Mathematics 4317 Hour Examination — Sept. 26, 2007

Directions: Do any four of the following five problems. Show your work, and justify
your answers and assertions. If you do all five problems, indicate on your paper which
~ four you wish to have graded. This is a closed book examination, and calculators are
allowed. Throughout this examination, the symbol “R” will denote the real number

system, and || || and - will denote the usual norm and inner product on RP.

1. (25) Let f be a function with domain A and range contained in B, and let g be a function
with domain B and range contained in C. '

a) Show that if fand g are one-to-one (i.c., injections), then so is the composition of g and
f.

b) Show that if f is onto B and g is onto C, (i.e.,if f and g are surjections), then the
composttion of g and f'is onto C.

¢) Show that if there exist a bijection between A and B and a bijection between B and C,
then there exists a bijection between A and C.

2. (25) Use the properties and definitions of the norm and inner product in RP to prove
the following:

a) For all xand y in RP, [x + y|2 + |[x - y|? =2(|xij2 + |ly|[2).

b) Show that ||x + y}f = |x - y|| if and only if xy = 0. Interpret this geometrically.

¢) Show that for all X = (x), x,, ... , X,), we have x| + x5 + ... + x| < p'? ||x]. [Hint: Use
the Cauchy-Schwarz Inequality.]

3.(25

a) State carefully the Bolzano-Weierstrass Theorem.

b) Give a precise definition of “x is a cluster point of S”.

¢) Prove that a set is closed if and only if it contains all of its cluster points.

4. (25) The interior of a subset S of RP is the union of all the open subsets of RP that are
contained in S.

~a) The interior of S is always open. Why?
b) Show that if U is an open subset of RP and U is contained in S, then U is contained in
the interior of S.

¢) Show that a subset of RP is open if and only if it is equal to its interior.
d) In R, what is the interior of the set of all rational numbers? Why?

5. (25) The symmetric difference AAB of A and B is the set {(A\BYU(B\A).
Show that (AAB)AC = AA(BAC). [Hint: Show that (AAB)AC is the set consisting of all
those x that lie in an odd number of the sets A, B, and C.] :
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