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Making the grad 





Oh, and “Happy fall!” 

 (as of 11:44 this morning) 





Perihelia from http://aa.usno.navy.mil/data/docs/EarthSeasons.php .  Times in U.T. 



Differentiation as a three
-dimensional concept 

 We say f is differentiable iff 
     f(x + h) - f(x) = y•h + o(h), 
  y is called the gradient of f at x, and

 denoted ∇f(x). 
 The gradient ∇f(x) of a scalar function is a

 vector-valued function of a vector variable! 



Strategies for working with
 the gradient 

 Reduce a problem to 1-D 
 Keep the problem 3-D, let 1-D calculus

 be your guide. 



The gradient in thermodynamics 

 Suppose the temperature in a solid is
 T(x,y,z).  Newton’s law of cooling says
 that the heat energy flows in the
 direction _-∇T_, and that the rate is
 proportional to ____|∇T|____. 

  “Heat flux” is a vector, -κ ∇T, more
 exactly a vector field. 





Gradients and directional derivatives 

 In what direction is sin(x) cos (y)
 increasing most rapidly when x=1, y=2?  



Gradients and directional derivatives 

 Find the directional derivatives f′u(r) of
 the function f(r) = 3 xyz – y2 at (1,1,-1) in
 the directions parallel to the line  
       (x-1) = (y+1)/4 = z/9. 



∇f   



Some geometric problems you
 can work out with the gradient 

 Tangent line and normal line to a level
 curve, e.g., x2 + y2/4 = 2 at (1,2) 





Some geometric problems you
 can work out with the gradient 

 Normal vector and normal line to a
 surface in 3D.  For example, the
 ellipsoid x2+y2+z2/4 = 3 at (1,1,2) 



Some geometric problems you
 can work out with the gradient 

 Tangent plane to a surface in 3D.  For
 example, the ellipsoid x2+y2+z2/4 = 3
 at (1,1,2) 



Recall tangent planes: 

 Tangent plane passing through r0 and
 normal to the vector N: 

    (r - r0) • N = 0 







 Normal vector, normal line, and
 tangent planes to a surface in 3D given
 as a graph.  For example, the saddle   

   z = (½) (y2 - x2) at (1,-3,4) 
 N must have something to do

 with ∇((½) (y2 - x2)), but
 that can’t be the whole
 story, because that is a 2-D
 gradient and we’re in 3-D
 here! 





3D grad 


