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Def: A collection � of subsetsof a set X is a topology for X if

a) �; X 2 � ,

b) the intersection of any two elements of � is an element of � , and

c) the union of any subcollection of � is an element of � .

Def: A set X together with a topology for X is called a topological space.

Def: If (X ; � ) is a topological space,X � A, and p 2 X , then p is an accumulation point

of A if every U 2 � with p 2 U meetsA in a point other than p, i.e., if U 2 � and p 2 U

imply U \ A 6� f pg.

Def: The set A0 of all accumulation points of the set A is called the derived set of A. The

set A [ A0 is called the closure of A and is denoted by cl A or �A.

Def: If A = cl A, then A is called a closed set.

Prop. 1.1: A set A is closedif and only if A0 � A.

Pf: If A0 � A, then cl(A) = A0 [ A � A [ A = A � A0 [ A = cl(A), so A = cl A. (The

converseis trivial).

Def: A set A is open if its complement X � A(= f x 2 X : x 62Ag) is closed.

Thm. 1.2: If (X ; � ) is a topological space,a set U � X is open if and only if U 2 � .

Pf: Let C = X � U = f x 2 X : x 62Ug. Then U is open , C is closed , C0 � C.

Suppose�rst U 2 � . Let p 2 C0. We must show p 2 C. If not, then p 2 U. But then (since

p 2 C0) U meets C = X � U (in a point other than p, even!), a contradiction. Suppose

conversely that U is open, i.e., that C0 � C. We must show that U 2 � . Let q 2 U. (If U

is empty, then U 2 � .) SinceC0 � C = X � U, q 62C0. By de�nition of C0 and the fact

that q 62C0, there exists Vq 2 � with q 2 Vq and such that Vq \ C � f qg. Since q 62C,

we have in fact that Vq \ C = � , i.e., Vq � X � C = U. Sinceq 2 U is arbitrary , we have

U =
S

q2 U
f qg �

S

q2 U
Vq � U, so U =

S

q2 U
Vq. Sinceeach Vq 2 � , the union U lies in � .

Def: A setN is a neighborhood of the point p if there is an openset U such that p 2 U � N .

A set N is a neighborhood of the set S is it is a neighborhood of each point of S.

Remark: If N is open, then clearly N is a neighborhood of each of its points (take

U = N ). If N is a neighborhood of p, and N � M , then clearly M is a neighborhood of p.
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Def: The interior of a set S is the set of all p such that S is a neighborhood of p. We

denote the interior of S by int S.

Thm: 1.3 A point p is a member of cl S if and only if every neighborhood of p meetsS.

Pro of: Supposeevery neighborhood of p meetsS, we needto show that p 2 cl(S). Since

S � cl S, we are done if p 2 S. So assumep 62S. Let U 2 � with p 2 U. Then U is

open, so U is a neighborhood of p, so U meets S. Since U is arbitrary subject to U 2 �

and p 2 U, we have p 2 S0. Thus p 2 cl S. Conversely, supposep 2 cl(S). Let N be a

neighborhood of p, and chooseU 2 � with p 2 U and U � N . If p 2 S, then p 2 N \ S, so

N meetsS. If p 62S, then p 2 S0, so U meetsS (in a point other than p). In particular

N \ S 6= � .

Thm. 1.4: A set is open if and only if it is a neighborhood of each of its points.

Pro of: If S is a neighborhood of each of its points, then for each x 2 S, chooseVx 2 �

with x 2 Vx � S. Then S =
S

x 2 S
f xg �

S

x 2 S
Vx � S, so S is a union of open sets. The

converseis obvious.

Thm. 1.5: If (X ; � ) is a topological space,then

a) � and X are closedsets,

b) the union of two closedsets is closed,and

c) the intersection of any collection of closedsets is closed.

Pro of: Since U 2 � , U is open , X � U is closed, this follows immediately from

deMorgan's Laws.

Thm. 1.6: The closureof a set is a closedset. (That is, cl(cl(A)) = cl(A).)

Pro of: p 62cl A , someneighborhood of p is disjoint from A , someneighborhood of p

is contained in X nA , X nA is a neighborhood of p, soX ncl A = int( X nA). The theorem

now follows from:

Thm. 1.7: The interior of a set is an open set.

Pro of: If p 2 int A, then there exists an open Up with p 2 Up � A. Clearly, A is a

neighborhood of each point of Up, so Up � int A. Thus int A =
S

p2 in t A
f pg �

S

p2 in t A
Up �

int A. Thus int A is a union of open setsand henceis open.

Thm. 1.8: If A � B , then cl A � cl B .
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Pro of: Let A � B . Then p 2 cl A , every neighborhood of p meetsA ) every neighbor-

hood of p meetsB , p 2 cl B .

Thm. 1.9: If A � F and F is closed,then cl A � F . (Immediate from Thm. 1.8, since

cl F = F if F is closed.)

Thm. 1.10: If U � A and U is open, then U � int A.

Pro of: If p 2 U � A and U is open, then A is a neighborhood of p, so p 2 int A.

Thm. 1.11: cl A =
T

f F : A � F; F is closedg and int A =
S

f U : U � A; U is openg.

Pro of: By Theorem 1.7, int A �
S

f U : U � A; U openg. By Thm. 1.10 this union is a

subsetof int A (since each member is a subsetof int A). By Thm. 1.9, cl A �
T

f F : A �

F; F is closedg. But
T

f F : A � F; F is closedg � cl A, sinceA � cl A and cl(A) is closed.

Examples 1.12: SupposeX is a set. Each of the following determinesa topology � for X .

(Exercise.)

a) The collection of all subsetsof X (the \discrete topology")

b) � = f �; X g (the \trivial topology")

c) � = f U � X : X � U is �nite g [ f � g (the \co�nite topology")

d) � = f U � X : X � U is countable g [ f � g (the \co countable topology")

e) SupposeA � X is �xed. Then � = f X ; A; � g is a topology.

Def: Let (X ; � ) be a topological space. A subset B of � is a base, or basis, for � if each

element of � is a union of elements of B. [Example: All open balls in Rn .]

Prop 1.13: Let B be a basefor � . Then a point p is an accumulation point of a set S if

and only if every member of B containing p meetsS in a point other than p.

Pro of: ( : Let U 2 � with p 2 U. Then U is a union of elements of B, so p lies in some

B 2 B with B � U. By hypothesis,B meetsS in a point other than p, so the sameis true

of U (since B \ S � U \ S). The converseis trivial sinceB � � .

Cor. 1.14: A point p is a member of cl S if and only if every element of B containing p

meetsS.

Pro of: Let p 2 cl S. If p 2 S, then for each B 2 B with p 2 B , B \ S � f pg. If p 62S,

then p 2 S0. By the proposition, each B 2 B with p 2 B meetsS (in a point other than p).

Conversely, supposeeach member B of B containing p meetsS. If p 2 S, then p 2 cl(S),

so we may assumep 62S. Then each such B meetsS (by hypothesis), and hencemeetsS
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in a point other than p (since p 62S). Hencep 2 S0 � cl S.

Thm. 1.15: SupposeX is a set and B is a collection of subsetsof X such that

a) X = [B ,

b) if B1; B2 2 B and p 2 B1 \ B2, then there exists B3 2 B with p 2 B3 � B1 \ B2.

Then the collection � of all unions of elements of B is a topology for X .

Pro of: Clearly � (= [ � ) and X (= [B ) are in � . Also clearly, any union of unions of

elements of B is an element of � , so � is closed under arbitrary unions. Let U = [C ,

V = [D , where C � B, D � B. Then, U \ V = ([C ) \ ([D ) = [f C \ D : C 2

C; D 2 Dg. (x 2 ([C ) \ ([D ) , x 2 [C and x 2 [D , x 2 C and x 2 D for some

C 2 C; D 2 D , x 2 C \ D for some C 2 C; D 2 D.) Thus we need only show that

for C 2 B and D 2 B the set C \ D is a union of elements of B. For each x 2 C \ D ,

let Cx 2 B be such that x 2 Cx � C \ D . Then C \ D =
S

f Cx : x 2 C \ Dg (since

C \ D =
S

x 2 C \ D
f xg �

S

x 2 C \ D
Cx � C \ D).

Note: If B is a basefor a topology, then this topology is clearly unique.

Def: SupposeX is a set. A real valued function � : X � X ! R is a pseudometric, or

semimetric, if

a) � (x; y) � 0 for all x; y

b) � (x; y) = � (y; x) for all x; y

c) � (x; x) = 0 for all x

d) � (x; y) � � (x; z) + � (z; y) for all x; y; z.

The pair (X ; � ) is called a pseudometricspace.

Def: Let (X ; � ) be a pseudometric space,and let x 2 X , r > 0 in R. The set C(x; r ) =

f y 2 X : � (x; y) < r g is the cell of radius r centered at x (sometimes \ball" instead of

\cell").

Thm. 1.16: Let (X ; � ) be a pseudometric space. Then the collection B of all cells is a

basefor a topology.

Pro of: If r 1; r 2 > 0 in R, x1; x2 2 X , consider p 2 C(x1; r 1) \ C(x2; r 2). Choose r

such that 0 < r < r 1 � � (x1; p) and 0 < r < r 2 � � (x2; p). (By de�nition of C(x i ; r i )

r i > � (x i ; p).) Consider z 2 C(p; r ). We have

� (x1; z) � � (x1; p) + � (p;z) < � (x1; p) + r � � (x1; p) + r 1 � � (x1; p) = r 1;
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so z 2 C(x1; r 1). Similarly z 2 C(x2; r 2). Thus C(p; r ) � C(x1; r 1) \ C(x2; r 2). Clearly X

is the union of all the cells in X . Now useThm. 1.15.

Def: The topology in the precedingtheorem is the topology generated by the pseudometric

� . Two pseudometricsare equivalent if they generatethe sametopology.

Examples 1.17: Let X be a set. Then � (x; y) = 0 for all x; y 2 X , and � (x; y) =�
1 if x 6= y
0 if x = y

�
de�ne pseudometricson X .

Examples 1.18: On X = Rn , � , r and d are pseudometrics,where

� (x; y) =

"
nX

1

(x i � yi )2

#1=2

; r (x; y) =
nX

1

jx i � yi j; d(x; y) = max
i

fj x i � yi j : 1 � i � ng:

Moreover, these three pseudometricsare equivalent. (The topology they generate is the

\usual" topology in Rn .) SeeMath 4317.

Prop. 1.19: Suppose (X ; � ) is a topological spaceand A � X . Then the collection

� A = f U \ A : U 2 � g is a topology for A. (The topological space(A; � A ) is called a

subspace of (X ; � ) and � A is called the subspace topology, or the relative topology, for A

from � .)

Pro of: Since A = X \ A, � = � \ A, (U1 \ A) \ (U2 \ A) = (U1 \ U2) \ A, and
S

f U \ A : U 2 � g = f
S

f U : U 2 � gg\ A, the result is immediate.

Prop. 1.20: Let (A; � A ) be a subspaceof a topological space(X ; � ). Then F � A is

closedwith respect to � A , there is a � -closedsubsetS of X such that F = S \ A.

Pro of: Since F � A, clearly A is the disjoint union of F and AnF , so AnF and F

are complements of one another in A. Let T be any subset of X and write T c and

Ac for X nT and X nA respectively. Then An(T \ A) = A \ (T \ A)c = A \ (T c [ Ac) =

(A \ T c) [ (A \ Ac) = A \ T c. In particular, if F = S\ A with S � -closed,then AnF = A \ Sc

with Sc � -open. Since F and AnF are complements in A, this says that if F = S \ A

with S � -closed, then F is � A -closed. Conversely, suppose F is � A -closed, i.e., suppose

that its complement AnF in A is � A -open. Then AnF = A \ U with U � -open. Then

F = An(AnF ) = An(U \ A) = A \ Uc (as in the argument with T above), and Uc is

� -closed.

Remarks: If B � A � X and � is a topology on X , then B has a relative topology from

� and a relative topology from � A . Fortunately, it is an easyexerciseto check that these
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agree. One can also show easily that if S � A � X , then the � A -closureof S in (A; � A ) is

A intersectedwith the � -closureof S in X , and that for each x 2 S, the � A -neighborhoods

of x are exactly the intersectionsof the � -neighborhoods of x with A. If B is a basefor � ,

then f B \ A : B 2 Bg is easily seento be a basefor � A .

Def: A function f : (X ; � ) ! (Y; � ) from one topological spaceinto another is continuous

if f (cl A) � cl f (A) for all A � X .

Thm. 1.21: A function from (X ; � ) into (Y; � ) is continuous if and only if f � 1(U) is open

in (X ; � ) whenever U is open in (Y; � ).

Pro of: Observe that for each subsetU of Y , f � 1(U) is the complement of f � 1(YnU). It

follows immediately that the assertion\ f � 1(U) is open whenever U is open" is equivalent

to \ f � 1(F ) is closedwhenever F is closed." Thus we needonly prove the following result.

Thm. 1.22: A function f from (X ; � ) into (Y; � ) is continuous if and only if f � 1(F ) is

closedwhenever F is closed.

Pro of: Observe that for any set A � X we have A � f � 1(f (A)) � f � 1(cl f (A)). Thus

if f � 1(F ) is closedfor all closedF , then (as cl f (A) is closed) f � 1(cl( f (A)) is closedfor

all A. Thus for all A we have cl A � f � 1(cl f (A)), i.e., f (cl A) � cl(f (A)). Conversely,

suppose f (cl A) � cl f (A) for all A. Then f (cl( f � 1(F )) � cl(f (f � 1(F ))) � cl F (since

f (f � 1(F )) � F ), i.e., cl(f � 1(F )) � f � 1(cl F ). Now F is closed, F = cl F , so when F is

closedwe have cl(f � 1(F )) � f � 1(F ). Thus if F is closed,then f � 1(F ) = cl(f � 1(F )), i.e.,

f � 1(F ) is closed.

Remark: It is easyto seethat f is continuous, whenever x 2 X and V is a neighborhood

of f (x), then f � 1(V ) is a neighborhood of x. (Proof: ) : Let f (x) 2 O � V with O open.

Then f � 1(O) is open and x 2 f � 1(O) � f � 1(V ). ( : Let O be open. For each x 2 f � 1(O),

we have f (x) 2 O, soO is an open neighborhood of f (x). Thus f � 1(O) is a neighborhood

of x. Sincex 2 f � 1(O) is arbitrary , f � 1(O) is a neighborhood of each of its points, hence

is open.)

Lemma: Let (X ; � ) be a pseudometricspace,� > 0, and x 2 X . If y 2 C(x; � ), then there

exists � > 0 with C(y; � ) � C(x; � ).

Pro of: Choose� with 0 < � < � � � (x; y). Then � (z; y) < � implies � (z; x) � � (z; y) +

� (y; x) < � + � � � = � . Thus C(y; � ) � C(x; � ).
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Thm. 1.23: Supposef : (X ; � ) ! (Y; d) is a function from one pseudometric spaceinto

another. Then f is continuous if and only if for each x 2 X and each � > 0, there exists

� > 0 so that d(f (x); f (y)) < � whenever � (x; y) < � . (Note � may depend on x and on � .)

Note: This latter condition says preciselythis: for each cell C(f (x); � ) centered at a point

f (x) in Y , the inverse image of C(f (x); � ) under f contains a cell C(x; � ) centered at x

(for somechoice of � > 0, � dependent on x and � ).

Pro of of Theorem: ) Let x 2 X , � > 0 be given. Then C(f (x); � ) is open, so

f � 1(C(f (x); � )) is open (and contains x). Thus f � 1(C(f (x); � )) is a union of basic sets,

i.e., of cells. Thus there exist � > 0 and y 2 X with x 2 C(y; � ) � f � 1(C(f (x); � )). Apply

the lemma to get C(x; � ) � f � 1(C(f (x); � )) as required.

( : Let O be open in (Y; d). Let x 2 f � 1(O). It su�ces to show f � 1(O) is a

neighborhood of x. Now x 2 f � 1(O) ) f (x) 2 O, so there exists a cell C with f (x) 2

C � O (by de�nition of base). By the lemma, there exists � > 0 such that C(f (x); � ) � O.

By assumption, there exists � > 0 such that f maps C(x; � ) into C(f (x); � ), i.e., such that

C(x; � ) � f � 1(C(f (x); � )) � f � 1(O). Thus f � 1(O) is a neighborhood of x as required.

Prop. 1.24: Let T be a collection of topologies for a set X . Then \ T is a topology

for X .

Pro of: � 2 � and X 2 � for each � in T. If U1; U2 2 � for each � in T, then so is U1 \ U2.

If O � \ T, then O � � for each � 2 T, so \O 2 � for each � 2 T, so \O 2 \ T.

Def: Let C be a collection of subsetsof a set X . Then � C = \f � : C � � , � is topology

for X g is called the topology generated by C (or subgenerated by C), and C is said to be

a subbasefor � C. (Note that there is always at least one topology � containing C, namely

the power set 2X .) Clearly � C is the smallest topology on X containing C.

Prop. 1.25: The collection B of all �nite intersectionsof elements of C is a basefor the

topology generatedby C. (That is, � C = all unions of all �nite intersections of elements

of C.)

Pro of: Note �rst that � is a �nite subsetof C, and that
T

S2 �
S = f x 2 X : x 2 S for all S 2

� g. If now x 2 X , then for each S 2 � (there are none!) we have x 2 S. Thus
T

S2 �
S � X .

Clearly
T

S2 �
S � X (seeabove), so X =

T

S2 �
S is an intersection of �nitely many (namely
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none) elements of C. Now supposeF1 and F2 are �nite subsetsof C, and let B1 = \ F1,

B2 = \ F2. Then B1 \ B2 =
T

f S : S 2 F1 or S 2 F2g =
T

f S : S 2 F1 [ F2g. SinceF1 [ F2

is a �nite set of elements of C, B1 \ B2 is in B. In particular if p 2 B1 \ B2, then there exists

B3(= B1 \ B2) with p 2 B3 � B1 \ B2 and B3 2 B. Thus B is a basefor a topology � on

X . Clearly C � B � � (sinceeach singleton from C is a �nite subsetof C, and by de�nition

of the topology generatedby a base). It follows that � C � � (since � C =
T

f � : � � C and

� is a topologyg). On the other hand, sinceeach B in B is a �nite intersection of elements

of C and C � � C, each B in B lies in � C. Thus any union of elements of B lies in � C. Thus

� � � C.

Def: Let X be a set and let f (Y� ; � � ) : � 2 Ag be a collection of topological spaces.

Suppose that for each � 2 A, there is a function f � : X ! Y� . The smallest topology

(i.e., the intersection of all such) for which every f � is continuous is the weak topology on

X from (or by) the collection F = f f � : � 2 Ag. (Clearly this intersection makeseach f �

continuous.)

Note: Every function out of the discrete topology is continuous, so there is at least one

such topology.

Examples: The product topology on Rn is the weakest topology making each coordinate

projection continuous. The weak topology on a Banach space or Hilb ert space is the

weakest topology making each element of the dual Hilb ert spacecontinuous.

Thm. 1.26: The topology generatedby f f � 1
� (U� ) : � 2 A; U� 2 � � g is the weak topology

by F = f f � : � 2 Ag.

Pro of: Let � be the topology generatedby f f � 1
� (U� ) : � 2 A; U� 2 � � g and � be the

weak topology by F . Clearly each f � is a � -continuous, since f � 1
� (U� ) is always � -open.

Thus � � � . But � is precisely the collection of all unions of intersectionsof �nite setsof

inverseimagesf � 1
� (U� ), where � 2 A and U� 2 � � . Each of theseinverseimageslies in �

(since � makeseach f � continuous), so unions of �nite intersection of theseinverseimages

lie in � . That is, � � � .

Def: A one-to-onecontinuous function f from one topological spaceonto another such

that its inversefunction f � 1 is also continuous is called a homeomorphism, and if such a

homeomorphismexists, then the two spacesare said to be homeomorphic, or topologically
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equivalent. A homeomorphismfrom one spaceX onto a subspaceof a spaceY is called a

homeomorphic embedding, or a topological embedding, or sometimesjust an embedding, of

X into Y .

Example x ! ex embedsR into R (or into [0; + 1 )) and is a homeomorphismof R with

f x 2 R : x > 0g. (Its inverseis \log.")

Def. A topological spaceX is disconnected if there exist non-void setsA and B such that

X = A [ B and A \ (cl B ) = (cl A) \ B = � . A spacethat is not disconnectedis connected.

Thm. 2.1. A spaceis disconnectedif and only if it has a non-void proper closedand

open subset.

Note: If a spacecontains a non-void proper closedand open set, then it must contain at

least two such (consider the complement).

Pro of of Thm. 2.1: SupposeA is closedand open, and let B = X nA. Then B is open

and closed. In particular A [ B = X , A \ cl B = A \ B = (cl A) \ B and A \ B = � . If

A 6= � and A 6= X , then the sameis true of B . Conversely, supposeX is disconnected,

and let A and B be as in the de�nition. Then � = A \ cl B � A \ B , so A \ B = � . Since

A [ B = X , A and B are complements. But A \ cl B = � implies cl B � X nA = B , so B

is closed. Similarly A is closed. Thus A and B are also open. Since A 6= � and B 6= � ,

� 6= A 6= X .

Prop. 2.2: The open interval (0; 1) is connected (with the relative topology from the

usual topology on R).

Pro of: Suppose A and B are non-void proper closed and open subsets of (0; 1) with

(0; 1) = A [ B and A \ B = � . Observe that since (0; 1) is open in R, A and B are open

in R (as well as relatively open in (0; 1)). Choose a 2 A and b 2 B . We may assume

a < b. Then b 2 f t 2 B : a < tg � (0; 1). Let c = inf f t 2 B : a < tg, so that a � c � b.

Observe that if a < x < c, then x 62B (since otherwise c � x < c, from the fact that c is

a lower bound for f t 2 B : a < tg). Thus if a < x < c, then x 2 A. That is, if a < c, then

(a; c) � A.

Now either c 2 A or c 2 B . If c 2 A, then [a; c] � A (either a = c or (a; c) [ f ag[ f cg �

A). In this case,since A is open, there exists � > 0 such that (c � � ; c + � ) � A, whence

[c;c + � ) � [a; c + � ) � A (since [a; c + � ) = [a; c] [ [c;c + � ) � A). But then a < t and
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t 2 B ) t � c + � (since [a; c + � ) � A), so c + � is a lower bound for f t 2 B : t > ag,

contradicting the fact that c is the greatest such bound. Thus c 62A. Supposethen that

c 2 B . Then since B is open, there exists � > 0 with (c � � ; c + � ) � B � (0; 1) and we

may assumethat a < c � � , whencea < c � �
2 < c. But c � �

2 2 B , so this contradicts an

observation above.

Thus c 62B . Thus c 62A [ B , a clear contradiction.

Remark: It will follow shortly (from a result on closuresof connectedsets) that [0; 1] is

connected. We shall also soon seethat every homeomorphic(or even continuous) imageof

a connectedset is connected,whencewe get that every interval in R, every half-line in R,

R and (of course) � are connected. One can show that theseare all the connectedsubsets

of R (if we agreethat a point is an interval). In fact we have:

Exercise: A subsetof R is connectedif and only if it is convex.

Prop. 2.3: Let � = f 0; 1g be a two-point discretespace.(Unique up to homeomorphism!)

Then a topological spaceX is disconnectedif and only if there is a continuous function

from X onto �.

Pro of: ( : If f : X ! � is onto, then f � 1(0) and f � 1(1) are complementary non-void
n

closed
open

o
subsets of X (since singletons are

n
closed
open

o
and f is continuous). ) : Let

X = A [ B with A and B open and closed,A \ B = � and A 6= �; B 6= � . De�ne f (x) = 0

if x 2 A, f (x) = 1 if x 2 B , so that f � 1(0) = A, f � 1(B ) = 1. Then f � 1(0), f � 1(1),

f � 1f 0; 1g = f � 1(0) [ f � 1(1) and f � 1(� ) = � are all open. Thus, f � 1(O) is open for every

open O, so f is continuous. SinceA 6= � and B 6= � , f is onto.

Thm. 2.7: If A is a connectedsubsetof a spaceX and A � B � cl A, then B is connected.

Lemma: The restriction of a continuous function to a subsetA is continuous (out of the

relative topology).

Pro of: If O is open in the image space,then (f jA ) � 1(O) = A \ f � 1(O) is relatively open

for f continuous.

Lemma: If A � B � X , then clB (A) = B \ clX (A).

Pf: clB (A) =
T

f B \ K : K is closedin X and A � B \ K g =
T

f B \ K : K is closedin

X and A � K g = B \ f
T

f K : K is closedin X and A � K gg = B \ clX (A).

Pf. of Thm. 2.7: Let F : B ! � = f 0; 1g be continuous, where � is discrete. Since A

10



is connectedand the restriction of F to A is continuous, F cannot map A onto �. Thus

F (A) is a singleton, say f 0g. Since F is continuous, F (clB (A)) � cl(F (A)) = f 0g. But

clB (A) = (cl(A)) \ B = B , so F (B ) � f 0g. Thus every continuous F from B into � fails

to be onto (i.e., is constant). That is, B is connected.

Cor: [0; 1] (and any interval in R) is connected.

We shall soon seethat Rn is connectedfor all n.

Thm. 2.8: Let f : X ! Y be continuous, and let X be connected. Then f (X ) is

connected.

Pro of: Let F = f (X ) ! � = f 0; 1g be continuous, where � is discrete. Then F � f is

continuous ((F � f ) � 1(O) = f � 1(F � 1(O)) is open for all open O). SinceX is connected,

F � f is constant, so F is constant on f (X ). It follows that f (X ) is connected.

Remark: We have used the following important (and obvious) fact: composition of two

continuous functions yields a continuous function. (Use the open set argument as above.)

Thm. 2.4: Let C be a collection of connectedsubsetsof a spaceX , and supposethere

exists ~C 2 C such that ~C \ C 6= � for every C 2 C. Then [C is connected.

Pro of: As usual, let F : [C ! � = f 1; 2g, where � is discrete and F is continuous. Then

for each C 2 C, F (C) is connected,henceis a singleton in �. Sinceeach F (C) meetsF ( ~C),

they are all the samesingleton. Thus F is constant on [C , so [C is connected.

Thm. 2.5: Let Cbe a collection of connectedsubsetsof a spaceX , and supposeC\ D 6= �

for all C; D 2 C. Then [C is connected.

Pro of: Modify the proof of Thm. 2.4 in the obvious way.

Cor: If C is a collection of connectedsetsand \C 6= � , then [C is connected.

By using overlapping intervals one now seesfrom Thm. 2.5 that R and any set of the

form (a; + 1 ) or (�1 ; a) are connected. (Hencealso (�1 ; a] and [a; + 1 ) are connected.)

Using overlapping balls shows that Rn is connected. (Why precisely? Exercise.)

Remark: One can show that R, � , rays in R and intervals in R are the only connected

subsetsof R. (Exercise: Show that if C is connectedand a < b in C, then (a; b) � C.)

Prop. 2.9: Let X be a topological spaceand de�ne R � X � X by R = f (a; b) 2 X � X : 9

a connectedset in X containing a and bg. Then R is an equivalencerelation on X .

Pf: f ag is connected, so (a; a) 2 R for all a 2 X . The relation is clearly symmetric.

11



Transitivit y follows from Thm. 2.5.

Def: The equivalenceclassesof the relation de�ned in Prop. 2.9 are called components,

or connected components, of X . Observe that unless X = � , each component of X is

non-empty.

If A is connectedand A meetsa component C of X , then by transitivit y of the relation

R above, we must have A � C. In particular, if A is connectedand contains a component

of C of X , then A must coincide with X .

Thm. 2.10: Each component of a topological spaceX is connectedand closed. If A � X

is connectedand non-empty, then A is contained in one and only one component of X . A

connectedsubsetC of X is a component of X if and only if it has the following property:

whenever C � A � X and A is connected, then C = A. (That is, the components of X

are precisely the maximal connectedsubsetsof X .) Finally , X is connectedif and only if

X has exactly one connectedcomponent.

Pro of: Let C be a component of X . Let x 2 C. Then for each y 2 C, there exists a

connectedsubsetK y of X such that x 2 K y and y 2 K y . Clearly K y meetsC, soK y � C.

Thus
S

f K y : y 2 Cg � C �
S

f y : y 2 Cg �
S

f K y : y 2 Cg, so C =
S

f K y : y 2 Cg.

Since
T

f K y : y 2 Cg � f xg 6= � , C is connected(by Thm. 2.4). Thus each component of

X is connected.

Since closure of connectedsets are connected,and since C � cl(C), it follows from

a remark preceding the theorem that C = cl(C) whenever C is a component. Thus

components are always closed. It follows from the sameremark above that components

are maximal connectedsubsetsof X . Each non-empty connectedsubsetof X must be part

of an equivalenceclassunder R. Sinceequivalenceclassesare either disjoint or coincident,

each non-empty connectedsubsetof X is contained in a unique component of X . It follows

immediately that a maximal connectedsubset of X is a component. In particular, X is

connectedif and only if it has only one connectedcomponent.

Def: A continuous f : [0; 1] ! X is a path in X .

Def: X is path connected if for each x; y 2 X , 9 a path f in X with f (0) = x, f (1) = y.

Note: If f connectsx to y and g connectsy to z (in the obvious senseof the last few

de�nitions), then there is a path connecting x to z which can be constructed from f and
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g by making useof homeomorphismsfrom [0; 1=2] and [1=2; 1] onto [0; 1].

Thm. 2.11: Every path connectedspaceis connected.

Pf: Let a; b2 X whereX is path connected,and let f : [0; 1] ! X with f (0) = a, f (1) = b,

f continuous. Then f ([0; 1]) is connectedand contains a and b. Thus X has exactly one

component.

Prop. 2.12: Every open connectedsubsetof Rn is path connected.

Pro of: Cells are clearly path connected. Fix x 2 O, whereO is open and connected. (We

may assumeO 6= � .) Let U = f y 2 O : there is a path connecting x and y in Og. Since

O is open, each y 2 U is the center of a cell C contained in O. If z 2 C, connect x to y

in O and then y to z in C � O. Thus U is open. Now consider any z 2 OnU. Choosea

cell C centered at z with C � O. If 9 y 2 U \ C, then x and z can be connected(in O)

to y, henceto each other. Thus U \ C = � . In particular, there exists a neighborhood C

of z in O which does not meet U. Sincez is an arbitrary element of OnU, OnU is open

in O, so U is closedin O. Thus U is open and closedin O. SinceO is connected,U = O.

(Clearly x 2 U, so U 6= � .)

Thm. 2.13: If f : X ! f (X ) = Y is continuous and X is path connected,then f (x) is

path connected.

Pf: If a; b 2 Y , choosex; y 2 X with f (x) = a, f (y) = b. Choosea path F : [0; 1] in X

from x to y. Then f � F connectsa to b.

Def: Let (X ; � ) be a topological space. A subcollection C of � is called an open cover of

X if X = [C . A topological spaceX is compact if every open cover C has a �nite subset

F � C such that X = [F (i.e., has a �nite subcover).

Prop. 2.14: A subsetA of a topological (X ; � ) is compact if and only if for every C � �

such that A � [C , there is a �nite F � C such that A � [F . (That is, a subspaceis

compact in the relative topology from � if and only if it is satis�es this condition on C.)

Pro of: Let A be compact, and let C � � with A � [C . Then A � A \ ([C ) =
S

f A \ C :

C 2 Cg and each A \ C is relatively open. Since A is compact, there is a �nite subset

of F of C such that A �
S

f A \ C : C 2 F g = A \ f[ C : C 2 F g, i.e., such that

A � f[ C : C 2 F g = [F . Conversely, supposethat whenever C � � with A � [C , there

is a �nite F � C with A � [F . Let f A \ C : C 2 Cg be any relatively open cover of A with
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A =
S

f A \ C : C 2 Cg. Then A �
S

f C : C 2 Cg = [C , so there exists a �nite F � C with

A � [F . But then A � A \ ([F ) =
S

f A \ C : C 2 F g � A, so A =
S

f A \ C : C 2 F g.

Thm. 2.15: Every closedsubsetof a compact spaceis compact.

Pro of: Let K � X be closed. Let K � [C where C � � . Let C0 = C[ f X nK g. Then

C0 � � since K is closed. Thus there exists a �nite F 0 � C0 with X � [F 0. Clearly

K � [F 0, and since K \ (X nK ) = � , K � [F , where F = F 0nf X nK g. Clearly F is

�nite.

Def.: A topological space(X ; � ) is Hausdor� if for every pair x; y in X with x 6= y, there

are open setsU and V such that x 2 U, y 2 V , and U \ V = � .

Thm. 2.16: Each compact subsetof a Hausdor� space(X ; � ) is closed.

Pro of: Let K be compact and O = X nK . We shall show O is open. Fix y 2 O. For each

x 2 K , open sets Ux and Vx with x 2 Ux , y 2 Vx and Ux \ Vx = � . Then f Ux : x 2 K g

is a family of open setswith K �
S

x 2 K
K x . Thus 9 x1; : : : ; xn with K �

nS

i =1
Ux i = U. Let

V =
nT

i =1
Vx i . Then Vx \ Ux = � for all x 2 K implies U \ V = � (by distributivit y of \

and [ over one another). Thus K \ V = � , so y is an interior point of O. Thus O is open.

Prop. 2.17: The interval [0; 1] is compact.

Pro of: Let Cbe a family of open setswith [0; 1] � [C . Let T = f x 2 [0; 1] : f t : 0 � t � xg

can be coveredby �nitely many setsin Cg. Thus O 2 T, soT is non-empty. Let c = supT,

so that 0 � c � 1. We needonly show that c = 1. ChooseC 2 C with c 2 C. SinceC is

open, 9 � > 0 with (c� � ; c+ � ) � C. Sincec is the least upper bound for T, 9 x 2 (c� � ; c)

with x 2 T. Thus �nitely many elements of Ccover [0; x], say a �nite subcollection F 0. Put

F = F 0 [ f Cg (so that F is �nite). Then F covers [0; c + � =2]. If c < 1, this contradicts

the fact that c is an upper bound for T. Thus c = 1. But then we seethat F covers

[0; 1] = [0; c].

Thm. 2.18: Suppose f : X ! Y is continuous and (X ; � ) is compact. Then f (X ) is

compact.

Pro of: Let f (X ) � [C , i.e., X � f � 1([C ) = f � 1f[ C : C 2 Cg =
S

f f � 1(C) : C 2 Cg. If

C � � , then there exists a �nite F � C with X �
S

f f � 1(C) : C 2 F g = f � 1f[ C : C 2

F g = f � 1([F ). That is, f (X ) � [F . Thus f (X ) is compact.
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Prop. 2.19: Let f : X ! Y be continuous,and supposeX is compact and Y is Hausdor�.

Then F closedimplies that f (F ) is closed.

Pro of: F closed in a compact X ) F is compact ) f (F ) is compact (by continuit y).

But Y is Hausdor�, so f (F ) � Y implies f (F ) is closedin Y .

Thm. 2.20: Supposef : X ! Y is one-to-oneand onto, and continuous. If X is compact

and Y is Hausdor�, then f is a homeomorphism.

Pro of: f � 1 is continuous , f (F ) is closedwhenever F is closed(since f = (f � 1) � 1).

Cor: If � 1 and � 2 are topologieson X such that � 1 is compact and � 2 is Hausdor�, and if

� 1 � � 2, then � 1 = � 2.

Pro of: Let i (x) = x for all x in X . Then i is continuous from (X ; � 1) to (X ; � 2) (since

� 1 � � 2). Clearly i is 1-1 onto. Thus i is a homeomorphism.

Note: If � 1 � � 2, where � 1 and � 2 are topologieson X , then � 2 compact ) � 1 compact,

and � 1 Hausdor� ) � 2 Hausdor� (Exercise).

Def: A sequence in a set S is a function from the positive integersZZ+ = f 1; 2; 3; : : :g into

S. If f : ZZ+ ! S is a sequence,we generally write xn for f (n) and denote this sequence

by f xn g or (xn ) (or f xn g+ 1
n =1 , etc.)

Note: Sometimesdomains other than ZZ+ are allowed (particularly ZZ or f 0; 1; 2; 3; : : :g.

Def: Let A � X and let f xn g be a sequencein X . We say that f xn g is eventually in A if

there is an integer N such that xn 2 A for all n � N . We say that f xn g is frequently in A

if for each integer k � 1 there is an integer n � k with xn 2 A.

Note: For any A � X and any sequencef xn g in A, either f xn g is eventually in A or f xn g

is frequently in X nA, but not both.

Def: A sequencef xn g in a topological spaceX is said to converge to a point x of X if

f xn g is eventually in each neighborhood of x. The sequenceis said to cluster at x if it is

frequently in each neighborhood of x. (Consider xn = 1
n vs. xn = (� 1)n .)

Prop. 3.1: A sequencein a Hausdor� spaceconvergeto at most one point.

Pro of: Supposef xn g convergesto x and to y. Let U;V be any open neighborhoods of x

and y respectively. Then 9 N1 and N2 such that n � N1 ) xn 2 U, n � N2 ) xn 2 V .

Then n � maxf N1; N2g ! xn 2 U \ V . Thus if x is Hausdor�, then x = y.

Def: A sequencef zn g is a subsequenceof a sequencef xn g if there existsa strictly increasing
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sequencef kn g of positive integerssuch that zn = xkn .

Note: For all n, we must have kn � n.

Prop. 3.2: Supposef xn g is a sequencein a topological spaceX , and supposef xkn g is a

subsequenceof f xn g which convergesto a point p of X . Then f xn g clusters at p.

Pro of: Let U be a neighborhood of p. Let m 2 ZZ+ . Since f xkn g convergesto p, there

exists N 2 ZZ+ such that n � N implies xkn 2 U. We may assumethat N � m. Then

kN � km � m (since n ! kn is increasing), and xkN 2 U.

Note: If f xn g convergesto p, then so doesevery subsequenceof f xn g (Exercise).

Prop. 3.3: Suppose A � X , where X is a topological space, and suppose f an g is a

sequencein A which convergesto a point p of X . Then p 2 cl A.

Pro of: Let U be any neighborhood of p. Then 9 N 2 ZZ+ such that n � N implies

xn 2 U. Thus (since xn 2 A) each neighborhood U of p meetsA.

Prop. 3.4: Suppose(X ; d) is a pseudometric spaceand A � X . If p 2 cl A, then there

exists a sequencein A which convergesto p.

Pro of: Let n 2 ZZ+ , and Cn = f x 2 X : d(x; p) < 1
n g. Then Cn is an open neighborhood

of p, and so contains a point xn of A (since p 2 cl A). This de�nes a sequencef xn g in A.

If U is any neighborhood of p, then there exists � > 0 such that C(p; � ) � U. As soon as

N � 1
� (so that 1

N � � ) we have for all n � N that xn 2 Cn � U. Thus (xn ) convergesto

p.

Prop. 3.5: Let f : x ! y be continuous from one topological spaceto another. Let f xn g

be a sequencein X which converge to a point x of X . Then the sequencef f (xn )g in Y

convergeto f (x).

Pro of: Let U be an open neighborhood of f (x). Then f � 1(U) is an open neighborhood of

x, by continuit y of f . Sincef xn g convergesto x, there exists N such that n � N implies

xn 2 f � 1(U), whencen � N implies f (xn ) 2 U.

Prop. 3.6: If f : (X ; d) ! Y is a function from a pseudometric spaceinto a topological

spacesuch that for every sequencef xn g that convergesto a point x in X , the sequence

f f (xn )g convergesin Y to f (x). Then f is continuous.

Pro of: Let A � X , and considerf (cl A). If x 2 cl A, then there exists a sequencef xn g in

A such that f xn g convergesto x (by Prop. 3.4). By hypothesis,f f (xn )g convergesto f (x).
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Let U be any neighborhood of f (x). Then there exists N 2 ZZ+ so that n � N ) f (xn ) 2

U. In particular, each neighborhood U of f (x) meets f (A). Thus f (x) � cl(f (A)). But

this meansf (cl A) � cl(A) (since x 2 cl A is arbitrary).

Def: A sequencef xn g in a pseudometric space(X ; d) is a Cauchy sequence if for every

� > 0 there is an integer N 2 ZZ+ such that d(xn ; xm ) < � whenever n � N and m � N .

Note: Every convergent sequenceis Cauchy, but the conversecan fail (exercises).

Exercise: Every Cauchy sequencethat clusters converges.

Thm. 3.7: Every sequencein a compact spaceclusters.

Pro of: Let f xn g be a sequencein X . For each x 2 X , if f xn g does not cluster at x,

then there exists an open neighborhood Ox of x such that f xn g is not frequently in On ,

i.e., such that xn is eventually in X nOx . Thus if f xn g does not cluster at x, then there

exist an open neighborhood Ox of x and Nx 2 ZZ such that n � Nx implies xn 62Ox . Let

F be many �nite set of such x, and let N = maxf Nx : x 2 F g. Then n � Nx implies

xn 62
S

x 2F
Ox . Thus, f xn g has no cluster points in X , then fO x : x 2 X g is an open cover

for X and xn lie eventually outside the union
S

x 2F
Ox for any �nite F . It follows then that

unlessf xn g clusters somewhere,X has an open cover with no �nite subcover.

Def: A pseudometricspaceis complete if every Cauchy sequencein it converges.

Prop. 3.8: Every compact pseudometricspaceis complete.

Pro of: Every Cauchy sequencein a compact spaceclusters, and every Cauchy sequence

which clusters converges.

Def: Let S be a nonempty subset of a pseudometric space(X ; d). Then the diameter of

S is diam S = supf d(x; y) : x; y 2 Sg. (This may be + 1 .)

Thm. 3.9: Let (X ; d) be a complete metric space,and let f : X ! X be continuous.

Supposethere exists a real number � with 0 � � < 1 such that d(f (x); f (y)) � ad(x; y) for

all x; y in X . Then there exists exactly onez 2 X such that f (z) = z. Moreover, if x 2 X ,

then the sequencef f n (x)g convergesto z. (This is the Banach Fixed Point Theorem.)

Pro of: By induction, we get easily that for all k � 1, d(f k (x); f k (y)) � � k d(x; y). Thus

also if 1 � m < n in ZZ+ , we have d(f m (x); f n (x)) �
n � 1� mP

j =0
d(f m + j (x); f m + j +1 (x)) �

(� m + � m +1 + � � �+ � n � 1)d(x; f (x)) = � m [1+ � � �+ � n � m � 1]d(x; f (x)) < � m

1� � d(x; f (x)) ! 0.

Thus f f m (x)g is Cauchy, so converge to somez, by completeness.Now f is continuous,
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so f (f m (x)) convergesto f (z), i.e., f f m +1 (x)g convergesto f (z). But f f m +1 (x)g is a

subsequenceof f f m (x)g, so has the samelimit. Thus, since metric spacesare Hausdor�,

z = f (z). If also f (w) = w, then f k (w) = w and f k (z) = z for all k, whenced(z; w) =

d(f k (z); f k (w)) � � k d(z; w). As � k ! 0, we must have d(z; w) = 0, so z = � .

Prop. 3.10: Let (X ; d) be a complete pseudometricspace,and supposef Sn : n 2 ZZ+ is

a collection of non-empty closedsubsetsof X such that Sn � Sn +1 for all n � 1g. Suppose

also that lim diam Sn = 0. Then
T

n
Sn 6= � .

Pro of: Choosexn 2 Sn for all n. Then d(xn ; xm ) � diam Sn whenever n � m. Since

diam Sn ! 0, f xn g is Cauchy, soconvergesby completenessto somex 2 S. Now n � m )

xm 2 Sn , and Sn is closed,so x 2 Sn for all n. (Note that f xm : m � ng is a sequencein

Sn : renumber the indices.)

Def: A subsetS of a topological spaceX is densein X if cl S = X .

Exercise: S is densein X , every non-empty open subsetof X meetsS.

Thm. 3.11: Let (X ; d) be a complete pseudometricspace,and let f D n = n 2 ZZ+ g be a

(countable) collection of open densesubsetsof X . Then \ D n is a densesubsetof X .

Pro of of Thm. 3.11: Let B (x; r ) = f y 2 X : d(x; y) � r g, C(x; r ) = f y 2 X : d(x; y) <

r g. Let U 6= � be open. We needto show U meets
T

n
Dn . SinceD1 is dense,D1 \ U 6= � .

Let x1 2 D1 \ U. Chooser 1 with 0 < r 1 < 1 so that B (x1; r 1) � U \ D1 (U \ D1 is open,

so we can choose r 1 > 0 with C(x1; r 1) � U \ D1. Choosing a slightly smaller r 1 will

ensureB (x1; r 1) � U \ D1). Now C(x1; r 1) � B (x1; r 1) and C(x1; r 1) is open. Since D2

is dense,C(x1; r 1) \ D2 is non-empty. It is also open. Thus 9 r 2 and x2 2 C(x1; r 1) \ D2

with 0 < r 2 < 1
2 , C(x2; r 2) � B (x2; r 2) � C(x1; r 1) \ D2. Continuing inductiv ely, we

get a sequenceB (xn ; r n ) such that 0 < r n < 1
n and C(xn +1 ; r n +1 ) � B (xn +1 ; r n +1 ) �

C(xn ; r n ) \ Dn +1 for all n; as beforeeach C(xn ; r n ) \ Dn +1 is open and non-empty. Note

that B (xn +1 ; r n +1 ) � B (xn ; r n ) � U \ D1 � U for all n � 1. We claim f xn g is Cauchy.

If � > 0, chooseN so that 2
N < � . If then n > N and m > N , then also xn and xm lie

in B (xN ; r N ) and so d(xn ; xm ) � d(xn ; xN ) + d(xN ; xm ) < r N + r N < 1
N + 1

N < � . Thus

f xn g is Cauchy.

Thus f xn g convergesto somez in X . We claim z 2
T

n
B (xn ; r n ). Indeed, let N � 1.

Then xn 2 B (xn ; r n ) � B (xN ; r N ) for all n � N . The sequencef xN + k : k � 1g is a
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subsequenceof f xn g, so convergesto z. It is also a sequencein the closedset B (xN ; r N ),

so that z 2 B (xN ; r N ). Since N � is arbitrary , z 2
T

n
B (xn ; r n ). Thus z 2

T

n
Dn (since

B (xn ; r n ) � Dn for all n). But B (xn ; r n ) � U for all U ) z 2 U. Then U meets
T

n
Dn as

required.

Thm. 3.12: Let (X ; d) be a complete pseudometric space. Supposef Fn : n 2 ZZ+ g is

a (countable) collection of closedsubsetsof X , each with empty interior. Then
S

n
Fn has

empty interior.

Pro of: Exercise. Begin by showing A is open dense, X nA is closedwith empty interior.

Remark: Theorems3.11 and 3.12 are forms of the Baire Category Theorem.

Def: A subsetE of X is nowhere denseif its closurecontains no nonvoid open set, i.e., if

the complement of its closureis dense.A subsetE of X is meager (or of �rst category) if it

is the union of a countable collection of nowhere densesets. The complement of a meager

set is called residual. We then have the following version of the Baire category theorem:

Cor: Let X be a complete pseudometricspace. Then no non-empty open subsetof X is

meager. That is, no non-empty open subsetof X is the union of a countable collection of

nowhere dense(or even meager)subsets.

Pf: Let f En g bea countable collection of nowheredensesubsets,and let U be a non-empty

open set. Then On = X ncl(En ) is open and densein X . Thus
T

n
On meets U. But if

x 2 U
�

T

n
On

�
, then x 62UEn , so U is not contained in UEn .

Cor: Let F be a family of real-valued continuous functions on a complete pseudometric

space,and supposethat for each x 2 X 9 M x such that jf (x)j � M x for all f 2 F . Then

9 a non-empty open set O � X and a constant M such that jf (x)j � M for all f 2 F and

all x 2 O.

Pf: Exercise.
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Def: Let f X � : � 2 � g be a collection of sets. The set Z of all functions f from � into
S

f X � : � 2 � g such that f (� ) 2 X � for all � 2 � is called the product (or Cartesian

product) of the collection. We write Z =
Q

f X � : � 2 � g or Z =
Q

� 2 �
X � (or sometimes

Z = �
� 2 �

X � , but usually not with X 's). For each � 0 2 �, the function � � 0 :
Q

f X � g ! X � 0

given by � � 0 (f ) = f (� 0) is the projection of
Q

f X � g onto X � 0 .

Remark: If � is in�nite, we need someassurancethat there exist functions in
Q

f X � g.

We generally assumethe existenceby invoking the Axiom of Choice, which says that if

� 6= � and each X � is non-void, then the product
Q

f X � g is non-void. More colorfully

(but lessprecisely) this axiom says that for any non-empty collection of non-empty sets

there exists a function (a \choice function") which choosesexactly one element from each

factor X � . (Any f in the product is such a choice function.)

Def: If each X � is a topological space,the weak topology for
Q

f X � g by the collection

f
Q

� : � 2 � g is called the product topology.

Prop. 4.1: Let Z =
Q

f X � : � 2 � g and � 2 �. Let U� � X � . Then � � 1
� (U� ) =

Q
f Y� :

� 2 � g, where Y� = U� and Y� = X � for all � 6= � .

Pro of: Exercise. (This is almost obvious: just usethe de�nitions).

Prop. 4.2: The collection of all sets
Q

f U� : � 2 � g, where U� is an open subsetof X �

and U� = X � for all but a �nite number of indices � , is a basefor the product topology

on
Q

f X � : � 2 � g. [Note: An arbitrary product of open setsneednot be open.]

Pro of: The sets in this collection are precisely all �nite interactions of sets of the form

� � 1
� (U� ), where U� is open in X � , by the last proposition. But this is preciselya basefor

the weak topology by the functions f � � : � 2 � g.

Note: If � is �nite, this baseconsistsof all \op en rectangles" (or \b oxes", etc.)

Thm. 4.3: SupposeX is endowed with the weak topology by a collection f f � : � 2 � g

of functions where f � : X ! Y� for all � . If f : Z ! X is a function from a topological

spaceZ into X , then f is continuous if and only if each composition f � � f : Z ! Y� is

continuous.

Pro of: Exercise: show that f is continuous , f � 1(C) is open for each subbasicset C.

Cor: 4.4: If f : Z !
Q

f X � : � 2 � g is a function from a topological spaceZ into a

product space, then f is continuous if and only if each \co ordinate" function � � � f is
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continuous.

Prop. 4.5: A countable product of pseudometricspacesis a pseudometricspace.

Pro of: Let (X i ; di )+ 1
i =1 be pseudometric spaces. We must �nd a pseudometric for the

product topology (i.e., which induces the product topology) on Z =
Q

i
(X i ; di ). Observe

�rst that if (X ; d) is a pseudometricspace,then d0(x; y) = min(d(x; y); 1) is a pseudometric

on X with d0 � d. In particular, d(xn ; x) ! 0 ) d0(xn ; x) ! 0. But if d0(xn ; x) ! 0, then

eventually d0(xn ; x) = d(xn ; x) and so d(xn ; x) ! 0. Thus d0 and d are equivalent pseudo-

metrics. (By Proposition 3.3 and 3.4, they induce topologieswhich have the sameclosed

sets.) Thuswemay assumethat for each i , di � 1. Now de�ne d(x; y) =
+ 1P

i =1

1
2i di (x(i ); y(i )),

wherex; y 2 Z . If now � > 0, and if d(x; y) < �=2i , then di (x(i ); y(i )) < � . Thus the topol-

ogy induced by d makes each � i continuous, so contains the product topology (i.e., the

weak topology by f � i : i 2 ZZ+ g). Conversely, let C = C(x; r ) be a cell in (Z; d), and

we shall show that C is open in the product topology (whence it follows that the topol-

ogy induced by d consistsof sets which are open in the product topology, and we will be

done). Let y 2 C(x; r ) and choose� > 0 so that C(y; � ) � C(x; r ). Let N be such that

2� N = I + 1
n = N +1

1
2n < �

2 . For each n = 1; 2; 3; : : : ; N , let

Un =
�

z 2 X n :
dn (y(n); z)

2n <
�

2N

�
:

Thus B =
NT

n =1
� � 1

n (Un ) is open in the product topology and contains y. It su�ces to show

that B � C(x; r ). Let p 2 B . Then � n (p) 2 Un for n = 1; 2; : : : ; N , so

dn (� n (y); � n (p))
2n =

dn (y(n); p(n))
2n <

�
2N

:

Now

d(y; p) =
+ 1X

n =1

dn (y(n); p(n))
2n =

NX

n =1

dn (y(n); p(n))
2n +

+ 1X

n = N +1

dn (y(n); p(n))
2n

�
NX

n =1

�
2N

+
+ 1X

n = N +1

1
2n =

�
2

+
1

2N <
�
2

+
�
2

= �

(since dn � 1 for all n).
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Note: It is easy to check that if each di is a metric, then so is the d de�ned above.

Thus a countable product of metric spacesis a metric space. It is also easyto modify the

argument above to show that if Z is a �nite product of pseudometric (or metric) spaces,

say (X i ; di )N
i =1 , then we get a pseudometric (or metric) for Z by de�ning

d(x; y) =
NX

i =1

di (x(i ); y(i )) (exercise):

In particular the product topology on Rn is induced by the metric � given by

� (x; y) =
nX

i =1

jx(i ) � y(i )j

Prop. 4.6: Any product of Hausdor� spacesis Hausdor�.

Pro of: Exercise.

Prop. 4.7: The usual metric of Rn inducesthe product topology on Rn .

Pro of of 4.7: As noted above, � (x; y) =
P n

i =1 jx(i ) � y(i )j inducesthe product topology on

Rn . Now � (x; y) � n max
1� i � n

jx(i )� y(i )j � nd(x; y), whered(x; y) =
� P n

i =1 jx(i ) � y(i )j2
� 1=2

,

sinceextracting squareroots is monotone. But (d(x; y)) 2 =
nP

1
jx(i ) � y(y)j2 � n max jx(i ) �

y(i )j2 sod(x; y) �
p

n max jx(i ) � y(i )j �
p

n
P n

i =1 jx(i ) � y(i )j. In particular there are con-

stants k > 0 and c > 0 such that � (x; y) � d(x; y) and d(x; y) � k� (x; y) for all x; y 2 Rn .

It follows that � and d induces the sametopology. (They make the samesequencescon-

verge to the samelimits, or observe that each point in a cell for one metric is the center

of a cell for the other metric.)

Thm. 4.8: (Tychno� 's Theorem): The product of any collection of compact spacesis

compact.

Pf: Seebelow.

Thm. 4.9: A subset of Rn is compact , it is closed and bounded (w.r.t. the usual

metric). (This is the Heine-Borel Theorem.)

Thm. 4.10: Let Rn have the usualmetric. Then every Cauchy sequencein Rn is bounded.

Thm. 4.11: Let Rn have the usual metric. Then Rn is complete.

Pro ofs of 4.9, 4.10, 4.11: Exercises.
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To prove Tychno� 's Theorem we will employ Zorn's Lemma, which is a variant of the

Axiom of Choice. (They are equivalent, in fact: seeHalmos' Naive Set Theory or Hewitt

and Stromberg, Real and Abstract Analysis.)

Def: Let X be a set. A relation R in X is a partial ordering of X if R is re
exiv e (xRx

for all x 2 X ), antisymmetric (xRy and yRx imply x = y), and transitiv e (xRy and yRz

imply xRz). A partial ly ordered set is a pair (X ; R) consisting of a set X and a partial

ordering of X . A partial ordering R on X is a total order (or linear ordering) if for each

pair x and y in X either xRy or yRx. An element x of a partially ordered set (X ; R) is an

upper bound for a subsetS of X if sRx for all s 2 S. An element x of a partially ordered

set (X ; R) is a maximal element if xRy and y 2 X imply that x = y.

Note: If R is a partial ordering on X , then the relation T de�ned by xT y , yRx is also

a partial ordering on X , and R is a total order , T is a total order. A lower bound for

S with respect to R is an upper bound for S with respect to T. A minimal element for

X with respect to R is a maximal element of X with respect to T. Observe that passage

from R to T turns upper bounds to lower bounds,maximal elements to minimal elements,

and vice versa.

Note: A maximal element in a partially orderedset neednot be unique (but two maximal

elements must coincide whenever they are related).

Zorn's Lemma: Let (X ; R) be a non-void partially ordered set. Suppose that each

linearly orderedsubsetL of X hasan upper bound in X . Then X hasa maximal element.

The following proof of the Tychno� Theorem is taken from Hewitt and Stromberg,

Real and Abstract Analysis. Its core is the following lemmas.

Lemma (Alexander): Let (X ; � ) be a topological space,and let S be any subset of �

such that � is generatedby S (i.e., such that each element of � is a union of sets each of

which is a �nite intersection of elements of S). Then the following are equivalent

i) The spaceX is compact.

ii) Every cover of X by a subfamily of S has a �nite subcover.

Pro of: Clearly i) implies ii), so assumeii) holds. Let us supposei) fails. Then the family

Z of all open covers of X which do not have a �nite subcover is not empty. This family

Z is partially ordered by set theoretic inclusion. Clearly the union of a non-void linearly
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ordered subsetL of Z has an upper bound in Z (namely the union of all the elements of

L : any �nite subset of this union lies in one element of L becauseof the total ordering).

Then Z contains a maximal element, i.e., an open cover V with no �nite subcover such

that for any open U 62V the cover V [ f Ug has a �nite subcover. Let W = V \ S. Then

no �nite subfamily of W covers X (since V contains no �nite subcover). Thus W is not a

cover of X (by (ii)). Let x 2 X n([W ). Choosea set V in the cover V with x 2 V . Since

S generates� , there are sets S1; : : : ; Sn in S with x 2
nT

i =1
Si � V . Since x 62[W , no Si

is in V. SinceV is maximal, there exists for each j a set A j which is the union of a �nite

number of setsin V such that Sj [ A j = X . Then V [

 
nS

j =1
A j

!

�

 
nT

j =1
Sj

!

[

 
nS

j =1
A j

!

=

nT

j =1

�
Sj [

�
nS

k=1
Ak

��
�

nT

j =1
(Sj [ A j ) = X . Thus X is a union of �nitely many sets from

V, contradicting the choice of V.

Pro of of T ychno� 's Theorem: By Alexander's Theorem (the last theorem), it su�ces

to consider covers of X =
Q

f X � : � 2 � g by sets of the form � � 1
� (U� ) with U� open

in X � . Let U be any such cover of X . For each � 2 �, let U� denote the family of

all open sets U � X � such that � � 1
� (U) 2 U. We claim that for some � we must have

[U � = [f U : U 2 U� g = X � . If not, there would be a point x in X such that for every

� 2 �, � � (x) 62[U � . Hencex 62� � 1
� (U) for all � � 1

� (U) 2 U, which contradicts the fact

that U is a cover. Thus we may choose� 2 � so that [U � = X � . Since X � is compact,

there exist U; : : : ; Un in U� such that X � =
nS

i =1
Ui . Thus f � � 1

� (Ui ) : i = 1; : : : ; ng is a �nite

subcover of U for X , and the theorem is proved.
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