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Def: A collection of subsetsof a set X is a topology for X if

a) ; X2,

b) the intersection of any two elemers of is an elemen of , and

c) the union of any subcollection of is an elemen of
Def: A set X together with a topology for X is called a topological space.
Def: If (X; ) is atopological space,X A, andp2 X, then p is an accumulation point
of Aif elery U 2 with p2 U meetsA in a point other than p,i.e.,,if U2 andp2 U
imply U\ A6 fpg.
Def: The set A of all accunulation points of the setA is called the derived set of A. The
set A[ Alis called the closure of A and is denoted by cl A or A.
Def: If A = cl A, then A is called a closel set
Prop. 1.1: A setA is closedif and only if A9 A.
Pf. If A A thencl(A)=A°T A A[ A=A A% A=cl(A), soA = clA. (The
corverseis trivial).
Def: A setA isopenif its complemert X A(= fx 2 X : x 62AQ) is closed.
Thm. 1.2: If (X; ) is atopological space,asetU X isopenif and only if U 2
Pf: LetC=X U=1fx2 X :x62Ug. Then U isopen, C isclosed, C° C.
Supposerst U2 . Letp2 C°% Wemust shov p2 C. If not, then p 2 U. But then (since
P2 C% U meetsC = X U (in apoint other than p, even!), a cortradiction. Suppose
corverselythat U is open,i.e., that C© C. We must shav that U2 . Let g2 U. (If U
is empty, then U 2 ) SinceC® C =X U, q62C°% By de nition of C°and the fact
that q 62C° there exists Vq 2 with q2 Vq and sudh that Vq\ C  fqg. Sinceq 62C,

we have in fact that Vq\ C= ,ie,Vy X C=U. Sinceq?2 U is arbitrary, we have
S S S

U= fagg Vg U,soU= Vy- Sinceead Vy; 2 , the union U liesin
q2U g2U q2U

Def: A setN is aneightorhood of the point p if there isan opensetU sudhthat p2 U N.
A set N is a neightorhood of the set S is it is a neighborhood of ead point of S.
Remark: If N is open, then clearly N is a neighborhood of ead of its points (take

U = N). If N is aneighborhood of p, and N M, then clearly M is a neighborhood of p.



Def: The interior of a setS is the set of all p such that S is a neighborhood of p. We
denote the interior of S by int S.

Thm: 1.3 A point p is a member of clS if and only if every neighborhood of p meetsS.
Pro of: Supposeevery neighborhood of p meets S, we needto show that p 2 cl(S). Since
S clS, wearedoneif p2 S. Soassumep 62S. Let U 2 with p2 U. Then U is
open, so U is a neighborhood of p, soU meetsS. SinceU is arbitrary subject to U 2
andp 2 U, wehave p2 S°% Thusp 2 clS. Conversely supposep 2 cl(S). Let N bea
neighborhood of p, and chooseU 2 with p2 UandU N.Ifp2 S,thenp2 N\ S, so
N meetsS. If p62S, then p2 S° soU meetsS (in a point other than p). In particular
N\ Sé6

Thm. 1.4: A setis openif and only if it is a neighborhood of eat of its points.

Pro of: If S is a neighborhood of eadt of its points, then for eath x 2 S, chooseVy 2
with x 2 Vy S. Then S = S fxg S Vy S, so S is a union of open sets. The
corverseis obvious. " w2
Thm. 1.5: If (X; ) is atopological space,then

a) and X are closedsets,

b) the union of two closedsetsis closed,and

c) the intersection of any collection of closedsetsis closed.
Proof: SinceU 2 |, U isopen, X U is closed,this follows immediately from
deMorgan's Laws.
Thm. 1.6: The closureof a setis a closedset. (That is, cl(cl(A)) = cl(A).)
Pro of: p6ZIA, someneighborhood of p is disjoint from A, someneighborhood of p
is cortained in X nA, X nA is a neighborhood of p, soX nclA = int(X nA). The theorem
now follows from:
Thm. 1.7: The interior of a setis an open set.
Proof: If p 2 intA, then there exists an open U, with p 2 U, A. Clearly, A is a

S S
neighborhood of ead point of U,, soU, intA. ThusintA = fpg Up

p2int A p2int A
int A. Thusint A is a union of open setsand henceis open.

Thm. 1.8: If A B,thenclA <cIB.



Proof: Let A B. Thenp2clA, eweryneighborhood of p meetsA ) ewery neighbor-
hood of p meetsB, p2 clIB.
Thm. 1.9: If A F andF is closed,then clA F. (Immediate from Thm. 1.8, since
clF = F if F is closed.)
Thm. 1.10: If U A and U is open,then U intA.
Proof: If p2 U A and U is open, then A is a neighborhood of p, sop 2 int A.
Thm. 1.11: clA = TfF A  F;F isclosedy and int A = SfU U A; U is openg.
Pro of: By Theorem 1.7, int A SfU U A;U openg. By Thm. 1.10this union is a
subsetof int A (since eath member is a subsetof int A). By Thm. 1.9, clA Tf F:A
F; F is closedy. But TfF A  F;F isclosedy clA, sinceA clA andcl(A) is closed.
Examples 1.12: SupposeX is a set. Each of the following determinesa topology for X .
(Exercise.)

a) The collection of all subsetsof X (the \discrete topology")

b) =1 ; Xg(the \trivial topology")

c) =fUu X :X Uis niteg[ f g (the \conite topology")

d =fU X :X Uiscourtable g[ f g (the \cocourtable topology")

e) SupposeA X is xed. Then = fX;A; gis atopology.
Def: Let (X; ) be atopological space. A subsetB of is a base or basis, for if eah
elemen of is a union of elemerns of B. [Example: All openballsin R".]
Prop 1.13: Let B be a basefor . Then a point p is an accurulation point of a set S if
and only if every member of B cortaining p meetsS in a point other than p.
Proof: ( : Let U2 with p2 U. Then U is a union of elemerns of B, sop liesin some
B 2 Bwith B U. By hypothesis,B meetsS in a point other than p, sothe sameis true
of U (sinceB\ S U\ S). The corverseis trivial sinceB
Cor. 1.14: A point p is a member of clS if and only if every elemen of B cortaining p
meetsS.
Proof: Letp2clS. If p2 S, thenforeahh B 2 Bwith p2 B,B\ S fpg. If p62S,
then p 2 S By the proposition, eac B 2 B with p 2 B meetsS (in a point other than p).
Conversely supposeead member B of B containing p meetsS. If p2 S, then p 2 cl(S),

sowe may assumep 62S. Then ead such B meetsS (by hypothesis), and hencemeets S
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in a point other than p (since p 62S). Hencep2 S° cIS.
Thm. 1.15: SupposeX is a setand B is a collection of subsetsof X suc that

a) X =[B,

b) if By;B,2 Bandp?2 B;\ By, then there exists B3 2 B with p2 B3 B\ B,.
Then the collection of all unions of elemers of B is a topology for X .
Proof: Clearly (= [ ) and X(= [B) arein . Also clearly, any union of unions of
elemens of B is an elemen of , so is closedunder arbitrary unions. Let U = [C,
V = [D, whereC B, D B. Then, U\ V = ([C)\ (D) =[fC\ D :C 2
CD2Dg x2(C)\ (D), x2[C andx 2 [D , x 2 C andx 2 D for some
C2CD2D, x2C\ D forsomeC 2 CD 2 D.) Thus we needonly showv that
for C2 BandD 2 B the setC\ D is a union of elemeris of B. For eadh x 2 C\ D,
let Cx 2 B be such that x 2 Cy C\ D. ThenC\ D = SfCX - x 2 C\ Dg (since
C\ D= > fxg S Cx C\ D)

x2C\ D x2C\ D

Note: If B is a basefor a topology, then this topology is clearly unique.
Def: SupposeX is a set. A real valued function : X X ! R is a pseudometrig or
semimetric, if

a) (x;y) Oforall x;y

b) (xiy)= (y;x) forall x;y

c) (x;x)= Ofor all x

d (xy) (x2z)+ (z;y) for all x;y;z.

The pair (X; ) is called a pseudometricspace.

Def: Let (X; ) be a pseudometricspace,and let x 2 X, r > 0in R. The setC(x;r) =
fy 2 X : (x;y) < rgis the cell of radius r centered at x (sometimes\ball" instead of
\cell").
Thm. 1.16: Let (X; ) be a pseudometric space. Then the collection B of all cellsis a
basefor a topology.
Proof: If ry;rp > 0in R, Xq;X2 2 X, considerp 2 C(Xy;r1) \ C(xs;r2). Chooser
suhthat 0< r < r; (Xg;p) and 0 < r < ry (X2;p). (By de nition of C(xj;rj)
ri > (xj;p).) Considerz 2 C(p;r). We have

(X1;2)  (xup+ (Pr2)< (Xpp)+r (Xyp+rr (Xep) = ro;

4



s0z 2 C(Xq;r1). Similarly z2 C(x2;r2). ThusC(p;r) C(x1;r1)\ C(X2;rz). Clearly X

is the union of all the cellsin X. Now use Thm. 1.15.

Def: The topologyin the precedingtheoremis the topology genemated by the pseudometric
. Two pseudometricsare equivalent if they generatethe sametopology.

Examples 1.17: Let X be aset. Then (x;y) = Ofor all x;y 2 X, and (Xx;y) =
1 ifx6y
0 ifx=y
Examples 1.18: On X = R", ,r and d are pseudometrics,where
T #1=2 X
(x;y) = i )2 s rsy)= jxi il d(xy) = maxfjxi yij:1 1 ng
1 1

de ne pseudometricson X .

Moreover, these three pseudometricsare equivalent. (The topology they generateis the
\usual" topology in R".) SeeMath 4317.

Prop. 1.19: Suppose (X; ) is a topological spaceand A X. Then the collection
A =fU\ A:U2 gisatopology for A. (The topological space(A; A) is called a
subsp@ce of (X; ) and A is called the subs@ce topology, or the relative topology, for A
from )

Proof: SinceA = X\ A, = \ A (U\ A\ (U\ A) = (U \ U)\ A, and
SfU\ A:U2 g= foU U 2 gg\ A, the result is immediate.

Prop. 1.20: Let (A; a) be a subspaceof a topological space(X; ). Then F A'is
closedwith respectto 5, thereisa -closedsubsetS of X such that F = S\ A.

Pro of: Since F A, clearly A is the disjoint union of F and AnF, so AnF and F
are complemerts of one another in A. Let T be any subset of X and write T¢ and

A°¢ for X nT and X nA respectively. Then An(T\ A) = A\ (T\ A)¢ = A\ (T[] A°) =
(AN TO[ (AN A®) = A\ TEC. In particular, if F = S\ A with S -closed,then AnF = A\ S°

with S¢ -open. Since F and AnF are complemers in A, this says that if F = S\ A

with S -closed, then F is a-closed. Conversely supposeF is a-closed,i.e., suppose
that its complement AnF in A is a-open. Then AnF = A\ U with U -open. Then
F = An(AnF) = An(U\ A) = A\ U° (asin the argumert with T above), and U° is
-closed.

Remarks: If B A X and isatopologyon X, then B has a relative topology from

and a relative topology from . Fortunately, it is an easyexerciseto ched that these
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agree. One can alsoshaw easilythat if S A X, then the a-closureof Sin (A; A) is
A intersectedwith the -closureof S in X, and that for ead x 2 S, the a-neighborhoods
of x are exactly the intersectionsof the -neighborhoods of x with A. If B is a basefor
then fB\ A :B 2 Bgis easily seento be a basefor 4.
Def: A function f : (X; )! (Y; ) from onetopological spaceinto another is continuous
if f(clA) clf(A)forall A X.
Thm. 1.21: A function from (X; )into (Y; ) is cortinuousif and only if f 1(U) is open
in (X; ) whenewr U is openin (Y; ).
Pro of: Obsene that for ead subsetU of Y, f (U) is the complemen of f 1(YnU). It
follows immediately that the assertion\f 1(U) is openwhenewer U is open" is equivalert
to \f I(F) is closedwhenewer F is closed." Thus we needonly prove the following result.
Thm. 1.22: A function f from (X; ) into (Y; ) is continuousif and only if f 1(F) is
closedwheneer F is closed.
Pro of: Obsene that for any setA X wehave A f 1(f(A) f I(cIf (A)). Thus
if f 1(F) is closedfor all closedF, then (as clf (A) is closed)f *(cl(f (A)) is closedfor
all A. Thusfor all A we haveclA f 1(cIf (A)), i.e, f(clA) cl(f (A)). Conversely
supposef (clA)  clf (A) for all A. Then f (cl(f (F)) cl(f (f 1(F)) clIF (since
f(f Y(F)) F), ie,cl(f Y(F)) f (cIF). NowF isclosed, F = clF, sowhenF is
closedwe havecl(f (F)) f Y(F). Thusif F isclosed,thenf (F)= cl(f %(F)), i.e.,
f 1(F) is closed.
Remark: It is easyto seethat f iscortinuous, whenewerx 2 X andV is aneighborhood
of f (x), then f 1(V) is a neighborhood of x. (Proof: ) :Letf(x)2 O V with O open.
Thenf %(O)isopenandx 2 f (O) f (V). ( :Let O beopen. Foreahx2f 1(0),
we have f (x) 2 O, soO is an open neighborhood of f (x). Thusf *(O) is a neighborhood
of x. Sincex 2 f 1(O) is arbitrary, f 1(O) is a neighborhood of ead of its points, hence
is open.)
Lemma: Let (X; ) beapseudometricspace, > 0,andx 2 X. If y 2 C(x; ), then there
exists > Owith C(y; ) C(x; ).
Pro of: Choose with 0< < (x;y). Then (z;y) < implies (z;x) (z;y) +
(y;x)< + = . ThusC(y; ) C(x;).
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Thm. 1.23: Supposef : (X; )! (Y;d) is afunction from one pseudometric spaceinto
another. Then f is cortinuous if and only if for eadh x 2 X and each > 0, there exists
> O sothat d(f (x);f(y)) < whenewr (x;y)< . (Note may dependonx andon .)
Note: This latter condition says preciselythis: for ead cell C(f (x); ) certered at a point
f (x) in Y, the inverseimage of C(f (x); ) under f cortains a cell C(x; ) certered at x
(for somechoiceof > 0, dependert onx and ).
Pro of of Theorem: ) Let x 2 X, > 0 be given. Then C(f (x); ) is open, so
f 1(C(f (x); )) is open (and contains x). Thusf *(C(f (x); )) is a union of basic sets,
i.e., of cells. Thusthereexist > Oandy 2 X with x2 C(y; ) f (C(f(x); )). Apply
the lemmato getC(x; ) f *(C(f (x); )) asrequired.

( : Let O beopenin (Y;d). Let x 2 f (O). It suces to shaw f (O) is a
neighborhood of x. Now x 2 f 1(0)) f(x) 2 O, sothere exists a cell C with f (x) 2
C O (by de nition of base). By the lemma, there exists > 0 sud that C(f (x); ) O.
By assumption, there exists > 0 sud that f mapsC(x; ) into C(f (x); ), i.e., such that
C(x; ) f YC((x); ) f O). Thusf 2(O) is a neighborhood of x asrequired.
Prop. 1.24: Let T be a collection of topologiesfor a set X. Then \ T is a topology
for X.

Proof: 2 andX 2 foreadqh inT.IfU;;U,2 foreahh in T, thensoisU;\ U,.
IfO \T,thenO foreah 2 T,so\O 2 foreathh 2 T,so\O 2\T.

Def: Let C be a collection of subsetsof aset X. Then =\ :C , Is topology
for X g is called the topology generted by C (or sulmeneiated by C), and C is said to be
a sublasefor . (Note that there is always at least onetopology corntaining C, namely
the power set 2X ) Clearly ¢ is the smallest topology on X cortaining C.

Prop. 1.25: The collection B of all nite intersectionsof elemers of Cis a basefor the

topology generatedby C. (That is, ¢ = all unions of all nite intersections of elemerns

of C)

Pro of: Note rst that isa nite subsetof C, and that T S=fx2X :x2Sforall S2
g. If now x 2 X, then for each S 2 (there are none!?zvve have x 2 S. Thus T S X.

Clearly T S X (seeabove), soX = T S is an intersection of nitely ma?uz/ (namely

S2 S2



none) elemerts of C. Now supposeF; and F, are nite subsetsof C, and let B; = \ Fy,
B,=\F,. ThenB;\ B, = TfS :S2F,0rS2F,g= TfS :S2 Fy[ Fo0. SinceF,[ F;
isa nite setofelemerns of C, B;\ B, isin B. In particular if p2 B1\ B, then there exists
Bs(= B1\ By) with p2Bs; Bi:\ B, and B3 2 B. Thus B is a basefor a topology on
X.ClearlyC B (since ead singletonfrom Cis a nite subsetof C, and by de nition
of the topology generatedby a base). It follows that ¢ (since ¢ = Tf : Cand
is a topologyg). On the other hand, sinceead B in B is a nite intersection of elemeris
of CandC (, eadh B in B liesin ¢. Thus any union of elemers of B liesin ¢. Thus
c
Def: Let X beasetandlet f(Y ; ): 2 Ag be a collection of topological spaces.
Supposethat for eadh 2 A, thereis a function f : X ! Y . The smallest topology
(i.e., the intersection of all sud) for which every f is cortinuousis the weak topology on
X from (or by) the collection F = ff : 2 Ag. (Clearly this intersection makesead f
corntinuous.)
Note: Every function out of the discrete topology is cortinuous, so there is at least one
sud topology.
Examples: The product topology on R" is the weakest topology making ead coordinate
projection cortinuous. The weak topology on a Banad spaceor Hilbert spaceis the
weakest topology making eat elemern of the dual Hilb ert spacecortinuous.
Thm. 1.26: The topology generatedby ff (U ): 2 A;U 2 gisthe weaktopology
by F=ff : 2Ag
Pro of: Let be the topology generatedby ff (U ): 2 A;U 2 gand bethe
weak topology by F. Clearly eah f isa -cortinuous, sincef (U ) is always -open.
Thus . But is preciselythe collection of all unions of intersectionsof nite sets of
inverseimagesf (U ), where 2 AandU 2 . Eacd of theseinverseimageslies in
(since makeseat f cortinuous), sounions of nite intersection of theseinverseimages
liein . That is,
Def: A one-to-onecontinuous function f from one topological spaceonto another suc
that its inversefunction f ! is also cortinuous is called a homeomorphism, and if such a

homeomorphismexists, then the two spacesare said to be homeomorphic, or topologically
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equivalent A homeomorphismfrom one spaceX onto a subspaceof a spaceY is called a
homeomorphic emtedding, or a topological embkedding, or sometimesjust an emhkedding, of
X into Y.

Example x! € embedsR into R (or into [0;+1 )) and is a homeomorphismof R with
fx 2 R:x > 0g. (Its inverseis \log.")

Def. A topological spaceX is disconnected if there exist non-void setsA and B sud that
X = A[ BandA\ (cIB) = (clA)\ B = . A spacethat is not disconnectedis connected.
Thm. 2.1. A spaceis disconnectedif and only if it has a non-void proper closedand
open subset.

Note: If a spacecortains a non-void proper closedand open set, then it must contain at
least two sud (consider the complemert).

Pro of of Thm. 2.1. SupposeA is closedand open, and let B = X nA. Then B is open

and closed. In particular A[ B = X, A\ cIB= A\ B = (clA)\ BandA\ B= . If
A 68 and A 6 X, then the sameis true of B. Conversely suppose X is disconnected,
and let A and B be asin the de nition. Then = A\ cIB A\ B,soA\ B = . Since
A[ B = X, A and B arecomplemerts. But A\ cIB = impliesclB XnA =B, soB

is closed. Similarly A is closed. Thus A and B are alsoopen. SinceA 6 andB 6

6 A6 X.
Prop. 2.2: The open interval (0;1) is connected (with the relative topology from the
usual topology on R).
Pro of: Suppose A and B are non-void proper closed and open subsetsof (0;1) with
(0;1)= A[ B and A\ B = . Obsene that since(0;1) isopenin R, A and B are open
in R (as well as relatively open in (0;1)). Choosea 2 A and b2 B. We may assume
a<b Thenb2ft2B:a<tg (0;1). Letc=infft2B :a<tg,sothata ¢ b
Obsene that if a< x < ¢, then x 62B (since otherwisec x < ¢, from the fact that cis
a lower bound for ft 2 B : a< tg). Thusif a< x < ¢,thenx 2 A. That is, if a< c, then
(a;c) A.

Now eitherc2 Aorc2 B. If c2 A,then[a;c] A (eithera= cor(a;c)[ fag[ fcg

A). In this case,since A is open, there exists > Osudhthat (c ;c+ ) A, whence

[c;cc+ ) [a,c+ ) A (sincel[a;c+ )= [a;c][ [c;cc+ ) A). But thena< t and
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t2B) t c+ (since[a;c+ ) A), soc+ isalowerboundforft2 B :t> ag,
contradicting the fact that c is the greatest such bound. Thus ¢ 62A. Supposethen that
c2 B. Then sinceB is open, there exists > Owith (¢ ;c+ ) B (0;1) and we
may assumethat a< ¢, whencea<c 5 < c Butc 52 B, sothis cortradicts an
obsenation above.

Thusc62B. Thusc62A [ B, a clear cortradiction.
Remark: It will follow shortly (from a result on closuresof connectedsets) that [0; 1] is
connected. We shall also soon seethat every homeomorphic(or even cortin uous) image of
a connectedset is connected,whencewe get that ewvery interval in R, every half-line in R,
R and (of course) are connected. One can show that theseare all the connectedsubsets
of R (if we agreethat a point is an interval). In fact we have:
Exercise: A subsetof R is connectedif and only if it is corvex.
Prop. 2.3: Let = f0;1gbeatwo-point discretespace.(Unique up to homeomorphism!)

Then a topological spaceX is disconnectedif and only if there is a continuous function

from X onto .
rF]’ro of: SIff X is onto, then f 1(O)nandf 1(1) are complemenary non-void
close close

open subsets of X (since singletons are open and f is corntinuous). ) : Let
X = A[ B with A and B openandclosed, A\ B= andA6 ;B6 .Denef(x)=0
if x2 A, f(x)=1if x 2 B,sothat f 1(0) = A, f Y(B) = 1. Thenf 1(0), f 1(2),
f f0;1g=f YO)[f (1) andf ( )= areall open. Thus,f *(O) is openfor every
open O, sof is continuous. SinceA6 andB 6 ,f isonto.
Thm. 2.7: If A isaconnectedsubsetofaspaceX andA B clA, then B is connected.
Lemma: The restriction of a continuous function to a subsetA is cortinuous (out of the
relativ e topology).
Pro of: If O is openin the image space,then (fj5) (0) = A\ f 1(0) is relatively open
for f cortinuous.
Lemma: If A B X, thenclg(A) =B\ clx (A).
Pf. clg (A) = TfB\ K :K isclosedin X and A B\ Kg= TfB\ K : K is closedin
X andA Kg=B\ foK :K isclosedin X and A Kgg= B\ clx (A).
Pf. of Thm. 2.7: Let F : B! = f0; 1g be continuous, where is discrete. Since A
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is connectedand the restriction of F to A is cortinuous, F cannot map A onto . Thus
F (A) is a singleton, say f0g. SinceF is continuous, F(clg (A)) cl(F(A)) = f0g. But
clg (A) = (cl(A))\ B =B,soF(B) f0g. Thusevery continuousF from B into fails
to be onto (i.e., is constart). That is, B is connected.

Cor: [0; 1] (and any interval in R) is connected.

We shall soon seethat R" is connectedfor all n.

Thm. 28: Letf : X ! Y be continuous, and let X be connected. Then f (X) is
connected.

Proof: Let F = f(X)! = f0;1g be continuous, where is discrete. Then F f is
cortinuous (F f) Y(0)=f (F 1(0)) is open for all open O). SinceX is connected,
F f isconstart, soF is constart onf (X). It follows that f (X) is connected.

Remark: We have usedthe following important (and obvious) fact: composition of two
continuous functions yields a contin uous function. (Use the open set argumert as above.)
Thm. 2.4: Let C be a collection of connectedsubsetsof a spaceX, and supposethere
exists C 2 Csuch that C\ C6 for every C 2 C. Then [C is connected.

Pro of: As usual,let F : [C ! = f1;2g, where is discreteand F is cortinuous. Then
for eah C 2 C, F(C) is connected,henceis a singletonin . Sinceead F (C) meetsF (C),
they are all the samesingleton. Thus F is constart on [C, so[C is connected.

Thm. 2.5: Let Cbheacollection of connectedsubsetsof a spaceX , and supposeC\ D &
for all C;D 2 C. Then [C is connected.

Pro of: Modify the proof of Thm. 2.4 in the obvious way.

Cor: If Cis a collection of connectedsetsand \C 6 , then [C is connected.

By using overlappingintervals one now seesfrom Thm. 2.5that R and any set of the
form (a;+1 ) or (1 ;a) areconnected. (Hencealso(1 ;a]and[a;+1 ) areconnected.)
Using overlapping balls shows that R" is connected. (Why precisely? Exercise.)

Remark: One canshow that R, , raysin R and intervals in R are the only connected
subsetsof R. (Exercise: Show that if C is connectedand a< bin C, then (a;b) C.)
Prop. 2.9: Let X beatopologicalspaceanddene R X X byR=f(ajh2X X :9
a connectedsetin X containing a and bg. Then R is an equivalencerelation on X.

Pf. fag is connected,so (a;a) 2 R for all a 2 X. The relation is clearly symmetric.
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Transitivit y follows from Thm. 2.5.
Def: The equivalence classesof the relation de ned in Prop. 2.9 are called components,
or connected components of X. Obserwe that unlessX = |, ead component of X is
non-empty.

If A is connectedand A meetsa componert C of X, then by transitivit y of the relation
R above, we must have A C. In patrticular, if A is connectedand cortains a componert
of C of X, then A must coincide with X.
Thm. 2.10: Each componert of a topological spaceX is connectedand closed.If A X
is connectedand non-empty, then A is cortained in one and only one componert of X. A
connectedsubsetC of X is a componert of X if and only if it hasthe following property:
whenewer C A X and A is connected,then C = A. (That is, the componenrts of X
are precisely the maximal connectedsubsetsof X .) Finally, X is connectedif and only if
X has exactly one connectedcomponert.
Pro of: Let C be a componert of X. Let x 2 C. Then for eath y 2 C, there exists a
connectedsubsetK of X sud that x 2 Ky andy 2 K. Clearly Ky meetsC, soK, C.
ThusSfKy :y2Cg C Sfy:y2 Cg Sny :y2 Cg,soC = Sny 'y 2 Cg.
SinceTny :y2Cg fxgé , Cisconnected(by Thm. 2.4). Thus each componert of
X is connected.

Since closure of connected sets are connected,and sinceC  cl(C), it follows from
a remark preceding the theorem that C = cl(C) whenewer C is a componert. Thus
componerts are always closed. It follows from the sameremark above that componerts
are maximal connectedsubsetsof X . Each non-empty connectedsubsetof X must be part
of an equivalenceclassunder R. Sinceequivalenceclassesare either disjoint or coincidert,
ead non-empty connectedsubsetof X is contained in a unique componert of X . It follows
immediately that a maximal connectedsubsetof X is a componert. In particular, X is
connectedif and only if it hasonly one connectedcomponert.
Def: A cortinuousf :[0;1]! X isapathin X.
Def: X is path connected if for eadh x;y 2 X, 9 apath f in X with f(0) = x,f(1) = v.
Note: If f connectsx to y and g connectsy to z (in the obvious senseof the last few

de nitions), then there is a path connecting x to z which can be constructed from f and
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g by making use of homeomorphismsfrom [0; 1=2] and [1=2; 1] onto [0; 1].

Thm. 2.11: Every path connectedspaceis connected.

Pf. Let a;b2 X whereX is path connected,andlet f : [0;1]! X with f(0) = a,f (1) = b,
f cortinuous. Then f ([0; 1]) is connectedand contains a and b. Thus X has exactly one
componert.

Prop. 2.12: Every open connectedsubsetof R" is path connected.

Pro of: Cells are clearly path connected. Fix x 2 O, where O is open and connected. (We
may assumeO 6 .) Let U = fy 2 O : thereis a path connectingx andy in Og. Since
O is open, eadh y 2 U is the certer of a cell C contained in O. If z2 C, connectx to y
in O andthenytozin C O. ThusU is open. Now considerany z 2 OnU. Choosea
cell C certered at zwith C O. If 9y 2 U\ C, then x and z can be connected(in O)
to y, henceto eadt other. ThusU\ C = . In particular, there exists a neighborhood C
of z in O which doesnot meet U. Sincez is an arbitrary elemen of OnU, OnU is open
in O, soU is closedin O. Thus U is open and closedin O. SinceO is connected,U = O.
(Clearly x 2 U, soU 6 )

Thm. 2.13: Iff : X ! f(X) =Y iscontinuousand X is path connected,then f (x) is
path connected.

Pf: If a;b2 Y, choosex;y 2 X with f(x) = a, f(y) = b. Choosea path F : [0;1] in X
from x toy. Thenf F connectsa to b.

Def: Let (X; ) be a topological space. A subcollection C of is called an open cover of
X if X = [C. A topological spaceX is compact if every open cover C hasa nite subset
F Csuchthat X = [F (i.e., hasa nite sulxover).

Prop. 2.14: A subsetA of a topological (X; ) is compactif and only if for every C
such that A [C, thereisa nite F Csud that A [F . (That is, a subspaceis
compactin the relative topology from if and only if it is satis es this condition on C.)
Pro of: Let A be compact, and let C with A [C. Then A A\ ([C) = SfA\ C:
C 2 Cg and eah A\ C is relatively open. Since A is compact, there is a nite subset
of F of C such that A SfA\ C:C2Fg=A\f[C:C 2 Fg, ie., sud that
A f[ C:C2Fg= [F . Conversely supposethat whenewer C with A [C, there
isa nite F Cwith A [F . LetfA\ C:C 2 Cgbeany relatively open cover of A with
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S S
A= fA\C:C2Cy ThenA fC:C2Cg= [C, sothere existsa nite F  Cwith
S S
A [F .ButthenA A\ ([F)= fA\C:C2Fg A,soA= fA\C:C2Fg.

Thm. 2.15: Every closedsubsetof a compact spaceis compact.

Pro of: Let K X beclosed. Let K [C whereC . Let C°= C[ fXnKg. Then
o since K is closed. Thus there exists a nite F° Cwith X [F % Clearly
K [F % andsinceK\ (XnK)= ,K [F,whereF = FhfXnKg. Clearly F is
nite.

Def.: A topological space(X; ) is Hausdor if for every pair x;y in X with x 6 y, there
areopensetsU and V sudh that x 2 U,y2 V,andU\ V =

Thm. 2.16: Each compact subsetof a Hausdor space(X; ) is closed.

Pro of: Let K becompactand O = X nK. We shall shov O is open. Fix y 2 O. For each
x 2 K, opensetsUy, and Vi with x 2 Uy, y2 Vg, and Uy, \ V, = . ThenfUy, : x 2 Kg

S 8
is a family of open setswith K Kyx. Thus 9 xq;:::; Xy with K Uy, = U. Let
x2 K i=1

5

V = Vy,. Then Vy \ Uy = forall x 2 K impliesU\ V = (by distributivit y of \
i=1

and [ over oneanother). ThusK \ V = | soy is an interior point of O. Thus O is open.

Prop. 2.17: The interval [0; 1] is compact.

Pro of: Let Cbeafamily of opensetswith [0;1] [C.LetT =fx2[0;1]:ft:0 t xg
can be coveredby nitely many setsin Cg. ThusO 2 T, soT is non-empty. Let c= supT,
sothat 0 c¢ 1. Weneedonly shav that c= 1. ChooseC 2 Cwith ¢2 C. SinceC is
open,9 > Owith (¢ ;c+ ) C. Sincecisthe leastupperboundforT,9x 2 (c ;0
with x 2 T. Thus nitely many elemerts of C cover [0; x], say a nite subcollection F % Put
F = F°[ fCg (sothat F is nite). Then F covers[0;c+ =2]. If c< 1, this cortradicts
the fact that c is an upper bound for T. Thus c = 1. But then we seethat F covers
[0; 1] = [0; c].

Thm. 2.18: Supposef : X ! Y is continuous and (X; ) is compact. Then f (X) is
compact.

Proof: Letf(X) |[C,ie,X f Y(C)=f [ C:C2Cy= Sff (C):c2Cy. If
C ,then there existsa nite F  Cwith X Sff (C):C2Fg=f H{ C:C2
Fg=f [F ). Thatis,f(X) [F . Thusf(X) is compact.
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Prop. 2.19: Letf : X ! Y becorntinuous,and supposeX is compactandY is Hausdor .
Then F closedimplies that f (F) is closed.

Pro of: F closedin a compact X ) F is compact) f(F) is compact (by continuity).
But Y is Hausdor, sof (F) Y impliesf (F) is closedin Y.

Thm. 2.20: Supposef : X ! Y isone-to-oneand onto, and cortinuous. If X is compact
and Y is Hausdor, then f is a homeomorphism.

Pro of: f !iscontinuous, f(F) isclosedwhenewr F is closed(sincef = (f 1) 1).
Cor: If ;and , aretopologieson X sud that ; is compactand » is Hausdor, and if
1 >, then 1= ».

Pro of: Let i(x) = x for all x in X. Then i is continuous from (X; ;) to (X; 2) (since
1 2). Clearly i is 1-1 onto. Thusi is a homeomorphism.

Note: If ; 2, where ; and , aretopologieson X, then , compact) ;1 compact,
and ; Hausdor ) , Hausdor (Exercise).

Def: A sequenein a setS is a function from the positive integersZ* = f1;2;3;:::ginto
S. If f :Z" ! Sisasequencewe generally write x, for f (n) and denote this sequence
by fx,gor (xn) (or fx,gr2, , etc.)

Note: Sometimesdomains other than Z* are allowed (particularly ZZ or f0;1;2;3;:: 0.
Def: Let A X andlet fx,g beasequencan X. We sa that fx,g is eventualy in A if
there is an integer N such that x, 2 A foralln N. We say that fx,gis frequentlyin A
if for eadh integerk 1 thereis anintegern k with x, 2 A.

Note: Forany A X and any sequencd x,gin A, either fx,gis evertually in A or fx,g
is frequertly in X nA, but not both.

Def: A sequencef x,g in a topological spaceX is said to convergeto a point x of X if
fxng is eventually in ead neighborhood of x. The sequences said to cluster at x if it is
frequertly in ead neighborhood of x. (Consider x, = % vs.Xp = (")

Prop. 3.1: A sequencen a Hausdor spacecornvergeto at most one point.

Pro of: Supposefx,g convergesto x andto y. Let U;V be any open neighborhoods of x
and y respectively. Then 9 N; and N, sudhthat n N;) x,2U,n Njy) X2 V.
Thenn maxfNg;N2g! X, 2 U\ V. Thusif x is Hausdor, then x = .

Def: A sequencd z,gis asubsguene of asequencd x,, g if there existsa strictly increasing
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sequence k, g of positive integerssud that z, = X, .

Note: For all n, we must havek, n.

Prop. 3.2: Supposefxng is a sequencen a topological spaceX , and supposefxy, gis a
subsequencef f x,, g which cornvergesto a point p of X. Then fx,g clusters at p.

Pro of: Let U be a neighborhood of p. Let m 2 Z". Sincefxy, g cornvergesto p, there

exists N 2 ZZ* such that n N implies x,, 2 U. We may assumethat N m. Then

kn  km m(sincen! Kk, isincreasing),and xi, 2 U.

Note: If fx,g cornvergesto p, then so doesevery subsequencef f x,g (Exercise).

Prop. 3.3: SupposeA X, where X is a topological space,and supposefa,g is a
sequencdn A which corvergesto a point p of X. Then p 2 clA.

Pro of: Let U be any neighborhood of p. Then 9 N 2 Z* sud that n N implies

Xn 2 U. Thus (since x, 2 A) eat neighborhood U of p meetsA.

Prop. 3.4: Suppose(X;d) is a pseudometricspaceand A X. If p 2 clA, then there

exists a sequencdn A which corvergesto p.

Proof: Letn2 Z",andC, = fx 2 X :d(x; p) < %g. Then C, is an open neighborhood

of p, and so contains a point x,, of A (sincep 2 clA). This de nes a sequencd x,g in A.

If U is any neighborhood of p, then there exists > 0 suc that C(p; ) U. As soon as
N % (sothat 3@ )wehaveforalln N thatx,2C, U. Thus(x,) corvergesto

p.

Prop. 3.5: Letf :x! vy becorntinuousfrom onetopological spaceto another. Let fx,g

be a sequencein X which corvergeto a point x of X. Then the sequenceff (x,)gin'Y

convergeto f (x).

Pro of: Let U be an open neighborhood of f (x). Thenf 1(U) is an open neighborhood of

X, by continuity of f . Sincef x,g corvergesto x, there exists N such that n N implies

xn 2 f 1(U), whencen N implies f (x,) 2 U.

Prop. 3.6: If f : (X;d)! Y isafunction from a pseudometric spaceinto a topological

spacesud that for every sequencef x, g that cornvergesto a point x in X, the sequence
ff (xn)g convergesin Y to f (x). Then f is cortinuous.

Pro of: Let A X, and considerf (cl A). If x 2 clA, then there exists a sequencd x,g in

A sud that fx,g convergesto x (by Prop. 3.4). By hypothesis,ff (x,)g convergesto f (x).
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Let U be any neighborhood of f (x). Then there existsN 2 Z* sothat n N ) f(x,) 2

U. In particular, ead neighborhood U of f (x) meetsf (A). Thusf(x) cl(f (A)). But

this meansf (clA) cl(A) (sincex 2 clA is arbitrary).

Def: A sequencef x,g in a pseudometric space(X;d) is a Cauchy sequene if for every
> O thereis anintegerN 2 Z* sud that d(x,;Xm) < whenevern N andm N.

Note: Every convergert sequencds Caudy, but the corversecan fail (exercises).

Exercise: Every Caudhy sequencehat clusters cornverges.

Thm. 3.7: Every sequencen a compact spaceclusters.

Pro of: Let fx,g be a sequencein X. For eadh x 2 X, if fx,g does ot cluster at x,

then there exists an open neighborhood O, of x sud that fx,g is not frequertly in Oy,

i.e., sud that x, is evertually in X nOy. Thus if fx,g doesnot cluster at x, then there

exist an open neighborhood Oy of x and Ny 2 Z such that n Ny implies x,, 620y. Let

F be many nite setof such x, andlet N = maxfNy : x 2 Fg. Then n Ny implies

Xn 62 S Oy. Thus, fx,g hasno cluster points in X, then fO, : x 2 X g is an open cover

for Xxgad Xn lie evertually outside the union S Oy for any nite F. It follows then that

unlessf x,, g clusters somewhere X hasan opélzchwer with no nite subcover.

Def: A pseudometric spaceis completeif every Cauchy sequencen it corverges.

Prop. 3.8: Every compact pseudometric spaceis complete.

Pro of: Every Caudy sequencen a compact spaceclusters, and every Caudy sequence

which clusters cornverges.

Def: Let S be a nonempty subsetof a pseudometric space(X;d). Then the diameter of

Sisdiam S = supfd(x;y) : x;y 2 Sg. (This may be+1 .)

Thm. 3.9: Let (X;d) be a complete metric space,and let f : X ! X be cortinuous.

Supposethere existsa real number with 0 < 1sudthat d(f (x);f(y)) ad(x;y) for

all x; y in X. Then there existsexactly onez 2 X sud that f (z) = z. Moreover, if x 2 X,

then the sequencd f "(x)g corvergesto z. (This is the Banach Fixed Point Theorem.)

Pro of: By induction, we get easily that for all k 1, d(f (x);f k(y)) Kd(x;y). Thus

alsoif 1 m < nin Z*, we have d(f ™(x);f "(x)) " .p ; d(f ™I (x); f M+ (x))

(P ™ Nare) = T+ 0 A () < - dG ) 0.

Thus ff M(x)g is Caudhy, so corvergeto somez, by completeness.Now f is cortinuous,
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so f (f ™(x)) corvergesto f (z), i.e., ff ™*1 (x)g corvergesto f (z). But ff™*1(x)gis a
subsequencef ff ™ (x)g, so hasthe samelimit. Thus, since metric spacesare Hausdor ,
z = f(2). If alsof (w) = w, then f*(w) = w and f¥(z) = z for all k, whenced(z;w) =
d(f %(2); f % (w)) Kd(z;w). As kK1 0, wemust have d(z;w) = 0,s0z =

Prop. 3.10: Let (X;d) be a complete pseudometricspace,and supposefS, :n 2 Z, is
a collection of non-empty closedsubsetsof X sudthat S, Sp+1 foralln  1g. Suppose
alsothat lim diam S, = 0. Then T S, 6

Pro of: Choosex, 2 S, for all nr.‘ Then d(xn;xm) diam S, whenewern m. Since
diam S, ! 0, fx,gis Caudy, socorvergesby completenesso somex 2 S. Nown m)
Xm 2 Sp, and S, is closed,sox 2 S, for all n. (Note that fx,, : m ngis a sequencean
Sh: renumber the indices.)

Def: A subsetS of a topological spaceX is densein X if cIS= X.

Exercise: S isdensein X , ewvery non-empty open subsetof X meetsS.

Thm. 3.11: Let (X;d) be a complete pseudometricspace,and let fD, = n2 Z*gbea
(countable) collection of open densesubsetsof X. Then \ D,, is a densesubsetof X .

Pro of of Thm. 3.11: Let B(x;r) = fy 2 X :d(x;y) rg, C(x;r)=1fy2 X :d(x;y) <
rg. Let U6 beopen. We needto shav U meetsT D,. SinceD; isdense,D;\ U 6
Let X, 2 D;\ U. Chooser, with 0< rq < 1sothatnB(x1;r1) U\ D; (U\ D; is open,
so we can chooser; > 0 with C(Xq;r1) U\ D;. Choosing a slightly smaller ry will
ensureB(x1;r1) U\ Dj). Now C(x3;r1) B(xyg;r1) and C(xy;rq1) is open. SinceD,
is dense,C(x1;r1) \ D, is non-empty. It is alsoopen. Thus9 r, and x, 2 C(x1;r1)\ D>
with 0 < ry < % C(x2;r2) B(Xx2;r2) C(x1;r1) \ D,. Continuing inductively, we
get a sequenceB (x,;rn) such that 0 < rp < % and C(Xp+1 ;rn+1) B (Xn+1;Mn+1)
C(Xn;rn)\ Dp+1 for all n; asbeforeeadh C(xn;rn)\ Dn+1 IS Openand non-empty. Note
that B(Xn+1;rn+1) BXn;rn) U\ D; Uforalln 1. Weclaim fx,g is Caucy.
If > 0, chooseN sothat 2 < . If thenn > N and m > N, then also x,, and x,, lie

N

in B(Xn;rn) and sod(Xn;Xm)  d(Xn;Xn) + d(Xn;Xm) < Iy + Iy < &+ & < . Thus

fxng is Caudy.
T
Thus f x,,g convergesto somez in X. Weclaimz2 B(Xp;rp). Indeed,let N 1.

n
Then x, 2 B(Xn;rn) B(xn;rn) for all n N. The sequencefxy+x : kK 1lgisa
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subsequencef f x,, g, socorvergesto z. It is also a sequencen the closedset B (Xy;rn),
sothat z 2 B(xn;rn). SinceN  is arbitrary, z 2 T B(Xn;rn). Thusz 2 T D, (since
B(Xn;rn) Dp for all n). But B(xn;rn) U for all G) z2 U. Then U merétsT D, as
required. "

Thm. 3.12: Let (X;d) be a complete pseudometric space. SupposefF, : n 2 Z" g is
a (countable) collection of closedsubsetsof X , ead with empty interior. Then > Fn has
empty interior. "

Pro of: Exercise. Begin by shaving A is opendense, X nA is closedwith empty interior.
Remark: Theorems3.11and 3.12 are forms of the Baire Category Theorem.

Def: A subsetE of X is howhere denseif its closure contains no nonvoid open set, i.e., if
the complemer of its closureis dense.A subsetE of X is meager(or of rst category) if it
is the union of a countable collection of nowhere densesets. The complemen of a meager
setis called residual We then have the following version of the Baire category theorem:
Cor: Let X be a complete pseudometric space. Then no non-empty open subsetof X is
meager. That is, no non-empty open subsetof X is the union of a countable collection of
nowhere dense(or even meager) subsets.

Pf. Let f E,gbeacounable collection of nowheredensesubsets,and let U be a non-empty

T
open set. Then O, = Xncl(E,) is open and densein X. Thus O, meetsU. But if
n

x2U T O, , then x 62UE,,, soU is not cortained in UE,.

Cor: Lent F be a family of real-valued corntin uous functions on a complete pseudometric
space,and supposethat for each x 2 X 9 M, sudh that jf (x)] My forallf 2 F. Then
9 anon-empty opensetO X and a constart M such that jf (x)j M forall f 2 F and
all x 2 O.

Pf: Exercise.
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Def: Let fX : 2 g bea collection of sets. The set Z of all functions f from into

S
fX : 2 gsudthat f( )2 X forall 2 s calledthe product (or Cartesian
product) of the collection. We write Z = QfX : 2 gorZ-= Q X (or sometimes
2
Z = X, but usually not with X's). Foread 2 , thefunction | :QfX g! X,

given i)y o(f)=1( o) is the projection of QfX gonto X .

Remark: If isinnite, we needsomeassurancethat there exist functions in QfX g.

We generally assumethe existenceby invoking the Axiom of Choice, which says that if
6 and ead X is non-void, then the product QfX g is non-void. More colorfully

(but lessprecisely) this axiom says that for any non-empty collection of non-empty sets

there exists a function (a \choice function") which choosesexactly one elemen from eath

factor X . (Any f in the product is suc a choice function.)

Def: If eah X is a topological space,the weak topology for QfX g by the collection

Q

f . 2 gis calledthe product topology.

Prop. 4.1: Let Z = Qfx . 2 gand 2 . LetU X .Then )= QfY
2 g,whereY =U andY =X forall 6

Pro of: Exercise. (This is almost obvious: just usethe de nitions).

Prop. 4.2: The collection of all setsQf U : 2 g, whereU is an open subsetof X

and U = X for all but a nite number of indices , is a basefor the product topology

on QfX : 2 ¢. [Note: An arbitrary product of open setsneednot be open.]

Pro of: The setsin this collection are precisely all nite interactions of sets of the form
(U ), whereU isopenin X , by the last proposition. But this is precisely a basefor

the weak topology by the functionsf : 2 g.

Note: If is nite, this baseconsistsof all \op en rectangles” (or \b oxes", etc.)

Thm. 4.3: SupposeX is endoved with the weak topology by a collection ff : 2 g

of functions wheref :X ! Y forall . Iff :Z! X isa function from a topological

spaceZ into X, then f is continuous if and only if each compositionf f :Z ! Y is

cortinuous.

Pro of: Exercise: show tgat f is cortinuous, f (C) is open for eath subbasicset C.

Cor: 44:. Iff . Z! fX : 2 gisafunction from a topological spaceZ into a

product space,then f is cortinuous if and only if ead \coordinate" function fis
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cortinuous.

Prop. 4.5: A countable product of pseudometric spacesis a pseudometric space.

Pro of: Let (Xi;di)i’;ll be pseudometric spaces. We must nd a pseudometric for the
product topology (i.e., which inducesthe product topology) on Z = Q(Xi;di). Obsene
rst that if (X;d) is a pseudometricspace then d(x; y) = min(d(x; y); 1|) is a pseudometric
on X with d° d. In particular, d(x,;x)! 0) dq{x,;x)! 0. But if d(x,;x)! 0, then
evertually dq{x,;x) = d(x,;x) and sod(x,;x)! 0. Thusd®and d are equivalent pseudo-
metrics. (By Proposition 3.3 and 3.4, they induce topologieswhich have the sameclosed
sets.) Thuswe may assumethat for eadi, d; 1. Now de ne d(x;y) = P Z%di (x(1); y()),
wherex;y 2 Z. If now > 0, andif d(x;y) < =2', then d; (x(i); y(i)) <|:.l Thus the topol-
ogy induced by d makesead1 ; cortinuous, so contains the product topology (i.e., the
weak topology by f ; :i 2 Z"g). Conversely let C = C(x;r) be a cell in (Z;d), and
we shall show that C is open in the product topology (whenceit follows that the topol-
ogy induced by d consistsof setswhich are open in the product topology, and we will be
done). Let y 2 C(x;r) and choose > Osothat C(y; ) C(x;r). Let N be sud that

2 N =10 & < 5 Foreahn=1,23:::;N,let

d n);z
Uy = zzxnzin(yén) ) < -~

T
ThusB = 1 1(Uy) is openin the product topology and cortains y. It su ces to show
n=1

that B C(x;r). Letp2 B. Then ,(p)2 U, forn=1;2;:::;N, so

dn( n(y); n(P) _ dn(y(n)ip(n)) _ .
2n 2n 2N

Now

1 1
X da(y(n)sp(m) _ X da(yn)spm) . Xt da(y(n); p(n))
2" 2" 2"
n=1 n=1 n=N+1
X 1
+ — = —+ — < —+ — =
. 2N _ 2n 2 2 2 2
n=1 n=N+1

d(y; p) =

(sinced, 1 for all n).
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Note: It is easyto chedk that if ead d; is a metric, then so is the d de ned above.
Thus a countable product of metric spacesis a metric space. It is also easyto modify the
argumen above to show that if Z is a nite product of pseudometric (or metric) spaces,
say (Xi;di)N; , then we get a pseudometric (or metric) for Z by de ning

X

dix;y) = di(x(i);y(i))  (exercise)
i=1

In particular the product topology on R" is induced by the metric given by

X1 . . . .
xGy)= x@)  y()

i=1
Prop. 4.6: Any product of Hausdor spacesis Hausdor .
Pro of: Exercise.
Prop. 4.7: The usual metric of R" inducesthe product topology on R".

P
Pro of of 4.7: As noted above, (X;y) = inzl jx(i) y(i)j inducesthe product topology on

R". Now (x;y) nlmiaxnjx(i) y(i)j nd(x;y), whered(x;y) = P in:l ix@)  y(i)i 1:2’

P
sinceextracting squareroots ismonotone. But (d(x; y))2 = jx(i) y(y)j> nmaxjx(i)
- p_ . . P
y()i? sod(x;y) " nmaxjx(i) y(i)j
stants k > 0and c> Osudh that (x;y) d(x;y) andd(x;y) k (x;y) forall x;y2 R".

_P 1
n inzl ix(1) y(i)j. In particular there are con-

It followsthat and d inducesthe sametopology. (They make the samesequenceson-
vergeto the samelimits, or obsene that ead point in a cell for one metric is the certer
of a cell for the other metric.)

Thm. 4.8: (Tychno 's Theorem): The product of any collection of compact spacesis
compact.

Pf: Seebelow.

Thm. 4.9: A subsetof R" is compact, it is closedand bounded (w.r.t. the usual
metric). (This is the Heine-Borel Theorem.)

Thm. 4.10: Let R" havethe usualmetric. Then every Cauchy sequencen R" is bounded.
Thm. 4.11: Let R" have the usual metric. Then R" is complete.

Pro ofs of 4.9, 4.10, 4.11: Exercises.
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To prove Tychno 's Theorem we will employ Zorn's Lemma, which is a variant of the
Axiom of Choice. (They are equivalert, in fact: seeHalmos' Naive Set Theory or Hewitt
and Stromberg, Real and Abstract Analysis.)

Def: Let X be a set. A relation R in X is a partial ordering of X if R is re exive (XRx

for all x 2 X), antisymmetric (xRy and yRx imply x = y), and transitive (xRy and yRz

imply xRz). A partially ordered setis a pair (X;R) consisting of a set X and a partial

ordering of X . A partial ordering R on X is a total order (or linear ordering) if for each

pair x andy in X either xRy or yRx. An elemen x of a partially orderedset(X;R) is an

upper bound for a subsetS of X if sSRx for all s2 S. An elemen x of a partially ordered
set (X;R) is a maximal elementif xRy andy 2 X imply that x = vy.

Note: If R is a partial ordering on X, then the relation T de ned by xTy, yRx is also
a partial ordering on X, and R is a total order, T is a total order. A lower bound for

S with respect to R is an upper bound for S with respectto T. A minimal elementfor

X with respectto R is a maximal elemen of X with respectto T. Obserwe that passage
from R to T turns upper boundsto lower bounds, maximal elemerns to minimal elemerts,

and vice versa.

Note: A maximal elemert in a partially orderedsetneednot be unique (but two maximal

elemens must coincide whene\er they are related).

Zorn's Lemma: Let (X;R) be a non-void partially ordered set. Suppose that eadh

linearly orderedsubsetL of X hasan upper boundin X. Then X hasa maximal elemen.

The following proof of the Tychno Theorem is taken from Hewitt and Stromberg,
Real and Abstract Analysis. Its coreis the following lemmas.

Lemma (Alexander): Let (X; ) be a topological space,and let S be any subset of
sudh that is generatedby S (i.e., sud that ead elemen of is a union of setsead of
which is a nite intersection of elemerts of S). Then the following are equivalent

i) The spaceX is compact.

i) Every cover of X by a subfamily of S hasa nite subcover.
Pro of: Clearly i) implies ii), soassumeii) holds. Let us supposei) fails. Then the family
Z of all open covers of X which do not have a nite subcover is not empty. This family

Z is partially ordered by set theoretic inclusion. Clearly the union of a non-void linearly
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ordered subsetL of Z hasan upper bound in Z (namely the union of all the elemerns of
L: any nite subsetof this union lies in one elemen of L becauseof the total ordering).
Then Z contains a maximal elemen, i.e., an open cover V with no nite subcover sud
that for any open U 62V the cover V[ fUg hasa nite subcover. Let W = V\ S. Then
no nite subfamily of W covers X (sinceV cortains no nite subcover). Thus W is not a
cover of X (by (ii)). Let x 2 X n([W ). Choosea setV in the cover V with x 2 V. Since
S generates , there are setsS;;:::;S, in S with x 2 ' Si V. Sincex 62W , no S

i=1
isin V. SinceV is maximal, there exists for ead j a setA; which is the pnion of a pite

8 T 8
number of setsin V such that S;[ A; = X. Then V[ Aj S | Aj =
j=1 j=1 i=1
T 8 T ) . _
S| Ax (§ [ Aj) = X. Thus X is a union of nitely many setsfrom
j=1 k=1 j=1

j= j=
V, cortradicting the choice of V.

Pro of of Tychno 's Theorem: By Alexander's Theorem (the last theorem), it su ces
Q

to considercoversof X = “fX : 2 g by setsof the form (U ) with U open

in X . Let U be any such cover of X. For eadr 2 , let U denote the family of
all opensetsU X sud that L(U) 2 U. We claim that for some we must have
[U =[fU:U2Ug= X . If not, there would be a point x in X such that for every

2, (xX)62U . Hencex 62 (U) forall 1(U) 2 U, which contradicts the fact
that U is a cover. Thus we may choose 2 sothat [U = X . SinceX is compact,
thereexist U;:::;U, in U suc that X = s Ui. Thusf (U;):i=1;:::;ngisa nite

i=1
subcover of U for X, and the theorem is proved.
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