non-negative definite. W

2.4 The master equation and mean field games

In this subsection we summarize in an informal and elementary way, the well-known connection between
the solutions of the master equation (1.1) and the value functions arising in mean field games (cf. e.g.

[21, 22]). We recall 5 > 0 represents the intensity of the common noise and L, G are two given functions:
L:RI'xPy xR 3R, and G:RIxPy, >R

that are continuous in all variables. As usual, the Legendre-Fenchel transform of the Lagrangian L with

respect to the last variable is the Hamiltonian H defined as
H((E,/j,,p) = Supd[—<a,p> - L(.’E, ,u,a)], (xvpv M) € R2d X Pa. (217)
a€R

Given t € [0,T], we set
B!:=B,-B;,, B%:=B°-B?  VscltT],

and denote by A; the set of admissible controls « : [t,T] x R? x CO([t,T];R?) — R? that are uniformly
Lipschitz continuous in the second variable, progressively measurable, and adapted. For any ¢ € L2(F;)
and a € Ay, by the Lipschitz continuity property of «, the SDE

Xboa — ¢ 4 / an (X5 B dr + BL + gBY, s € [t,T), (2.18)

t
has a unique strong solution. We note that, by the adaptedness, the control « actually takes the form

o (XE&e, Bﬁ’i]), where, BE’Z] stands for the restriction of B%! to the interval [t,7]. Consider the condi-

tionally expected cost functional for the mean field game:

T
J(t,x,&a,a') :=Exo {G(X%m’a ,ﬁXtT,g,al}.%) —|—/ L(Xboe 7L',X;,g,avo,cu's(X,t’””’o‘ ,B%))ds|. (2.19)
] ¢
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Here, & represents the initial state of the “other” players, o represents the common control of the other
players, and (x,a’) is to the initial state and control of the individual player. When ¢ € L2(F}) is

independent of F, it is clear that J(t,z,&; a,a’) is deterministic. One shows that
¢ el)(FY), Lo=Le = J(t,z,50,d)=J(t,Ead) Va, o, .
Therefore, we may define
Jt,z, o, ) = J(t,x, & a,a), ¢ € LA(F}, ). (2.20)
Now for any (¢,z, ) € © and « € A, we consider the infimum
V(t,z, ;) := o/iIelfélt J(t,x, pw o, ). (2.21)
Definition 2.7 We say a* € A; is a mean field Nash equilibrium of (2.21) at (¢, u) if
V(t, o, ;) = J(t, x, p;a*,a*)  for p-a.e. x € RY.
When there is a unique mean field equilibrium for each (t, 1), denoted as a*(t, i), it makes sense to define
V(t,z,p) ==Vt z, p; o™ (t, p1)). (2.22)

Using the It6 formula (2.12), one shows that if V' if sufficiently regular, then it is a classical solution to the
master equation (1.1). However, we would like to point out that the theory of the global well-posedness

of (1.1) that we develop will not rely explicitly on this connection.

The master equation (1.1) is also associated to the following forward backward McKean-Vlasov SDEs
on [tg, T]: given ty and & € L?(F,,),

t
Xt =¢- / d,H (XS, ps, Z8)ds + Bl® 4+ BB,
to

T T T
vE :G(Xfp,pT)+/ L(Xg,ps,zg)ds—/ Zg-st—/ Z%¢ . dBY; (2.23)
t t t

where L(Z‘,/J/,p) = L(m,,u,apH(x,,u,p)):p8pH(x,u,p)—H(x,u,p), Pt = pf = EXﬂ]—‘?
Given p as above and = € R?, we consider on [tg, T, the standard decoupled FBSDE
XF =+ Bl +BB";

. T T T (2.24)
Y = G(XFupr) - [ HXTpZ06ds— [ z2¢eap. - [ 20w apl,
t t t

We note that instead of the decoupled FBSDE (2.24), we can consider the alternative coupled FBSDE

t
Xt =a— | 9,H(XS, ps, Z87)ds + Bi° + BB,
to . (2.25)

T T
YT = G(XE", pr) + / L(X5%, ps, Z57)ds — / Z5* - dBs - / Z}5* - dBy.
t t t

These FBSDESs connect to the master equation (1.1) as follows: if V' is a classical solution to (1.1) and if

the above FBSDEs have strong solution, then

Y=V X ), YU =VXEp), Y5 =V(X05 ),

N A . (2.26)
Z8 =0,V (t, X5, py), Z5F =0, V(4, XE, pr), Z5T =8,V (t, X5, py).

12



Remark 2.8 (i) The forward-backward SDE system (2.23)-(2.24) or (2.23)-(2.25) is called the mean
field system of the mean field game. Equivalently, one may also consider the following forward-backward

stochastic PDE system as the mean field system on [to, T]:
32
dp(t,x) = [%tr (Ozap(t, x)) + div(p(t,z)0pH (z, p(t, ), Opult, x)))} dt — BO.p(t,x) - dB?
32
du(t,z) =ov(t,z) dB° — [tr (%amu(t, %) + B0, (t,2)) — H(z, plt, ), Dpult, :z:))] dt
p(tO,') :‘Civ U(T,Z) = G(x7p(Ta))

(2.27)

Here the solution triple (p,u,v) is FO-progressively measurable and p(t,-,w) is a (random) probability
measure. The solution V to the master equation also serves as the decoupling field for this forward-

backward system, i.e.
u(t,z,w) = V(t, xz,p(t, -, w)). (2.28)

(ii) In this paper we focus on the well-posedness of the master equation (1.1). It is now a folklore in
the literature that once we obtain a classical solution V', we immediately get existence and uniqueness of
a mean field equilibrium o in (2.21) in the sense of Definition 2.7. Indeed, given V, in light of (2.26)
we may decouple the forward backward system (2.23) (or similarly decouple (2.27)) as

t
X§=¢- / OpH (X, pe. 0,V (5. X5 po))ds + B + BBM. pr o= Ly 0. (2.29)
to
If V is sufficiently regular, this SDE has a unique solution (X, p), and then we can easily see that
o (t,x,w) = —8,,H(x,pt(w),&EV(t,x,pt(w))

is the unique mean field equilibrium of the game.
(iii) Given a classical solution V with bounded derivatives, in particular with bounded 0,V , we can
show the convergence of the corresponding N -player game. The arguments are more or less standard, see

[19, 22], and we leave the details to interested readers.

3 The displacement monotonicity of non-separable H

In this section we collect all our standing assumptions on the data that are used in this manuscript to
prove our main theorems. In particular, we shall introduce our new notion of displacement monotonicity
for non-separable H. Under appropriate condition on H and recalling (1.2) for the non-local operator N,

it is convenient in the sequel to define the operator

-~

2
LV (t,x,pu) = -V — %tr (02eV) + H(z, 1,0, V) — NV,

which acts on the set of smooth functions on [0,7] x R? x Py.

We first specify the technical conditions on G and H. Recall the By and Dpg in (2.9).

13



Assumption 3.1 We make the following assumptions on G.
(i) G € C}(R? x Py) with |0,G|,|0::G| < LS and 10,G|,10,,G| < LY.

(ii) G,0,G,0,,G € C3(R x Py), and 0,G, 9., G € C*(R? x Py x RY), and the supremum norms of all

their derivatives are uniformly bounded.

Assumption 3.2 We make the following assumptions on H.
(i) H € C?(R? x Py x R?Y) and, for any R > 0, there exists L (R) such that

0. H|, [0pH|, |02 HI, |02p HI, |0pp H| < L™ (R), on Dpg;
0, H|, 0z, H|, |0p H| < LT(R), on R? x Py x R x Bp;

(i1) H € C3(R? x Py x RY), and
H, 0,H, OyH, OyuH, OupH, OppH, OpupH, OpppH, OpppH € C*(R? x Py x RY),
the supremum norms of all their derivatives are uniformly bounded on Dgr and
OuH, Oy H, OpyH, upy H, Oy H € C*(R? x Pp x R*)

and the supremum norms of all their derivatives are bounded on R x Py x R% x Bpg;
(i1i) There exists Cy > 0, such that

|0, H (2, 1, p)| < Co(1+ |pl), for any (2, p,p) € R? x Py x RY;
(iv) H is uniformly convex in p: there exists co > 0, such that, for the d x d identity matriz Iy,
appH 2 CoId.

Remark 3.3 (i) Given a function U € C'(P2), one can easily see that U is uniformly W1-Lipschitz
continuous if and only if 0,U is bounded.

(ii) Under Assumption 3.1 and by the above remark, we see that G and 0,G are uniformly Lipschitz
continuous in p under Wy on RY x Py with Lipschitz constant L§'. This implies further the Lipchitz
continuity of G,0,G in pu under Wy on R% x Py, and we denote the Lipschitz constant by LS < L§:

&[10,G(e. . 7] < 1§ (Bnf) . B[100u Gt E17l] < 1 (En) (3.1)

for all ¢ € L2(Fl, ), n € L3(Fr). Similarly, under Assumption 3.2, H, 0, H,0,H are uniformly Lipschitz
continuous in p under Wy (or Wa) on R? x Py x Br with Lipschitz constant LY (R).

We now introduce the crucial notion of displacement monotonicity for non-separable H.

Definition 3.4 Let H be a Hamiltonian satisfying 3.2(i) and (iv). We say that H is displacement mono-
tone if for any p € Pa, € € L2(F}, u), and any bounded Lipschitz continuous function ¢ € C'(R%;RY),

the following bilinear form is non-positive definite on n € L?(F}):

(displf H)(n,n) = E Rc’?mH(E, 11, €, (€))7 + Dua H (€, 11, 0(€)), 77>} +QFH (n,m) <0, (3:2)
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The second bilinear form appearing in (3.2) is

Q)= 1E| (9w €1 9(6)) By [ttt (@] |

Assumption 3.5 The following assumptions are central in our work.
(i) G satisfies Assumption 3.1 (i) and it is displacement monotone, namely it satisfies (2.16).

(i1) H satisfies Assumptions 3.2(i) and (iv) and is displacement monotone, namely (3.2) holds.
Remark 3.6 (i) When H(z,u,p) = Ho(p) — F(z, 1), (3.2) reads off
(displf H)(n,1) = —(dzd)¢ F'(n,m) < 0.

This is precisely the displacement monotonicity condition (2.16) on F and so, (3.2) is an extension of the
displacement monotonicity to the functions on R? x Py x RY.

(ii) Under Assumptions 3.1 and 3.2, we may weaken the requirement in Definition 3.4 such that (3.2)
holds true only for those ¢ satisfying || < CT, |0zp| < CF, for the constants CT,C3 determined in (6.2)
below. All the results in this paper will remain true under this weaker condition.

(iii) As in Remark 2.5 (i), one can easily see that (3.2) implies Oy H is non-positive definite. This
will be useful in the proof of Proposition 3.7.

Proposition 3.7 Under Assumptions 3.2(i) and (iv), H is displacement monotone if and only if (3.2)
holds true for o(§)-measurable n, namely n = v(§) for some deterministic function v. That is, by writing
in integral form, H is displacement monotone if and only if, for any p € P, v € Li(Rd;Rd) (defined in
Section 2.2), and any bounded Lipschitz continuous function p € C1(R%R?), it holds

L (O @103 @)0@) + 0 H o pla)o(a). 0(0) o))

1

+7 /Rd U(appH(SC,NvSD(I)))_; /Rd [ap#H(x,ﬂ,5:,w(x))v(:z)]ﬂ(dj)ﬂﬂ(dx) <0. (3:3)

In particular, when H is separable, namely Op,H = 0 and hence Q?H(nm) =0, then (3.3) reduces to

L (0t .00)0(0) + 00 p(e))0(o), () () < 0. (34)

Proof. First assume (3.2) holds. For any desired u,v, ¢, let & € L%(Fr, u) and n := v(€). Note that

7 = v(§) for the same function v. Then (3.3) is exactly the integral form of (3.2).

We now prove the opposite direction. Assume (3.3) holds true. Following the same line of arguments as
in the proof of Remark 2.5 (i), one first shows that 9, H is non-positive definite. Now for any & € L?(F, i)
and 1) € L?(F}). Denote 1)’ := E[n|¢]. Then there exists v € L7 (R% R?) such that 5’ = v(£). Note that

i = K[| Fp, &) = E[l¢] = v(§)

for the same function v. Then (3.3) implies that (3.2) holds for (r/,7’). Note that, by the independence
of (£,7) and (£,7), we have

E (D1 (€, 1,€ 0(€)iT, 1) = E[(0u H(E 1, &, 0D, )]
By [0y (6 1,€ 9(€)7] = By [0 € 1, € 0(€)T |
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Since 9., H is non-positive definite, we have

E[<%H(§,u,<ﬂ(€>)n, n>] < E[(@ﬁ(&uw(f))nﬂ n’)]
We combine all these to obtain
(displf H)(n,n) < (displf H)(n',n') <0,

which completes the proof. |

We next provide an example of non-separable H which satisfies all our assumptions. We first note that,
similar to Remark 2.5 (ii), for any H € C?(R% x Py x R?) with bounded second order derivates, the function
H(z,u,p) — C|z|? always satisfies (3.2) for C' > 0 large enough. However, this function H(z, i, p) — C|z|?
fails to be Lipschitz in . We thus modify it as follows.

Let Ho(z, p, p) be any smooth function with bounded derivatives up to the appropriate order so that
H) satisfies Assumption 3.2(i)-(ii). Suppose for some constant Ry > 0,

Hy(z, pu,p) =0 when |z| > Ry, and 0,Ho(z,u,Z,p) =0 when |Z| > Ry. (3.5)

A particular example of Hy satisfying both conditions in (3.5) is

Holaspop) =1 (2. [ sl putan))

where f and h are smooth, h(z,p,r) = 0 for |z| > Ry and 9z f(z,%,p) = 0 for |Z| > Ry. Let 9o : R? - R
be a smooth and convex function such that ¥c(z) = C|z|?> when |z| < Ry and ¢¢(z) growth linearly

when |z| > Ry + 1. Then we have the following result.
Lemma 3.8 If Cy is sufficiently large then the Hamiltonian

H(z, i, p) == Ho(z, 1, p) + Colpl* — v, (2). (3.6)
satisfies Assumption 3.2 and is displacement monotone.

Proof. Tt is straightforward to verify Assumption 3.2 (i), (ii), (iii), and H also satisfies Assumption 3.2
(iv) when Cj is large enough. Then it remains to prove (3.2). Let C' > 0 be a bound of 0,,Hy, 02 Ho,
OpuHo, and choose Cj such that

2Cy > 3C,  9ppHo +2Coly > 1.

We first note that

OppH = OypHo,  OppH = OgpHo,  OppH = Oy Ho + 2CoIa > I,
Oz H (0, 1,p) = 0w Ho(z, 1, p) — 2C01al{||<Ry) — Oxa¥Co (%) 1{|2|> R0} -
By (3.5) we have
(displg H)(n,m) = E[(Bry [0nuHol&, 1€ (€))il) )
+1{1¢1<Rro} [0 Ho (&, 11, 0(£)) — 2Co1a]n, 1) — L) ro} {[Ozatcy (), )
)

1 1~ N 2
+Z‘[2COId + appHO(é-v M,y @(g )]7§]E]:71~ [ap,uHO(gv M?gv (p(g))ﬁ] ‘ :| .
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We use Jensen’s inequality, the assumption on Cp and by the convexity of 1¢, to obtain
] 5 5 - 112
(displ{ H)(n,m) < ]E[Cl{‘f‘SRo}‘77|]E[1{\g\g30}\77|] +[C = 2C0]1(ei<roy InI* + C[E[Ly 1< gy ]
“(ig> ) Dty (). 7)

2
< [C = 2Co]E [1{je)<roy Inl*] + QC(E[1{|5|§RU}|77\]) - ]E{l{lélmo}([@m?ﬁco (E)Uﬂl)} <0.

Thus, H satisfies (3.2). |
We next express the displacement monotonicity of H in terms of L, defined through (2.17).

Proposition 3.9 Let H be such that Assumptions 3.2 (i) and (iv) hold. Let jn € Po.
(i) H satisfies (3.2) if and only if L satisfies the following:

E (0o L(E: 1€, V()7 m) + (Ora L(E 1, 0(E))m. ) |

1]~ ~ 2 (37)
> B[00 L& 1, ()] [5E 52 (DL€, 1, & $(€)T) + Oun L& 1 0] |,
for all 1, &,m, ¢ as in Definition 3.4 and ¢¥(x) := —0pH (x, 1, p(z)).
(i1) A sufficient condition for L to satisfy (3.7) and hence for H to satisfy (3.2) is:
d2 ! /
I:= mIE[L(& +(e+0)n, Legen, & +(e+)n )} 5)—00) >0, (3.8)

for all &€ ,n,n" € L*(Fr).

Proof. (i) First, standard convex analysis theory ensures regularity properties of L. The optimal argu-

ment a* = a*(x, u,p) satisfies:
H(.l?,/.l/,p) = _L($7M7a*)_ <a*7p>7 8aL($7Maa*)+p:07 U,* = _81)H($7Map)
One can easily derive further the following identities (some of them are well-known in convex analysis)

afH(xﬁ“Lap) = _GIL(xa/u’va*); 8#H(xa/u'7{i'vp) = _aHL(xvl‘ijaa*);

1 ]
Oaal > Wld on Dp and appH(xyu“vp) = [OaaL(, 1, a")] 1§

OupH (z, 1, p) = Oz Lz, p1,a")[DaaL(x, 1, a™)] 7
OuaH (@, p1,p) = —Opa L(x, p, 0*) + Oup H (2, 1, ) Oa L(w, 1, a™)
= [ OaL + 0raLlOua L) D L] (1 p1,07);
OppH (x, 1, &, p) = —0pp L, p, &, 0™) + OppH (2, 1, p) O L(2, 1, Z,a")
= [ — OppL + &:aL[aaaL]_laauL} (z, 1, &,a");
Oy H (2 1, 9) = Opy H (i, )y L i 7, 0°) = [OuaL (2, 0°)] B L, 1,7, 7).

(3.9)

Now let ¢ be chosen as in Definition 3.4 and ¢(z) := —0,H(z, s, o(x)). By (3.9) we have
(displ H)(n,7) = B[ [a L~ OraL[0ua L]~ O L] (€, 1. €, 0(6)) 7)
([0~ oL fOua L) 0u L] (€1, 00E)) 1,1m) — [P L&, 1 H(ED] By [Pun L6 )|
= E[(0u L€ 1€ V(€))7 m) + (Do L& 1, 0(E))m. )
1Bua A 1 0] [ B [P L6, & €)) + B E (]| .
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Then clearly (3.2) is equivalent to (3.7).
(ii) Assume (3.8) holds and let &, ¢/, n,n" € L?(F+). By straightforward calculations, we have

d

£ = IEE[<6$L(£ +en, Leqen, & +en’),n) + (0aL(E+en, Lejen, & + en’),n’ﬂ ’

= fE |:<811L(€7 ﬁg, 5/)777 77> + <aw,uL(§7 £§7 éa é-l)fh 77>
200 L(& Le €)1 ) + (DanL (6 Le &€ )i} + (OuaL (€, Le, €)' ') .

The expression I remains non-negative in particular when
¢ =9, and o= —(ual(€ Le,€)) (;Ef; [Oan L&, £, € €)il) + aaxL<£7£§,§’>n>.
Omitting the variables (¢, L¢, &, €') inside the derivatives of L, we have
0 < I= E[@m, ) + (Ex (02 L7}, 0) + 2(0ax L + %Ef; [Oap Ll n')] + (DaaLn, n’>}
= E[(OueLnn) + (B [0pu L], ) + [[Baa L1 0 + [Oaa L]~ [DusLin + %I’Ef; [0y L] |
—|Oaa L) [Duw L + ffEfl (O L] |
= E[(f?m!ln, n) + (Er2 [0, L), 0) — |[OaaL] ™2 [OanLn + E]-'l [Oap L] | }

This is exactly (3.7). |

Remark 3.10 Observe that (3.8) expresses a certain convexity property of L. To illustrate this, consider
the separable case, where L(z,u,a) := Lo(x, ) + L1(z,a). Then I = Iy + I, where
d2

[L°(€+5"+577’£5+5")]’(g@:(o,of I = Jeds [L1(£+en+5n g +en +577)”

d2
Iy :=
0 deds

(:8)=(0,0)’
and so, In > 0,1y > 0 implies (3.7). Note that Iy > 0 exactly means Ly is convez in (x,a). Moreover,
consider the potential game case for Ly: Oy Lo(z, 1) = GM/L\O(M, x) for some function Zo(u). Then

d2

d {<6 Lo(Leten, € +en), >} ’a:O - @EO(EHE”)L:O

Iy = d—EE{@mLo (€ +em, £€+en>vn>} ‘

d
e=0 ds

Thus Iy > 0 exactly means EO is displacement convez, namely the mapping & — Eo(ﬁg) s convex. These
are the same displacement convexity assumptions on the data for potential deterministic mean field master
equations, tmposed in [25]. In particular, (3.8) is reminiscent to the joint convexity assumption on the
Lagrangian (Assumption (H8)) in [25].

4 The displacement monotonicity of V

In this section we show that under our standing assumptions the displacement monotonicity condition
is propagated along any classical solution of the master equation. More precisely, let H and G satisfy
our standing assumptions of the previous section and in particular suppose that they are displacement

monotone in the sense of Assumption 3.5.
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Theorem 4.1 Let Assumptions 3.1 and 3.2-(i)(iv) and 3.5 hold, and V be a classical solution of the

master equation (1.1). Assume further that
V(t,), 0.V (t, ), 0aaV (L, ) € CPRY X Pa), 9V (L, ), eV (L) € CP(RT x Py x RY),

and all their derivatives in the state and probability measure variables are also continuous in the time
variable and are uniformly bounded. Then V(t,-,-) satisfies (2.16) for all t € [0,T).

Proof. Without loss of generality, we shall prove the thesis of the theorem only for ¢y = 0, i.e. that
V(0,-,-) satisfies (2.16).

Fix &,m € L2(Fy). Given the desired regularity of V and H, the following system of McKean-Vlasov
SDEs has a unique solution (X, 0X):

t
X = 6 - / 8pH(XS,,u5,8ZV(s,XS,us))ds + By + 531?7 Mt = ‘CXt|]'-tO;
0

t
1=~
5Xt =n—- / [pr(Xs)(ng + §E]‘—t [Hpu(XhXt)éXt] + pr( ) :|d5 where (41)
0
~ ~ ~ 1 ~ ~ ~
Ni = Er, [0,V (Xe, X¢)0 Xt + 02,V (X)0 X, + §pr(Xt)_1E]-‘t [Hpp (X, X)X

Here and in the sequel, for simplicity of notation, we omit the variables (¢, 1), as well as the dependence
on 0,V and denote

Hp(Xt) = apH(Xtvlutaaxv(taXthut))v Hp,u(Xtht) = 8PMH(Xt7/~‘Lt7Xt7axv(taXt7/~‘Lt))’ (42)
1
and similarly for Hyy, Hpp, Hyps 022V, 0z, V. Observe that X, can be interpreted as hm [X5+”’ Xf]

Below, we shall use the notation, for A € R?

d
AT OpzpV (2, T) == Z)\ iOpionV (2, &), tr(0up)0p,V = Zaﬂimam,tv, (4.3)

i=1

and similarly for other higher order derivatives of V. Introduce:
I(t) :=E [<8WV(t, Xy, pie, X0)0 X, 6Xt>} , I(t):=E [<6MV(7§, Xy, 1)0Xs, 6Xt>} .

We remark that, since (Xy, dX,) is a conditionally independent copy of (X;,0X;) and i, is FP-measurable,

for the notations in Section 2.1 we have,
I(t) + I(t) = EP [(dmd)x,‘(wo,)vu, VX (W0, ), X4 (w, .))] . (4.4)
Our plan is to show that
I(t)+1I(t) <0. (4.5)
Then, recalling V(T,-) = G and applying Assumption 3.5 (i),
(ded)eV (0, ) 1,m) = 1(0) + 1(0) = I(T) + I(T) = B | (dad) xp w0, GOX7 (&, ), 6 X7 (o, )| 2 0.

That is, V' (0, -) satisfies (2.16).
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To show (4.5), we apply It6’s formula (2.12) to obtain

I(ty=1+1II+1III, (4.6)

U>

where, introducing another conditionally independent copy X of X and defining E in the manner of (2.4),

I:=E [<{6WV(Xt,Xt) + %Z(m D)0 V) (Xs K1) — Hy(X0)T DaaaV (X0, K1)
+ B2t (Oppa) 02y V) (X, X, Xo) + B2t (95,1) 00 V) (X, X, X)
2

+ BQ(tr (3;5@)(91”‘/)()(,5, Xt) + %(tf (aﬂﬂ)ax#V)(Xt, Xt, Xt, Xt)

+ —(tr (aiu)azuv)(Xta Xta Xt) - Hp(Xt)Tauzuv(Xtv Xta Xt)

,E) in the expression of N as (X,6X,E) (which does not change the value of N),

>
[«
=

and, rewriting (
II:=-E |:<8M$V(Xt, Xt){ [Hpo(Xt) + Hpp(X1) 02V (X1) | 6K, + 112}7 5)~(t>]
I, = [Hpﬂ(Xt,Xt) n pr(Xt)(?wV(Xt,)_(t)}é)_(t
I =-E [<8WV(Xt, Xt){ [Hyo (X0) + Hyp(X0) 00V (X,)] 06X, + IIIZ}, JXt>]
Ly = [Hy (K0, X0) + Hyp(X0)00,V (X0, K1) [0 X,

We apply —,,, to (1.1) and rewrite (£,&, IEI) in (1.2) as (&€, IE) to obtain
J

—(0ep LV )ty 2, 1, &) =T+ JJ + JJJ. (4.7)
Here, we have set, recalling the notation in (4.3),

722
J =04,V (2,2) + %(tr (022)0u V) (2, &) — Hyp (2, %) — 0ga V(x)Hpp (2, T)

 (Hap(@) + 000V (@) Hyp(2) ) 00V (2, 7) = Hy(2) 0rV (2, 8),

JJ = B S Oustr (95,)V) (@,8) = Hy(#) 030,V (2,7) = DoV () (pr(a?) n pr(i)&u.V(i‘))
+52(8zitr( xu)v)(xvi) + 52_ [(amwtr( ) )(m 57 )]

and

JIT = (0 (0000 ) 2,3, €) — () OpeaV (2,7, €) — 0V (2, 6) [Hyp (€.2) + Hyp(©02V (€, )]
FEE (01)00, )2, 5.6) + - 00 (0,000, )(0.5.6,6)

Note that we can switch the order of the differentiation in 0,0,, 0,0z, etc ..., except for the term

0,0z, where we use its symmetric property given by Lemma 2.1. By evaluating (4.7) along (Xt7Mt7Xt)
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and plugging into (4.6), one can cancel many terms and simplify the previous derivation as
ity=E [ — (ByaV (X1, o) [Hypa (X0, K0) + Hyp(X0) 00V (X, X)) 6X1, 6K, )
o ([Hop (X0, X0) + 000V (X0) Hp (X1, X0)]0 50, m}}

Thus, by using the tower property of conditional expectations and the conditional i.i.d. property of
(X,0X),(X,6X),(X,0X), we have

I(t)=E { - <pr(Xt>fEft 00V (X1, X0)6X1), B, [02V (X, X)X ] > (4.8)
— (B, [Hy (X0, X)X B, [0V (X, X)OK] = D0 V(X0)0X0 ) + (B, [Hap (X, X0)0K] 5Xt>} :
Similarly as above, we apply It6 formula (2.12) to I(t) to obtain

I(t)=T+TI+1II

where,
[:=E K{amth) + 522 (tr (Dpa) D V) (X)) — Hyp(Xp) T OnaaV (Xy)
B2 (tr (D) e V) (X, Ki) O, 6Xt>} :
T1:=E <{%2(tr (Oyup) B V) (X1, X, Xy)
2 0002V (X o) = Hy () 0V (X0 X)X, X))
and

[y (X0 X0) + Hipl(6000,V (X X0)J05e )61
On the other hand, applying —d,, to (1.1) we obtain

0= —(0LV)(t,z, 1) = J + JJ, (4.9)
where

-~

J = OV + %2@1" (022)022 V) — Hyz () — 2Hp(2) 022V (2) — Oz V(@) Hpp(2) 02 V () — Hp(x)—rammV(x)

N = ,62 ~ ~ - - 52 _ -
J:=E {?(tr (aiu)ama:v)<xa )_Hp(g)—rauza:v(xv §)+ﬁ2(tl‘ (a:ru)aa:a:v) (.’13, §)+7(tr (auu)awzv)(xa 57 )i| .
We evaluate the previous expression along (X, ;) to obtain after a simplification

I(t)=E { - <pr(Xt)(9mV(Xt)6Xt, asz(Xt)éXt> - 2<pr(Xt)6mV(Xt)6Xt,I~Eft [%V( X, Xt)5;2t]>

- 2<8MV(X,5)5Xt,I~E;t [HW(Xt, Xt)5)2t]> + <Hm(Xt)§Xt, 5Xt>} . (4.10)
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We combine (4.8) and (4.10) to deduce that,
. K 1 ~ ~ ~ 2
i) +I(t)=E { - ‘H,?p(xt){]Eﬁ [0,V (X0, X0)6 K] + amV(thXt}‘
- <E]:t [Hpu (Xt7 Xt)axt] P ]E]:t [6:L';1,V(Xt, Xt)éXt] + GMV(Xt)(SXt>

+ <1Eft [Hopu (X2, X2)0X4] + Hoo(X1)6 X5, 6Xt>} (4.11)

1 ~ ~ ~ _1 ~ ~ ~ 2
—E { - ‘H,fp(xt){lEft [0,V (X, X0)6 K] + 8MV(Xt)6Xt} + %pr (X0)Er, [Hpp(Xs, X1)6 K]

]

H) (5)2}(0.;07 Y, 6 X (W, ))], where o(z) == V(t,z, u: (")),

(B, [Hop(Xe, X000, 6X0 ) 4 ( Hoa (X0)5X0, X, ) + ﬂHgﬁ (X7, [Ho (X0, X0)5%]

_ ,E[’Hép(xtwﬁ 2] + Ef° [(displ§

t(w0,)

where the last line is in the spirit of (4.4). Applying (3.2) we obtain (4.5) immediately. |

Remark 4.2 (i) The main trick here is that we may complete the square in (4.11) for the terms involving
022V and more importantly 0.,V , which is hard to estimate a priori. Since the identity is exact, (3.2)
seems essential for not loosing displacement monotonicity.

Moreover, recalling (4.4) we see that

d . X W0 ~ ~
SB[ (dad)x, w0,y V (8, )X (0, ), 5Xe(w”, )| < BP0 [(displ it ) (61w, ), 8%, )] (412)

So, roughly speaking, displ H measures the rate of dissipation of the displacement monotonicity of V,
through the bilinear form (d,d)V (t,-,-).
(ii) In the separable case, i.e. H(x,p,p) = Ho(z,p) — F(z,p) for some Hy and F, (4.8) becomes

1(8) = ~E[[[(Ho)pp(X0) | Eur, [0V (X1, XS]] + B [(dad)x, 0,y FOX (0, ), 6K, ).

The term involving 0,V is again in a complete square, and it is no surprise that V(t,-,-) would satisfy
Lasry-Lions monotonicity (2.15) provided that the data G and F also satisfy the Lasry-Lions monotonicity
condition (2.15). So, our arguments provide an alternative proof for the propagation of the Lasry-Lions
monotonicity along V(t,-,) (and for the global well-posedness of the master equation, as a consequence of
it, just as in the rest of the paper) in the case of separable Hamiltonians and Lasry-Lions monotone data.

(i) When H is non-separable, however, it remains a challenge to find sufficient conditions on H that
could ensure the right hand side of (4.8) being negative (for arbitrary times). This makes the propagation

of the Lasry-Lions monotonicity condition along V (t,-,-), hard to envision.

5 The uniform Lipschitz continuity of VV under W,

The main result we show in this section is that, the displacement monotone solutions to the master

equation (1.1), are uniformly Ws—Lipschitz continuous.

Theorem 5.1 Let all the conditions in Theorem 4.1 hold, except that we do not require Assumption 3.5
(i1). Assume further that V (t,-,-) satisfies the displacement monotonicity (2.16) for each t € [0,T]. Then

V and 0,V are uniformly Lipschitz continuous in p under Wo with Lipschitz constant C%, where C5 >0
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depends only on d, T, |0,V || Lo, ||0seV || L, the LS in Remark 3.5-(ii), the L (||0,V ||~ ) in Assumption
3.2-(i), and the ¢ in Assumption 3.2-(iv).

Proof. In this proof, C' > 0 denotes a generic constant depending only on quantities mentioned in the
statement of the theorem. Without loss of generality, we show the thesis of the theorem only for ¢y = 0.
We fix &, 1 € L?(Fy) and continue to use the notation as in the proof of Theorem 4.1. In particular, 6.X
is defined by (4.1). First we emphasize that the equality (4.11) does not rely on (3.2). Then, integrating
(4.11) over [0,t] we obtain:

|l ()N, ds = 110)+ FO] - 1)+ 1]+ | B [@E [Hp (X, X0)0%.],6X,)

2
]ds

1

o1 o
—|—<HM(XS)6XS, 5XS> +4 ‘H,,pz (X)Ex, [Hypp(Xs, Xo)0X,]

< 1(0) - [I(t) + I()] + CE[jn?] + C / E[J5 X, ’ds,

where we used the bound of 0,,V, Hyy, Hyw, Hpy and co. Since V (¢, -, -) satisfies (2.16), by (4.4) we have
I(t) + I(t) > 0. Then, combined with Assumption 3.2 (iv),

co /OtE[NSF]ds < /OtE[}pr(XS)5N5|2]ds < I(0) 4+ CE[|n|*] + C/Ot]EHcSXSz]ds. (5.1)
Next, applying Holder’s inequality to (4.1) we have
16X¢% < 2[n* + C/Ot [10X,]* + |Ns|*]ds
Take expectation on both sides, by (5.1) we obtain
E[|0X|*] < C/OtIEH(SXSF]ds + CE[|n[*] + C|1(0)|.

Then it follows from Gronwall’s inequality that

sup E[J6X:[?] < CE[Inf?] + C|1(0)] < CE|[nf? + n||Tol .

t€[0,T) i o (5.2)
where Y, :=Ez, [awvm Xy, e, Xt)axt} .
We shall follow the arguments in Theorem 4.1 to estimate T. We first observe that,
Y, =Ex, [awV(u Xy, 1, Xt)(sfg] (5.3)

So, by applying It6 formula (2.12) on 6qu(t7Xt“u,t,Xt)5Xt, taking conditional expectation IE;T, and

then changing back to Ex, as in (5.3), we obtain
dY, = (dBy) K1 (t) + B(dB]) " Ka(t) + [K3(t) — Ky(t)]dt, (5.4)
where, recalling the notation in (4.3) (in particular the stochastic integral terms above are column vectors),
Ki(t) = B, [0 V(X0, X)0X0],

Kot) = Ki(t) + B [{ 0V ) (X0, Koy K) + OV (X, K) JO X,
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Ks(t) = f[«:ft Hath(Xt,f(t)—Hp(Xt)TaWV(Xt,Xt)

—Hy(Xe) " Os0uV (Xe, X2) = Hy(Xe) 'OV (X, Xe, Xo)

32
)
B (6 (D )00 V) (X, Ko, Ke) + (11 (952) D V) (X0, K1)

(45 (822) 00 V) (X0, Ko) + (11 (052) V) (X, K1) + (00 (02) V) (X0, K1, K1)

+(tr (D) D V) (X, Xy X)) + %(tr (8)0 V) (X1, X1, X, Xt)} }5}2}]
Ki(t) = Eg {aWV(Xt,X’t){ [Hpo (X)) + Hpp(X1) 00V (X1)] 6 X,
+[Hyu (X0, X0) + Hyp(X1)0,,V (X, X)) 60X, }}
In light of (4.7), by straightforward calculation and simplification and setting
K(t) = Hap(X0) + 00V (X0 Hyp(X), Ki(t) = B, | [Hap (X1, K1) + OV (X0) Hp (X2, X)] 0

we derive that
ATy = (dBy) T Ku(t) + BBY) T Ka(t) + [Ks(t) T+ Ko(1)| at, (5.5)

We have
T T T
Y =Tr— / (dBy)TK1(s) — / B(dB®)T Ky (s) — / [Ks(s)Ts + Kﬁ(s)} ds.
t t t
Take conditional expectation Ex, and recall (5.2), we have
~ ~ ~ T ~
Y, =Ex, [&WG(XT, uT,XT)éXT} - / Er, [K5(s)rs n Kg(s)]ds. (5.6)
t
Then by (5.5) and the required regularity of G, H and V, in particular recalling (3.1), we have
~ ~ T ~ ~
1T¢|* < CEg, [|6X7|?] +C/ Er, [ITs? + 16X, ds.
t
Now take conditional expectation E F,, We get
~ ~ ~ T ~ ~
Ex, [|T:?] < CEx[|6Xr|?] +C/ Ex, [|Ts]* + [6X,[?]ds.
¢

Thus, by the Gronwall inequality we have

T
Yol = Ex [|To?] < CEr, [|6Xr2] +C / B, [|6X. %] ds. (5.7)
0

Plug this into (5.2), for any £ > 0 we have

sup E[|6X,|°] < C.E[|n|*] +eE[|Yo[*] < C:E[|n*] + Ce sup E[|0X,|?].
te[0,T] te[0,T]
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Set € = % at above, we have

sup E[[6X;[*] < CE[[n|*].
te[0,T)

(5.8)

Note that, recalling the setting in Section 2.1, 6X, is measurable with respect to FP V .7:'t1, which is

independent of Fy under P. Then the conditional expectation in the right side of (5.7) is actually an

expectation. Plug (5.8) into (5.7), we have
B, [0 (0,600, 83] | = Y0P < CE[Jnf?].
This implies
[0,V (0,2, 1, €)i]| < CEINP), = ae. o
Since 0,V is continuous, we have
)E[(MV(OJ,MQU} ‘ < C(Elp[*)%, for all z,u,€,n.

In particular, this implies that there exists a constant C > 0 such that

1
(%V(O,x,ﬁngn) - 83;‘/(0,267[:5)’ = ‘/0 E[amﬂv(ovxv’chrenag + 977)77] dg‘ < C’SL(IE|77|2)§

(5.9)

Now, taking random variables &,n such that W3 (Lety, L¢) = E|n|?, the above inequality exactly means

that 9,V (0, x,-) is uniformly Lipschitz continuous in p under Ws with uniform Lipschitz constant C¥'.

Finally, denote
Tt = Eff, |:8MV(t, Xt7 Mty Xt)(SXt:I .
Following similar arguments as in (5.4) we have

dYy = (dBy) " Ki(t) + B(dBY) " Ky (t) + [K3(t) — Ku(t)]dt,

Ki(t) = Eg [awV(Xt, mm} :

2
—~
~+
~—
I

Ky (8) + B [{ 0V (X1 K, K0) + 05,V (X2, Ki) JOX

w

—~
~+

~—

fEf,, [{aWV(Xt,Xt) — Hy(X;) "0,V (Xe, Xt)
—Hp(X0) " 05,V (X4, Xo) = Hp(Xe) "0,V (X5, X, Xo)
82 (60 () V) (X, Ko, o) + (b1 (920)0,V) (X0, X0)
+(tr (92)0,V) (Xe, X2, Xp) + %(tr (80, V) (X, Xt X, Xt)] }5)@}
Kuit) = Eg [8HV(Xt,X't){ [Hopo (X1) + Hoypp(X1)02aV (X1)]6X,

+ [HP#(Xtv Xt) + pr(Xt)ax#V(Xt, Xt)] (5Xt}:| .
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(4 (822)0 V) (X0, Ko) + (b1 (955)0, V) (X, Ko) + (b1 (93)0V) (X, Ko, K0)]



On the other hand, by taking —0,, of (1.1) and omitting the variables (¢, ;1) we have,

0=—-0u(LV)(t,x,1u,T)

w‘mlj

=8,V (z, %) +

-~

+ =5 Gstr (95,)V)(z, 7) + B2 (0str (92,)V) (2, %) + B E[(0atr (9 V) (2, &, 7)]

(tr (922)0uV ) (2, %) — Hu(2, &) — Hp(x) 02V (,7)

- p(i’)—raiuv(% %) — 0,V (%, %) (Hpu (%) + Hpp(%)022V (T))

|2 (0 0000, V)(0,2,6) + B2 (01 (0000 V) (2, ,8) + 2 (1 (30) 0,V )0, ,€,)

Plug this into (5.10), we have
dY, = (dB) K, (t) + B(dB°) T Ka(t) + Ex, {HM(Xt, Xt)é)?t} dt.
Then
To=Ex, [TT - / HM(Xt,Xt)éxtdt} — ks, [6MG(XT,XT)5XT - / HM(Xt,Xt)(thdt],
0 0
and thus, by (3.1) again,
i ik + |2 m |2 Tos 2
(B, [0,V(0,€,1,6)) | = |To|* < B, 19K +/ 0[],
0

Now by (5.8), follow the arguments for (5.9) and the analysis afterwards, we see that V' (0, z, -) is uniformly

Lipschitz continuous in g under W5 with uniform Lipschitz constant C%'. |

Remark 5.2 (i) The fact that the Lipschitz continuity of V' in u (under Wy ) is the consequence of only
the displacement monotonicity of V(t,-,-) for each t, seems to be a new observation.

(i1) Similarly, would V(t,-,-) satisfy the Lasry-Lions monotonicity (2.15) for each t € [0,T), then we
would also have the uniform Lipschitz continuity of V in p in Wi (see Proposition 5.3), even if H was
non-separable H. However, a sufficient condition on non-separable Hamiltonians, which would guarantee

the Lasry-Lions monotonicity of V, seems for the moment out of reach.

Proposition 5.3 Let all the conditions in Theorem 4.1 hold, except that we do not require Assumption 3.5.
Assume further that V (¢, -,-) satisfies the Lasry-Lions monotonicity (2.15) for eacht € [0,T]. ThenV and
0,V are uniformly Lipschitz continuous in p under Wy with Lipschitz constant CY', where C}" > 0 depends
only on d, T, |0,V ||, |02z V|| Lo, the L in Assumption 3.1 (i), the L*(||0,V||L~) in Assumption 3.2-
(i), and the cq in Assumption 3.2-(iv).

Proof. Since the proof is very similar to that of Theorem 5.1, we shall only sketch it and focus on the

main differences. Denote

N - 1 - -
N} i= B [0V (X, X)0%4] + 5 Hyp(X0) ™ B, [Hyp (X, X055
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First, by using (4.8) and the assumption that V' (¢, -, ) satisfies (2.15), similar to (5.1) we can show

t t t
co/ E[|N![?]ds §1(0)+C/ E[|5X,| IE;SH(SXS\]}ds:I(O)—i—C/ E[(Er(6X.0)°]ds.  (5.11)
0 0 0
Next, by (4.1) and noting that Fy is independent of F, we have

t
ErlloXil) <Ellnl +C | Ex[I6X,] + N:[Jds
0
This, together with (5.11) and for the same T in (5.2), implies

s B[ (B 9x0) | < € (E[n]) "+ 1) < ©(ElIn]) -+ Bl Tl (5.12)

Now by (5.5) and (5.6), and noting that |9,,G| < L§, we have
74| < CE, [|6X7]] + c/ Ex, [|T,] + [6X,]]ds = CEpo [|6X7]] + c/ [IEE [1Ts]] +Exo [|5Xs|]]ds.
t t
Then, since F is degenerate, namely, it reduced to {0, Qo}
T
1To| < CE[|0Xr|] +o/ E[|6X,|]ds < C sup E[|6X[].
0 0<t<T

Combine this with (5.12), we have
2

B, [0 0.6, 09| = 170 <€ sup B[(E[16X,1)) ] < (B[] (5.13)

t€[0,T]

This is the counterpart of (5.9). Then, following similar arguments as after (5.9), we conclude as follows.

First, one obtains

[0,V (0,2, )n]| < CEIll, Va6,

In particular, this implies that there exists a constant C%* > 0 such that
1
0.V (0., Less) — 0.V 0., £6)| = | [ B0,V (0., Levan. ¢ + On)uas| < CLE[).
0

Now, taking random variables £, 7 such that Wi(Leyy, Le) = E[|n|], the above inequality implies that
9,V (0, x,-) is uniformly Lipschitz continuous in p under Wi with uniform Lipschitz constant C}'.

By analyzing T similarly, we show that V is also uniformly Lipschitz continuous in px under W;. N

6 The global well-posedness

In this section we establish the global well-posedness of master equation (1.1). As illustrated in [22, 23, 35],
the key to extend a local classical solution to a global one is the a priori uniform Lipschitz continuity
estimate of the solution. We first investigate the regularity of V' with respect to x. The following result is
somewhat standard, while our technical conditions could be slightly different from those in the literature.
For completeness we provide a proof in Appendix A. We remark that the regularity of G and H in p is

actually not needed in this result.
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Proposition 6.1 Let Assumptions 3.1-(i) and 5.2-(i), (iii) hold and p : [0, T]xQ — Pa be FO-progressively

measurable (not necessarily a solution to (2.23)) with sup E[M3(p)] < +oc.
t€[0,T]

(i) For any x € R and for the X® in (2.24), the following BSDE on [ty,T] has a unique solution with
bounded Z*:
T T T
Ve =GOFpr) - [ H(XEpuzias— [ zzedn. - [ 200 aBe. (6.1)
t ¢ ¢
(ii) Denote u(to, x) := Y7, then there exist CT,C5 > 0, depending only on d, T, the Cy in Assumption
3.2-(iii), the constant L§ in Assumption 3.1, and the function L¥ in Assumption 3.2, such that

|Ozu(to, z)| < CF,  |Orau(to,x)| < C5. (6.2)

Here the notation C¥ denotes the bound of the i-th order derivative of v with respect to x, in particular,
it is not a function of .

The above result, combined with Theorems 4.1 and 5.1, implies immediately the uniform a priori
Lipschitz continuity of V' with respect to pu under Ws, with the uniform Lipschitz estimate depending
only on the parameters in the assumptions, but not on the additional regularities required in Theorem
4.1. However, the existence of local classical solutions to the master equation (1.1) requires the Lipschitz
continuity under Wi, cf. [22, Theorem 5.10]. To show that eventually the Wa—Lipschitz continuity of V'
together with our standing assumptions on the data imply its Lipschitz continuity under W7, we rely on
a pointwise representation formula for 0,V developed in [35], tailored to our setting.

For this purpose, we fix to € [0,7], z € R%, £ € L?(F,,), and let p be given in (2.23), provided its
wellposedness. We then consider the following FBSDESs on [tg, T'], which can be interpreted as a formal
differentiation of (2.25) with respect to xy:
kat&m L /t(kag,x)Tapo(Xg,x’p& ZEI) + (kaE’I)TappH(XE’Z:PSa ng’z)d&

to
ViYE" = 0,G(X5", pr) - ViX5"
T R (6.3)
b [ DX g Z57) - VX 4 0,L(XE pu, ZE7) - V25 ds
t

T T
t t

the following McKean-Vlasov FBSDE on [tg, T7:

t
katfﬁx = _/ {(ka.f,z)Tapr(ngvpsa ZE) + (szg’z)TappH(Xgapsv ZE)
to
+I~E}'s [(Vng’w)T(aupH)(Xipm}zg’wv Z§) + (Vk/“?s&x)—raupH(ng’Psa X§7 Zg)} }dS;
ViVET = 0,G(X5, pr) - ViX5"

+Er [0,G(X, pr, X57) - VX" + 0,G(X5, pr, X5) - VA5 (6.4)

T
+ [ {00 29 0" 4 0, L (XS 9, 29) - Va2
t

'HE]-'S [auz(XsfvpsaXsf)x» Z§) : Vsz£7w + aME(Xgapstgv ZSE) ! vk)gf)w] }ds

T T
7/ szgsw . deo 7/ vkz‘g@,m . ng’t07
t t
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and the following McKean-Vlasov BSDE on [to, T:
VYT = By [0,G(XF, pr, X37) - Vi X5 + 0,G (X, pr, X7) - Vi Xy "]
T
- [ ot pzz) v,z (6.5)
t
+ B, [0 (X, poy X7, 22) - Ve RET 4+ 0, H(XE, py, X, 229) - V1,257 Lds
T ~ T ~
- / V255" . dB, — / Y, 22587 dBY.
t t

The following result provides the crucial Wi-Lipschitz continuity of V. In particular, this extends [35,

Theorem 9.2] to our setting.

Proposition 6.2 Let Assumptions 3.1-(i) and 3.2-(i), (iii) hold. Recall the constants C¥ in (6.2), L, LY
in Assumption 3.1, LS in Remark 3.3, and the function L in Assumption 3.2. Then there exists a
constant § > 0, depending only d, Lg, LS, LH(OF), such that whenever T —to < 6, the following hold.
(i) The McKean-Vlasov FBSDEs (2.23), (2.24), (2.25), (6.3), (6.4), and (6.5) are well-posed on [to, T,
for any pn € Py and & € L2(Fyy, ).
(i1) Define V (tg, x, 1) := Ytﬁg We have the pointwise representation:

BV (to, 2, 1, ) = V,, V2T (6.6)
Moreover, there exists a constant Ct' > 0, depending only on d, LOG7 LG, LH(CF) such that
0,V(0,2,1,8)| < O, [0V (0,0, . 8)] < O (6.7)

(141) Assume further that Assumptions 3.1-(ii) and 3.2-(ii) hold true. Then the master equation (1.1)

has a unique classical solution V' on [to,T] and (2.26) holds. Moreover,
V(t,),0:V(t, ), 0axV(t,-) € CPRY X Po), OV (E,r+), OuuV(t,-,-,-) € C2(RY x Py x RY),

and all their derivatives in the state and probability measure variables are continuous in the time variable

and are uniformly bounded.

Proof. (i) We first note that, given another initial value ¢ € L?(F,,) in (2.23), by (3.1) the following

estimate depends on LS, LS, but not on L§':

’ ! 2 ’ ’
E||G(X5,55) — GOXE 0507 < 2B[ILG 21X — X5 P + 12§ PWE (65 o)
< 2§ + LS PIE[1X5 - X5 ). (6.8)

By first replacing H with Hp as in the proof of Proposition 6.1, provided in Appendix A, it follows from
the standard contraction mapping argument in FBSDE literature, cf. [37, Theorem 8.2.1], there exists
d = dr > 0 such that the McKean-Vlasov FBSDE (2.23) with Hg is well-posed whenever T' — to < 4.
Noticing that in the contraction mapping argument G is used exactly in the form of (6.8), here dg
depends on d, Loa, L§, the function L7, and R, but not on LY. By Proposition 6.1, we can see that
|Z¢| < CF, for the C¥ in (6.2) which does not depend on R. Now set R = C¥ and hence § depends only
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on d,L§, LS, L¥(C¥), we see that Hr(X$, ps, Z5) = H(XS, ps, Z5) and thus (2.23) is well-posed, which
includes existence, uniqueness, and in particular stability. Similarly in (2.24), (2.25), (6.3), (6.4), and
(6.5), the difference of the terminal condition also appears like (6.8), and thus they are also well-posed

when T — to < §. In particular, we point out that in the terminal condition of (6.4):
Er, [0,G(X5, pr, X57) - Vi.X5" + 0,G(X5, pr, X5) - V3. X"
Fr Y T PT, A kAT yn T PT, A k|

only Vké?é’z is part of the solution while all other involved random variables are already obtained from
the other FBSDEs. Then in the contraction mapping argument, the random coefficient 9,G (X%7 or, X%)

of the solution term Vké\?é’x again appears in L2-sense:
- - _ - ~ 2
E||0.G (X5, pr, X5) - &1 — 0,G(X5, pr, X5) - G| | < ILSPE[IG — G-

(ii) The proof of this point is rather lengthy, but follows almost the same arguments as in [35, Theorem
9.2]. We postpone it to Appendix A.

(iii) This result follows immediately from well-known facts and we sketch its proof in Appendix A. W

We emphasize that the § in the above result depends on LS, but not on L{, while the C}* in (6.7)

depends on L{. This observation is crucial. We now establish the main result of the paper.

Theorem 6.3 Let Assumptions 3.1, 3.2, and 3.5 hold. Then the master equation (1.1) on [0,T] admits
a unique classical solution V' with bounded 0,V , 05,V , 0,V , and 0.,V .
Moreover, the McKean-Viasov FBSDEs (2.23), (2.24), (2.25), (6.3), (6.4), and (6.5) are also well-posed

on [0,T] and the representation formula (6.6) remains true on [0,T].

Proof. Let Cy,C5 be as in (6.2), and C} be the a priori (global) uniform Lipschitz estimate of V' with
respect to p under Wy, as established by Theorems 4.1 and 5.1. Let § > 0 be the constant in Proposition
6.2, but with L§ replaced with C¥ Vv C% and L§ replaced with C%. Let 0 = Ty < --- < T, = T be a
partition such that T; 11 — 15 < %, i=0,---,n— 1. We proceed in three steps.

Step 1. FExistence. First, since T,, — T,,_2 < §, by Proposition 6.2 the master equation (1.1) on
[T—2,Ty,] with terminal condition G has a unique classical solution V. For each t € [T},_2,T,], applying
Proposition 6.1 we have |0,V (Ty,-1,-, )| < C¥, |02V (Th-1,,-)| < C§. Note that by Proposition 6.2 (iii)
V(t,-,-) has further regularities, this enables us to apply Theorems 4.1 and 5.1 and obtain that V(¢,-, )
is uniform Lipschitz continuous in g under Ws with Lipschitz constant C%'. Moreover, by Proposition 6.2
(ii) V(Ty—1,,-) is also uniformly Lipschitz continuous in p under Wj.

We next consider the master equation (1.1) on [T},—3,T,—1] with terminal condition V(T},—1,-,-). We
emphasize that V(T,_1,-,-) has the above uniform regularity with the same constants C{,C5,C%, then
we may apply Proposition 6.2 with the same § and obtain a classical solution V on [T},_3, T),—1] with the
additional regularities specified in Proposition 6.2 (iii). Clearly this extends the classical solution of the
master equation to [T},—3,T;,]. We emphasize again that, while the bound of 9,V (t,-), 0,,V (t,-) may
become larger for ¢ € [T},_3,T;,—2] because the C{' in (6.7) now depends on [|0,V(T},,—1,)|| 1~ instead of
10,V (Th, ) ||Lee, by the global a priori estimates in Theorems 4.1 and 5.1 we see that V (t,-) corresponds

to the same C7,C% and C¥ for all t € [T,,_3,T,]. This enables us to consider the master equation (1.1)
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on [T},—4, Tp—o] with terminal condition V(T},_o, -, ), and then we obtain a classical solution on [T},_4, T},]
with the desired uniform estimates and additional regularities.

Now repeat the arguments backwardly in time, we may construct a classical solution V for the original
master equation (1.1) on [0, 7] with terminal condition G. Moreover, since this procedure is repeated only
n times, by applying (6.7) repeatedly we see that (6.7) indeed holds true on [0, T7.

Step 2. Uniqueness. This follows directly from the local uniqueness in Proposition 6.2. Indeed,
assume V' is another classical solution with bounded 9,V’, 0,,V’, 0,V’, and 0,,V’. By otherwise
choosing larger Cf,C5,C%, we assume |9, V'| < CF, |0,.V'| < C%, and C4 also serves as a Lipschitz
constant for the Ws-Lipschitz continuity of V' in pu. Then, applying Proposition 6.2 on the master
equation on [T},_1,T,] with terminal condition G, by the uniqueness in Proposition 6.2 (iii) (or in (i))
we see that V'(t,-) = V(¢,-) for t € [T},—1,T,]. Next consider the master equation on [T},,_2,T;,_1] with
terminal condition V'(T},—1,-) = V(T—1,), by the uniqueness in Proposition 6.2 (iii) again we see that
V'(t,-) =V(t,-) for t € [T),_2,T,—1]. Repeat the arguments backwardly in time we prove the uniqueness
on [0,T].

Step 3. Let V be the unique classical solution to the master equation (1.1) on [0, 7] with bounded 9,V
and 0,,V. Then, for tq € [0,T] and ¢ € L?(F,,), the McKean-Vlasov SDE (2.29) on [tg, T] has a unique
solution X¢ and p. Set

YE =V, XS, py), Z8 =0,V (t, X5, py), Z0% = ﬁ(@wV(t,Xf,pt) +Ex, [8NV(t,Xf,pt,)~(f)]>. (6.9)

By (1.1) and It6 formula (2.12) one verifies that (X¢,Y¢, Z¢, Z0¢) satisfies FBSDE (2.23). The uniqueness

follows from the same arguments as in Step 2.
Similarly, by the above decoupling technique we can easily see that the other McKean-Vlasov FBSDEs
(2.24), (2.25), (6.3), (6.4), and (6.5) are also well-posed. In particular, besides (2.26) we have the following:

VYT = 00, V(6 X0, pe) Vi X5
ViVE® =V (t, X7, pe) - Vidd ™ + B, [0,V (6 X5, pr, Xp7) - Ve Xp® 4+ 0.V(XE, pr, X7) - V5]
Vo YOO = Er [0,V (6, XT, pe, XET) - Vi XPT + 0,V (L, X7, pe, Xi) - VXS], (6.10)

Set t = tg and note that ka(fo’i = ¢j, and Vké\?ti’i = 0, then the last equation at above implies
VYo" =B, [0,V (to, x, pro, &) - €] = 0,V (to, @, Le, &),

which is exactly (6.6). |

A Appendix

Proof of Remark 2.4. We show the equivalence of (2.13) and (2.15) for any U € C?(R¢ x Py). In fact,
by Remark 2.3(ii), we only need to prove that (2.15) implies (2.13). We now assume (2.15) holds, and we
want to show the following which is equivalent to (2.13): for any ug, 11 € Pa,

Jo == /Rd [U(x, p1) — Uz, po)] [pa (dw) — po(dz)] > 0. (A1)
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Recall (2.9). Since U is continuous, by the standard density argument, it suffices to show (A.1) for u;,
i € {0,1}, which have densities p; € C*>°(Bpr) such that ming, p; > 0. Consider one of the W;-geodesic

interpolations such as in [24]:
Mt = ptﬁd, Pt = (1 - t)po + tpl Vit € [O, 1]

Since p is bounded away from 0 on [0, 1] x Bg, then for each ¢, there is a unique solution ¢, € H} (Bg) N
C>(Bg) to the elliptic equation

V- (ptV@) =po— pP1 ie. 3tpt + V- (ptv¢t) =0.

Note that ¢; and V¢, are continuous in ¢ too. Setting v; := V¢, we see that v is a velocity for t — py,

and thus the following chain rule holds, cf. [26, Lemma 9.8]:

%U(w,,ut) = /Rd <8#U(x,,ut,:%),vt(fc)>pt(£)d92. (A.2)

We now compute Jy:

Jo = /]R [U(x, p1) — Uz, po)] [p1(z) — po(x)]de = _/0 /]Rd %U(m,ut)v - (prog)dxdt

_/O /R% (0,U(, e, @), 0e(2)) pr(2) [V - (pe(2) vy ()] dEddt.

By integration by parts formula, and recalling that 9,,U := 9,[0,U]", we have

1
JO = / / p <aza,u.U(1'7N’t7i’)vt(i'),Ut(l')>pt(fé)pt(x)di-dxdt
0o Jr2d
Choose ¢ € L2(F}L, py) and set 1 := v,(€), we see immediately that

Jo = E|(0:0,U(& e, )i,m) | > 0,

where the inequality is due to (2.15). This proves (A.1). |

Proof of Proposition 6.1. We proceed in three steps.

Step 1. We first show the well-posedness of the BSDE (6.1) in the case when [T — t¢]Cy < 1 where Cy
is given in Assumption 3.2 (iii). We note that H is only locally Lipschitz continuous. For this purpose,
let R > 0 be a constant which will be specified later. Let Ir € C°°(R%) be a truncation function such
that Ir(p) = p for |p| < R, |0,Ir(p)] = 0 for [p| > R+ 1, and |9,Ig(p)| < 1 for p € R% Denote
Hp(z, 1, p) = H(z, i, Ir(p)). Then clearly |9, Hg(x, 1, p)| < LT (R+1) and |9, Hg(x, u,p)| < L (R +1)
for all (z,u,p) € RY x Py x R where f,H(R) = SUD(yup)eDR |0 Hg(x, i, p)|. Consider the following
BSDE on [tg, T] (abusing the notation here):

T T T
Yi® = G(X4. pr) - / Hp(XZ, py, Z7)ds - / 78-dBl — / 20%-dB0*, (A.3)
t t t

and denote u(to,x) := Y;?, which is fg]-measurable. By standard BSDE arguments, clearly the above
system is well-posed, and it holds Y;* = u(t, X{), Z¥ = O,u(t, X{). Moreover, we have d,u(to, ) = VYZ,
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where
T
VY'? = aIG(X%, pT) — / [azHR(X;E, Ps Z;E) + VZSw apHR(va Ps; Z;‘v)]ds
r T
- / VZEdBl — / VZ0rdB% ty <t < T.

¢ t

Note that |8,G| < LS and |8, Hg| < L¥ (R + 1), one can easily see that
|0, u(to, x)| = | VY| < L§ + TLY (R +1).
Note that
— L§+TLY(R+1) —— TLY(R+1)

- it S L )
A R ARy sTG <

We may choose R > 0 large enough such that
|0,u(to,z)| < LS + TL¥ (R+1) < R.

This proves |0 u(t,z)| < CT by setting C§ := R. Moreover, since |Z7| = |9,u(t, X7)| < R, we see that
Hp(XE, pr, Z8) = H(XF, py, Z8). Thus (Y=, 2%, %) actually satisfies (6.1).

On the other hand, for any solution (Y%, 2%, Z%%) with bounded Z%, let R > 0 be larger than the
bound of Z%. Then we see that (Y%, Z% Z0%) satisfies (A.3). Now the uniqueness follows from the
uniqueness of the BSDE (A.3) which has Lipschitz continuous data.

Step 2. We next estimate J,,u, again in the case [T — t9]Cy < 1. First, applying standard BSDE

estimates on (A.4) we see that

E[(/T |VZ§|2ds>2} <C, as. (A.5)

to

Then we have dypu(to, z) = V2YZ, where, by differentiating (A.4) formally in z:

T d
VY = 0,G(X pr) - [ [VIZIABI 4 V20 dphe ]
to=1
T
_ / (000 HR () + 29 250, Hi () + V 250y, Hi () [V 23] (A.6)
t
d
+ Y V220, Hi()] (X2, ps, 22)ds.
1=1
Denote
T 1 T
MF. = exp (-/ OpHR(XZ, ps, Z%) - dBL — 5/ |apHR(X§,pS,Z§)st> .
to to

Then

T
VY = B, (M0, G(XGpr) ~ M7 [ {0rnHi() + 2V 220, Ha()

to

+ V220 Hr(VIVZE]T H(XE, p, Z2)ds].
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Thus, by (A.5), there exists some C§ > 0 such that

T
VY| < CEg,, [M%+M%/ [1+|VZ;”|2]ds]

to

|02z u(to, )]

1

C+C(Ex, 107P) (Ex, [( / “vzzpas?]) <

IN

Step 3. We now consider the general case. Fix a partition ¢ty < --- < t, = T such that [t;11 —#;]Co < 1
foralli =0, - ,n — 1. We proceed backwardly in time by induction. Denote u(t,,-) := G. Assume we
have defined u(t;11,-) with bounded first and second order derivatives in z. Consider the BSDE (6.1) on
[t;, ti+1] with terminal condition u(t;11,+). Applying the well-posedness result in Step 1 we obtain u(t;, x)
satisfying (6.2), for a possibly larger C¥,C% which depend on the same parameters. Since n is finite, we
obtain (6.2) for all . Now it follows from standard arguments in FBSDE literature, cf. [37, Theorem
8.3.4], that the BSDE (6.1) on [to, T] is wellposed, and (6.2) holds for all ¢t € [tg, T]. |

Proof of Proposition 6.2. (ii) Given (6.6), the first estimate of (6.7) follows directly from the estimate
for BSDE (6.5). Moreover, by differentiating (6.5) with respect to x, we can derive the representation
formula for 0.,V from (6.6) and then the second estimate of (6.7) also follows directly from the estimate
for the differentiated BSDE.

We now prove (6.6) in four steps. Without loss of generality we prove only the case that &k = 1 and
to = 0. Throughout the proof, it is sometimes convenient to use the notation X®¢ := X2,

Step 1. For any & € L2(Fy,u) and any scalar random variable n € L2(F,,R), following standard
arguments and by the stability property of the involved systems we have

1
lim E [ sup |-
e—0 0<t<T £

[xErene — x ] — ox e 2] =0, (A7)

where (5X5”7€1,6Y5’"€1,§Z§’"€1,5Z0’5*’7€1) satisfies the linear McKean-Vlasov FBSDE:

t

SXEM = ey — / (6 X5 T 0y H (XS, ps, Z8) + (6Z5) T 0y H (XS, ps, Z5)ds,
0

SYF = 0,G(X5, pr) - 6X3" + Exp [0,G(X5, pr, X5) - 0 X537

r ~ (A.8)
o[ 0RO 78 X5 1 0, E(XE ., ) 575
t
T T
+Ex, [0,L(XE, ps, X&, Z8) - 6 X574 ds — / 875 . dB, — / §7%¢me . qpY,
¢ t
Similarly, by (A.7) and (2.24), one can show that
1 2
lim B[ sup |~ [yt —y€] — sy <o, A9
ey ogthE[t t } t (A9)
where (5)”“757"81,5Z“"*E*’7€1,5Z07“"*5*’761> satisfies the linear (standard) BSDE:
~ ~ ~ T T
Y61 = By [0,GOXF pr X5) 0X57 ) = [ azzen ap, - [ 5z0némr . apy
¢ ¢ (A.10)

T
_/ OpH(X2E py, Z2E) - 6255 4 B, [%H(X;c,f’p&j(g’ Z€) ~5)~(§’"el]ds
t
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In particular, (A.9) implies,

. ]- xT,5,mne1 2
lim | - [V(0,2, Leene,) — V(0,2,Le)] — Y5 = 0. (A.11)
Thus, by the definition of 9,V
E [0,V (0,2, 11, €)n] = 6547, (A.12)

Step 2. In this step we assume £ (or say, p) is discrete: p; = P(§ = x;), i = 1,--- ,n. Fix 4, consider
the following system of McKean-Vlasov FBSDEs: for j =1,--- n,

t n
Vi Xi? =1i—pe _/ ZpkEfs [(vulXi’k)TaupH(Xf’wjvPsaX%wk’ Z§7xj)]
0 k=1
H(Vi Xo7) T 0up H (XS ps, Z5%9) + (Vs 237) T 8pp H (X5, ps, Z5 ) ds,
Vi Yt” = 696G(X%wj . PT) - VMX%j + ZpkEFT {aﬂG(X%wjvav X%rk) : me(;lk}
k=1

T - (A13)
+/ a””L(XE’zj’pw ng’mj) : vasi’j + 6pL(Xs£7zja/787 Zg’rj) : vu1Z2’j
t

+ 3 oz, [0, L(XE, po, XEm0, Z5%0) - 9, X it ds
k=1

T o T o
- / V25 - dBs — / V,u, 225 - dBY.
t t

For any ® € {X,Y, Z, Z°}, we define
- 1 -
V10" =V, &4, V08T = — 3"V, 01, .
P
Note that ®¢ = > %71 e_y,y. Since (A.13) is linear, one can easily check that
t
ViXET == [ (VX5 T 00 H (XS, s Z550) 4 (VaZE7) 0, (X570, 25%)
0
il [(ViRE™)T 0, H(XE™, py X5, 257) (A.14)

(VXS T0,, H(XE, p,, XS, 26 s,

t
VX = _/0 {(VIXS“’*)TGIPH(XSf,ps,ZSf) + (V1 Z5%0) T 0pp H (XS, ps, Z5)
+I~E]-'5 [(Vng’xi)TaupH(Xg,ij(g’xi,Zsf) (A.15)

+ (VXS T H(XE, o, X8, 28)| Lepany s

T T
ViV = 0,G(XE" pr) - ViXE" — / V1 Z5"1dB, — / V1Z24%dBY
t t
+szfT I:GMG(X%JZ’ T, X%xl) ' VlX.S’Zi + auG(X%xivav X%) : vl)?’f",xi7*:| (AIG)
T
+ [ {OL (X 2E%)  ViXE 4 B L(XE" pu, Z5%) - Va2
t

+piI~E]:s [8ME<X§’%7/)87 ngi?Zg’xi) : vl)?g,xi + 8HZ(X§7xiapS’ Xga Z?zi) : le%m,*)] }ds
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T T
vlyrtg,zi,* _ axG(X%,pT) . V1X§~7wi7* _/ vlzg,wi,* i dBS _/ V1Zg’f"”’* . ng

—HEFT[ X5, pr, X550) - Vi X5 4 0,G(X5, pr, X5) - ViX5 | Lieany
{ XE, pe, Z8) - Vi XET* 4 0, L(XE, ps, Z8) - V1 260 (A.17)
6 ( svpstg’gEL Zg) V1X§7wi +8#E(X§vp87Xs€vZ§)'VlX%Ii)]1{§¢Ii}}ds

Since (A.8) is also linear, one can easily check that, for ® € {X,Y, Z, Z°},
VoS He=nit @ = V98T, g + p; V1 @577, (A.18)
Moreover, note that

B, [0,GXS, pr, X5) - 6 X510 ]

= B, [0,G(X5, pr, X5) - [V1XE" L emr,y + piV1 X577

= pikr, [8 G(XTS, pr, X37) - ViXE™ 4+ 0,G(X7¢, pr, X5) -V Xgm“}
and similarly

B [0, H(XDS, po, XE, 226) - 6X M)
= piir [0, H(XTS, py, XEP, Z0€) - V1 XED 4+ 0, H(XIE, p,, XE, Z20€) - V1 XE77)]

Plug this into (A.10), we obtain
60 TN — v, By e, (A.19)

where

VY0 = Er [0,G(XE, pr, X57) - Vi X3 4+ 0,G(XE, pr, X5) - Vi X3
T
- [ oz oz
ot . . N 5 (A.20)
+E-Fs [BHH(X‘SI’&? Ps» Xf*’zi ) Z?E) ’ VlXE’Ii + aﬁbH(X?gv Ps» X§7 Z?é) ’ V1X§’Ii7*} }ds
T T
- / V,, Z55% . dBy — / V., 22557 aBY.
¢ t
In particular, by setting 7 = 1{¢—,,} in (A.12) we obtain:
O V0,2, iy 3) = V0, Yoo, (A.21)

We shall note that (A.14)-(A.15), (A.16)-(A.17) is different from (6.3) and (6.4), so (A.21) provides an
alternative discrete representation.

Step 3. We now prove (6.6) in the case that p is absolutely continuous. For each n > 3, set

: o e )
, M::{“,“Jr >>< x[“ﬂ“ﬁ > 7= (i, ia)" € Z4,

1
= —
v n v n n n n
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For any x € R?, there exists i(z) := (i1(z), -+ ,iq4(z)) € Z% such that z € A;}(I). Let

-

i"(z) := (Y (x), - ,i%(x)) € Z%, where '(x):=min{max{i;, —n?},n%}, I=1,---,d.
Denote Q,, := {x € R : |z;| <m,i=1,--- ,d}, 2% := {i e 2 : AZNQn # 0}, and
n i" (¢
6= Y ey 0+ “ g, 6) (A22)
iezd
It is clear that lim, oo E [|§n - §|2] = 0 and thus lim, o Wa(Le,,Le) = 0. Then for any scalar random
variable 7, by stability of FBSDE (A.8) and BSDE (A.10), we derive from (A.12) that
IEI[&)MV(OJ,M, 5)77] = YO = Tim Y, (A.23)
n—oo
For each & € R%, let i(%) be the i such that & € A?, which holds when n > |Z|. Then (Le,, i)
(1,%) as n — co. By the stability of FBSDEs (2.23)-(2.24), we have (Xén% Zf"vLj)) s (XEF, Z67)

under appropriate norms. Moreover, since u is absolutely continuous,

) —

]P’(gn:;(j))zlp(geA?)—)O, as n — oo.

Then by the stability of (A.14)-(A.15), (A.16)-(A.17) and (A.20) we can check that

(&) Q&) i(&®) ~ - .
lim (vléfnvn, AVAT St V,“q%&w) = (vlqﬁvm, V95T, vmqﬁvaﬂ). (A.24)

n—oo

Now for any bounded function ¢ € C(R?), set n = ¢(£) in (A.23), we derive from (A.19) that

,6n,1(¢, —anye
E[0, V(0.2 1. €)p(§)| = lim o¥5 70 = tim 7 (a2 )ay, T

n—oo n— oo
€24

and so,
E [0,V (0,2, 1, €)p(€)]| = Tim 3 o(a?)9,, 77" R( € A7) = /R BV, Yg T (dz).
iezd

This implies (6.6) immediately.

Step 4. We finally prove the general case. Denote 9 (x, u, Z) := VMYO’”’&‘E. By the stability of FBSDEs,
1 is continuous in all the variables. Fix an arbitrary (i, &). One can easily construct &, such that L, is
absolutely continuous and lim,, s, E[|, — &|?] = 0. Then, for any n = ¢(£) as in Step 3, by (A.12) and
Step 3 we have

E[0,V (0,2, 1, O)p(€)] = lim 8Y5 ¥ = lim E[y(x, Le, . &)¢(n)] = E[tb(w, 1,0 (€)]

n—oo

which implies (6.6) in the general case.

(iii) Given the uniform estimate of 9,V in (6.7), the well-posedness of the master equation (1.1) on
[to, T'] follows from the arguments in [22, Theorem 5.10]. This, together with It6 formula (2.12), will easily
lead to (2.26). Under the additional Assumptions 3.1-(ii) and 3.2-(ii), the representation formulas and
the boundedness of higher order derivatives in state and probability variables can be proved by further
differentiating the McKean-Vlasov FBSDEs (2.23)-(2.25), (6.3)-(6.4) and BSDE (6.5), with respect to the
state and probability variables. The calculation is lengthy but very similar to that in [35, Section 9.2].
We omit the details. |
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