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Abstract. Banach frames and atomic decompositions are sequencesthat have basis-likeprop erties

but which need not be bases. In particular, they allow elements of a Banach space to be written as

linear combinations of the frame or atomic decomposition elements in a stable manner. In this

paper we prove several functional-analytic prop erties of these decompositions, and show how these

prop erties apply to Gabor and wavelet systems. We �rst prove that frames and atomic decompositions

are stable under small perturbations. This is inspired by corresponding classical perturbation results

for bases, including the Paley{Wiener basis stabilit y criteria and the perturbation theorem of Kato.

We intro duce new and weaker conditions which ensure the desired stabilit y. We then prove dualit y

prop erties of atomic decompositions and consider some consequencesfor Hilb ert frames. Finally , we

demonstrate how our results apply in the practical case of Gabor systems in weighted L 2 spaces.

Such systems can form atomic decompositions for L 2
w (IR), but cannot form Hilb ert frames for L 2

w (IR)

unless the weight is trivial.

1. In tro duction

Framesfor Hilb ert spaceswere intro ducedby Duffin and Schaeffer [DS] as part
of their seminal research in nonharmonic Fourier series. Daubechies , Gr ossmann,
and Meyer [DGM] later found a fundamental new application, to wavelet and Gabor
transforms. Framescontinue to play an important role in each of theseareas.

A set of vectors f yi g in a Hilb ert spaceH is a (Hilb ert) frame if the norms kxkH

and kfhx; yi igk ` 2 are equivalent. De�ne Ux = fhx; yi ig . Then U � Ux =
P

hx; yi i yi is
a continuous invertible mapping of H onto itself. With ~yi = (U � U) � 1yi , we have the
reconstruction formulas

x =
X

hx; ~yi i yi =
X

hx; yi i ~yi :(1.1)
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The collection f ~yi g also forms a frame, the dual frame of f yi g. The representations
in equation (1.1) need not be unique, i.e., f yi g need not be a basis. A frame which
is a basis must be a Riesz basis. Conversely, all Riesz basesare frames. The basic
theory of frames in Hilb ert spacescan be found in Duffin and Schaeffer 's original
paper [DS], Young 's classictext [Y], Daubechies ' paper [D1] and book [D2], or the
research-tutorial [HW].

Frameswere extendedto Banach spacesby Gr •ochenig [G]. In Hilb ert spaces,the
norm equivalencehypothesis leads immediately to the reconstruction formula (1.1).
This doesnot hold in Banach spacesin general. A decomposition of a Banach space
is therefore de�ned as follows.

De�nition 1.1. Let X be a Banach spaceand let X d be an associated Banach
spaceof scalar-valued sequencesindexed by IN = f 1; 2; 3; : : :g. Let f yi gi 2 IN � X 0 and
f x i gi 2 IN � X be given. If:

(a) fhx; yi ig 2 X d for each x 2 X ,
(b) the norms kxkX and kfhx; yi igk X d are equivalent, and
(c) x =

P 1
i =1 hx; yi i x i for each x 2 X ,

then (f yi g; f x i g) is a (linear) atomic decomposition of X with respect to X d. If the
norm equivalence is given by A kxkX � kfhx; yi igk X d � B kxkX , then A, B are a
choice of atomic bounds for (f yi g; f x i g).

Atomic decompositions have played a key role in the recent development of wavelet
theory and Gabor, or windowed Fourier, analysis. Prior to the discovery of smooth
wavelet orthonormal basesfor the Hilb ert spaceL 2(IR) in [M] and prior to the con-
struction of wavelet and Gabor frames for L 2(IR) in [DGM], Frazier and Jawer th
had constructed wavelet atomic decompositions for Besov spacesin [FJ], which they
termed the \ � -transform." Feichtinger constructed Gabor atomic decompositions
for the modulation spacesin [F2]. Theseare Banach spacessimilar in many respects
to Besov spaces,de�ned by smoothnessand decay conditions. Walnut studied this
construction in detail in [W], extending and improving many results for the caseof
weighted L 2 spaces. In particular, he showed that Gabor atomic decompositions in
L 2

w (IR) neednot be Hilb ert frames. Feichtinger and Gr •ochenig have developed a
generaltheory which applies to an extremely broad classof function spacesand group
representations [FG1], [FG2], [G].

In this paper we show that several new results on atomic decompositions follow
simply once they are consideredfrom a functional analytic point of view. We begin
in Section 2 by demonstrating that atomic decompositions and the related concept of
Banach framesare stable under small perturbations. This is inspired by corresponding
classicalperturbation results for bases,e.g.,the Paley { Wiener basisstabilit y criteria
[PW], [Y] and the perturbation theorem of Ka to [K]. The paper by Retherf ord
and Holub [RH] is an excellent survey of perturbation results for bases.We intro duce
new and weaker conditions which ensurethe desiredstabilit y. Next, we prove dualit y
properties of atomic decompositions in Section 3, and considersomeconsequencesfor
Hilb ert framesin Section4. Related Hilb ert spaceresults, partially inspired by a weak
versionof Theorem2.3 �rst proved in [He], haveappearedin [C1], [C2], [C3], and these
have formed the basisfor additional results by Favier and Zalik [FZ]. We point out
an implication for wavelet framesin L 2(IR) by connecting to a result of Chui and Shi
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from [CS]. We alsodiscussthe relationship betweenthe hypothesesin our theoremsto
unconditional convergenceof series,and prove a result on unconditional convergence
which Holub has used in his recent characterization of near-Rieszbasesin Hilb ert
spaces[Ho]. Finally, in Section 5 we demonstrate how our results can be applied to
the practical caseof Gabor atomic decompositions in weighted L 2 spaces. We show
that no Gabor system can be a Hilb ert frame for L 2

w (IR) unlessthe weight is trivial
(bounded both above and below). Therefore atomic decompositions are a required
tool for studying Gabor systemsin weighted L 2 spaces.

The coherent state atomic decompositions are the most important for applications.
These include both the wavelet and Gabor cases.A coherent state atomic decompo-
sition arisesfrom a group G acting on a Banach spaceX via a group representation
� . We assumethat � (g) is a continuous invertible mapping of X onto itself for each
g 2 G. In the wavelet case,the group is the a�ne group A = (IR n f 0g) � IR, and the
group representation � is obtained by forming time-scale translates of functions  :

� (a; b) (t) = C(a; b)  (at � b); (a; b) 2 A ;

with C(a; b) chosenappropriately for X . For the Gabor case,the group is the Heisen-
berg group H = T � IR � IR, and the group representation � is obtained via time-
frequency translates of functions f :

� (z; a; b)f (t) = C(z; a; b) e2� ibt f (t � a); (z; a; b) 2 H :

Given such a function spaceX , group G, and representation � , we selecta generator
x 2 X (often called, by an abuseof terminology, the mother wavelet) and a discreteset
f gi g � G. If f � (gi )xg forms an atomic decomposition for X , then it is calleda coherent
state atomic decomposition. The discreteset f gi g is commonlychosento bea \regular"
subsetof the group. For example,a wavelet coherent state decomposition usually has
the form f an= 2  (an t � mb)gm;n 2 ZZ while a Gabor coherent state decomposition usually
has the form f e2� imbt f (t � na)gm;n 2 ZZ . The relationship of the a�ne and Heisenberg
groups to wavelet and Gabor analysis on L 2(IR) is surveyed in detail in [HW].

We will use the following notations and terminology throughout. We assumethat
sequencesare indexed by IN = f 1; 2; 3; : : :g. We say that a sequencef ci g is �nite if
only �nitely many components are nonzero. A Banach spaceX d of sequencesis solid if
whenever f bi g and f ci g are sequenceswith f ci g 2 X d and jbi j � jci j then it follows that
f bi g 2 X d and kf bi gkX d � kf ci gkX d . For example, let ej denote the delta sequence
ej (i ) = � ij . If f ej gj 2 IN forms an unconditional basis for X d then X d is solid. It also
follows in this casethat X d has an absolutely continuous norm, i.e., if f ci g 2 X d then
limn !1 kf ci � ci � � I n (i )gkX d = 0, where f I n g is any family of subsetsof IN such that
I 1 � I 2 � � � � % IN and � I n is the characteristic function � I n (i ) = 1 if i 2 I n , 0 if
i =2 I n . In particular, the hypotheseson X d, X 0

d in most of our results are satis�ed
if X 0

d can be realized as a Banach spaceof sequencesof scalarsand if f ej g forms an
unconditional basis for both X d and X 0

d.
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2. Perturbation results

An atomic decomposition provides a factorization of the identit y map I on X . That
is, I is written as a composition of the coe�cien t mapping x 7! fhx; yi ig and the
reconstruction operator f ci g 7!

P
ci x i . Such seriesreconstructions are theoretically

appealing. However, for numerical implementations it is often preferable to formulate
the reconstruction operator via an iteration or other algorithm. We thereforemake the
following de�nition, which allows freedomin the form of the reconstruction operator.

De�nition 2.1. Let X be a Banach spaceand let X d be an associated Banach
spaceof scalar-valued sequencesindexed by IN. Let f yi gi 2 IN � X 0 and S: X d ! X be
given. If:

(a) fhx; yi ig 2 X d for each x 2 X ,
(b) The norms kxkX and kfhx; yi igk X d are equivalent, and
(c) S is bounded and linear, and Sfhx; yi ig = x for each x 2 X ,

then (f yi g; S) is a Banach frame for X with respect to X d. The mapping S is the
reconstruction operator. If the norm equivalenceis given by

A kxkX � kfhx; yi igk X d � B kxkX ;

then A, B are a choice of frame bounds for (f yi g; S).

Note that if U: X ! X d is the coe�cien t mapping de�ned by Ux = fhx; yi ig then
kSk� 1, kUk are a choice of frame bounds for the Banach frame (f yi g; S).

We now show that Banach framesare stable under small perturbations of the frame
elements.

Theorem 2.2. Let (f yi g; S) be a Banach frame for X with respect to X d. Let
f zi g � X 0. If there exist � , � � 0 such that

(a) � kUk + � � kSk� 1, and
(b) kfhx; yi � zi igk X d � � kfhx; yi igk X d + � kxkX for all x 2 X ,

then there exists a reconstruction operator T such that (f zi g; T) is a Banach frame
for X with respect to X d with frame bounds kSk� 1 � (� kUk + � ), kUk + (� kUk + � ),
where U is the coe�cient mapping Ux = fhx; yi ig .

Pr oof . The hypotheses imply that the operator V : X ! X d de�ned by V x =
fhx; zi ig is bounded and satis�es kUx � V xkX d � � kUxkX d + � kxkX for all x 2 X .
Therefore,

kV xkX d � (kUk + � kUk + � ) kxkX :

This establishesthe upper frame bound. For the lower bound, observe that SU = I ,
so

kI � SVk � kSk kU � V k � kSk (� kUk + � ) < 1:

Therefore SV is invertible, and k(SV ) � 1k � (1 � (� kUk + � ) kSk) � 1. Finally, if we
set T = (SV ) � 1S then TV = I , and

kxkX � kTk kVxkX d �
kSk

1 � (� kUk + � ) kSk
kV xkX d :
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This givesthe desired lower bound:
�
kSk� 1 � (� kUk + � )

�
kxkX � kVxkX d . 2

The hypothesesin Theorem 2.2 are natural from the point of view of perturbation
of operators: they mean that the operator U � V is relatively bounded with respect
to U (seep. 181 of [K]).

For atomic decompositions, we can perturb in X instead of X 0. Our result is a
\ Paley { Wiener Theorem for atomic decompositions" (seep. 38 of [Y]).

Theorem 2.3. Supposethat X d hasan absolutelycontinuous norm. Let (f yi g; f x i g)
be an atomic decomposition of X with respect to X d with boundsA, B . Let f wi g � X .
If there exist � , � � 0 such that

(a) � + � B < 1, and
(b)




 P

ci (x i � wi )





X � �



 P

ci x i





X + � kf ci gkX d for any �nite sequence f ci g 2 X d,
then there exists a family f zi g � X 0 such that (f zi g; f wi g) is an atomic decomposition
of X with respect to X d with boundsA (1+ (� + �B )) � 1, B (1� (� + �B )) � 1. Moreover,
f wi g is a basis for X if and only if f x i g is a basis for X .

Pr oof . Becauseof the assumption that X d has an absolutely continuous norm, the
series

P
hx; yi i wi is convergent for any x 2 X . If we de�ne T: X ! X by Tx =P

hx; yi i wi , then

kx � TxkX � � kxkX + � kfhx; yi igk X d � (� + � B ) kxkX

for all x 2 X . Therefore kI � Tk < 1, so T is invertible. De�ne zi = (T � 1)� yi . Then

x = TT � 1x =
X

hT � 1x; yi i wi =
X

hx; zi i wi :

Further,

A
kTk

kxkX � A kT � 1xkX � kfhT � 1x; yi igk X d � B kT � 1xkX � B kT � 1k kxkX ;

so (f zi g; f wi g) is an atomic decomposition of X with respect to X d. Since kTk �
1 + � + � B and kT � 1k � (1 � (� + � B )) � 1, the bounds are as claimed.

Finally, assumethat f x i g is a basis for X . Then f x i g and f yi g are biorthonormal,
so Tx j =

P
hT � 1Tx j ; yi i wi = wj . Therefore f wi g is a basis since T is invertible.

Conversely, if f wi g is a basis then T � 1 maps it onto f x i g. 2

In the terminology of Ka to (p. 181of [K]), the hypothesesin Theorem 2.3 are that
the operator K : D(K ) � X d ! X de�ned by K f ci g =

P
ci (x i � wi ) is relatively

bounded with respect to the operator f ci g 7!
P

ci x i . It is natural to call K the
\p erturbation operator," since, as we have seen,conditions on K imply that \ f wi g
inherits decomposition properties from f x i g." We apply Theorem 2.3 to Gabor atomic
decompositions for weighted L 2-spacesin Section 5.

Speci�c choices of � and � in Theorem 2.3 give conditions in the style of classic
results on basisperturbation.
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Corollary 2.4. Let (f yi g; f x i g) be an atomic decomposition of X with respect to
X d with bounds A, B . Assumethat X d, X 0

d satisfy:
(a) X d has an absolutelycontinuous norm,
(b) X 0

d is a solid Banach space of scalar-valued sequences, and
(c) the action of f ci g 2 X 0

d on f bi g 2 X d is given by hfbi g; f ci gi =
P

bi �ci .
If f wi g � X is such that R = kfk x i � wi kX gkX 0

d
< B � 1, then there exists a family

f zi g � X 0 such that (f zi g; f wi g) is an atomic decomposition of X with respect to X d

with bounds A (1 + R B ) � 1, B (1 � R B ) � 1.

Pr oof . The hypothesesimply that k
P

ci (x i � wi )kX � R kf ci gkX d for any �nite
sequencef ci g 2 X d. Therefore we can apply Theorem 2.3 with � = 0 and � = R. 2

A major drawback of Corollary 2.4 is that it generallydoesnot apply to the problem
of perturbing the generator of a coherent state atomic decomposition f � (gi )xg. For
example, if � (g) is an isometry for each g (as in the standard wavelet or Gabor cases)
and if the generator x is perturb ed to w, then k� (gi )x � � (gi )wkX � kx � wkX for
all i . Hencekfk � (gi )x � � (gi )wkX gkX 0

d
will typically be in�nite. On the other hand,

the hypothesesof Theorem 2.3 may still be applicable. We discuss this further in
Sections4 and 5. Similar remarks apply to the problem of perturbing the discrete set
f gi g.

We say that a sequencef x i g � X is a Besselsequencefor X 0 with respect to X 0
d if

there exists a constant D such that

kfhx i ; yigk X 0
d

� D kykX 0 for all y 2 X 0:

The constant D is the Besselbound. The following additional consequenceof Theorem
2.3 is motivated by a useful result about Rieszbasesin Hilb ert spaces[Hi].

Corollary 2.5. Let (f yi g; f x i g) be an atomic decomposition of X with respect to
X d with bounds A, B , and such that f x i g is a Besselsequence for X 0 with respect to
X 0

d with Besselbound D. Assumethat X d, X 0
d satisfy hypotheses(a), (b) , and (c) of

Corollary 2.4. Assumethat there exists a family f Tk g of bounded operators on X and
scalars aik so that

x i � wi =
X

k

aik Tk x i for each i:

If
(a) ak = supi jaik j < 1 for each k, and
(b)

P
ak kTk k < (B D) � 1,

then there exists a family f zi g � X 0 such that (f zi g; f wi g) is an atomic
decomposition of X with respect to X d with bounds A (1 + B D

P
ak kTk k) � 1 and

B (1 � B D
P

ak kTk k) � 1.

Pr oof . Given a �nite sequencef ci g 2 X d, we have







X

i

ci (x i � wi )







X
=







X

i

ci

X

k

aik Tk x i








X
�

X

k

kTk k






X

i

ci aik x i








X
:
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Fix any k. Then







X

i

ci aik x i








X
= sup

kykX 0=1

�
�
�
X

i

ci aik hx i ; yi
�
�
�

= sup
kykX 0=1

jhfci g; f aik hx i ; yigij

� kf ci gkX d sup
kykX 0=1

kf aik hx i ; yigk X 0
d

� D ak kf ci gkX d ;

where we have usedthe fact that X 0
d is solid. Hence







X

i

ci (x i � wi )







X
� D

� X

k

ak kTk k
�

kf ci gkX d

for every �nite sequencef ci g 2 X d. We can therefore apply Theorem 2.3 with � = 0
and � = D

P
ak kTk k. 2

3. Dualit y for atomic decomp ositions

If f x i g is a basis for X with coe�cien t functionals f yi g then f yi g is a basis for
spanf yi g � X 0 with coe�cien t functions f x i g � X 00. We investigate the analogous
question for atomic decompositions in this section.

Theorem 3.1. Let (f yi g; f x i g) be an atomic decomposition of X with respect to
X d. AssumeX d, X 0

d satisfy:
(a) X d is solid,
(b) X 0

d is a Banach space of scalar-valued sequences,
(c) the action of f ci g 2 X 0

d on f bi g 2 X d is given by hfbi g; f ci gi =
P

bi �ci , and
(d) X 0

d has an absolutelycontinuous norm.
If f x i g is a Besselsequence for X 0 with respect to X 0

d then (f x i g; f yi g) is an atomic
decomposition of X 0 with respect to X 0

d.

Pr oof . The hypothesesgiven imply that
P

ci yi convergesin X 0 for every f ci g 2 X 0
d.

In particular, sincef x i g is a Besselsequence,if y 2 X 0 is �xed then fhx i ; yig 2 X 0
d, soP

hx i ; yi yi convergesin X 0. Moreover, if x 2 X then

D
x;

X

i

hx i ; yi yi

E
=

DX

i

hx; yi i x i ; y
E

= hx; yi :

Hence
P

hx i ; yi yi = y for each y 2 X 0.
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It remainsonly to show that there is a constant C such that C kykX 0 � kfhx i ; yigk X 0
d

for all y 2 X 0. However, if y 2 X 0 then

kykX 0 = sup
kx kX =1

jhx; yij

= sup
kx kX =1

�
�
�
X

hx; yi i hx i ; yi
�
�
�

� sup
kx kX =1

kfhx; yi igk X d kfhx i ; yigk X 0
d

� B kfhx i ; yigk X 0
d
:

2

The Besselsequencehypothesisis clearly necessary. For example,suppose(f yi g; f x i g)
is an atomic decomposition of X with respect to X d and that f wj g is not a Bessel
sequencefor X 0 with respect to X 0

d. De�ne zj = 0 for each j ; then
1. (f yi g [ f zj g; f x i g [ f wj g) is an atomic decomposition of X with respect to X d,

although
2. (f x i g [ f wj g; f yi g [ f zj g) is not an atomic decomposition of X 0 with respect to

X 0
d.

4. Frame decomp ositions in Hilb ert spaces

In this sectionwe considerthe caseX = H , a separableHilb ert space,and X d = `2.
For Hilb ert frames,it is customary to usea de�nition of frame boundsslightly di�eren t
from the one we gave for Banach frames in De�nition 2.1. In particular, if f x i g is a
Hilb ert frame then the norm equivalencebetween kxkH and kfhx; x i igk ` 2 is usually
written

A kxk2
H �

X

i

jhx; x i ij 2 � B kxk2
H for all x 2 H ;(4.1)

with these A, B called the frame bounds. For clarit y, we will refer to A, B given
by equation (4.1) as Hilb ert frame bounds; they are the squaresof the Banach frame
bounds given in De�nition 2.1. The following result is an immediate consequenceof
Theorem 2.2, but a direct proof is so simple that we include it.

Prop osition 4.1. Let f x i g be a Hilbert frame with Hilbert frame bounds A, B . Let
f wi g � H . If there is an R < A such that

X

i

jhx; x i � wi ij 2 � R kxk2
H for all x 2 H ;(4.2)

then f wi g is a Hilbert frame with Hilbert frame bounds A (1 �
p

R=A)2 and
B (1 +

p
R=B)2.
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Pr oof . The triangle inequality in `2 states that kfhx; x i igk ` 2 � kfhx; x i � ! i igk ` 2 +
kfhx; ! i igk ` 2 . Therefore,

P
i jhx; ! i ij 2 � (A1=2 � R1=2)2 kxk2

H , and a similar proof
applies for the upper bound. 2

Despite its simplicit y, Proposition 4.1 is quite useful for applications. In most casesit
is more di�cult to verify the lower frame condition than the upper one. Proposition 4.1
shows that the di�cult problem reducesto the easierone in the caseof perturbation:
the family f wi g is a frame if the di�erence f x i � wi g satis�es the upper condition with
a su�cien tly small bound. This is a weaker hypothesis than the standard basis-type
assumption that

P
kx i � wi k2

H < A. In particular, this latter hypothesis cannot be
applied to the problem of perturbing the generatorx of a coherent state frame f � (gi )xg
in typical cases,e.g., if if � (g) is an isometry for all g. However, Proposition 4.1 does
apply: it states that f � (gi )wg is a frame if the set of coherent states f � (gi )(x � w)g
generatedby x� w is a Besselsequencewith bound lessthan A. Favier and Zalik [FZ]
apply Proposition 4.1 explicitly to the caseof Gabor and wavelet frames for L 2(IR).
There are other applications of Proposition 4.1 to problems in irregular sampling and
wavelet theory in [FZ] and [C3].

Proposition 4.1 connectswith additional known results about frames. For example,
using Remark 1 of [CS] we obtain the following: if f an= 2 f (an x � mb)gm;n 2 ZZ is a
wavelet frame for L 2(IR) with bounds A, B , and if g 2 L 2(IR) is a function such that
supp(f̂ � ĝ) � [� � ; � ], and there exists a number R < A such that

8 
 ;
1
b

X

n

j f̂ (an 
 ) � ĝ(an 
 )j2 � R;

then f an= 2 g(an x � mb)gm;n 2 ZZ is also a frame for L 2(IR).
We have already remarked on the importance of the perturbation operator K . For

Hilb ert frames we are able to prove another result where K plays the main role.

Theorem 4.2. Let f x i g be a Hilbert frame for H , and let f wi g � H . If K f ci g =P
ci (wi � x i ) is compact as an operator from `2 into H , then f wi g is a Hilbert frame

for spanf wi g.

Pr oof . De�ne T: `2 ! H by Tf ci g =
P

ci x i . Since f x i g is a frame, we know that
T is bounded. In fact, kTk2 � B , the upper Hilb ert frame bound for f x i g. Hence
V = T + K is a bounded operator from `2 into H . If x 2 H then we compute

X
jhx; wi ij 2 = kV � xk2

H � kT + K k2 kxk2
H � B

�
1 +

kK k
p

B

�
kxk2

H :

This establishesthat f wi g satis�es an upper frame bound. The hypothesis that K is
compact will give the existenceof the lower frame bound, but not a concretevalue for
it.

By Theorem 2.1 of [C1], to show the existenceof the lower frame bound for f wi g it
su�ces to show that the \frame operator" V V � for f wi g is surjective. Now,

V V � = S + TK � + K T � + K K � ;
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where S = TT � is the frame operator for f x i g. The operator

(TK � + K T � + K K � ) S� 1

is compact, so the operator (TK � + K T � + K K � ) S� 1 + I has closed range (see
Theorem 4.23of [R]). Composing this with S, we seethat V V � also has closedrange.

Now consider V V � as an operator on the closedsubspacespanf wi g. Here V V � is
injective: if x 2 spanf wi g and V V � x = 0 then

P
jhx; wi ij 2 = hV V � x; xi = 0, whence

x = 0. SinceV V � hasa closedrangewe therefore have Range(V V � ) = (N (V V � ))? =
spanf wi g. Thus V V � is surjective, asdesired,and hencef wi g is a frame for spanf wi g.

2

In particular, f wi g is a frame for spanf wi g if
P

kx i � wi k2
H < 1 . By Proposition

4.1, we know that if
P

kx i � wi k2
H < A (the lower Hilb ert frame bound for f x i g) then

f wi g is a frame for H , and therefore spanf wi g = H . However, if we have merely the
equality

P
kx i � wi k2

H = A, it may happen that spanf wi g 6= H . For example, let f x i g
be an orthonormal basis for H , and set w1 = 0, wi = x i for i > 1.

Also, note that the condition (4.2) in Proposition 4.1 is preciselythe statement that
kK k <

p
A. If kK k �

p
A then f wi g neednot be a frame for spanf wi g. For example,

if f x i g is an orthonormal basis for H and we set wi = x i + x i +1 , then kK k = A = 1
but f wi g is not a frame for spanf wi g = H .

Our next result establishesthe relation betweenHilb ert frames and atomic decom-
positions in Hilb ert spaces.Note that if f yi g is a Hilb ert frame for H then (f yi g; f ~yi g)
is an atomic decomposition of H with respect to `2, where f ~yi g is the dual frame of
f yi g. The converserequires additional hypotheses.

Theorem 4.3. Let (f yi g; f x i g) be an atomic decomposition of H with respect to `2.
Then the following statementshold.

(a) f yi g is a Hilbert frame for H .
(b) If f x i g is a Besselsequence for H with respect to `2 then it is a Hilbert frame

for H .
(c) Assumef x i g is a Besselsequence for H with respect to `2. De�ne U;V : H ! `2

by Ux = fhx; x i ig and V x = fhx; yi ig . Then f x i g is the dual frame of f yi g if and only
if Range(U) = Range(V ).

Pr oof . Statement (a) follows immediately from the de�nition. For (b), the lower
frame bound follows from Theorem 3.1, or directly from the computation

kxk4
H =

� X

i

hx; yi i hx i ; xi
� 2

�
X

i

jhx; yi ij 2
X

i

jhx i ; xij 2 � B 2 kxk2
H

X

i

jhx i ; xij 2:

Finally, for (c), note that the reconstruction formula (1.1) implies U � V = V � U = I .
Let E = Range(U). SinceU is injective and UV � U = U, we have (UV � )jE = I jE . If
E = Range(V ), this implies UV � V = V . Therefore, given x 2 H ,

fhx; yi ig = V x = UV � V x = fhV � V x; x i ig = fhx; V � V x i ig :
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In particular, we must have yi = V � Vx i , whencex i = (V � V ) � 1yi and f x i g is the dual
frame of f yi g. Conversely, if f x i g is the dual frame of f yi g then V x = UV � V x, so
Range(V ) = Range(U) sinceV � V is invertible. 2

It need not be the casethat f x i g is the dual frame of f yi g even if (f yi g; f x i g) is
an atomic decomposition of H with respect to `2 and f x i g is a Besselsequence.For
example, let f yi g and f zj g be two frames for H . De�ne wj = 0 for each j . Then
(f yi g[ f zj g; f ~yi g[ f wj g) is an atomic decomposition of H with respect to `2, but the
dual frame of f yi g [ f zj g is f ~yi g [ f ~zj g.

We close this section with a note about convergence,which generalizesProposi-
tion 6.2.19of [He]. The hypotheseson X d, X 0

d usedin most of our results wereneeded
to ensure that seriessuch as

P
ci yi converge unconditionally for every f ci g in the

appropriate sequencespace. In the Hilb ert setting, we know that if f yi g is a Hilb ert
frame then

P
ci yi convergesunconditionally in H for every f ci g 2 `2. In fact, this is

true if f yi g is merely a Besselsequencefor H with respect to `2.
Moreover, if f yi g is an arbitrary sequencein H and

P
ci yi convergesunconditionally,

then Orlicz' Theorem (seep. 18of [LT]) implies that
P

jci j2 kyi k2
H =

P
kci yi k2

H < 1 .
Therefore, if f yi g is norm-boundedbelow (meaning inf kyi kH > 0), then

P
jci j2 < 1 .

In particular, if f yi g is a Besselsequencefor H with respect to `2 and f yi g is norm-
bounded below, then

f ci g 2 `2 ( )
X

i

ci yi convergesunconditionally in H :(4.3)

Among other results, Holub [Ho] recently usedour equation (4.3) to provethe following
equivalencefor a Hilb ert frame f yi g which is norm-boundedbelow: f yi g is a near Riesz
basis (a Rieszbasisplus �nitely many elements) if and only if

X

i

ci yi convergesin H ( )
X

i

ci yi convergesunconditionally in H :

It would be useful to obtain similar characterizations in the Banach spacesetting.

5. Applications to weighted L 2{spaces

A function w: IR ! (0; 1 ) is called a moderate weight if there existsa submultiplica-
tiv e function m, i.e., m(s + t) � m(s) m(t) for all s, t, such that w(s + t) � m(s) w(t)
for all s, t. Frequently one also assumesthat w(0) = 1, but this assumption will play
no role in the sequel.Corresponding to a moderate weight w is a weighted L 2-space

L 2
w (IR) =

�
f : kf kL 2

w
=

� Z 1

�1
jf (t)j2 w(t) dt

� 1=2

< 1
�

:

L 2
w (IR) is a Hilb ert spacewith respect to the weighted inner product

hf ; gi w =
Z

f (t) g(t) w(t) dt:
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It can alsobe consideredasa Banach spacewith dual spaceL 2
1=w (IR) when the dualit y

is de�ned by hf ; gi =
R

f (t) g(t) dt for f 2 L 2
w (IR) and g 2 L 2

1=w (IR). L 2
w (IR) is

translation invariant, i.e., f 2 L 2
w (IR) implies Ta f 2 L 2

w (IR) for any a 2 IR, where
Taf (t) = f (t � a). The sameis true for the modulation operator Ebf (t) = e2� ibt f (t).
Both Eb and Ta are bounded operators on L 2

w (IR).
Given g 2 L 2

w (IR) and �xed a, b, the Gabor systemgeneratedby g is f gmb;na gm;n 2 ZZ ,
where gp;q (t) = EpTqg(t) = e2� ipt g(t � q). Gabor systemsin L 2(IR) are discussedin
detail in [BHW ], [D1], [D2], [HW]. Gabor systemsin weighted L 2 spacesand in the
more generalsetting of the modulation spacesare discussedin [BW], [F2], [W].

Gabor systemsare very useful in analyzing the local frequencycontent of a function.
Feichtinger and Walnut have shown that Gabor systemscan be useful outside the
setting of L 2(IR). However, as we now show, although L 2

w (IR) is a Hilb ert space,no
Gabor systemcan form a Hilb ert frame for L 2

w (IR) unlessw is essentially bounded, in
which caseL 2

w (IR) = L 2(IR).

Lemma 5.1. If the Gabor systemf gmb;na g is a Hilbert frame for L 2
w (IR) then w is

bounded above and below.

Pr oof . Let A, B be the frame bounds for f gmb;na g. Let I be any interval of length
1=b, and let f 2 L 2

w (IR) be any function supported within I . Then the Plancherel
formula for Fourier seriesimplies

X

m;n

jhf ; gmb;na i w j2 =
X

m;n

�
�
�
�

Z

I
f (t) g(t � na) w(t) e� 2� imbt dt

�
�
�
�

=
X

n

Z

I
jf (t) g(t � na) w(t)j2 dt:

(5.1)

Set G(t) =
P

jg(t � na)j2. Consideringequation (5.1) together with the frame bounds,
we conclude that A � G(t) w(t) � B a.e. on I , and therefore the same inequalities
hold almost everywhere on IR. SinceG is nonnegative and a-periodic, we can �nd a
subset E � [� a=2; a=2] with positive measuresuch that 0 < � � G(t) � � < 1 for
almost every t 2 E . Also, sincew is moderate there must exist a constant C > 0 such
that

sup
[na � a=2;na + a=2]

w(t) � C inf
[na � a=2;na + a=2]

w(t) for every n;

with C independent of n [W]. SinceG is a-periodic, we therefore have

sup
[na � a=2;na + a=2]

w(t) � C inf
E + na

w(t) �
C
�

inf
E + na

G(t) w(t) �
B C
�

:

Hencew(t) � B C=� a.e., and similarly w(t) � A=(C� ) a.e. 2

Although Hilb ert framesfor L 2
w (IR) are not possiblefor nontrivial weights, Walnut

[BW], [W], building on ideas of Feichtinger [F2], has shown that it is possible to
construct Gabor atomic decompositions for L 2

w (IR) in much the same spirit as the
classicalresults on Gabor framesfor L 2(IR). Theseatomic decompositions will not be
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Hilb ert frames for L 2
w (IR). Yet as atomic decompositions they still provide all of the

desirablefeaturesof frames, including the equivalencebetweenthe norm of a function
f 2 L 2

w (IR) and a sequencespacenorm of fhf ; gm;n ig . The natural sequencespacefor
Gabor atomic decompositions of X = L 2

w (IR) is the weighted sequencespaceX d = `2
v ,

where the discrete weight v is de�ned by

v(m; n) = inf
[na � a=2;na + a=2]

w(t):

We can apply our perturbation results to Gabor atomic decompositions. Let

Y =
�

f :
Z 1

�1
jf (t)j kTt k dt < 1

�
:

This is a Banach spacewith respect to the natural norm. Spacesof this type have
been de�ned and studied by Feichtinger and Gr •ochenig [F1], [FG1], [FG2] in
great detail; they are Wiener amalgamspaces.In their notation, Y = W

�
L 1; L kT( � ) k

�
.

The following result is Corollary 2.3.8 of [W]:

Prop osition 5.2. Let g 2 Y and let b � 1. Then there exists a constant C such
that 








X

m;n

am;n gmb;na










L 2
w

� C b� 1=2 kgkY kf am;n gk` 2
v

for all sequences f am;n g 2 `2
v .

The value of C is independent of g and b and can be estimated explicitly . Applying
Theorem 2.3 with � = 0 and � = C b� 1=2 kg � hkY , we obtain the following result,
which improvesa theorem of Walnut by giving an explicit bound on kg � hkY .

Corollary 5.3. Assumethat f gmb;na g is an atomic decomposition for L 2
w (IR) with

respect to `2
v , with bounds A, B . If g � h 2 Y and kg � hkY < b1=2(B C) � 1, then

f hmb;na g is also an atomic decomposition of L 2
w (IR).
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ERRA TA

Note: This errata listing is not included in the published version of this paper.

In the statement of Theorem 2.2 part (a), the inequality � should be replacedby < .


