BANACH AND HILBERT SPACE REVIEW

CHRISTOPHER HEIL

These notes will briefly review some basic concepts related to the theory of Banach and
Hilbert spaces. We are not trying to give a complete development, but rather review the
basic definitions and theorems, mostly without proof.

1. BANACH SPACES

Definition 1.1 (Norms and Normed Spaces). Let X be a vector space (= linear space) over
the field C of complex scalars. Then X is a normed linear space if for every f € X there is
a real number || f||, called the norm of f, such that:

(a) [lf]l =0,

(b) ||f]l = 0 if and only if f =0,

(c) llefll = lel | f|| for every scalar ¢, and
() If +gll < LA+ llgll-

Definition 1.2 (Convergent and Cauchy sequences). Let X be a normed space, and let
{fn}nen be a sequence of elements of X.

(a) {fn}nen converges to f € X if lim || f — fu|| =0, i.e., if
Ve>0, AN>0, Vn>N, |f—[full <e
In this case, we write lim f, = f or f, — f.

(b) {fn}nEN 1s CCZUChy if
Ve>0. AN>0, ¥manz N, fn—ful <e

Definition 1.3 (Banach Spaces). It is easy to show that any convergent sequence in a
normed linear space is a Cauchy sequence. However, it may or may not be true in an
arbitrary normed linear space that all Cauchy sequences are convergent. A normed linear
space X which does have the property that all Cauchy sequences are convergent is said to
be complete. A complete normed linear space is called a Banach space.

Example 1.4. The following are all Banach spaces under the given norms. Here p can be
in the range 1 < p < .
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r® = {fR=C: [ |f@pds <ol i = ([ |f<x>|ﬁdx)l/p.

L*[R) = {f: R—C : fis essentially bounded}, | flloe = esssup |f(z)].
z€R
Cy(R) = {f € L®(R): f is bounded and continuous},  ||f[l« = sup|f(z)],
zeR
Col®) = {f €CuR) : lim_f(2) =0}, £l = sup 7).

Remark 1.5. (a) To be more precise, the elements of LP(R) are equivalence classes of
functions that are equal almost everywhere, i.e., if f = g a.e. then we identify f and ¢ as
elements of LP(R).

(b) If f € Cy(R) then esssup,ep | f(x)| = sup,egr | f(2)|. Thus we regard Cy(R) as being a
subspace of L>(R); more precisely, each element f € Cy,(R) determines an equivalence class
of functions that are equal to it a.e., and it is this equivalence class that belongs to L>(R).

(¢) The L* norm on Cy(R) is called the uniform norm. Convergence with respect to this
norm coincides with the definition of uniform convergence.

(d) Sometimes the notation C'(R) is used to denote the space that we call Cy(R), or C(R)
may denote the space of all possible continuous functions on R. In this latter case, || - ||«
would not be a norm on C'(R), since || f||s would not be finite for all f € C'(R).

Definition 1.6 (Closed Subspaces). Let X be a Banach space.
(a) A vector f € X is a limit point of a set S C X if there exist vectors g, € S that
converge to f. In particular, every element of S is a limit point of S.

(b) A subset S of a Banach space X is closed if it contains all its limit points. In other
words, S is closed if whenever {g, },en is a sequence of elements of S and g, — f € X,
then f must be an element of S.

If Y is a closed subspace of a Banach space X, then it is itself a Banach space under the
norm of X. Conversely, if Y is a subspace of X and Y is a Banach space under the norm of
X, then Y is a closed subspace of X.

Example 1.7. C,(R) and Cy(R) are closed subspaces of L>(R) under the L* norm.
The following are also subspaces of L>(R), but they are not a Banach spaces under the
L*> norm because they are not closed subspaces of L>®(R):

C.(R) = {f € Cy(R) : f has compact support},
CX(R) = {f € Cy(R) : f is infinitely differentiable and f™ e L*(R) for every m > 0},

S(R) = {f € CX([R) : 2™ f"(z) € L>®(R) for every m,n > 0}.
The space S(R) is called the Schwartz space.
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Example 1.8 (Dense Subspaces). Suppose that S is a subspace of a Banach space X. The
closure of S is the smallest closed subset S of X that contains S. It can be shown that S is
the union of S and all all of the limit points of S. If S = T then S is said to be dense in T.

For example, the space C.(R) is dense in Cyp(R) in the L>°(R) norm. That is, every function
in Cy(R) can be written as a limit (in the L> norm) of functions from C.(R). Similarly,
S(R) is dense in Cy(R) in L norm. However, neither C.(R) nor S(R) nor Cy(R) is dense in
L*>(R) using the L> norm. This is because the L>®-norm limit of a sequence of continuous
functions is continuous, so a bounded but discontinuous function could not be written as a
uniform limit of functions from these spaces.

On the other hand, C.(R), Cy(R), and S(R) are all dense in LP(R) (in L” norm, not L™
norm) for each 1 < p < oc.

Definition 1.9 (Sequence spaces). There are also many useful Banach spaces whose elements
are sequences of complex numbers. Be careful to distinguish between an element of such a
space, which is a sequence of numbers, and a sequence of elements of such a space, which
would be a sequence of sequences of numbers.

The elements of a sequence space may be indexed by any countable index set I, typically
the natural numbers N = {1,2,...} or the integers Z = {...,—-2,-1,0,1,2,...}. If a
sequence is indexed by the natural numbers then a typical sequence a has the form a =
(an)nen = (a1, as,...), while if they are indexed by the integers then a typical sequence
has the form a = (a,)nez = (..., a_2,a_1,ag,as,as,...). In either case, the a, are complex
numbers.

The following are Banach spaces whose elements are sequences of complex numbers:

o) = {ieher + laab <ok Menlly = (Sleab) . 129 <o

nel nel
(1) = {(aaer = swplan <00}, @)l = (suplanl).
nel nel

Example 1.10 (Finite dimensional Banach spaces). The finite-dimensional complex Eu-
clidean space C" is a Banach space. There are infinitely many possible choices of norms for
C". In particular, each of the following determines a norm for C™:

uly = (Jua? + -+ [ua?)?, 1< p < oo,
U)o = max{|ual, -, |un|}.

The norm | - |5 is the usual Euclidean norm on C".

2. HILBERT SPACES

Definition 2.1 (Inner Products). Let H be a vector space. Then H is an inner product
space if for every f, g € X there exists a complex number (f, g), called the inner product of
f and g, such that:
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(a) (f, f) isreal and (f, f) > 0.
(b) (f, f) =0if and only if f = 0.
) {9, [

(c) g, f) ={f.9),
(d) <af1+bf27g>:a<f1ag>+b<f2ag>‘
Each inner product determines a norm by the formula || f|| = (f, f)l/ ®. Hence every inner

product space is a normed linear space. The Cauchy—Schwarz inequality states that |(f, g)| <

1£1l llg]l for every f, g € H.
If an inner product space H is complete, then it is called a Hilbert space. In other words,

a Hilbert space is a Banach space whose norm is determined by an inner product.

Example 2.2. L*(R) is a Hilbert space when the inner product is defined by

() = [ f@)g@ds,
R
(*(I) is a Hilbert space when the inner product is defined by

(@), (b)) = Y auba.

nel

However, neither LP(R) nor ¢? is a Hilbert space when p # 2.

Example 2.3 (Finite dimensional Hilbert spaces). The space C", finite-dimensional complex
Euclidean space, is a Hilbert space. The inner product is just the usual dot product of vectors:

(u,v) = u-v = uoy + - + UOp.
This inner product determines the usual Euclidean norm | - |5 defined by
uly = (Jual® + -+ fua)V2.

However, none of the norms | - |, with p # 2 are determined by an inner product. There are
many other possible inner products for C".

3. COMPLETE SEQUENCES IN HILBERT SPACES

Warning: the term “complete” has several entirely distinct mathematical meanings. We
have already said that “a Banach space is complete” if every Cauchy sequence in the space
converges. The term “complete sequences” defined in this section is a completely separate
definition that applies to sets of vectors in a Hilbert or Banach space (although we will only
define it for Hilbert spaces).

Definition 3.1 (Complete Sequences). Let H be a Hilbert space, and let {f,}.en be a
sequence of elements of H. The finite linear span of {f,}nen is the set of all finite linear
combinations of the f,, i.e.,

N
span{ f,, }nen = {chfn: all N > 0 and all cl,...,cNeC}.

n=1
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The finite span span{ f, },en is a subspace of H. If span{f,},.en is dense in H, then the
sequence {f, }nen is said to be complete (or total or fundamental) in H.

By definition, the finite linear span is dense in H if the closure of the finite linear span is
all of H. The closure of the finite span is the closed span, consisting of all limits of elements
of the finite span, i.e.,

spanq f, tneny = {f €eH: f= kh_)rgo hj, for some hy, € span{fn}neN},

Both span{ f,, },en and span{ f,, }nen are subspaces of H, but generally only the closed span
is a closed subspace of H.

By definition, {f,}nen is complete if every element f € H is a limit point of span{ f, }nen
and therefore can be written as the limit of a sequence of finite linear combinations of the
elements f,. In other words, given any € > 0 there must exist some N > 0 and some scalars
c1(f,e),...,en(f,€) such that

N
lr-Yetran| < (1)
n=1

Note that N and the coefficients ¢, (f,e) depend on both € and f.

Example 3.2. A sequence {f,}.en is a Schauder basis (or simply a basis) for H if each
element f € H can be written as a unique “infinite linear combination” of the f,. That is,
given f € H there must exist unique coefficients ¢, (f) so that

f= ch(f> fn- (3.2)
n=1
What the series in (3.2) really means is that the partial sums are converging to f, i.e.,

1MW—éwﬁh=0

N—oo

Thus, {f,}nen is a basis if for each f € H there exist unique scalars {c¢,(f)}nen (depending
only on f) such that if € > 0 then there exists an N > 0 so that

Hf — i;cn(f) |l < e (3.3)

Comparing (3.3) with (3.1) we see that being a basis is a more stringent condition than
being a complete set, i.e., all bases are complete, but not all complete sets need be bases.
In particular, when { f, },en is a basis, the coefficients ¢, (f) do not depend on &, while for a
complete set they can depend on both f and €. The number N depends on both € and f in
both cases, the difference being that for a basis, if you make € smaller then you simply have
to take more of the coefficients ¢, (f) to make equation (3.3) valid, while for a complete set,
if you make € smaller then you may have to take both a larger N and a possibly completely
different choice of scalars ¢, (f,c) to make equation (3.1) valid.
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The following result gives a characterization of complete sets, namely, a sequence {f, }nen
is complete if and only if there is no element other than 0 that is orthogonal to every f,.

Theorem 3.3. Let {f, }.en be a set of elements from a Hilbert space H. Then the following
two statements are equivalent, i.e., each statement implies the other.

(a) {fn}nen is complete in H.
(b) The only element f € H which satisfies (f, f,) = 0 for every n is f = 0.

Proof. (a) = (b). Suppose that {f,},en is complete, and assume f € H satisfies (f, f,) =0
for every n. Choose any € > 0. Then by definition of completeness, we can find an N > 0 and

coefficients ¢1, . .., ¢y so that the element h = SN ¢, f, lies within € of f, i.e., ||[f —h| <e.
Note that
N N
by = (1D enda) = Do eulfifud = 0.
n=1 n=1

Therefore, by Cauchy—Schwarz,
A2 = (ff) = (fof=h) + (f,h) = (ff=h) < IfIHILf =Rl < ellf]l.

Hence || f|| < e. Since this is true for every ¢ > 0, it follows that || f|| = 0, and therefore that
f=0.

Here is another wording of the same proof. Begin as before with a complete set { f, }nen
and an element f € H satisfying (f, f,) = 0 for every n. Then (f, h) = 0 for every finite
linear combination h = Zivzl Cnfn, 1.€., for every h € span{ f, }nen. Since f is an element of
H, for each ¢ = 1/k we can find an element hj € span{ f, }nen such that || f — hgl| < 1/k.
Then f = limy_ o Ay, SO

1P = (£6) = Jim (f.hs) = im0 = 0.

(b) = (a). We will prove the contrapositive statement. Suppose that statement (a) is
false, i.e., that {f,}.en is not complete. Then the closed span span{ f,},eny cannot be all
of H. Therefore, there must be some element f € H that is not in span{ f, } nen-

A basic Hilbert space fact is that we can define the orthogonal projection of H onto a
closed subspace of H. Here, S = span{f,}.en is the closed subspace, and the orthogonal
projection onto S is the unique mapping P : H — H satisfying

(a) Ph e S for every h € H, and Ph = h if h € S (and therefore P? = P), and
(b) (Pg,h) = (g, Ph) for every g, h € H (i.e., P is self-adjoint).

Now let g = f — Pf. If g =0 then f = Pf € S, contradicting the fact that f ¢ S. Hence
g # 0. Since f,, € S, we have Pf, = f,. Therefore,

Thus the nonzero element ¢ is orthogonal to every element f,. Hence statement (b) is
false. O



BANACH AND HILBERT SPACE REVIEW 7

4. OPERATORS, FUNCTIONALS, AND THE DUAL SPACE

An operator is a function T' that maps one vector space X into another vector space Y
(often, an “operator” is required to be a linear mapping). We write 7 : X — Y to mean
that T is a function with domain X and range contained in Y.

Definition 4.1 (Notation for Operators). Let X, Y be normed linear spaces, and suppose
that T: X — Y. We write either T'(x) or Tz to denote the image of an element x € X.

(a) T is linear if T(ax + By) = oT'(x) + ST (y) for every z, y € X and «, 8 € C.

(b) T is ingective if T'(x) = T'(y) implies x = y.

(c) The kernel or nullspace of T is ker(T) = {z € X : T'(x) = 0}.

(c¢) The range of T is range(T) ={T(z): x € X}.

(d) The rank of T is the vector space dimension of its range, i.e., rank(7") = dim(range(7')).
In particular, T is finite-rank if range(T') is finite-dimensional.

(d) T is surjective if range(T) =Y.

(e) T is a bijection if it is both injective and surjective.

Definition 4.2 (Continuous and Bounded Operators). Assume that X and Y are normed
linear spaces, and that 7': X — Y is an operator. We use || - || x to denote the norm on the
space X, and || - ||y to denote the norm on Y.

(a) T is continuous if f, — f implies T'(f,) — T(f), i.e., if
T f = fullx =0 — T [T() ~ T(f)ly =0.
(b) T is bounded if there is a finite real number C so that ||T(f)|ly < C||f||x for every

f € X. The smallest such C'is called the operator norm of T and is denoted by ||T°]].
That is, ||T]| is the smallest number such that

vieX, (Tfly < ITIIfllx-
We have the equalities

171 = sup EDY o iy = swp 1T
20 | fllx £l <1 Ifllx=1

(c) For linear operators T' we have the fundamental fact that continuity and boundedness
are equivalent, i.e.,

T is continuous <= 7T is bounded.

Definition 4.3 (Linear Functionals). A functional is an operator whose range is the space
of scalars C. In other words, a functional is a mapping T: X — C, so T(f) is a number
for every f € X. If T is a linear functional, then we know that it is continuous if and
only if it is bounded. Hence the terms “continuous linear functional” and “bounded linear
functional” are interchangeable. Also note that since T'(f) is a scalar, the norm of T'(f)
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is just its absolute value |T'(f)|. Hence the norm of a linear functional 7" is given by the

formulas TP
17 = sup = sup [T(f)] = sup [T(f)],
I#0 11l x [I£1lx <1 £l x=1

and ||T'|| is the smallest number such that
vieX, [THI < T

Example 4.4 (The Delta Functional). We can define a linear functional 6 on Cy(R) by the

formula
6(f) = f(0).

It is a functional because 0(f) = f(0) is a number for every f. It is easy to see that ¢ is
linear.

Let’s show that 0 is a continuous linear functional. To do this, we show that ¢ is bounded.
Recall that Cy(R) is a Banach space under the L* norm. So, suppose that f € Cy(R) and
that ||f||.c = 1. Because f is a continuous function its essential supremum is an actual
supremum, i.e., || f|| = sup |f(z)|. Hence,

1F(O)] < sup|f(z)| = [Iflle = 1.
zeR
Therefore,
[0l = sup [6(f)] = sup [f(O)] < sup 1 =1
[l flloc=1 [l flloo=1 [l flloc=1

Thus 0 is a bounded linear functional on Cy(R), and its norm is at most 1. In fact we have
19]| = 1, since we can easily find a function f € Cy(R) such that f(0) =1 and || f]|~ = 1.

Example 4.5 (Linear Functionals by Integration). Consider the case X = LP(R). Recall
Hélder’s Inequality: if f € LP(R) and g € L (R) where p’ is such that % +I% = 1, then
fg € LY(R), and
gl < A lp llglly-
For example, if p =1 then p’ = oo, if p =2 then p’ = 2, and if p = oo then p’ = 1.
Now let g € L¥ (R) be a fixed function. Then because of Hélder’s inequality, we can define
a functional T, : LP(R) — C by the formula

T,(f) = / f(2) 9(x) da.

Holder’s inequality tells us that

Ty(f)] < /le(fﬁ)llg(iv)ldﬂf = |Ifglls < IIfllp gl
Therefore T}, is bounded, with

[Tl = sup [T(f)] < llglly < oo
=1
In fact, we actually have ||T,|| = |||, Fach function g € L¥(R) determines a continuous

linear functional T, on LP(R).
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Because the formula for T, looks just like the definition of the inner product on L*(R), we
often use the same notation. That is, we write

T,(f) = (f.9) = / f(2) 9(@) de. (4.1)

However, you should remember that, unlike the L? case, the functions f and g are coming
from different places: f € LP(R) while g € L” (R). Thus, the notation (f, g) in (4.1) is not
a true inner product except in the special case p = p’ = 2.

Because of this example, we often abuse the inner product notation and use it represent
the action of arbitrary linear functionals 7': X — C. That is, we often write (f, T') instead

of T(f).

Definition 4.6 (Dual Spaces). If X is a normed linear space then its dual space is the set
of all continuous linear functionals with domain X. The dual space is usually denoted by
either X’ or X*. In other words,

X* = {T: X — C : T is continuous and linear}.

The dual space is a Banach space, even if X is only a normed space.

Example 4.7 (Dual of LP(R)). We've already seen that every function g € L” (R) determines
a continuous linear functional 7, on LP(R). We usually “identify” ¢ with 7},. In other words,
because each g determines a unique T}, we say that a function g € LP(R) “is” a continuous
linear functional on LP(R), and so each g € LP'(R) “is” an element of the dual space of

LP(R). In this sense, we write
LF(R) c (LP(R))*, for1<p< oo.

In fact, there is more to the story. When 1 < p < oo, Holder’s inequality can be refined to
show that every bounded linear functional on LP(R) comes from integration against a unique
function in LP (R). That is, every continuous linear functional 7': LP(R) — C is equal to 7,
for some unique g € L” (R). Thus, we actually have

(LP(R))* = LP(R), for1<p < oo.

This equality fails for p = oo, i.e., (L®(R))* # L'(R), because there exist continuous linear
functionals on L>(R) that are not given by integration against an L' function.

Example 4.8 (Hilbert space duals). Consider the Hilbert space case of the preceding ex-
ample, i.e., the case p = 2. In this case we have p = p’ = 2, and therefore (L*(R))* = L*(R).
This fact is true for every Hilbert space: i.e., if H is a Hilbert space then H* = H. Only
Hilbert spaces are self-dual.

Example 4.9 (Reflexivity). Note the following: since (p’)’ = p, we have
l<p<oo = (LP(R))* =L”(R)and (L* (R))* = LP(R).

However,

p=1 = (L'(R))" = L*(R)and (L*(R))" # L'(R).
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Therefore LP(R) for 1 < p < oo is said to be reflezive, while L'(R) is not. A general Banach
space X is reflexive if (X*)* = X.

5. ADJOINTS

Definition 5.1 (Adjoints). Let X and Y be Banach spaces, and let S: X — Y be a bounded
linear operator. Fix an element g* € Y*, and define a functional f*: X — F by

(f.17) = (8f97), feX

Then f* is linear since S and ¢g* are linear. Further,

(PN = KSF g0 < ISFlly lg™lly-,
SO

L/ = sup [, /1 < lgtlly- sup [[SFlly = llg"]

Ifllx=1 Ifllx=1
Hence f* is bounded, so f* € X*. Thus, for each g* € Y* we have defined a functional
f* € X*. Therefore, we can define an operator S*: Y* — X* by setting S*(¢*) = f*. This
mapping S* is linear, and by (5.1) we have

S| < oc. (5.1)

Y*

157 = sup [IS™(g)l[x- = sup [[f*lx- < sup |lg"[ly- [|S]] = [I5]]-
llg*lly==1 llg*lly==1 llg*[ly ==L
In fact, it is true that ||S*|| = ||S||. This operator S* is called the adjoint of S.
The fundamental property of the adjoint can be restated as follows: S* : Y* — X* is the

unique mapping which satisfies

VieX, Vg eY", (Sfg") = (f,5(9)). (5.2)

Y*

Remark 5.2. Assume that X = H and Y = K are Hilbert spaces. Then H = H* and
K = K*. Therefore, if S: H — K then its adjoint S* maps K back to H. Moreover, by
(5.2), the adjoint S*: K — H is the unique mapping which satisfies

VfeH VYgeK, (Sf,g) = (f,S"g). (5.3)
We make the following further definitions specifically for operators S: H — H which map
a Hilbert space H into itself.
Definition 5.3. Let H be a Hilbert space.
(a) S: H — H is self-adjoint if S = S*. By (5.3),
S is self-adjoint — Vf,geH, (Sf g = (f S9).
It can be shown that if S is self-adjoint, then (Sf, f) is real for every f, and

1Sl = sup [(Sf, )l
lIfll=1
(b) S: H — H is positive, denoted S > 0, if (Sf, f) is real and (Sf, f) > 0 for every
f € H. It can be shown that a positive operator on a complex Hilbert space is
self-adjoint.
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(¢) S: H — H is positive definite, denoted S > 0, if (Sf, f) is real and (Sf, f) > 0 for
every f # 0.

(d) If S, T: H— H, then we write S > T if S —T > 0. Similarly, S > T if S —T > 0.

As an example, consider the finite-dimensional Hilbert spaces H = C" and K = C™. A
linear operator S: C* — C™ is simply an m x n matrix with complex entries, and its adjoint
S*: C™ — C" is simply the n x m matrix given by the conjugate transpose of S. In this
case, the matrix S* is often called the Hermitian of the matrix S, i.e., S* = SH = ST,

6. COMPACT OPERATORS

In this section we consider compact operators. We will focus on operators on Hilbert
spaces, although compact operators on Banach spaces are equally important.

Definition 6.1 (Compact Operator). Let H, K be Hilbert spaces. A linear operator
T: H — K is compact if for every sequence of functions {f,},eny in the unit ball of H
(i.e., || fnll2 <1 for all n), there is a subsequence { f,, }ren such that {T'f,,, }ren converges in

Theorem 6.2 (Properties of Compact Operators). Let H, K be Hilbert spaces, and let
T: H— K be linear.

(a) If T'is compact, then it is bounded.
(b) If T"is bounded and has finite rank, then T is compact.

(¢) f T,,: H — K are compact and T,, — T in operator norm, i.e., lim,,_,, ||77—T,|| = 0,
then T' is compact.

(d) T is compact if and only if there exist bounded, finite-rank operators T;,: H — K
such that T,, — T in operator norm.

Theorem 6.3 (Compositions and Compact Operators). Let Hy, Hy, H3 be Hilbert spaces.

(a) If A: Hi — H; is bounded and T: Hy — Hj is compact, then TA: H; — Hj is
compact.

(b) If T: Hy — Hy is compact and A: Hy — Hj is bounded, then AT: H; — Hj is
compact.

The following is a fundamental result for operators that are both compact and self-adjoint.

Theorem 6.4 (Spectral Theorem for Compact Self-Adjoint Operators). Let H be a Hilbert
space, and let T: H — H be compact and self-adjoint. Then there exist nonzero real
numbers {A,}ncs, either finitely many or A, — 0 if infinitely many, and an orthonormal
basis {e, }nes of range(T), such that

Tf = Z)\n<f,€n>€n, fEH

neJ
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Each )\, is an eigenvalue of T, and each e, is a corresponding eigenvector. If T is a positive
operator, then A, > 0 for each n € J.

Definition 6.5 (Singular Numbers). Let T: H — H be an arbitrary compact operator
on a Hilbert space H. Then T*T and T'T* are both compact and self-adjoint, and in fact
are positive operators. In particular, by the Spectral Theorem, there exists an orthonormal
sequence {e, }nes and corresponding positive real numbers {j, }nes such that

T*T.f = Z,un <f>€n> €n, JeH
neJ

(a) The singular numbers of T are s, = ,ui/ ?. The vectors e, are the singular vectors

of T
(b) Given 1 < p < o0, the Schatten class Z,, consists of all compact operators T': H — H

such that
1/p
1Tl = (Z sgg) -
neJ
(c) We say that T is a Hilbert-Schmidt operator if T € I, i.e., if Y ;52 < oo.

(d) We say that T"is a trace-class operator if T € Iy, i.e., if Y _ s, < 00.

In particular, if 7" is compact and self-adjoint, then the singular numbers are simply the
absolute values of the eigenvalues, i.e., s, = |\,|. By the Spectral Theorem, we must have
s, — 0, and the definition of the Schatten classes simply quantifies the rate of convergence
to zero.

As an example, consider an integral operator on L*(R), formally defined by the rule

Lf(z) = / k(. y) F(y) dy. (6.1)

where k is a fixed measurable function on R?, called the kernel of L (not to be confused with
nullspace of L). The following result summarizes some properties of integral operators

Theorem 6.6 (Integral Operators). Let k: R? — R be measurable, and let L be formally
defined by (6.1).

(a) If k € L*(R?) then L is a bounded and compact mapping of L?(R) into itself, and
1] < []]2-

(b) L is a Hilbert—Schmidt operator if and only if & € L?(R?). In this case,
1/2
Il = el = (252)
neJ

(c) The adjoint L* is the integral operator whose kernel is k(y,z). In particular, L is
self-adjoint if and only if k(z,y) = k(y, z).




