Hints and Solution Sketches for Exercises and
Additional Problems

Exercises from Chapter 1

1.8 Hint: The Lebesgue Dominated Convergence Theorem.

1.14 Hint: (c) First prove the result assuming that f € C.(R), so f is uni-
formly continuous. Then use the fact that C.(R) is dense in LP(R) for p finite
to approximate an arbitrary LP(R) function by a function in C.(R).

1.16 Hint: Show that |e*™™* —1| < max{2, 2r|nz|} (see the “proof by picture”
in Figure 1.8). Hence, for any = we have |e?™"* —1| — 0 as 7 — 0. For p < oo,
apply the Lebesgue Dominated Convergence Theorem.

1.23 Hints: (a) Here are three approaches, all variations on the same theme.
First, show that

(Fr0@l < [(15)] ot =) otz =) ay

and apply Holder’s Inequality with exponents p and p’ to the two factors.
Second, recall that

I1f *gll, = sup{|(f* g, )| : |hll,y = 1}.
Show that
(Frgt)l < [ 17 (Tl b)) do,

and apply Hélder’s Inequality to (|T,gl, |h[).
Third, write out || f * g||, as an iterated integral, and apply Minkowski’s
Integral Inequality (Problem B.8).

(b) Show that

1_1
q T

gle— )" ay,

(0@l < [ (1" lote - 0") 1P
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and apply Holder’s Inequality for a product of three functions (see Prob-
lem B.12) using exponents r, p1, p2, where

1 1 1 1

1
o p o P2 q

S| =

1.32 Hints: (a) To follow the method of Theorem 1.29, show uniform con-
tinuity directly by using Holder’s Inequality and the fact that translation is
strongly continuous on L?'(R).

To follow the method of Exercise 1.31, use the fact that 1 < p < oo implies
1 < p' < 00, and hence C,(R) is dense in both LP(R) and L¥'(R).

(b) For a counterexample, consider g identically 1.

1.33 Solution sketch for m = 1. We have that

(fxg)x+h)=(f*xg)(= glx+h—-y)—g(r—y)
h /f o dy.

The integrand converges pointwise a.e. to f(y) ¢'(x — y) as h — 0. Use the
Mean Value Theorem to show that, as a function of y,

o) LRI ZIEZD] ) o € LR)

Then apply the Lebesgue Dominated Convergence Theorem.

1.37 Hint: Show that if g(¢) # 0 for a.e. £ then g ¢ g * L' (R) (examples are
the Dirichlet function d or the Gaussian function g(z) = e~%").

1.46 Hint: Apply an argument similar to the one used in Theorem 1.45,
using the fact that Theorem B.90 implies that the Fundamental Theorem of
Calculus holds for g on every interval [a, b].

1.52 Hints: Apply Holder’s Inequality to

J156@) = £ = Ol ka7 (0 .

or apply Minkowski’s Integral Inequality.
1.53 Hint: Show that

1f = Fohalloe < /||f—th||oo|kA<t>|dt,

and then split the integral into |¢| < & and |t| > 4.

1.54 Hints: For the last part of the problem, by Exercise 1.32 we know that
f * kx will be uniformly continuous on R. Show that if f % kyx — f uniformly
on R, then f is uniformly continuous. However, not every element of Cy(R) is

uniformly continuous, e.g., consider f(x) = sin z?2.
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1.61 Hints: (a) = (b). Choose f € J and g € L'(R). If f*g ¢ J then
by the Hahn-Banach Theorem there exists ¢ € L*(R)* = L*°(R) such that
(h,p) =0 for all h € J while (f % g, ) # 0.

(b) = (a). Let {kx}a>0 be an approximate identity, and consider T, f * k.

1.62 Hints: Show that J is translation-invariant and hence is an ideal.
For the opposite inclusion, consider T,g * ky where {ky}>0 is an approx-
imate identity.

1.64 Hints: By making a change of variables, using the half-angle formula
sin?z = (1 — cos2x)/2, and integration by parts, show that

. 2 R _:
/w = /<Sm7m) dr = lim l/ S dx.
T R—oo T —R X

Note that while Si‘;w is not an integrable function, the improper Riemann

integral fooo SIRT gz does exist, and equals Z (see Problem B.17).

1.77 Hints: (b) Take the Fourier transform of f; and make the change of
variables n = 2wk€.

(c) Since f, fAk € L'(R), the Inversion Theorem applies.
1.78 Hints: (a) Even though 522 is not integrable, show that

T
bgina
dr| < oo.
e T

Then use the fact that f is odd to write f(£) = 2i I;° f(x) sin(2w&x) da. Sub-
stitute this into } flb % d¢ }, and use Fubini’s Theorem to justify interchanging

K = sup
0<a<b<oo

the integrals. Show that K ||f||1 is a bound for the desired supremum.

1.85 Hint: (c) Write @(0)* = ([ e~ dz) (f eV’ dy), and switch to polar
coordinates.

1.88 Hint: Break into intervals |z|] < 1 and |z| > 1. For the latter, write

[f™(@)] = |22 £ (2)] /122

\% .
1.102 Hint: Xn(z) is a geometric series in the variable w = 2™,

1.104 Hints: Note that ;CN(‘T) = EfL_N e2mn@  Uge Exercise 1.72 to write
7 S n| ;C(:C)-i-—i-)v( (x)
%% = (1 _ —) 2mine  _ 0 N '
V() _z_: N+1/¢ N+1
Now substitute
v sin(2n + 1)mz e@n+l)miz _ ,—(2n41)miz

Xn(x) = sin Tz - et _ g—miw ’
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and simplify the resulting geometric series.

1.107 Hint: To obtain the lower estimate, use the fact that |sinz| < |z| and
make a change of variables to write

1 12 | in(2N + 1
= ldnll > / de
2 0 ||

N+3 | sin 7|
= dx
/0 |

For the upper estimate, note that

f@) = ————

sintxr wx

is odd and increasing on [—1/2,1/2]. Consequently,
1 1 2 1
%S—-l-(l——), lz| < .
| sin 72| m|x] T 2

Hence

1 12 |sin(2N + 1 2\ [V/?
5 lldnlly < / [sin@N + Dmal |y (1_—)/ |sin(2N + 1)7z| da
0 Q0 0

|

IN

/NJr% |sin7r,r| dr + (1_ z) 1
0

x| )2

. /1 sin T i + li/lﬁl | sin 7| dr + (l_l)
0 T T = i m|x] 2

1.108 Hint: To show [wy =1, use the form

wy(z) = Z (1—]\)711)62”"1.

n=—N

To show requirement (c¢) in the definition of approximate identity, use the
form

wn(z) = 1 (sin(N + 1)71'17)2'

N +1
1.109 Hint: Compare Theorem 1.51.

1.117 Hints: (b) = (c). S&f = Snf — (V) e2™iNe,
(d) = (e). ZSztvf(I) = Sy f(x) — Sy f*(—x), where f*(z) = f(—=).

sinmx
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() = (). 285 = Sonf +iSkf + F(0) = =Sk Sk f +iSkf +2 f(0).

1.125 Hint: To show f(n) and &(n) are equal, use the periodicity of the
exponentials, specifically, 2™ (#+m) = 2mnT for ¢ 7,

Additional Problems from Chapter 1
1.2 Remark: To say that a function f € L'(R) is even means that there is
an even function g such that f =g a.e.

1.4 Hint: Fix £ and let a = e 2™ be the complex number of modulus 1 such

~ ~ o~

that |f(€)] = af(€). Then consider f(0) — |f(&)].

1.5 Remark. For z ¢ Z, the Gamma function satisfies the functional equation
I'(z)I'(z—1) sinmz = .

However, sinmz # 0 when z ¢ Z, so I'(z) # 0 for z ¢ Z. Also, for z =n € N

we have I'(n) = (n — 1)! # 0. Hence I'(z) # 0 for all z for which it is defined.

1.6 Hint: Lusin’s Theorem.

1.8 Hints: [e 2" dy = (7/2)"/2 and [y2e~2" dy = (x/2)Y/2/4.

1.11 Hint: Set f(p) = In A2 and show that

fp) = =@ -@-2hp 0 2-2lpt(p-1)

P p?

Conclude from this that f has critical points at

e teve? —4

5 ~ 1.19243, 6.19662.

1.12 Hint: Consider

fa) = Tl " gw) = Tl
1, |z <1, 1

|| > e,

, , lz| <e.

Then f € LP(R) for p > 1 and g € Cy(R), but (f * g)(z) = oo for every z.

1.18 Hints: (a) Show that Xg * X_g € Co(R).

(b) E cannot have zero measure because Urcq (E + 1) = R.

(c) Suppose that |Al. > 0, and let E be as in part (b). Let A, = AN(E+7)
for r € Q. Then the A, are disjoint sets whose union is A. Use part (b) to
show that if A, is measurable then it must have measure zero.
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1.19 Hint: (a) Write f = 2f0 cos(6mx) cos(2méx) dx, and apply a
trigonometric identity to rewrlte the integrand as a sum of two cosines. Al-
ternatively, write f = %Mﬁﬂ-X[_l/g)l/Q] - %M,GT,X[_l/g)l/g], use the duality
between modulation and translation together with Exercise 1.7 to compute f,
and apply trig identities.

1.20 Let g(x) = ™" X[9,00)(2), and observe that f'(z) = g(x) — f(x).

1.22 Hint: To show P is unbounded, consider f, = X[ n41]- To show M is
unbounded, consider f,(z) = n'/? f(nz) for an appropriate f.

1.25 Hint: If [k =0, let m € L'(R) be any function such that [m =1, and
consider that both {(k +m)x}x>0 and {my}r>o are approximate identities.

1.26 Hint: g * k) belongs to g * L'(R).

1.29 Hint: Note that the Inversion Formula is not applicable. Instead, con-
sider the Fourier transform of g(z) = (f(z)+ f(—x))/2 and apply the Unique-
ness Theorem.

1.30 Hint: Show that the Inversion Formula applies to f(z) = e~27I#I (con-

~

sider Problem 1.1), and that it also applies to X[_1/2,1/2) * f. Use this to relate
the integral in question to (X[_1/2,1/2] * f)(1/2)

1.32 Hint: Suppose that Zﬁ;l T,,9 = 0 a.e. Take the Fourier transform of
both sides, and consider the fact that a nontrivial trigonometric polynomial
can have only countably many zeros (see Section F.3).

1.33 Hint: (b) Use the Inversion Formula to write f(z + h) — f(z) as an

integral involving f, and then estimate the integral by breaking it into the
regions where || < 1/]h| and [¢] > 1/|h].

1.36 Hints: (b) Either compute directly, or show that (11 B, — B,)" = EZL
and apply the Uniqueness Theorem. Note that X = T} /5X[_1/2,1/2], 50 X(§) =

M_, )2d-(§) = e~ i %, and therefore you can write an explicit formula for

By (9).

(c) Use the Inversion Formula to show that the decay of B; in frequency
implies that B,, must be smooth in the time variable. To show that Bflnfl) is
piecewise linear, use the relation proved in part (b).

(d) Note that X(x) = X(2z) + X(2z — 1). Let ¢ = ¢1 = 1 and set ¢, =0
for all other k. Show that (X * X)(z) = 1 3, ., (c* )i (X % X)(2z — k), where
¢ x ¢ is the discrete convolution of the sequence ¢ = (ci)gez with itself (see
Definition 1.38). Note that ¢ * ¢ has only three nonzero terms.

1.39 Hint: Show that the technique of Exercise 1.85 carries over to complex
parameters.
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1.41 Hint: Justify the equality (f x ¢x)(0) = (f #x)""(0), and consider
iminfa oo fies 5 F(€) B (6) de.

1.42 Hint: §(€) = (4n€)/(1 + 4n%€2).
1.44 Hint: Apply the product rule (fg)™ = E?:o (?) fU) gln=a),

1.46 Hint: Let K € C2°(R) be such that K(0) = 1, and construct an approx-
imate identity from k = (K)".

1.48 Hints: (a) Suppose that &1, £ are distinct characters on G. Then there
exists an = € G such that & (z) # &(x). Let 2z = & (x) &(z) L. Since |2] = 1,
we can write z = €27 Show that if z is a root of unity, i.e.,  is rational,
then there exists an m such that |z™ — 1| > V/3. On the other hand, if 0
is irrational, then Weyl’s Equidistribution Theorem implies that {z™},,ez is
dense in S*.

(b) Since the topology on G is induced from a norm, all open balls B, &) =
{neG:|&—nle <r} are open subsets of G.

1.49 Hint: (a) Haar measure is translation-invariant.

1.54 Hint: The Fourier coefficients are

~ 0, n even,
fn) = {—(Qi)/(ﬂn), n odd.

1.55 Hint: (b) Apply the Plancherel formula to f’ and use part (a).

1.56 Hints: (b) Suppose that f € A(T). For each n € Z, let g,, be any complex
number such that g2 = f(n). Then (gn)nez € €*(Z), s0 g(x) = 3, c7 gn €™""
belongs to L?(T). Show that g * g = f.

(c) For each N € N, define

o0

Fv = {ream: Y [l <

n=—oo

so A(T) = UFy. Show that each Fi is a closed subset of C(T). Since A(T)
is a dense subspace C(T), it contains no open subsets of C(T). Therefore, Fiy
contains no interior points, so is nowhere dense, and consequently A(R) is
meager.

1.57 Hint: (b) Let fu(z) = xe*™ ™. If {f,}nez was a Schauder ba-
sis, then there would be a finite constant C' (its basis constant) such that
1< |fullz llgnllz < 2C for all n (see Exercise C.108).



