MATH 2401 - Harrel

Tangent vectors, or

how to go straight when you are on a bender.



~ Inour previous episode:

R 'Véctor functions are curves. The algebraic side of the
mathematian’s brain thinks about vector functions.
The geometric side sees curves.



~ Inour previous episode:

=24 Vector functions are curves.

2. Don’t worry about the basic rules of calculus for vector
functions. They are pretty much like the ones you
know and love.






Tangent vectors - the derivative
' of a vector function



Tangent vectors

“+Think velocity!
+ Tangent lines
+ Tell us more about these!



Tangent vectors

+The velocity vector v(t) = r'(t) is
tangent to the curve - points along it
and not across it.












Example

Spiral[t_] := {tCos[t]. tSin[t]}
Spiral3D[t_] := {tCos[t]. t Sin[t]. 0}

ParametricPlot[Spiral[t]. {t. 0., 10}]

2.5 ]

spiral









Curves

4 Position, velocity, tangent lines and all
that: See Rogness applets (UMN) at

http://www.math.umn.edu/~rogness/multivar/calc2demos/curves.html



Tangent vectors

+Think velocity!

+ Tangent lines

+ Approximation and Taylor’s formula
+Numerical integration

+Maybe most importantly - T is our tool
for taking curves apart and
understanding their geometry.



Example: helix

nfz]= Helix[t_] := {Cos[4Pit]. Sin[4Pit]. t} 3

n@):= ParametricPlot3D[Helix[t], {t. 0., 5}. PlotPoints — 360] j—

]




Example: Helix



Unit tangent vectors

~ +Move on curve with speed 1.
+T(t) =r'(t)/ [r'(v)l

+0Only 2 possibilities, + T.



Example: ellipse

" npz]= ParametricPlot[{2Cos[t]. Sin[t]}. {t. 0. 2Pi}]

0.5}




Example: ellipse

" np)= ParametricPlot[{2Cos[t]. Xin[t]}. {t. 0. 2Pi}]
/: |
_ -. ‘1./




Example: ellipse

" npz]= ParametricPlot[{2Cos[t]. Sin[t]}. {t. 0. 2Pi}]

0.5}




Example

Spiral[t_] := {tCos[t]. tSin[t]}
Spiral3D[t_] := {tCos[t]. t Sin[t]. 0}

ParametricPlot[Spiral[t]. {t. 0., 10}]

2.5 ]

spiral



i Example: spiral

Speed[r_] := Sqrt[D[r[[1]]. t1°2 +D[r[[2]]. t]1°2 +D[r[[3]]. t]"2]

Tang[r_] := {D[r[[1]]. t]. D[r[[2]]. t]. D[r[[3]1]. t]1}/Speed[r]

General::spell : Possible spelling error: new symbol name "Tang” is similar to existing symbols {Tan, Tanh}. tore..

Tang[Spiral3D[t]]

[ Cos[t] -t Sin[t] tCos[t] +S5in[t) U]
Lv" (tCos[t] +Sin[t])? + (Cos[t] - t Sin[t])? v (tCos[t] +Sin[t])2 + (Cos[t] - t Sin[t])? :
Simplify[X]

rCos[t] -t Sin[t] tCos[t] + Sin[t] D]

‘L ’ ’ J)

Vv 1+t2 Vv 1+t2



Example: Helix



Curves

* Angle of intersection

— Spiral r = 406/t and circle

e Xx=4tcosmt,y=4tsin Tt
* X =C0s(S), Yy = sin(s)
* intersect at t=1/4, s=1/4






e

%

iy



Curves

“ven if you are twisted, you have a
normal!







Normal vectors

-~ 4 Anormal vector points in the direction
the curve is bending.

+ 1t is always perpendicular to T.

+What’s the formula’...............



Normal vectors

+ N=T7/]|T"]|.

+ Unless the curve is straight at position P, by
this definition N is a unit vector
perpendicular to T. Why?



Tangents,
Normals,
and Arc Length

Some nice curves

How to look at the curves from the inside



Example: spiral in 3D

3

Speed[r_] := Sqrt[D[r[[1]1]. t1°2 +D[r[[2]1]. t1°2 +D[r[[3]1]. t]"2] ]
Tang[r_] := {D[r[[1]]. t]. D[r[[2]]. t]. D[r[[3]1]. t]1}/Speed[r] 1]
General: :spell : Possible spelling error: new symbol name "Tang” is similar to existing symbols {Tan, Tanh};. tlore. 3
Tang[Spiral3D[t]] i
{ Cos[t] -t Sin[t] tCos[t] +5in([t] 0} 3
\/(tCOS[t] +58in[t])? + (Cos[t] -t Sin[t])2 ’ \/(tCos[t]+Sin[t])2+(Cos[t]—tSin[t])2 ’ 1]
Simplify[N] 'j_
{Cos[t] -t Sin[t] tCos[t] +5in[t] 0} 3
V1t I vi1+t? I il
The normal vector is then given by the derivative of this, scaled to length 1: ]
Cos[t] -t Sin[t] tCos[t] + Sin[t] 97
{——— ————=. 0}. t]
1+t2 1+ t2
{—tCOS[t] -25in(t] t (Cos[t] -t Sin[t]) t (tCos[t] +Sin[t]) 2Cos[t] -t Sin[t] 0} 3
- .- + .
Vil (1 +12)342 (1 +12)%72 Vist? 4
Len[v_] := Sqrt[v[[1]]1"2++¥[[2]1]1"2 +¥[[3]1]" 2] ]

-t Cos[t] - 25in[t] t (Cos[t] -t Sin[t]) t (tCos[t] + Sin[t]) 2Cos[t] - t Sin[t] 97
- - + .

> 0
i (L+t2)57 (1 +12)37 i e d

Len[{

[-tCOS[t] -28in[t] t (Cos[t] -t Sin[t]) )2 [ t (tCos[t]+Sin[t]) 2Cos[t] -t Sin[t])?
- + |- +
\ NETE] (1 +t2)342 (1+t2)3/2 Jist2




Example: spiral in 3D

¥

[-tCos[t] -2s5in[t] t (Cos[t] -tSin[t])
\ N (1 +1t2)32

Simplify[X]

(2 +12)2
“l (1+t2)2

B [ t (tCos[t] +Sin[t])
+ -
(1+ t2)3.v'2

-t Cos[t]-2Sin[t] t (Cos[t]-tSin[t]) t(tC

2Cos[t] -t Sin[t] ]2
+
v+t

os[t] +Sin[t]) 2Cos[t]- tSin[t]
+ :

NormVec[t] = {

»\/1+t2 (1+t2)3"(2
(2 + t2)2
(1+t2)2
~Cos[£]-28in[t] _ % (Cos[t]-tZin[t]) _x(tCos[t]+3in[t])  2Cos[t]-tSin[t]
142 (1442 )3/2 (1442 )3/2 J 12
{ +t ) +t ) D}

(242)? (24422
(142 )% (14£2)2

Thus the normal vector reduces to

Simplify[N., Assumptions - {t > 0}]

{_tCOS[t]+Sin[t] Cos[t] -t Sin[t) 0}
V14+t2 ) V14t2 ’

(1 +t2)3"ﬁ2 »\f1+t2

o} /

M4 L4 4




Example: spiral in 3D

Intérpretation. Notice that the normal vector

[ tCos([t] +3in(t] Cos[t] -t Sin[t] D]
1~ : , ok

Vv 1+ t2 v 1+ t2 ‘

has no vertical component. This is because the
spiral lies completely in the x-y plane, so an object
moving on it is not accelerated vertically.



Lo Example

nEl= Tang[Helix[t]]
4wSin[d4t]

Out[B)= {_

V1+16 72 Cos[dmt]2+16 72 Sin[d4 ]2
4 xCos[dt) 1 }

V1+16 72 Cos[4xt]? + 16 72 Sin[4 7 t]2 V1+16 72 Cos[4xt]? +16 2 Sin[4 7 t]2

InfGl:= Simplify[N]

4xS5in[4xt] 4xCos[dxt] 1 }
Vis162  Vis+162 Vi+16:2
The normal vector is then given by the derivative of this, scaled to length 1:

Outfs])= {_

4 Sin[4xt] 4xCos[4rt] 1
V141672 V1 +16 22 V14162

16 7° Cos[4w t] 16 7 Sin[4 w t] 0}
Jisie2 Jisie2

n@El= Len[v_] = Sqrt[v[[1]1]1°2+¥[[2]]"2 +¥[[3]]" 2]

= D[{-

} t]

Out[7]= {-

16 7% Cos[4x t] 16 »% Sin[4x t]

Vii1622 V14162

Dutp) \/2567\"1C03[47rt]2 256 x% Sin[4r t)?
Cut[9]= +
1+16 n2 1+16 x2

@)= Len[{-

. 0}]




'I Example: Helix

1671-.2 Cos[4 t] 16 »* Sin[4 n t]

n@)= Len[{- . . 0}]
V1+16n2 V1+162
- \/256N4C08[47rt]2 256 7! Sin[4 w t)2
ut|d]= +
1+16 72 1+16 n2
In[(10]:= Simplify[¥]
_ 16

I:Iut[1l_l]= —

Vv 1+16 2

Remarkably, it does not depend on time. This sort of simplification is often encountered when a curve is simple or has symunetries.

16 n2 Cos[4 t] _167t2$in[47rt]'0}/[ 16 »2

n[11]= Norm¥ec[t] = Simplify[{- = W T
V1416 Vi1+16-2 1+16n2

Out[11]= {-Cos[4xt], -Sin[4xt]. 0}
Thus the normal vector to the 3D spiral traces out a circle in 2D



Example: Helix

Interpretation. Notice that the normal vector again

“has no vertical component. If a particle rises in a
standard helical path, it does not accelerate
upwards of downwards. The acceleration points
Inwards in the x-y plane. It points towards the
central axis of the helix.



Example: solenoid

Solenoid[t_. r_. R_. v_] = {(R + rCos[wt])Cos[t]. (R + rCos[wt]) Sin[t]. R + rSin[w t]}

ParametricPlot3D[Solenoid[t. 1. 2, 20]. {t. 0. 10}. PlotPoints — 360]




Example: solenoid

““Scary, but it might be fun to work it out



Arc length

. +Ifan ant crawls at 1 cm/sec along a
curve, the time it takes from a to b is
the arc length from a to b.



