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Abstra ct. We show that multilinear pseudodi�eren tial operators with symbols
in the modulation spaceM 1 ;1 are bounded on products of modulation spaces.
In particular, M 1 ;1 includes non-smooth symbols. Several multilinear Calder�on{
Vaillancourt-t ype theoremsare then obtained by using certain embeddingsof clas-
sical function spacesinto modulation spaces.

1. Intr oduction

The study of multilinear operators has beenactively pursued in recent yearsdue
to their many applications in linear and nonlinear partial di�erential equations. For
example,it it known that the formal solutions to certain evolution equationsreduce
to in�nite sumsof multilinear pseudodi�erential operators;see[7] and the references
therein. The simplestexampleof a multilinear operator is the pointwiseproduct of n
functions, and in this caseH•older's inequality regulatesthe boundednessproperties
on Lebesguespaces.In this paper we addressthe questionof how much of H•older's
inequality carries over to the much more complicated classof general multilinear
pseudodi�erential operators.

An m-linear pseudodi�erential operator is de�ned �a priori through its (distribu-
tional) symbol � to be the mapping T� from the m-fold product of Schwartz spaces
S(Rd) � � � � � S(Rd) into the spaceS0(Rd) of tempered distributions given by the
formula

T� (f 1; : : : ; f m )(x)

=
Z

(Rd )m
� (x; � 1; : : : ; � m ) f̂ 1(� 1) � � � f̂ m (� m ) e2� ix �(� 1+ ��� + � m ) d� 1 � � � d� m ; (1)

for f 1; : : : ; f m 2 S(Rd). The pointwise product f 1 � � � f m corresponds to the case
� � 1.

Variousauthors have searched for su�cien t (nontrivial) conditionson � that guar-
antee the boundednessof T� on products of appropriately chosenBanach spaces.
For instance, by using wavelet decompositions and a multilinear version of Schur's
test, Grafakosand Torres[13]haveobtainedresultson Besov-Triebel-Lizorkin spaces.
For other results, including the boundednessof multilinear H•ormander-Mihlin and
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Marcinkiewicz multipliers, that useclassicalharmonic analysistechniques,see,e.g.,
[6], [12], [14]. Another line of investigation usesthe classof modulation spacesboth
as symbols and as the underlying Banach spaceson which a multilinear pseudodif-
ferential operator acts. The modulation spaces�gure implicitly in the analysis of
linear pseudodi�erential operators presented in [3], [19], [24]. The paper [17] explic-
itly recognizedthe spaceM 1 ;1(R2d) as the appropriate symbol classto establishthe
boundednessof T� = � (X ; D) acting on M p(Rd), 1 � p � 1 , including M 2 = L2

as a special case. Further developments using modulation spaceshave since been
obtained in [5], [15], [18], [21], [22], [25]. The analogousinvestigation of multilinear
pseudodi�erential operatorson modulation spaceswasinitiated in [2] and is certainly
only in its infancy.

We will investigatethe boundednessof multilinear pseudodi�erential operatorson
products of modulation spaces. As our symbol classwe use the modulation space
M 1 ;1(R(m+1) d). This modulation spacecan be seenas a useful and conceptually
simpleextensionof the standardsymbol classS0

0;0. In particular, M 1 ;1 includesnon-
smooth symbols. Our main result shows that an m-linear pseudodi�erential operator
T� with symbol � 2 M 1 ;1(R(m+1) d) is bounded on modulation spaceswith indices
that obey a relation similar to H•older's inequality. In contrast to pure analysisresults
which would usedecomposition techniques,Schur's test, or Cotlar's Lemma, we will
usetoolsdeveloped in time-frequencyanalysis,especially techniquesdeveloped in [15,
Ch. 14] and [18]. Further, by using somerecent embeddingstheoremsfrom [23], we
can state new boundednessresults on products of certain Besov spaces.

While concreteboundednessproblems are rarely easy to deal with, the bilinear
or multilinear caseo�ers additional di�culties. To give an example of these new
problems,considerthe classicalsymbol classS0

0;0 consistingof those � which satisfy
estimatesof the form

j@�
x @�

� � (x; � )j � C�;� ; 8 � ; � � 0: (2)

A classicalresult of Calder�on and Vaillancourt [4] assertsthat the corresponding
linear pseudodi�erential operator T� is bounded on L2(Rd). In the bilinear case,
however, the analogousclassof symbols which satisfy the conditions

j@�
x @�

� @

� � (x; � ; � )j � C�;� ;
 ; 8 � ; � ; 
 � 0; (3)

doesnot necessarilyyield boundedoperators from L 2 � L2 into L1, unlessadditional
size conditions are imposedon the symbols; see[1]. However, as a consequenceof
our main result we will show that the Calder�on{Vaillancourt-like condition (3) does
yield boundednessfrom L 2 � L2 into a modulation spacethat contains L 1.

Our conditionsshouldalsobecomparedto a typical hard analysisresult of Coifman
and Meyer [6, Thm. 12]: If the symbol � of a bilinear pseudodi�erential operator
satis�es the conditions

j@�
� @


� � (x; � ; � )j � C� ;
 (4)

and

j@�
� @


� � (x0; � ; � ) � @�
� @


� � (x; � ; � )j � C� ;
 jx0 � xj � (5)
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for all � , 
 � 0 and some� > 0, then the corresponding operator is bounded on
products of certain Lebesguespaces.It turns out that conditions (4) and (5) are not
comparableto the condition � 2 M 1 ;1; neither set of conditions implies the other.

Our paper is organizedas follows. In Section 2 we set the notation, de�ne the
modulation spacesand collect someof their basicpropertiesand the embeddingsthat
will be neededlater on. The main results are then stated and proved in Section3,
and someapplications of theseresults are obtained in Section4.

2. Not ation and Preliminaries

2.1. General notation. Translationandmodulation of a function f with domainRd

are, respectively, Tx f (t) = f (t � x) and M y f (t) = e2� iy �t f (t). The inner product
f , g 2 L2(Rd) is hf ; gi =

R
Rd f (t) g(t) dt, and the same notation is used for the

extensionof the inner product to S0 � S. The Fourier transform of f 2 L 1(Rd) is
f̂ (! ) =

R
Rd f (t) e� 2� it �! dt.

The Short-Time Fourier Transform (STFT) of a function f with respect to a win-
dow g is

Vgf (x; y) = hf ; M yTxgi =
Z

Rd
e� 2� iy �t g(t � x) f (t) dt; (x; y) 2 R2d;

whenever the integral makes sense. If g 2 S and f 2 S0 then Vgf is a uniformly
continuous function on R2d. One important technical tool is the extendedisometry
property of the STFT [15, (14.31)]: If � 2 S(Rd), k� kL 2 = 1, then

hf ; hi = hV� f ; V� hi 8 f 2 S0; h 2 S: (6)

A secondimportant tool is the fundamental identit y Vgf (x; y) = e� 2� ix �y Vĝf̂ (y; � x).
We let Lp;q(R2d) be the mixed-norm Lebesguespacede�ned by the norm

kf kL p;q =
� Z

Rd

� Z

Rd
jf (x; y)jp dx

� q=p

dy
� 1=q

;

with the usual adjustment if p or q is in�nite, and we usea similar notation for the
mixed-norm sequencespaces̀ p;q.

2.2. Mo dulation spaces. Given 1 � p;q � 1 , and given a �xed, nonzerowindow
function g 2 S(Rd), the modulation spaceM p;q(Rd) consistsof all distributions
f 2 S0(Rd) for which the following norm is �nite:

kf kM p;q =
� Z

Rd

� Z

Rd
jVgf (x; y)jp dx

� q=p

dy
� 1=q

= kVgf kL p;q ; (7)

with the usual modi�cations if p or q are in�nite. Note that M 2;2 = L2.
We refer to [15] for a detailed description of the theory of modulation spacesand

their weighted counterparts. In particular, M p;q is a Banach space,and any nonzero
function � 2 M 1;1 can be substituted for g in (7) to de�ne an equivalent norm for
M p;q. The Schwartz classis densein M p;q for all p, q < 1 .
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For 1 � p;q < 1 , the dual of M p;q is M p0;q0
where 1

p + 1
p0 = 1

q + 1
q0 = 1. To deal

with duality properly in the casesp = 1 or q = 1 , we introduce the following new
related modulation spaces.

De�nition 2.1. Let L 0(R2d) denotethe spaceof bounded,measurablefunctions on
R2d which vanish at in�nit y. We de�ne

M 0;q(Rd) = f f 2 M 1 ;q(Rd) : Vgf 2 L0(R2d)g; 1 � q < 1 ;

M p;0(Rd) = f f 2 M p;1 (Rd) : Vgf 2 L0(R2d)g; 1 � p < 1 ;

M 0;0(Rd) = f f 2 M 1 ;1 (Rd) : Vgf 2 L0(R2d)g;

equipped with the norms of M 1 ;q, M p;1 , and M 1 ;1 , respectively.

Though not yet explicitly mentioned in the literature, we will seethat thesespaces
are useful for the treatment of end-point results and in the study of compactness
properties of pseudodi�erential operators. The following properties are easily estab-
lished.

Lemma 2.2.
(a) M 0;q is the M 1 ;q-closureof S in M 1 ;q, henceis a closedsubspaceof M 1 ;q.

Likewise,M p;0 is the M p;1 -closureof S in M p;1 , and M 0;0 is the closureof
S in the M 1 ;1 -norm.

(b) The following duality results hold for 1 � p;q < 1 : (M 0;q)0 = M 1;q0
,

(M p;0)0 = M p0;1, and (M 0;0)0 = M 1;1.

Proof. Statement (a) is proved exactly as [15, Prop. 11.3.4],and (b) can be obtained
by a modi�cation of [15, Thm. 11.3.6]. Both statements can also be seenas special
casesof the coorbit spacetheory developed in [8]. �

Using thesespaces,we can prove that the following compactnessresult for linear
pseudodi�erential operators is a corollary of the boundednessresult for the symbol
classM 1 ;1. Other compactnessresults have beenobtained by Labate in [22].

Prop osition 2.3. If � 2 M 0;1(R2d), then T� is a compact mapping of M p;q into
itself for all 1 � p;q � 1 .

Proof. Assume�rst that � 2 S(R2d). Then we can write T� as an integral operator
with kernel k 2 S(R2d). Let � 2 M 1;1(Rd) and � , � > 0 be such that f � kngk;n2 Zd is
a Parseval Gabor frame for L 2(Rd), where � kn = M � nT�k � . Then f � k`mn gk;`;m;n 2 Zd

is a Parseval Gabor frame for L 2(R2d), where � k`mn (x; y) = � kn(x) � `m (y). Since
k 2 M 1;1, we thereforehave

k =
X

k;`;m;n

hk; � k`mn i � k`mn ; with
X

k;`;m;n

jhk; � k`mn ij < 1 ;

and hence
T� f =

X

k;`;m;n

hk; � k`mn i hf ; � `m i � kn:

Since the � kn are uniformly bounded in M p;q-norm, it follows easily that T� is a
compact mapping of M p;q into itself; in fact, T� is nuclear.
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For the generalcase,if � 2 M 0;1(R2d) then by Lemma 2.2 there exists a sequence
� n 2 S(R2d) such that k� � � nkM 1 ;1 ! 0. By the boundednesstheorem for linear
pseudodi�erential operators with symbols � 2 M 1 ;1 [15, Thm. 14.5.2],the operator
norm can be estimatedaskT� � T� n kM p;q !M p;q � Ck� � � nkM 1 ;1 . Sincethe ideal of
compactoperators is closedin the operator norm, this implies that T� is compacton
M p;q. �

2.3. Em beddings. We conclude this section by listing a few embeddings proved
in [23]betweenLebesgueor Besov spacesandmodulation spaces.Further embeddings
and comparisonsof modulation spacewith standard spacescanbe found in [16], [11],
[20], [25].

(a) Bs
p;q � Lp � M p;p0

for s > 0, 1 � p � 2 and 1 � q � 1 ;
(b) Bs

p;q � Lp � M p;p for s > 0, 2 � p � 1 and 1 � q � 1 ;
(c) Bs

p;p � M p;p0
for s > d=p0, 1 � p � 1 .

3. Boundedness of Mul tilinear Pseudodifferential Opera tors

Our main result is the following.

Theorem 3.1. If � 2 M 1 ;1(R(m+1) d), then the m-linear pseudodi�erential operator
T� de�ned by (1) extendsto a bounded operator from M p1 ;q1 � � � � � M pm ;qm into
M p0 ;q0 when 1

p1
+ � � � + 1

pm
= 1

p0
, 1

q1
+ � � � + 1

qm
= m � 1 + 1

q0
, and 1 � pi ; qi � 1 for

0 � i � m.

Theorem3.1hasthe following intuitiv eexplanation. Though not literally correct, it
is instructive to think of f 2 M p;q asbeingrepresented by the statement \ f 2 L p and
f̂ 2 Lq" (for a rigorouscomparisonof modulation spacesand Fourier-Lebesguespaces
seethe embeddingsin [11]). Under this analogy, the �rst condition

P
p� 1

j = p� 1
0 is the

condition required to estimatethe pointwiseproduct f 1 � � � f m by H•older's inequality,
and the secondcondition

P
q� 1

j = m � 1 + q� 1
0 is the condition neededto apply

Young's inequality to the convolution product f̂ 1 � � � � � f̂ m . Thus, looselyspeaking,
Theorem3.1 assertsthat the symbol classM 1 ;1 yields multilinear operatorsT� that
behave like pointwisemultiplication with respect to both time and frequency.

The proof of Theorem3.1 requiressomepreparation. To compactify the notation,
let us write ~� = (� 1; : : : ; � m), d~� = d� 1 � � � d� m , etc. Then for f 1; : : : ; f m ; g 2 S(Rd),
the action of T� can be expressedby the formula


T�

~f ; g
�

=


T� (f 1; : : : ; f m ); g

�

=
Z

R( m +1) d
� (x; � 1; : : : ; � m ) f̂ 1(� 1) � � � f̂ m (� m ) e2� ix �(� 1+ ��� + � m ) g(x) d� 1 � � � d� m dx

=


� ; Wm (g; f 1; : : : ; f m )

�
=



� ; Wm (g; ~f )

�
;

where

Wm (g; f 1; : : : ; f m )(x; � 1; : : : ; � m ) = g(x) f̂ 1(� 1) � � � f̂ m (� m ) e� 2� ix �(� 1+ ��� + � m ) :
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Remark 3.2. For m = 1, the Kohn-Nirenberg correspondencecan be written as
hT� f ; gi = h� ; W1(g; f )i where W1(g; f ) = e� 2� ix �� g(x) f̂ (� ) is the so-calledcross-
Ryhaczek distribution of f and g. Thus, one may think of Wm as a multilinear
versionof the Ryhaczekdistribution.

The following multilinear \magic formula" will be an important tool.

Lemma 3.3. Let (� 0; ~� ) = (� 0; � 1; : : : ; � m ) 2 (S(Rd))m+1 begiven. Then for ( ~f ; g) 2
(M 1 ;1 (Rd))m+1 and (u0; ~u) = (u0; u1; : : : ; um ), (v0;~v) = (v0; v1; : : : ; vm ) 2 R(m+1) d

we have

VWm (� 0 ;~� )Wm (g; ~f )(( u0; ~u); (v0;~v))

= e2� iu 0 �(u1+ ��� + um ) V� 0g(u0; v0 + u1 + � � � + um )
mY

i =1

V� i f i (u0 + vi ; ui ): (8)

Proof. Note �rst that Wm (� 0; ~� ) 2 S(R(m+1) d). Assumethat we also had ( ~f ; g) 2
(S(Rd))m+1 . Then the integral de�ning the STFT VWm (� 0 ;~� )Wm (g; ~f ) convergesab-
solutely, and hencethe following manipulations are justi�ed:

VWm (� 0 ;~� )Wm (g; ~f )(( u0; ~u); (v0;~v))

=
Z

R( m +1) d
Wm (g; ~f )(x; ~� ) e� 2� i (x; ~� )�(v0 ;~v) Wm (� 0; ~� )(( x; ~� ) � (u0; ~u)) dx d~�

=
Z

R( m +1) d
g(x)

mY

i =1

f̂ i (� i ) e� 2� ix �
P m

i =1 � i e� 2� i (x �v0+
P m

i =1 � i �vi ) �

� 0(x � u0)
mY

i =1

�̂ i (� i � ui ) e2� i (x � u0)�
P m

i =1 (� i � u i ) dx d~�

= e2� iu 0 �
P m

i =1 u i

Z

R( m +1) d
g(x)

mY

i =1

f̂ i (� i ) � 0(x � u0)
mY

i =1

�̂ i (� i � ui ) �

e� 2� ix �(v0+
P m

i =1 u i )
mY

i =1

e� 2� i� i �(u0+ vi ) dx d~�

= e2� iu 0 �
P m

i =1 u i V� 0 g
�

u0; v0 +
mX

i =1

ui

� mY

i =1

V�̂ i
f̂ i (ui ; � u0 � vi )

= e2� iu 0 �
P m

i =1 u i V� 0 g
�

u0; v0 +
mX

i =1

ui

� mY

i =1

V� i f i (u0 + vi ; ui );

and the result follows in this case.
Now assumethat (g; ~f ) 2 (M 1 ;1 (Rd))m+1 . Then we have �g 
 f̂ 1 
 � � � 
 f̂ m 2

M 1 ;1 (R(m+1) d). Sincepointwisemultiplication by the \chirp" e� 2� ix �(� 1+ ��� + � m ) leaves
M 1 ;1 invariant ([9] or [15, Thm. 12.1.3]),we �nd that Wm (g; ~f ) 2 M 1 ;1 (R(m+1) d)
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as well. Consequently VWm (� 0 ;~� )Wm (g; ~f ) is a well-de�ned, bounded,uniformly con-
tinuous function on R(m+1) d.

We prove the validit y of the identit y (8) by approximation. Since S is weak� -
densein M 1 ;1 , we can choose sequencesgn 2 S(Rd) and ~f n 2 (S(Rd))m such

that (gn ; ~f n) w �

� ! (g; ~f ) in M 1 ;1 . By continuity of tensor products and multipli-

cation by chirps, we obtain that Wm (gn ; ~f n ) w �

� ! Wm (g; ~f ) in M 1 ;1 . Sinceweak� -
convergenceof distributions is equivalent to uniform convergenceof the STFT on
compact sets [8], we �nd that VWm (� 0 ;~� )Wm (gn ; ~f n ) convergesuniformly on compact

setsto VWm (� 0 ;~� )Wm (g; ~f ).
Similarly, for the right-hand sideof (8) weobtain that V� 0 gn ! V� 0 g andV� i (f n ) i !

V� i f i uniformly on compact sets. Consequently the right-hand side convergesuni-
formly to e2� iu 0 �

P m
i =1 u i V� 0 g(u0; v0 +

P m
i=1 ui )

Q m
i=1 V� i f i (u0 + vi ; ui ). This provesthe

identit y in the generalcase. �

Lemma 3.4. Let (� 0; ~� ) 2 (S(Rd))m+1 be given. Assumethat 1
p1

+ � � � + 1
pm

= 1
p0

and 1
q1

+ � � � + 1
qm

= m � 1 + 1
q0

, with 1 � p0; q0 � 1 for 0 � i � m. Then

kVWm (� 0 ;~� )Wm (g; ~f )kL 1;1 � C kf 1kM p1 ;q1 � � � kf m kM pm ;qm kgk
M p0

0 ;q 0
0
;

whenever the right-hand side is de�ned.

Proof. Lemma 3.3 implies that for all (v0;~v) 2 R(m+1) d we have

Z

R( m +1) d
jVWm (� 0 ;~� )Wm (g; ~f )(( u0; ~u); (v0;~v)) j du0 d~u

=
Z

R( m +1) d

�
�
�V� 0 g(u0; v0 +

mX

i =1

ui )
�
�
�
�
�
�

mY

i =1

V� i f i (u0 + vi ; ui )
�
�
� du0 d~u

�
Z

Rmd
kV� 0g(�; v0 +

mX

i =1

ui )kL p0
0

mY

i =1

kV� i f i (�; ui )kL pi d~u = (� );

the last line following by applying H•older's inequality in the �rst variable, since 1
p1

+
� � � + 1

pm
+ 1

p0
0

= 1. Now write G(v) = kV� 0g(�; v)k
L p0

0
and Fi (ui ) = kV� i f i (�; � ui )kL pi .

With this notation, kGk
L q0

0
= kgk

M p0
0;q 0

0
and kFi kL qi = kf i kM pi ;q i (more precisely, a

di�erent equivalent norm for M pi ;qi is usedfor each i becauseof the di�erent choice
of window functions), and we may rewrite the term (� ) above as

(� ) =
Z

Rmd
G(v0 +

mX

i =1

ui )
mY

i =1

Fi (� ui ) d~u = (G � F1 � � � � � Fm )(v0):
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Note that this expressionis independent of ~v. Applying now Young's inequality for
convolutions, since 1

q1
+ � � � + 1

qm
= m � 1 + 1

q0
we obtain

kVWm (� 0 ;~� )Wm (g; ~f )kL 1;1

= sup
(v0 ;~v)2 R( m +1) d

Z

R( m +1) d
jVWm (� 0 ;~� )Wm (g; ~f )(( u0; ~u); (v0;~v)) j du0 d~u

� kG � F1 � � � � � FmkL 1

� kGkq0
0

mY

i =1

kFi kL qi

� C kgk
M p0

0 ;q 0
0

kf 1kM p1 ;q1 � � � kf m kM pm ;qm ;

the constant C arising from the useof di�erent windows to measurethe modulation
spacenorms. �

We can now prove our main result.

Proof of Theorem 3.1. Let f i 2 M pi ;qi be given, and let � 0; � 1; : : : ; � m 2 S(Rd) be
�xed so that k� i kL 2 = 1 for each i . Then, using the extendedisometry property of
the STFT, H•older's inequality, and Lemma 3.4, for any g 2 M p0

0 ;q0
0 we may estimate

that

jhT�
~f ; gij =

�
� 
 � ; Wm (g; ~f )

� �
�

=
�
� 
 VWm (� 0 ;~� ) � ; VWm (� 0 ;~� )Wm (g; ~f )

� �
�

� kVWm (� 0 ;~� ) � kL 1 ;1 kVWm (� 0 ;~� )Wm (g; ~f )kL 1;1

� C k� kM 1 ;1

mY

i =1

kf i kM pi ;q i kgk
M p0

0;q 0
0
:

If p0
0; q0

0 < 1 , then the duality properties of the modulation spacesimplies that
T�

~f 2 M p0 ;q0 with the norm estimate

kT�
~f kM p0 ;q0 � C k� kM 1 ;1

mY

i =1

kf i kM pi ;q i :

If either p0
0 = 1 or q0

0 = 1 or both, then we take g 2 M 0;q0
0 , M p0

0 ;0, or M 0;0 instead.
Again the duality stated in Lemma 2.2 then implies that T�

~f 2 M p0 ;q0 with the
correct norm estimate,which completesthe proof. �

4. Applica tions

In this �nal sectionwe give someapplications of Theorem3.1.
First we considerthat boundednessof T� from M p1 ;p1 � � � � � M pm ;pm into M p0 ;p0 .

The requiredconditionson the exponents pi and qi then imply that wemust necessar-
ily have m = 1, sincepi = qi . Thus we recover the following boundednesscondition
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for linear pseudodi�erential operators, which, as explained in the introduction, ex-
tends the classicalresult of Calder�on and Vaillancourt.

Corollary 4.1. ([17, Theorem1.1]) If � 2 M 1 ;1(R2d), then T� extendsto a bounded
operator from M p;p into M p;p for 1 � p � 1 .

If instead we chooseqi = p0
i for 1 � i � m, then the conditions of Theorem 3.1

yield q0 = p0
0. Hencewe have the following.

Corollary 4.2. If � 2 M 1 ;1(R(m+1) d) and 1 � p0; p1; : : : ; pm � 1 satisfy 1
p1

+ � � � +
1

pm
= 1

p0
, then T� extendsto a boundedoperator from M p1 ;p0

1 � � � � � M pm ;p0
m into

M p0 ;p0
0 .

Using the embedding (c) from Section 2.2 of Besov spacesinto the modulation
spaces,we obtain the following.

Corollary 4.3. Let � 2 M 1 ;1(R(m+1) d), and let 1 < p0; p1; : : : ; pm < 1 be given so
that 1

p1
+ � � � + 1

pm
= 1

p0
. If si > d

p0
i

for 1 � i � m, then T� extendsto a bounded

operator from Bs1
p1 ;p1

� � � � � Bsm
pm ;pm

into M p0;p0
0 .

It is tempting to seeka similar result for Lebesguespacesby using the embedding
(a) from Section 2.2. However, in this casethe embeddings and the conditions of
Theorem3.1 do not seemto lead to interesting results.

Next we considerthe multilinear Calder�on{Vaillancourt classof symbols � de�ned
by the inequalities

j@� 0
x @� 1

� 1
� � � @� m

� m
� (x; � 1; : : : ; � m )j � C� 0 ;� 1 ;:::;� m ; (9)

for all multiindices � i , 0 � i � m up to a certain order. It was shown in [1] that
condition (9) doesnot necessarilyyield an operator T� that is boundedfrom L 2 � L2

into L1, or more generally from L p � Lq into L r for 1
p + 1

q = 1
r . Here the use of

the modulation spacesclari�es the situation. In particular, by applying Theorem3.1
with p1 = p2 = q1 = q2 and M 2;2 = L2 we seeby how much L 2 � L2 fails to be
mapped into L1.

Corollary 4.4. If � 2 M 1 ;1(R3d), then T� maps L2 � L2 into M 1;1 (in fact, into
M 1;0).

The relationship betweenM 1 ;1 and the Calder�on{Vaillancourt class(9) is illumi-
nated by the following embeddings.

Corollary 4.5. A symbol � belongsto M 1 ;1 under each of the following conditions:
(a) Equation (9) is satis�ed for all � j such that

P m
j =1 j� j j � m(d + 1) + 1.

(b) Equation (9) is satis�ed for all � j such that j� j j � d + 1 for j = 0; : : : ; m.
(c) Equation (9) is satis�ed for all � j such that � j 2 f 0; 1; 2gd.
(d) � 2 Cs(R(m+1) d) with s > (m + 1)d.

In each of thesecases,T� extendsto a boundedoperator from M p1 ;q1 � � � �� M pm ;qm

into M p0;q0 when 1
p1

+ � � � + 1
pm

= 1
p0

, 1
q1

+ � � � + 1
qm

= m � 1+ 1
q0

, and 1 � pi ; qi � 1
for 0 � i � m.
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Proof. The embeddings (a) and (d) are well-known, see,e.g., [15], [19], [23]. The
embeddings(b) and (c) are new, but their proofs are almost identical to the proof
of [15, Thm. 14.5.3]. �

Remark 4.6. Finally, we comparemembershipof the symbol in M 1 ;1(R3d) with the
requirement that � satisfy (4) and (5). Thesetwo conditionsaredistinct, in the sense
that neither implies the other. The condition presented in this paper is more general
in the variables � and � , but too strong in the x-variable. We can easily construct
examplessatisfying onebut not the other condition. For instance,considera symbol
of the form

� (x; � ; � ) =
X

k;l 2 Zd

ak;l (x) e2� i (k�� + l �� )

with
P

k;l jakl (x)j < 1 for all x. Choosing the coe�cien ts suitably, we can make
� 2 M 1 ;1, but � obviously doesnot satisfy the Coifman{Meyer conditions.
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0139261.
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