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Abstra ct. We shaowv that multilinear pseuddli erential operators with symbols
in the modulation spaceM ! ‘1 are bounded on products of modulation spaces.
In particular, M * ! includes non-smaoth symbols. Sewral multilinear Calderon{
Vaillancourt-t ype theoremsare then obtained by using certain embeddings of clas-
sical function spacesinto modulation spaces.

1. Intr oduction

The study of multilinear operators has beenactively pursuedin recen yearsdue
to their many applicationsin linear and nonlinear partial di erential equations. For
example,it it known that the formal solutionsto certain ewlution equationsreduce
to in nite sumsof multilinear pseuddli erential operators;see[7] and the references
therein. The simplestexampleof a multilinear operator is the pointwise product of n
functions, and in this caseHelder's inequality regulatesthe boundednesgproperties
on Lebesguespaces.In this paper we addressthe question of how much of Helder's
inequality carries over to the much more complicated class of general multilinear
pseuddli erential operators.

An m-linear pseuddli erential operator is de ned a priori through its (distribu-
tional) synbol to bethe mapping T from the m-fold product of Schwartz spaces
S(RY) S(RY) into the spaceSYRY) of tempered distributions given by the
formula

= s wrn i) f(m@X 0T T dy de (1)
(RO)m
for f1;:::;fm 2 S(RY). The pointwise product f;  f, correspndsto the case
1.

Various authors have searted for su cient (nontrivial) conditionson that guar-
antee the boundednessof T on products of appropriately chosenBanadh spaces.
For instance, by using wavelet decompositions and a multilinear version of Sdwr's
test, Grafakosand Torres[13]have obtainedresultson Besw-Triebel-Lizorkin spaces.
For other results, including the boundednessof multilinear Hermander-Mihlin and
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Marcinkiewicz multipliers, that useclassicalharmonic analysistechniques, see,e.g.,
[6], [12], [14]. Another line of investigation usesthe classof modulation spacesbhoth
as symbols and as the underlying Banad spaceson which a multilinear pseuddalif-
ferertial operator acts. The modulation spaces gure implicitly in the analysis of
linear pseuddli erential operators presettied in [3], [19], [24]. The paper [17] explic-
ity recognizedthe spaceM ! }(R?%) asthe appropriate symbol classto establishthe
boundednesof T = (X;D) actingon MP(RY, 1 p 1, includingM? = L2
as a special case. Further dewlopmerts using modulation spaceshave since been
obtained in [5], [15], [18], [21], [22], [25]. The analogousinvestigation of multilinear
pseuddli erential operatorson modulation spacesvasinitiated in [2] and is certainly
only in its infancy.

We will investigatethe boundednes®f multilinear pseudali erential operatorson
products of modulation spaces. As our symbol classwe use the modulation space
M 1 L(RMD D) This modulation spacecan be seenas a useful and conceptually
simple extensionof the standard symbol classSg,,. In particular, M * ** includesnon-
smooth symbols. Our main result shovsthat an m-linear pseudali erential operator
T with symbol 2 M 11(RMD ) js bounded on modulation spaceswith indices
that obey arelation similar to Helder'sinequality. In cortrast to pure analysisresults
which would usedecomposition techniques, Scwur's test, or Cotlar's Lemma, we will
usetoolsdewelopedin time-frequencyanalysis,especially techniquesdewelopedin [15,
Ch. 14] and [18]. Further, by using somerecen enbeddingstheoremsfrom [23], we
can state new boundednessesults on products of certain Besw spaces.

While concrete boundednessproblems are rarely easyto deal with, the bilinear
or multilinear caseo ers additional di culties. To give an example of these new
problems, considerthe classicalsymbol classSg, consistingof those which satisfy
estimatesof the form

Q@ (x; )j C, ; 8 ; 0: (2

A classicalresult of Calderon and Vaillancourt [4] assertsthat the correspnding
linear pseuddli erential operator T is boundedon L2(RY). In the bilinear case,
howeer, the analogousclassof synbols which satisfy the conditions

jQe@ (x; ;)i C. .; 8 ; ; 0; 3

doesnot necessarilyyield boundedoperatorsfrom L2 L2 into L*, unlessadditional
size conditions are imposedon the synbols; see[1]. Howewer, as a consequencef
our main result we will shav that the Calderon{Vaillancourt-like condition (3) does
yield boundednessrom L? L? into a modulation spacethat cortains L*.

Our conditionsshouldalsobe comparedto atypical hard analysisresult of Coifman
and Meyer [6, Thm. 12]: If the symbol of a bilinear pseuddi erential operator
satis es the conditions

je@ (x; ;)j C. (4)
and
@@ (x% ;) @@ (x ;)i C.jx° X (5)
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for all 0 and some > 0, then the correspnding operator is bounded on
products of certain Lebesguespaces.It turns out that conditions (4) and (5) are not
comparableto the condition 2 M ! ‘1; neither set of conditions implies the other.

Our paper is organizedas follows. In Section 2 we set the notation, de ne the
modulation spacesand collect someof their basicpropertiesand the embeddingsthat
will be neededlater on. The main results are then stated and proved in Section 3,
and someapplications of theseresults are obtained in Section4.

2. Not ation and Preliminaries

2.1. General notation. Translationand modulation of a function f with domainR¢
are, respectively, T,f (t) = fFét x) and Mf (t) = € Y 'f(t). The inner product
f,g2 L*RY is ;g = Rdf(t)@dt, and the same notation is used for the
extensi(ggof the inner product to S° S. The Fourier transform of f 2 L'(RY) is
)= f(t)e 2 dt.

The Short-Time Fourier Transform (STFT) of a function f with respect to a win-
dow g is

Z
Vof (y) = My Tgi = e ?Vigt x)f()dt  (xy) 2 R*,
Rd

wheneer the integral makessense. If g2 S and f 2 S°then V4f is a uniformly
cortinuous function on R4, One important technical tool is the extendedisometry
property of the STFT [15, (14.31)]: If 2 S(RY), k k.2 = 1, then

H:hi=h f;Vhi 8f 2S%h2sS: (6)

A secondimportant tool is the fundamertal identity V,f (x;y) = e 2 ngTA(y; X).
We let LP9(R?) be the mixed-norm Lebesguespacede ned by the norm
Z Z o=p 1=q
Kf K_pa = if (x;y)jPdx dy ;
Rd Rd
with the usual adjustmert if p or g is in nite, and we usea similar notation for the
mixed-norm sequencespaces P9,

2.2. Mo dulation spaces. Given1l p;q 1, andgivena xed, nonzerowindow
function g 2 S(RY), the modulation spaceM P9(RY) consistsof all distributions
f 2 SYRY) for which the following norm is nite:
Z Z o=p 1=q
kf kM pg = ; ) Jng (X, y)jpdx dy = ngf k|_p;q ; (7)
R R
with the usual modi cations if p or q arein nite. Note that M 22 = 2,

We refer to [15] for a detailed description of the theory of modulation spacesand
their weighted courterparts. In particular, M P9 is a Banad space,and any nonzero
function 2 M %1 can be substituted for g in (7) to de ne an equivalert norm for
M P4, The Schwartz classis densein M P9 forall p, g< 1 .
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Forl p;q< 1, the dualof M Pdis M P where?+ 5= 1+ L =1 Todeal
with duality properly in the casesp= 1 or g= 1 , we introducethe following new
related modulation spaces.

De nition  2.1. Let L°(R?Y) denotethe spaceof bounded, measurablefunctions on
R2d which vanish at in nit y. We de ne

M %9(RY = ff 2 M1 9RY :Vf 2 L°(R¥)g, 1 qg<1;
MPORY) = ff 2 MPL (RY:V,f 2L°%R*)g 1 p<1;
M ORI =ff 2 M (RY):V,f 2 LOR™g;

equipped with the normsof M 19 M PL "and M 11 | respectively.

Though not yet explicitly mertioned in the literature, we will seethat thesespaces
are useful for the treatment of end-point results and in the study of compactness
properties of pseudali erential operators. The following properties are easily estab-
lished.

Lemma 2.2.

(@) M %9 isthe M ! ‘9-closureof S in M ! 9, henceis a closedsubspaceof M * 9,
Likewise,M P9 is the M P! -closureof S in M P! | and M % is the closureof
Sin the M * 1 -norm.
(b) The following duality results hold for 1 p;gq < 1: (M %90 = M L,
(M p;0)0: M po;l, and (M 0;0)0: M L1
Proof. Statemen (a) is proved exactly as[15, Prop. 11.3.4],and (b) can be obtained

by a modi cation of [15 Thm. 11.3.6]. Both statemeris can also be seenas special
casesof the coorbit spacetheory dewelopedin [8].

Using these spaceswe can prove that the following compactnesgesult for linear
pseuddli erential operatorsis a corollary of the boundednesgesult for the synbol
classM ! i1, Other compactnesgesults have beenobtained by Labate in [22].

Prop osition 2.3. If 2 M ®1(R?), then T is a compact mapping of M P9 into
itself forall1 p;q 1.

Proof. Assume rst that 2 S(R?!). Then we canwrite T asan integral operator
with kernelk 2 S(R?). Let 2 MYY(RY and , > 0besud that f ,Qenoze IS
a Parsewal Gabor frame for L?(RY), where v, = M T¢ . Thenf mn Gkomn 220
is a Parsewal Gabor frame for L?(R%), where cmn (X;¥Y) =  kn(X) m(y). Since
k2 MY we ther)e(fore have

X
k= K, wmnl kmns  With jhk; emnd] <1
k;;m;n k;*;m;n

and hence X

Tf= K emn i BB mi

k;";m;n

Sincethe ¢, are uniformly boundedin MP9-norm, it follows easily that T is a
compact mapping of M P9 into itself; in fact, T is nuclear.
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For the generalcase,if 2 M %1(R%) then by Lemma 2.2 there exists a sequence
n 2 S(R?) sud that k oKy 11! 0. By the boundednesgheorem for linear
pseuddali erential operatorswith symbols 2 M 11 [15 Thm. 14.5.2],the operator
norm canbeestimatedaskT T  Kypam »a  CK nkwm 1 1. Sincethe ideal of
compactoperatorsis closedin the operator norm, this impliesthat T is compacton
M P,

2.3. Embeddings. We concludethis section by listing a few embeddings proved
in [23]betweenLebesgueor Besw spacesand modulation spaces.Further enbeddings
and comparisonsof modulation spacewith standard spacesanbe foundin [16], [11],
[20],[29].

(@ By, LP MPPfors>0,1 p 2andl q 1;

(b) Bpq LP .OM PPfors>0,2 p 1 andl q 1;

(c) By, MPPfors>d=1 p 1.

3. Boundedness of Mul tilinear  Pseudodifferential Opera tors
Our main result is the following.

Theorem 3.1. If 2 M ! *}(RMD ) then the m-linear pseuddali erential operator

T dened by (1) extendsto a bounded operator from M P14 M Pm:m into
Po;d 1 1 -1 1 A 1 -
IC\)/I Oi"an]lenpl’f to-= 4+ +=m 1+ Fandl pig 1 for

Theorem3.1hasthe following intuitiv e explanation. Though not literally correct, it
isinstructive to think off 2 M P9 asbeingrepreseted by the statemert \f 2 LP and
f*2 L (for arigorouscomparisonof modulation spacesand Fourigy-Lebesguespaces
seethe embeddingsin [11]). Underthis analogy the rst condition p * = p,*isthe
condition requiredto estimgtethe pointwiseproduct f;  f, by Helder's inequality,
and the secondcondition g = m 1+ q? isthe condition neededto apply

Young'sinequality to the corvolution product fin. Thus, loosely speaking,
Theorem3.1 assertsthat the synbol classM ! ‘* yields multilinear operatorsT that
behave like pointwise multiplication with respect to both time and frequency

The proof of Theorem 3.1 requiressomepreparation. To compactify the notation,

let uswrite ~= (1;:::; m),d™=d; dn,etc. Thenforfq;:::;fm;g2 S(RY),
the action of T can be expresseddy the formula
Tfg =ZT (fuiinifm)i g
= Wity f(m @ 0T g d, d ndx
R(m+
= S Wn(gfyiinfm) = 5 We(g )

Win(gifuifm)O6 it m) = 900 fi( ) fm(m)e 2% =
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Remark 3.2. For m = 1, the Kohn-Nirenberg correspndencecan be written as
HT f;gi = h;Wi(g:f)i where Wy(g;f) = e 2 g(x)f( ) is the so-calledcross-
Ryhaczek distribution of f and g. Thus, one may think of W,, as a multilinear
version of the Ryhaczekdistribution.

The following multilinear \magic formula™ will be an important tool.

Lemma 3.3. Let( 0;7) = ( o; 1035 m) 2 (S(RY)™* begiven. Then for (fg) 2
(M 11 (RY))™ and (Up;t) = (Ug;Us;::isUm), (Vo;¥) = (VojVa;:iiiVy) 2 RMD
we have

Vi ( oi7 Wi (95 T)((Uo; &) (Vo; ¥))

. Y0
= ¢ Wollr *um)y/ glugiVo+ Up+  +Up) V. fi(Uuo+ vi;up): (8)
i=1
Proof. Note rst that Wy, ( o;7) 2 S(RM*D ). Assumethat we also had (f7 g) 2
(S(RY)™*1. Then the integral de ning the STFT Vv ( o9 Wm(g; ) corvergesab-
solutely, and hencethe following manipulations are justi ed:

Vi 0;~)sz(g;f7((uo;u);(VO;V))

= Wi (g, D)(x; ) e 2 1 MWL (o) (%) (Uost)) dxd™

R(m+1) d

Z

Yy
g(X) T/T( i)ezixpim:l iezi(XV0+Pim=1 i Vi)

R(m+1) d i=1

Yn N . Pm
o(X  Up) (0 up) e 1) s (ud gy g
i=1
— e2 Uo =1 Ui g()() fll\( i) O(X UO) i( i Ui)
R(M+1) d i=1 i1
_ P Yn .
e 2 ix (vor {1 u) e 2 1i(Uo+vi) gy g~

i=1

P,
=&l EHUV gugvet+r U Vafi(uip up w)

i=1 i=1
_eZiUOPimzlui . X . Y f TETAY
= V,9 Ug;Vo+ uj V fi(uo+ vi;ui);
i=1 i=1

and the result follows in this case.

Now assumethat (g;f) 2 (M X1 (R))™1. Thenwe haveg f} i 2
M 11 (R(MDd)  Sincepointwise multiplication by the \chirp” e 2 X (1* * m) Jeaves
M 11 invariant ([9] or [15 Thm. 12.1.3]),we nd that Wy, (g;f) 2 M 11 (R(M*1 d)
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aswell. Consequetly V, - Wn (g; 1) is a well-de ned, bounded, uniformly con-

tinuous function on R(m+1)GI

We prove the validity of the iderntity (8) by appraximation. Since S is weak -
densein M %1 | we can choose sequencesy, 2 S(RY) and f;, 2 (S(RY))™ sud
that (g.;f%) 1 (g;f) in M 11 . By cortinuity of tensor products and multipli-
cation by chirps, we obtain that W (gn:fh) | Wm(g;f) in M1 . Sinceweak -
convergenceof distributions is equivalert to uniform corvergenceof the STFT on
compact sets[8], we nd that Vi ( 0;..)Wm(gn;f”n) convergesuniformly on compact
setsto 0;~)Wm(g;f‘).

Similarly, for the right-hand sideof (8) weobtain that V ,g, ! V ,gandV (f,);!
V i uniformly on compact sets. Cf_pnseque}jy the right-hand S|de convergesuni-

formly to € Mo = UiV g(ug; Vo + i=1 ui) 1 V. fi(uo+ vi;u;). This provesthe
idertity in the generalcase

0,

Lemma 3.4. Let ( o;7) 2 (S(RY))™* be given. Assumethat &=+  + ;.- = -
andqll+ +qim:m 1+%,withl Po;p 1 forO i m. Then

KViy,, ( oy Wm (@i D)kize  CKfikyoias  kf Ky oman kgk

M pOCI ’
whene\er the right-hand sideis de ned.

Proof. Lemma 3.3 implies that for all (vo;%) 2 R(M*d we have

Z
( 1)djvwm( 0;~)Wm(g;m((uoiﬁ);(VO;V))j duo dut
R(m+
z U
= Vog(uo;v0+ Ui) Vifi(Uo+ Vi;Ui) dug dtt
ZR(m”) ‘ i=1 i=1
xn
) kV ,9(;vo+ uk g KV fi(ui)kee da = ();
Rm i=1 i=1

the Iast line following by applying Helder's inequality in the rst variable, sincepl1 +
+ L+ 510 = 1. Now write G(v) = kV ,g(;Vv)k 0 and Fi(u;) = kV fi(; uj)kpei .

pm Lpo
With this notation, KGk o = Kgk,, s34 and kFikpa = kf ik pia (more precisely a
di erent equivalert norm for M P A is usedfor ead i becauseof the di erent choice

of window functions), and we may rewrite the term ( ) above as

xn yn
()= G(vo + Ui) | Fi( u)da= (G Fy Fm)(Vo):
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Note that this expressionis independent of ¥. Applying now Young's inequality for
convolutions, sinceg-+  + ;- =m 1+ & we obtain

Om %
kVwm( 0;~)Wm(g;f')k|_1;1
Z
) e jVWm( 0?~)Wm(g;r)((u0;u); (Vo; %)) dug dut
(Vo:¥)2R(M+1) d  R(M+1) d
kG Fi Frmkyz

¥
kGkg  KFikea

i=1

C kgk 0.40 kf 1k|\/| p1:d1 kfmkM pmiam ,

M Po'd0
the constart C arising from the useof di erent windows to measurethe modulation
spacenorms.

We can now prove our main result.

Proof of Theorem 3.1. Let f; 2 M P4 be given, and let ¢; 1;:::; m 2 S(RY) be
xed sothat k k.. = 1for ead i. Then, using the extendedisometry property of
the STFT, Helder's inequality, and Lemma 3.4, for any g 2 M P5% we may estimate
that

JhT 5 gij ; Wi (9 T)
= V

W 07+ VW ( 0y Wi (G T)
kV,

W ( 0:7) k|_1 i1 kVWm( 0;~)Wm(g;f")k|_1;1
yn
Ck le;l kfikM Pi i kgk
i=1
If ;) < 1, then the duality properties of the modulation spacesimplies that
T 2 M Po% with the norm estimate

0.40 .
M Po'90

yn
KT f‘kM Poido Ck kM 151 kfikM Pi i -
i=1
If eitherpd= 1 ord= 1 or both, then wetakeg2 M %%, M P3%, or M %0 instead.
Again the duality stated in Lemma 2.2 then implies that T = 2 M Po:% with the
correct norm estimate, which completesthe proof.

4. Applica tions

In this nal sectionwe give someapplications of Theorem 3.1.

First we considerthat boundednes®f T from M PP M Pm:Pminto M Po:Po,
The required conditionson the exponerts p; and g then imply that we must necessar-
ily have m = 1, sincep; = g. Thus we recover the following boundednessondition
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for linear pseuddli erential operators, which, as explainedin the introduction, ex-
tends the classicalresult of Calderon and Vaillancourt.

Corollary 4.1. ([17, Theorem1.1))If 2 M !1(R?), thenT extendsto abounded
operator from M PPintoMPPforl p 1.

If instead we chooseq = p’for 1 i m, then the conditions of Theorem 3.1
yield gp = p3. Hencewe have the following.

Corollary 4.2. If 2M U RMVY)andl  po;py;:ii;pm 1 satisfy -+ +

== = 2 then T extendsto a bounded operator from M pLpd M PmPh into

M PoiPg.

Using the embedding (c) from Section 2.2 of Besw spacesinto the modulation
spaceswe obtain the following.

Corollary 4.3. Let 2 M1 Y(RMDA) andlet 1< po;ps;:::;pm < 1 begivenso

that p% + o+ pim = plo If s > 5"0 forl i m,thenT extendsto a bounded
I- -0
operator from B3, Bsr .., into M PoiPo,

It is tempting to seeka similar result for Lebesguespacesdy usingthe embedding
(&) from Section2.2. Howeer, in this casethe enbeddingsand the conditions of
Theorem 3.1 do not seemto lead to interesting results.

Next we considerthe multilinear Calderon{Vaillancourt classof symbols de ned
by the inequalities

Q@ @ (X 1 m) Cog o (9)
for all multindices ;, 0 i m up to a certain order. It was shown in [1] that
condition (9) doesnot necessarilyyield an operator T that is boundedfrom L? L?
into L, or more generally from LP L% into L" for %+ % = 2. Here the use of
the modulation space<lari es the situation. In particular, by applying Theorem3.1
with pp = pp = oo = p and M %2 = L? we seeby how much L? L? fails to be
mapped into L.

Corollary 4.4. If 2 M1(R%) then T mapsL? L?into M ¥ (in fact, into
M 19),

The relationship betweenM ! ‘* and the Calderon{Vaillancourt class(9) is illumi-
nated by the following embeddings.

Corollary 4.5. A synmbol belongsto M ! ! undergad of the following conditions:
(a) Equation (9) is satised for all j suhthat 7 j ;j m(d+ 1)+ 1.
(b) Equation (9) is satis ed for all ; sudithat j ;j d+ 1forj = 0;:::;m.
(c) Equation (9) is satis ed for all ; such that ; 2 f0;1; 2g°.
(d) 2 C3(RMDIY with s> (m+ 1)d.

In eat of thesecases;T extendsto a boundedoperator from M Pr:% M Pm :Gm
i Po;do 1 1 e 1 1 1 = 1 .
into M Whenpl+ tooT oyt tgoTmoo1+ qo,andl pi;g 1

forO i m.
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Proof. The embeddings (a) and (d) are well-known, see,e.qg., [15], [19], [23]. The
embeddings(b) and (c) are new, but their proofs are almost idertical to the proof
of [15, Thm. 14.5.3].

Remark 4.6. Finally, we comparemenbership of the symbol in M * 1(R3d) with the

requiremen that satisfy (4) and (5). Thesetwo conditionsare distinct, in the sense
that neither implies the other. The condition presened in this paper is more general
in the variables and , but too strong in the x-variable. We can easily construct
examplessatisfying one but not the other condition. For instance,considera symbol

of the form X

(X :)= aq)e )
P k;l2zd
with . jaq(X)] < 1 for all x. Choosing the coe cien ts suitably, we can make
2 M 11 but obviously doesnot satisfy the Coifman{Meyer conditions.

Acknowledgmen ts. The third author waspartially supported by NSF grant DMS-
0139261.
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