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RESEARCH STATEMENT

| work at the exciting and fruitful juncture of low-dimensionaltopology and \quantum algebra."
In particular, my researt focuseson deweloping new ideasin the theory of quantized Lie super-
algebrasto produce new invariants of knots and links. | am also investigating applications and
generalizations of this researt). For example to create 3{manifold invariants, consider questions
related to the Volume Conjecture, understand connectionsbetweenvarious more classicalinvariants
and categorify super quantum invariants of links. In addition, | am examining a generalization of
someof my recert work which usestopology to give new results in represenation theory.

1. INTRODUCTION

Knots appearin many placesranging from everyday items suc astied shoe lacesto string theory
and protein folding. In mathematics, knots and more generally links are fundamertal objects in
topology. Knots and ambient isotopy classesof knots have been studied since the 19th certury.
The Alexander polynomial, discovered in the 1920's,is an important example of an invariant of
knots, where an invariant is a map from the set of isotopy classesf knots to a well known set, suc
as a polynomial ring.

More recertly, with the quantum eld theory point of view moving into low-dimensional topol-
ogy, the late 20th certury saw the emergenceof a revolution in the theory of knots and links. The
discovery of the Jonespolynomial by V. Jones[J] in 1984was followed by the discovery of in nitely
many new knot invariants called quantum invariants. All of theseknot invariants arise from inter-
actions betweenknot theory and other areasof mathematics. For example, the original de nition
of the Jonespolynomial was basedon the theory of operator algebras. In 1989,E. Witten [W] gave
a 3-dimensionalquantum eld theory interpretation of the Jonespolynomial which later led to the
construction of the quantum invariants. Thesequantum invariants can be constructed from repre-
sertations of quantum groups or from solutions of the Knizhnik-Zamolodchikov equations. These
discoveries openedthe door for the use of powerful algebraic techniquesto study low-dimensional
topology.

My current researt focuseson this productive interaction between low-dimensional topology
and \quantum algebra.” The theory of quantum groups assaiated to Lie algebrashasbeenwidely
and productively usedin low-dimensionaltopology. Not aswell dewveloped is the theory of quantum
groups assaiated to Lie superalgebrasand its applications. The theory of Lie superalgebrashas
particular properties that do not arise in the theory of Lie algebras. As | will explain, I usethese
unique properties to dewvelop and exploit new quantum link invariants. Thesedevelopmerts require
the creation of previously unknown results involving quantized Lie superalgebras.| will alsodiscuss
how | use low-dimensional topology to obtain new constructions and objects in the theory of Lie
superalgebras.

The overall goal of my immediate researt agendais to cortinue to study and exploit quantum
link invariants arising from Lie superalgebraswith an aim of establishing additional connections
with well known problems and objects in low-dimensional topology and \quantum algebra." In
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particular, | plan to extend the techniques | deweloped while working with Lie superalgebrasto
other more generalsettings.

The rest of this documert is composedof three main sections. In Section 2, | will discusssome
of my researd in knot theory. Then in Section 3, | will talk about someof my work in quantum
algebra. Sections2 and 3 can be read independertly. In the last section, | will discussmy future
researt projects. Throughout links will bein the three sphere.

2. KNOT INVARIANTS ARISING FROM LIE SUPERALGEBRAS

2.1. Background. The Jones,Kau man, and HOMFLY-PT knot invariants are well known ex-
amplesof the fruitful partnership betweenlow-dimensional topology and quantum algebra. All of
theseinvariants can be de ned using nite dimensional represertations of simple Lie algebrasand
their quantum analogs. Invariants arising from Lie algebrashave recertly beenextendedto Lie
superalgebras(see[G2] and referenceswithin). Vogel[Vo] proves (at the weight systemlevel) that
these new invariants are more powerful than invariants arising from Lie algebras. It is well known
that from the generallinear Lie superalgebragl(1j1) onecanrecover the Alexander-Corway polyno-
mial (see[R, RS, FKV, Vi]). Kauman [DLK] and his collaborators considertopological questions
related to an invariant [LG] arising from gl(2j1). In [G2, GP1, GP2, GP3], Patureau-Mirand and
| investigate invariants arising from Lie superalgebrasof classicaltype and their topological prop-
erties. Working with Turaev [GPT] we shaw that theseinvariants are a motivating example of a
generalconstruction basedon re-normalizing the usual quantum group invariant. Other than these
examples(and the referenceswithin), little is known about invariants arising from Lie superalge-
bras.

2.2. Link invariants and the Kon tsevic h integral. Reshetikhin and Turaev [RT1] show that
ewvery represettation of a semisimplelLie algebra givesrise to a quantum group invariant of knots
and, more generally, links. Le and Murakami [LM] show that theseinvariants can be studied via
the Kontsevich integral [Kon] and their Lie algebrabasedweight systems[BN2] (also see[Lin]). |
generalizethis result to the setting of Lie superalgebrasof type A-G. In particular,

Theorem 2.1 (G, [G2]). Quantum group invariants arising from Lie superalgebas of type A-G
are egual to the Kontsevich integral composal with their Lie superalgeba basal weight systems.

As | will now explain, the proof of this theorem is not a straight forward generalization of the
Lie algebra case. Le and Murakami's proof relies on work done by Drinfeld [D2, D3]. The proof
that Drinfeld usesin his work doesnot generalizeto Lie superalgebras. Howewer, using di erent
techniques| obtain the necessarygeneralization of Drinfeld's work (seeTheorem 3.1).

As in the caseof Lie algebras,the equality in Theorem 2.1 is useful. For example,in [G2] | use
this equality to study topological properties of the Links-Gould invariant [LG] and give a positive
answer to Conjecture 4.12 of [PM].

2.3. Renormalized quantum invariants. The theory of quantum groupsbecomesbhoth compli-
cated and interesting when the quantum parameter is a root of unity. Part of this complication
is that certain quantum dimensionsvanish. This can make it dicult to apply the generalthe-
ory of quantum link invariants. Howewer, once understood, this additional complication adds
extra information which can be useful (e.g. when constructing 3-manifold invariants). In [GPT],
Patureau-Mirand, Turaev and | prove the following theorem which is the rst stepin a generalpro-
gram to investigate the quantum invariants arising from categorieswhich have vanishing quantum
dimensions.
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Theorem 2.2 (G, Patureau-Mirand, Turaev[GPT]). There existsa renormalization of the Reshetikhin-
Turaev functor of a ribbon Ab-category by \fake quantum dimensions" such that

(1) for simple Lie algebas theseinvariants are proportional to the usual quantum invariants,

(2) for nilpotent representations of quantized sl(2) at roots of unity theseinvariants are non-
trivial,

(3) for Lie superalgebas of type | this renormalization leads to multivariable invariants.

Let me discussthe results of Theorem 2.2 in further detail. In both Parts (2) and (3) the geruine
quantum dimensions vanish causing the usual invariants to be trivial, but the \fake quantum
dimensions" are non-zero and as stated lead to non-trivial invariants. The invariants of Part
(2) cortain the hierarchy of invariants de ned by Akutsu, Degudi and Ohtsuki [ADO], using a
regularize of the Markov trace. Theseinvariants contain Kashaev'squantum dilogarithm invariants
and will be discussedfurther in Subsection2.4. The multiv ariable invariants of Part (3) will also
be discussedin Subsection2.4.

2.4. Multiv ariable link invariants. Let sl(mjn) be the special linear Lie superalgebra. Let V
be a typical sl(mjn)-module and let ¥ beits corresponding deformation module (seeTheorem 3.2).
Using the Kontsevidch integral and Theorem 2.1 a standard argumert shows that the quantum di-
mensionof ¥ is zero. It follows that the usual Reshetikhin-Turaev quantum group invariant arising
from sl(mjn) and V is zero. Howewer, in [GP2] Patureau-Mirand and | showv the Reshetikhin-
Turaev construction can be modi ed to produce non-trivial invariants. This construction usesthe
existenceof an unexpected replacemern of the vanishing quantum dimensions, by \fak e quantum
dimensions". In [GPT] we give a generalde nition of the \fak e quantum dimensions." The anal-
ogousde nition of [GP2] is given by an explicit formula but one can use generaltheory to show
that thesede nitions are equivalert.

The modi ed construction of [GP2] leadsto the existenceof families of multiv ariable link invari-
ants. In particular,

Theorem 2.3 (G, Patureau-Mirand, [GP2]). There exists multivariable link invariants asseiated
to each pair (sl(mjn);c) where c2 N™*" 2,

This theorem is a special caseof a more general theorem that Patureau-Mirand and | prove
in [GP2]. The invariants of Theorem 2.3 assaiate a variable to eac componert of the link. Of
particular interest is the invariant assaiated to sl(nj1) and 02 N" 1. Let M, be this invariant.
If L is alink with k componerts and k 2 then My(L) 2 Z[q 1;q1 1;:::;qk 4. If k = 1then
Mn(L) 2 g *Z[q *;q, '] where g is an elemen of Z[q *;q, }] which doesnot depend on L. The
variable g comesfrom coloring the ith component of L with a family of moduleswhoseweights are
a cortinuous family of complex numbers. In [GP3] Patureau-Mirand and | shav that for di erent
specializations of q the invariant M, is equal to well known invariants. | will now say a few words
about thesewell known invariants.

Using the quantum dilogarithm, Kashaev [Kv] de nes a family of complex valued link invari-
ants, denoted by fK g, 2. He then obsenesthat the hyperbolic volume of the complemen of
somesimple hyperbolic knots was determined by the asymptotic behavior of theselink invariants
and conjecturedthat this is true for any hyperbolic knot. In [MM], H. Murakami and J. Murakami
reformulate and strengthen Kasheas's conjecture as follows: \The colored Jones polynomial de-
termine the simplicial volume for any knot." This conjecture has becomeknown as the Volume
Conjecture.

In making their reformulation H. Murakami and J. Murakami shaw that the set of generalized
multiv ariable Alexander invariants f AD Ong, » de ned by Akutsu, Degudi, and Ohtsuki [ADO]
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and the set of colored Jonespolynomials have a hon-trivial intersection. Moreover, they show that
this interesection contains Kashaev'sinvariants.

In [GP3], Patureau-Mirand and | prove a similar result; namely, that the intersection of the set
of multiv ariable link invariants f Mg, 2 and the setof colored HOMFLY-PT polynomials cortains
Kashaev'sinvariants and the set of two variable invariants f LG "1g, » de ned by Links and Gould
[DW, LG]. Patureau-Mirand and | alsoshow that the invariants f M g are related to the Alexander
polynomial and Conway function r .

The above discusioncan be summarizedby the following diagram (for n  2):

) [Clafﬁ] 1L I ...””""'Co_r_l_jgt.:tured in [GP3]
mnl"'q:”*l

G=1|[MM]

(ol BT gni g @0t Gy
DI q [GP3] n+1

where an arrow represens an equality of the link invariants after a specialization (and possibly a
renormalization). For example,the down arrow in the middle of the diagram means
y 1 !
LG"Y( :q) = ' g' Mg )
i=0
and [GPZ2] indicates where the proof of this equality appears. Obsene that the invariants fM g
specializeto Kashaev'sinvariants which are in the original statemert of the Volume Conjecture.

3. THE QUANTIZATION OF LIE SUPERBIALGEBRAS

3.1. Background. Quantum groups (which are special kinds of Hopf algebras) were intro duced
independertly by Drinfeld and Jimbo around 1984. One of the mostimportant examplesof quantum
groups are deformations of universal erveloping algebras. These deformations are closely related
to Lie bialgebras (which are the Lie algebra analogue of a Hopf algebra). In particular, every
deformation of a universal erveloping algebra induces a Lie bialgebra structure on the underling
Lie algebra. In [D1] Drinfeld asksif the corverse of this statemert holds; that is, \Do es there
exist a universal quantization for Lie bialgebras?" Etingof and Kazhdan give a positive answer to
this question. In [G1] | further this work by generalizing Etingof and Kazhdan's work from Lie
bialgebrasto the setting of Lie superbialgebras. Let me discusssomeapplications of this generalized
Etingof-Kazhdan quartization.

3.2. Deformation modules. Given a semisimpleLie algebrag, Drinfeld [D2] constructs the fol-
lowing algebras:

(1) the Drinfeld-Jimbo quartization UEJ(g) of g which is a deformation of the ernveloping
algebraU(g),
(2) a quasi-Hopfalgebrastructure on U(g)[[h]], denoted by Ag.

These algebras are quite dierent in nature. UEJ(g) is a Hopf algebra with a very compli-
cated coproduct while Ag has a simple coproduct but is not a Hopf algebra. There are analogous
constructions for Lie superalgebrasof type A-G (seefor example [FLV, KT, Y2]).
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Drinfeld was interestedin the represeration theory of the algebrasUP”(g) and Ag4. In [D3, D2]
he proves that the tensor categoriesof topologically free modules over the algebras UEJ (9) and
Ag are equivalert. Drinfeld's proof usesdeformation theoretic argumerts basedon the fact that
H'(g;U(g) = 0; i = 1;2; for a semisimpleLie algebra. In generalthis vanishing result is not true
for Lie superalgebras(for examplesl(2j1), [SZ]). Howewer, | prove there is an analogousequivalence
of categoriesfor the superalgebrasU,?J(g) and Ag4. In particular,

Theorem 3.1 (G, [G1]). Let g be a Lie superalgebas of type A-G. The braided tensor categories
of topologically free modules over the superalgebas UP 7 (g) and A4 are braided tensor equivalent.

The proof of Theorem 3.1is basedon a completely di eren t approac which usesthe quantization
of Lie superbialgebras. Namely, it can be shavn that any Lie superalgebraof type A-G has a
natural structure of a Lie superbialgebra. The proof of Theorem 3.1is completedby generalizingthe
Etingof-Kazhdan quantization of Lie bialgebrasin [EK1, EK6] to the setting of Lie superbialgebras.

When g is a semisimpleLie algebra, Theorem 3.1 is very useful (for examplesee[D2, D3, LM]).
When g is a Lie superalgebraof type A-G, Theorem 3.1 also has many applications. For example,
as mentioned earlier it is usedin the proof of Theorem 2.1. It also plays a certral role in proving
Theorem 3.2, which has the following history.

Lusztig provesthat ead irreducible dominant integral weight module of a Kac-Moody algebra
can be deformedto a module over the corresponding Drinfeld-Jim bo algebra. In [D1] Drinfeld ask
if arbitrary weight modules over a Kac-Moody algebra can be deformed. Etingof and Kazhdan
give a positive answer to this questionin [EK6]. Using the techniques of [EK6] combined with the
results of [G1], | further this work by proving the following theorem.

Theorem 3.2 (G, [G3]). Let g be a Lie superalgebrn of type A-G. Weight madules over g can be
deformed to weight modules over the Drinfeld-Jimbo type superalgeba UEJ (9).

Theorem 3.2 is usedin the construction of the multiv ariable link invariants of Theorem 2.3.

3.3. Drinfeld-Kohno-t yp e Theorems. It iswell known that the Knizhnik-Zamolodchikov equa-
tions (with coe cien ts in U(g)[[h]], whereg is a semi-simpleLie algebra) give rise to a monodromy
represertation K4 of the braid group B,. One can also construct a represettation , of B, from
the braided tensor structure of the category of UEJ(g)—modules.

These represettations are dierent in nature. The rst naturally comesfrom the Knizhnik-
Zamolodchikov systemwhich givesriseto a at connectionand thus a braid group represenmation.
Howewer, this represenation is hard to compute. The secondcan be computed using the action
of the explicit R-matrix of UEJ(g). The Drinfeld-Kohno theorem states that theserepresettations
are equivalent. This theorem allow one to compute the monodromy of Knizhnik-Zamolodchikov
equations.

Analogousrepresettations K4 and , exist when g is a Lie superalgebraof type A-G. | prove
the following Drinfeld-Kohno-t ype theorem for Lie superalgebras.

Theorem 3.3 (G, [G3]). The representations K4 and | arising from a Lie superalgebas of type
A-G are equivalent.

In [EtG], Etingof and | useEtingof-Kazhdan quartization theory to give an analogoustheoremin
the caseof the trigonometric Knizhnik-Zamolodchikov equations. The equationscortain a classical
r-matrix on the Lie superalgebra,and the answer expressegshrough the quantum R-matrix of the
corresponding quantum group. In particular, we prove the following.

Theorem 3.4 (Etingof, G, [EtG]). There existsa Drinfeld-Kohno-type theorem for the monadromy
of the trigonometric Knizhnik-Zamolodchikov equations arising from a Lie superalgeba.
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3.4. The quantization of PR OP's. The Etingof-Kazhdan quartization of nite dimensional
Lie superbialgebras has the important properties that it is compatible with duals and doubles
(see [EK1, G1]). These properties are key ingredients in the proofs of Theorems 3.1 and 3.2.
Another important property of the Etingof-Kazhdan quartization is that it is constructed by explicit
formulas for the product, coproduct, etc. Theseformulas are universalallowing the construction of
the Etingof-Kazhdan quarntization in the generalsetting of PROP's, symmetric monoidal Q-linear
categoriesgeneratedby one object.

Etingof and Kazhdan [EK2] (with slightly dierent language) showv that there is a functorial
quarntization of the PROP of Lie bialgebrasLBA . In [EE], Enriquez and Etingof dewelop a general
program for the quantization of a PROP. Working in this framework, Enriquez and | prove the
following theorem.

Theorem 3.5 (Enriquez, G, [EG]). The Etingof-Kazhdan quantization of LBA is compatible with
duals and doubles.

With Theorem 3.5 and the frame work of PROP's oneis now able to prove previously unknown
results about in nite dimensional Lie (super)algebras. In particular, the following corollary is a
generalization of Theorem 3.2 to the setting of a ne Lie superalgebras.

Corollary 3.6 (Enriquez, G, [EG]). Letgbeanane Lie superalgeba. Weight modulesover g can
be deformed to weight modules over the Drinfeld-Jimbo type superalgeba UEJ (g) and a Drinfeld-
Kohno type theorem exist for g.

3.5. An invariant supertrace for the category of represen tations of Lie superalgebras.
In [GP4] Patureau-Mirand and | give a renormalization of the supertrace on the category of repre-
sertations of Lie superalgebras,by a kind of \fak e superdimension.” The geruine superdimensions
and supertraces are generically zero. However, the \fak e superdimensions” are non-zero and lead
to the following theorem.

Theorem 3.7 (G, Patureau-Mirand, [GP4]). There existsa non-trivial invariant supertrace on the
category of representationsof Lie superalgebrn of type I.

The only proof | know of this theorem usesthe low-dimensional topology and quantum algebra
discussedin Subsections2.4 and 3.2, but surprisingly the precise statemerts given in [GP4] are
completely classicalstatemerts in represenation or Lie superalgebras.

The \fak e superdimensions”should be useful in studying the degreeof atypicality of g-modules.
In [KW, Conjecture 3.1] Kac and Wakimoto conjectured that for a simple basic classicalLie su-
peralgebra, g, the superdimensionof a simple supermodule is nonzeroif and only if its degreeof
atypicality is maximal. The \only if" direction of this conjecture hasrecertly beenproved indepen-
dently by Du o and Serganwa [DS] and Boe, Kujawa and Nakano [BKN], in certain cases.Since
these\fak e superdimensions"arise from a special caseof the usefuland generaltheory of the \fak e
quantum dimensions" discussedabove they should cortain new information which could be useful
in studying the Kac-Wakimoto Conjecture.

4. FUTURE RESEARCH PROJECTS

4.1. \Secondary" 3-Manifold invariants. Patureau-Mirand, Turaev and myself are corntinuing
our investigation of the renormalized quantum invariants, discussedn Subsection2.3, with an aim
of constructing \secondary” 3-manifold invariants which arise when the usual approad does not
work becauseof zero quantum dimensionsof simple objects. The next stepin this investigation is
to study the behavior of the renormalized invariants under the handle slide (Kirb y move). This of
courseshould be suggestedby a study of the available examples(Lie superalgebras,etc).
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4.2. Invarian ts arising from quantized Lie algebras at root of unity. | plan on showing
that one can generalizeshe results Example 2 of Theorem 2.2to the Lie algebrasl(n). This gener-
alization will require additional results in represetiation theory. In the construction of Example 2
particular properties of sl(2)-modules are used. Theseproperties no longer hold in the caseof sl(n)
whenn > 2. Howewer, | have reasonto believe that the overall construction will still work. Sud
a result would produce link invariants which could be thought of as generalizationsof Kashaev's
invariants [Kv], which were discussedin Section 2.4. This is alsothe rst stepin understanding if
a similar generalization holds in the setting of the work done by DeConcini, Procesi, Reshetikhin
and Rossoin [DPRR].

4.3. The ADO hierarc hy of invarian ts. The dotted arrow in the diagram in Subsection2.4 can
be stated as:

Conjecture 4.1. The invariant M, with g= € "1 is equal to a renormalization of AD Op+1 .

A positive answer to this conjecture would give a reinterpretation of the ADO invariants in terms
of the invariants f Mg, which are de ned using a natural modi cation of the Reshetikhin-Turaev
quantum group construction. This would be interesting becausethe ADO invariants are not very
well understood but are related to well known problems, whereasthe Reshetikhin-Turaev quantum
group construction has been throughly studied. One approac to solving this conjecture is to
follow [MM] and compare transformations of the R-matrices usedto construct these two families
of invariants. Another approac would be to usethe colored HOMFL Y-PT.

4.4, Questions connected to the Volume Conjecture. Motivated by Chern-Simonsquantum
eld theory, Gukov [Gu] proposesa Generalized Volume Conjecture which roughly states that,
for ead irrational in a neighborhood of 1, the value of the n-th colored Jones polynomial of a
hyperbolic knot K, evaluated at exp(2 i=n ) is a sequenceof complex numbers whoselogarithm
grows exponertially at a rate proportional to the volume of the (1=; 0) Dehn lling of the knot
complement S3 nK, in the senseof Thurston [Th]. In [Gu], Gukov remarks that the Volume
Conjecture can alsobe generalizedby consideringthe analytic cortinuation of J,(K ) to non-integer
valuesof the color n; he further remarksthat understanding such analytic cortinuations could play
an important role in proving such conjectures.

Recallthat M, is de ned usinglinks coloredby moduleswhoseweights are cortin uous families of
complex numbers. Loosely speaking, theseinvariants can be thought of as analytic cortinuations
of the invariants de ned from modules with integral weights. These integral weights should be
related to the weights of the modules which de ne the colored Jones polynomials. This leadsto
the following question:

Question 4.2. What is the connection between the asymptotic behavior of the family fM g and
volume type invariants of knots?

It isalongterm goal of mine to give an answer to this question. However, at the presert time it is
not obvious how to immediately tackle the GeneralizedVolume Conjecture and more foundational
work must be completed. | plan to dewveloped a preciselanguagedescribing how the setfMpqg is
related to the analytic continuations of the colored Jones polynomials and study the asymptotic
behavior of the family fM,g. This is the rst stepin a program towards answering Question 4.2.

4.5. The categorication of gl(1j1) quantum invariant. In [Kh], Khovanov shaws that the
Jonespolynomial is the Euler characteristic of a bigraded link homology theory, called the cate-
gori cation of the Jonespolynomial. With this discovery, the past few yearshave seenan explosion
of activity in the area of link homology and categori cation. For example, Ozswath, Szalo [OS]
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and Rasnussen[Rag] usedHeegaardFloer homology to construct a categori cation of the Alexan-
der polynomial. One of my future researt goalsis to construct a categori cation of the gl(1j1)
guantum invariant. This work would be joint with Christian Blanchet.

Blanchet and | plan on constructing a skein formula (or a state sum) which conmbined with a
trivalent topological quantum eld theory (TQFT) would give the desired categori cation. The
implemenrtation of the stepsof this plan are not obvious. Howewer, | believe that my understanding
of the skein theory in the caseof sl(2j1) (see[GP1]) combined with Blanchet's expertice on TQFTs
give us a good chanceto be successful.

A categori cation of the gl(1j1) quantum invariant is very interesting becauseit could give a
topological categori cation of the Alexander polynomial, in the senseof Bar-Natan's topological
interpretation of Khovanov homology (see[BN1]). The next natural questionwill be to seeif sud
a categori cation is related to the categori cation of the Alexander polynomial given by Ozswath,
Szalo and Rasmnussen.

4.6. Quantization of super dynamical r-matrices. Etingof, Schedler and Schi mann [ESY
provide an explicit quartization of dynamical r-matrices for semisimple Lie algebrasg. In [GK]
Karaali and | are writing a paper which generalizesthis work to the setting of Lie superalgebras.
Note that r-matrices of Lie superalgebrashave a variety of new properties that do not exist in the
non-super case(see[Ka]).

4.7. Explicit forms for R-matrices of some exceptional R-matrices. In[Y1], Yamanede nes
a Drinfeld-Jimbo type superalgebra UEJ(g) assaiated to an ane Lie superalgebrag. Yamane
excludesthe exceptional a ne Lie superalgebrasA(m; m)®, A(m; m)® and A(m; m)® because
of their unique properties. Howeer, in an abstract way, Yamaneconstructs a free superalgebraand
bilinear form that givesriseto asuperalgebraUEJ(A(m; m)®), i = 1;2;4. The results of [EG] shav
that UPJ (A(m;m)®), i = 1;2;4 is topologically free and give explicit formulas for the coproduct.
Therefore, standard techniques should give explicit formulas for the R-matrix of Ué” (A(m; m)®),
i=1,2,4.

Similar techniquesshould be usefulin studying the superalgebraug’J (D®(2;1; 1)). Such work
could be interesting in theoretical physics (see[HSTY] and the referenceswithin).
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