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Abstract. Banach frames and atomic decompositions are sequencesthat have basis-lik e prop erties
but which need not be bases. In particular, they allow elements of a Banach spaceto be written as
linear combinations of the frame or atomic decomposition elements in a stable manner. In this
paper we prove seweral functional-analytic properties of these decompositions, and show how these
prop erties apply to Gabor and wavelet systems. We rst provethat frames and atomic decompositions
are stable under small perturbations. This is inspired by corresponding classical perturbation results
for bases, including the Paley{Wiener basis stabilit y criteria and the perturbation theorem of Kato.
We intro duce new and weaker conditions which ensure the desired stabilit y. We then prove duality
prop erties of atomic decompositions and consider some consequencesfor Hilb ert frames. Finally , we
demonstrate how our results apply in the practical case of Gabor systems in weighted L2 spaces.
Such systems can form atomic decompositions for L2 (IR), but cannot form Hilb ert frames for L2 (IR)
unless the weight is trivial.

1. Intro duction

Framesfor Hilb ert spaceswereintroducedby Duffin and Schaeffer [DS] as part
of their seminal researd in nonharmonic Fourier series. Daubechies , Gr ossmann,
and Meyer [DGM] later found a fundamenrtal new application, to wavelet and Gabor
transforms. Framescortinue to play an important role in ead of theseareas.

A set of vectors fy;g in a Hilbert spaceH is a (Hilb ert) frame if the porms kxky
and kfhx; yijigk-. are equivalent. De ne Ux = fhx;yiig. Then U Ux = hx;yiiy; is
a continuous invertible mapping of H onto itself. With y = (U U) 1ly;, we have the
reconstruction formulas

X . X .
(1.1) X = iy = h; yii wi:
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The collection fy g also forms a frame, the dual frame of fy;g. The represenations
in equation (1.1) need not be unique, i.e., fy;g neednot be a basis. A frame which
is a basis must be a Riesz basis. Conversely all Riesz basesare frames. The basic
theory of framesin Hilbert spacescan be found in Duffin and Schaeffer 's original
paper [DS], Young 's classictext [Y], Daubechies' paper [D1] and book [D2], or the
researd-tutorial [HW].

Frameswere extendedto Banach spacesby Gr ochenig [G]. In Hilbert spacesthe
norm equivalence hypothesis leads immediately to the reconstruction formula (1.1).
This doesnot hold in Banach spacesin general. A decomposition of a Banach space
is therefore de ned as follows.

Denition 1.1. Let X be a Banach spaceand let X4 be an assciated Banach
spaceof scalar-valued sequencesndexed by IN = f1;2;3;:::g. Let fyigon XC%and
fxigiom X begiven. If:

(@) thx;yjig 2 X4 for each x 2 X,

(b) the porms kxkx and kfhx; yjigkx , are equivalent, and

(c) x = ilzl hx; yii x; for each x 2 X,
then (fyig;fx;g) is a (linear) atomic decomposition of X with respectto X4. If the
norm equivalenceis given by A kxkx kfhx; y;igkx B kxkx , then A, B are a
choice of atomic boundsfor (fy;g; fx;g).

Atomic decompositions have played a key role in the recert developmert of wavelet
theory and Gabor, or windowed Fourier, analysis. Prior to the discovery of smooth
wavelet orthonormal basesfor the Hilbert spacelL?(IR) in [M] and prior to the con-
struction of wavelet and Gabor framesfor L2(IR) in [DGM], Frazier and Jawer th
had constructed wavelet atomic decompositions for Besor spacesin [FJ], which they
termed the \ -transform.” Feichtinger constructed Gabor atomic decompositions
for the modulation spacesin [F2]. Theseare Banach spacessimilar in many respects
to Besor spaces,de ned by smoothnessand decay conditions. Walnut  studied this
construction in detail in [W], extending and improving many results for the caseof
weighted L2 spaces. In particular, he shaved that Gabor atomic decompositions in
L2 (IR) neednot be Hilbert frames. Feichtinger and Gr echenig have developed a
generaltheory which appliesto an extremely broad classof function spacesand group
represenations [FG1], [FG2], [G].

In this paper we show that seweral new results on atomic decompositions follow
simply oncethey are consideredfrom a functional analytic point of view. We begin
in Section2 by demonstrating that atomic decompositions and the related concept of
Banach framesare stable under small perturbations. This is inspired by corresponding
classicalperturbation resultsfor basesge.g.,the Paley { Wiener basisstability criteria
[PW], [Y] and the perturbation theorem of Kato [K]. The paper by Retherf ord
and Holub [RH] is an excellernt survey of perturbation results for bases.We intro duce
new and weaker conditions which ensurethe desiredstability. Next, we prove duality
properties of atomic decompositions in Section 3, and considersomeconsequencesor
Hilb ert framesin Section4. Related Hilb ert spaceresults, partially inspired by a weak
versionof Theorem 2.3 rst provedin [He], have appearedin [C1], [C2], [C3], and these
have formed the basisfor additional results by Favier and Zalik [FZ]. We point out
an implication for wavelet framesin L2(IR) by connectingto a result of Chui and Shi
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from [CS]. We alsodiscussthe relationship betweenthe hypothesesin our theoremsto
unconditional cornvergenceof series,and prove a result on unconditional corvergence
which Holub has usedin his recert characterization of near-Rieszbasesin Hilbert
spaces[Ho]. Finally, in Section 5 we demonstrate how our results can be applied to
the practical caseof Gabor atomic decompositions in weighted L2 spaces. We show
that no Gabor system can be a Hilbert frame for L2 (IR) unlessthe weight is trivial
(bounded both above and below). Therefore atomic decompositions are a required
tool for studying Gabor systemsin weighted L2 spaces.

The coherert state atomic decompositions are the most important for applications.
Theseinclude both the wavelet and Gabor cases.A coheren state atomic decompo-
sition arisesfrom a group G acting on a Banach spaceX via a group represeration

. We assumethat (g) is a cortinuous invertible mapping of X onto itself for eath
g2 G. In the wavelet case,the group is the ane group A = (IRnf0g) IR, and the
group represertation  is obtained by forming time-scaletranslates of functions

(&b (1) = C(ajb) (at b); (&b 2 A;

with C(a;b) chosenappropriately for X . For the Gabor case,the group is the Heisen-
berggroupH = T IR IR, and the group represenation is obtained via time-
frequency translates of functions f :

(z;a;b)f (1) = C(z;a;b)e® P f(t a); (z;a;b) 2 H:

Given sudc a function spaceX, group G, and represeration , we selecta generator
x 2 X (often called, by an abuseof terminology, the mother wavelet) and a discrete set
fgg G.Iff (g)xgformsanatomic decomposition for X, thenit is calleda coherert
state atomic decomposition. The discretesetf g;gis commonly chosento bea\regular"
subsetof the group. For example, a wavelet coheren state decomposition usually has
the form fa"™2 (a"t mb)gm:n 2z While a Gabor coheren state decomposition usually
hasthe form fe? ™ f (t na)gmn 2z. The relationship of the ane and Heiserberg
groupsto wavelet and Gabor analysison L2(IR) is surveyed in detail in [HW].

We will usethe following notations and terminology throughout. We assumethat
sequencesre indexed by IN = f1;2;3;:::9g. We say that a sequencefcig is nite if
only nitely many componerts are nonzero. A Banach spaceX 4 of sequencess solid if
wheneer f b g and f ¢, g are sequencesvith fc,g2 Xy andjhj jgj then it followsthat
fbhg 2 Xq and kf b gkx kfcigkx,. For example, let g denote the delta sequence
g (i) = . If fggi2m forms an unconditional basisfor X4 then X4 is solid. It also
follows in this casethat X4 hasan absolutely continuous norm, i.e., if fcig2 X4 then
limpy  kfc o o, (i)gkx, = O, wherefl,gis any family of subsetsof IN such that
1 I % IN and , is the characteristic function | (i) = 1ifi 2 I, Ofif
i 2 1,. In particular, the hypotheseson X4, XJ in most of our results are satis ed
if X3 can be realized as a Banach spaceof sequencef scalarsand if f g g forms an
unconditional basisfor both X4 and Xg.
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2. Perturbation results

An atomic decomposition provides a factorization of the identity map | on X . That
is, | is written as a compositiop of the coe cient mapping x 7! fhx;y;ig and the
reconstruction operator fc;g 7! G Xi. Sudh seriesreconstructions are theoretically
appealing. However, for numerical implementations it is often preferableto formulate
the reconstruction operator via an iteration or other algorithm. We therefore make the
following de nition, which allows freedomin the form of the reconstruction operator.

Denition 2.1. Let X be a Banach spaceand let X4 be an assciated Banach
spaceof scalar-valued sequencesndexed by IN. Let fy;gon X%and S:X4! X be
given. If:

(a) thx;yjig 2 X4 for each x 2 X,

(b) The norms kxkx and kfhx; yiigkx , are equivalent, and

(c) S is boundedand linear, and Sfhx; yjig = x for ea x 2 X,
then (fy;g; S) is a Banach frame for X with respect to X4. The mapping S is the
reconstruction operator. If the norm equivalenceis given by

A kxkyx kfhx; yiigkx B kxkx ;

then A, B are a choice of frame boundsfor (fy;g; S).

Note that if U:X | Xy is the coe cien t mapping de ned by Ux = fhx; yjig then
kSk 1, kUk are a choice of frame bounds for the Banach frame (fy;g; S).

We now show that Banach framesare stable under small perturbations of the frame
elemernts.

Theorem 2.2. Let (fy;g;S) be a Banach frame for X with respect to X4. Let
fzig X9 If there exist , 0 suchthat

(@) kUk+ kSk 1, and

(b) kthx;y;  ziigkx, kfhx; yiigkx , + kxkx for all x 2 X,
then there exists a reconstruction operator T suchthat (fz;g; T) is a Banach frame
for X with respect to X4 with frame boundskSk ' ( kUk+ ), kUk+ ( kUk+ ),
where U is the coe cient mapping Ux = fhx; yiig.

Proof. The hypothesesimply that the operator V:X | X4 dened by Vx =
fhx; zjig is bounded and satis es kUx  Vxkx, kUxkx, + kxkx forall x 2 X.
Therefore,

kV xkx (kUk + kUK + ) kxkx:

This establishesthe upper frame bound. For the lower bound, obsene that SU = |,
S0
kI SVk kSkkU Vk  kSk( kUk + ) < 1L

Therefore SV is invertible, and k(SV) *k (1 ( kUk+ )kSk) 1. Finally, if we
setT = (SV) 1Sthen TV = |, and
kSk

o KTRKVXke, 00 ek

KV xkx ,:
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This givesthe desiredlower bound: kSk ! ( KUK+ ) kxkx  kVxkx,-. 2

The hypothesesin Theorem 2.2 are natural from the point of view of perturbation
of operators: they meanthat the operator U V is relatively bounded with respect
to U (seep. 181 of [K]).

For atomic decompositions, we can perturb in X instead of X% Our result is a
\ Paley {Wiener Theorem for atomic decompositions" (seep. 38 of [Y]).

Theorem 2.3. Suppsethat X 4 hasan absolutelycontinuous norm. Let (fy;g;f x;Q)
be an atomic decomposition of X with respect to X 4 with boundsA, B. Letfw;g X.
If there exist , 0 suchthat

€) g B<1 and

(b) G (xi wp) X GiXj y+ kf cigkx , for any nite sequen@fcig?2 Xy,
then there existsa family fzig X ®suchthat (f z;g; f w;g) is an atomic decomposition
of X with respect to X 4 with boundsA (1+( + B)) 1, B(1 ( + B)) ! Moreover,
fw;g is a basisfor X if and only if fx;g is a basisfor X.

Prog,f. Becauseof the assumptionthat X4 has an absolutely continuous norm, the
ries  hx;yi w; is convergert for any x 2 X. If wedene T:X ! X by Tx =
hx; yii wi, then

kx  Txkx kxkx +  kfhx;yiigkx, ( + B)kxkx
for all x 2 X . Thereforekl Tk< 1,s0T isinvertible. Dene z; = (T 1) y;. Then
x . x .
x = TT x = HT Y yiiw = h; zii wi:

Further,

% kx ky AKT Ixky kfhT x; yiigkx, B kT xkx B kT Tk kxky ;

so (fzjg;fw;g) is an atomic decomposition of X with respect to X4. Since kTk
1+ + BandkT 'k (1 ( + B)) 1,the boundsare as claimed.

Finally, gssumethat fxjgis a basisfor X. Then fx;g and fy;g are biorthonormal,
soTxj = hT 1ij Yilwi = w;. Therefore fwig is a basis since T is invertible.
Conversely if fw;gis a basisthen T ! mapsit onto fx;g. 2

In the terminology of Kato (p. 181of [K]), the hypothe§esin Theorem 2.3 are that
the operator K:D(K) Xg4 ! X dened by ‘{,fcig = G (Xi w;) is relatively
bounded with respect to the operator fcig 7! G X;. It is natural to call K the
\p erturbation operator," since, as we have seen,conditions on K imply that \fw;g
inherits decomposition properties from f x;g." We apply Theorem 2.3to Gabor atomic
decompositions for weighted L 2-spacesin Section 5.

Specic choicesof and in Theorem 2.3 give conditions in the style of classic
results on basis perturbation.
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Corollary 2.4. Let (fyig;fxjg) be an atomic decomposition of X with respect to
X4 with bounds A, B. Assumethat Xy, xg satisfy:

(a) X4 hasan absolutelycontinuous norm,

(b) X § is a solid Banach space of s@lar-valued sequenes, and

(c) the action of fcig2 X3 onfhg2 Xgq is givenby hfbg;fcigi = b .
If fwig X is suchthat R = kfkx;  w;iky gkxg < B 1, then there exists a family
fzig XOsuchthat (fzg;fwig) is an atomic decomposition of X with resgct to X 4
with boundsA (1+ RB) 1, B(1 RB) 1.

P
Proof. The hypothesesimply that k ¢ (Xj  w;)kx R kf cigkx, for any nite
sequence ¢ig 2 Xq4. Therefore we can apply Theorem2.3with = 0and = R. 2

A major drawback of Corollary 2.4is that it generallydoesnot apply to the problem
of perturbing the generator of a cohereri state atomic decomposition f (gj)xg. For
example,if (g) is an isometry for eac g (asin the standard wavelet or Gabor cases)
and if the generator x is perturbed to w, then k (gi)x (g )wkyx kx  wky for
all i. Hencekfk (gi)x (g )wkx gkxg will typically bein nite. On the other hand,
the hypothesesof Theorem 2.3 may still be applicable. We discussthis further in
Sections4 and 5. Similar remarks apply to the problem of perturbing the discrete set
fgg.

We say that a sequencefx;ig X is a Besselsequencefor X ® with respect to X § if
there exists a constart D sud that

kfhxi;yigkxs D kykyxo forally2 X©

The constart D is the Besselbound. The following additional consequenc®f Theorem
2.3is motivated by a useful result about Rieszbasesin Hilb ert spaceg[Hi].

Corollary 2.5. Let (fyig;fxjg) be an atomic decomposition of X with respect to
X ¢ with bounds A, B, and suchthat fx;g is a Besselsagjuene for X ° with respct to
X § with Besselbound D. Assumethat X4, X3 satisfy hypotheses(a), (b), and (c) of
Corollary 2.4. Assumethat there exists a family f Tyg of bounded operators on X and
salars ay so that

Xi W = X ax Tkx; for eadhi:
k
If
(@) & = sup jakj< 1 for eachk, and
(b)  akTkk< (BD) 1,
then there exists a family fzg X9 such that (fzg;fw;g) is an atomic

de)ompositig,n of X with respct to X4 with bounds A(1 + BD  ax kTxk) ! and
B (1 BD ak kak) L

Proof. Givena nite sequencef ¢cig2 X4, we have

X X X X X
ag(xi w) = G aik TiX; kT k G aik Xi
i X i K X K i X
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Fix any k. Then

X X _
G ak Xi sup G ai hx;;yi
i X kyky 0=1

= sup jhfcig fax hx;yigi
kyky 0=1

kfcigkx, sup kfai hxi;yigkxe
kyky 0=1

D a kfcigkx,;

where we have usedthe fact that X J is solid. Hence

X X
G (Xi  w) y D ax kTgk  Kfcgky,
i k

for every nilge sequence cig 2 X4. We can therefore apply Theorem 2.3 with =
and =D  a kTkk.

N o

3. Dualit y for atomic decomp ositions

If fxjg is a basis for X with coe cient functionals fy;g then fy;g is a basis for
sparfy;g X O9with coecient functions fxig X% We investigate the analogous
question for atomic decompositions in this section.

Theorem 3.1. Let (fy;g;fx;g) be an atomic decomposition of X with respect to
Xg. AssumeXq, X § satisfy:

(a) Xy is solid,

(b) X § is a Banach space of salar-valued sejuenes, =

(c) the action of fcig2 XJonfhg2 Xgq is givenby hfbg;fcgi= b, and

(d) X9 has an absolutelycontinuous norm.
If fxig is a Besselseguene for X ° with respect to X I then (fx;g; fyig) is an atomic
decomposition of X © with respect to X §.

P
Proof. The hypothesesgivenimply that ¢ y; corvergesin X °for every fcig2 X Q.
B particular, sincefx;g is a Besselsequencejf y 2 X %is xed then fhx;;yig 2 X§, so
hxi;yiy; convergesin X % Moreover, if x 2 X then
D x E Dx E
X; hi;yiy, = hyiixi; y = hyi:

P
Hence Ix;;yiy; =y foreahy2 X°
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It remainsonly to show that there is a constart C such that C kyky o kfhxi;yigkxg
for all y 2 X % Howewer, if y 2 X °then

sup jhx; yij
kax =1
X

= sup hx; yii b yi
kax =1

kykx 0

sup kfhx; yiigkx, kfhxi;yigkxg
kax =1

B kfhxi;yigkxg:
2

The Besselsequencéypothesisis clearly necessary For example,suppose(f yig; f Xig)
is an atomic decomposition of X with respect to X4 and that fw; g is not a Bessel
sequencefor X ®with respectto X 3. De ne z; = 0 for eadh j; then

1. (fyig[ fz g fxig[ fw;g) is an atomic decomposition of X with respect to Xg,
although

2. (fxig[ fwjgfyig[ fzg) is not an atomic decomposition of X ® with respect to
X9,

4. Frame decomp ositions in Hilb ert spaces

In this sectionwe considerthe caseX = H, a separableHilb ert space,and X4 = 2.
For Hilb ert frames, it is customaryto usea de nition of frame boundsslightly di erent
from the one we gave for Banach framesin De nition 2.1. In particular, if fx;gis a
Hilb ert frame then the norm equivalence between kxky and kfhx; xjigk-2 is usually
written X
(4.1) A kxk3, jh; xiij2  BkxkZ forall x 2 H;

I
with these A, B called the frame bounds. For clarity, we will refer to A, B given
by equation (4.1) as Hilb ert frame bounds; they are the squaresof the Banach frame
bounds given in De nition 2.1. The following result is an immediate consequenceof
Theorem 2.2, but a direct proof is so simple that we include it.

Prop osition 4.1. Let fx;g be a Hilbert frame with Hilbert frame boundsA, B. Let
fwig H. If thereis an R < A suchthat

X
(4.2) j xi wiij?  Rkxky forall x 2 H;
i
then fB/ig is a Hilbert frame with Hilbert frame bounds A (1 P R=A)2 and

B(l+ R=B)2
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Proof. The triangle ineqyality in "2 statesthat kfhx; xjigk-2  kfhx;x; !jigk-2 +
kfhx; ! jigk-2. Therefore, jhx;!ij2 (A R?™)2kxkZ, and a similar proof
applies for the upper bound. 2

Despiteits simplicity, Proposition 4.1is quite usefulfor applications. In most casest
ismoredi cult to verify the lower frame condition than the upper one. Proposition 4.1
shows that the dicult problem reducesto the easieronein the caseof perturbation:
the family fw;gis a frame if the di erence fx; w;g satis es the upper condition with
a su cien tly smqﬂ bound. This is a weaker hypothesisthan the standard basis-type
assumptionthat =~ kx; wk% < A. In particular, this latter hypothesis cannot be
applied to the problem of perturbing the generatorx of a coheren state framef (gj)xg
in typical casese.g.,if if (g) is an isometry for all g. However, Proposition 4.1 does
apply: it statesthat f (gi)wg is a frame if the set of coherent statesf (gi)(x w)g
generatedby x w is a Besselsequenceavith bound lessthan A. Favier and Zalik [FZ]
apply Proposition 4.1 explicitly to the caseof Gabor and wavelet frames for L2(IR).
There are other applications of Proposition 4.1 to problemsin irregular sampling and
wavelet theory in [FZ] and [C3].

Proposition 4.1 connectswith additional known results about frames. For example,
using Remark 1 of [CS] we obtain the following: if fa"™2f (a"x  mb)gmn 2z is a
wavelet frame for L?(IR) with bounds A, B, and if g 2 L2(IR) is a function suc that
supp(f’\ 0 [ ; ], andthere exists a number R < A such that

X
8 ¢ ife) 6@ )P R

n

then fa™2g(a"x mb)gmn 2z is alsoa frame for L2(IR).
We have already remarked on the importance of the perturbation operator K. For
Hilb ert frameswe are able to prove another result where K plays the main role.

PTheorem 4.2. Let fx;g be a Hilbert frame for H, and let fwijg H. If Kf¢gg=
¢ (w x;) is compact as an operator from "2 into H, then fw;g is a Hilbert frame
for sparf w; g.

P
Proof. Dene T:'2! H by Tfcg= G Xj. Sincefx;g is a frame, we know that
T is bounded. In fact, kTk? B, the upper Hilbert frame bound for fx;g. Hence
V = T + K is a bounded operator from *? into H. If x 2 H then we compute

X 2 2 2 Loy 2 kK 'k 2
i wiijc = kV xkg KT + K k“ kxkj, B 1+p§ kxkg

This establishesthat fw;g satis es an upper frame bound. The hypothesisthat K is
compactwill give the existenceof the lower frame bound, but not a concretevalue for
it.

By Theorem 2.1 of [C1], to show the existenceof the lower frame bound for fw;g it
su ces to show that the \frame operator" VV for fw;g is surjective. Now,

VV = S+ TK + KT + KK ;
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whereS = TT is the frame operator for fx;g. The operator
(TK +KT +KK )sS!?

is compact, so the operator (TK + KT + KK )S !+ | has closed range (see
Theorem 4.23 of [R]). Composingthis with S, we seethat VV alsohas closedrange.
Now considerVV as an operator on the cI0§ed subspacesparnf w;g. Here VV is
injective: if x 2 sparfw;gand VV x = Othen  jhx;w;ij?> = WV x;xi = 0, whence
x = 0. SinceVV hasa closedrange we therefore have RangetVV )= (N(VV ))? =
sparfwig. ThusVV is surjective, asdesired,and hencef w; g is a frame for sparf w; g.
2

In particular, fw;gsis a frame for sparf w;g if P kxi wik < 1. By Proposition
4.1, we know that if kx;j w; kE| < A (the lower Hilb ert frame bound for f x;g) then
fwigis quame for H, and therefore sparf wig = H. Howewer, if we have merely the
equality  kx; wik3 = A, it may happenthat sparfw;g6& H. For example,let fx;g
be an orthonormal basisfor H, and setw; = 0, w; = x; fori > 1.

Also, Igge that the cBrEjition (4.2) in Proposition 4.1 is preciselythe statemert that
kKk< " A. If kKk A then fw;g neednot be a frame for Sparf w;g. For example,
if fx;g is an orthonormal basisfor H and we setw; = X; + Xj+1, then kKkk= A =1
but fw;g is not a frame for spanfwig= H.

Our next result establishesthe relation betweenHilb ert framesand atomic decom-
positions in Hilb ert spaces.Note that if fy;gis a Hilbert frame for H then (fyig;fy Q)
is an atomic decomposition of H with respect to “?, where fy; g is the dual frame of
fyig. The converserequires additional hypotheses.

Theorem 4.3. Let (fy;g;fx;g) be an atomic decomposition of H with respect to “2.
Then the following statementshold.

(a) fyig is a Hilbert frame for H.

(b) If fxigis a Besselsequen@ for H with respect to "2 then it is a Hilbert frame
for H.

(c) Assumefx;gis a Besselsequen@ for H with resgct to “2. Dene U;V:H ! "2
by Ux = fhx; xjig and Vx = fhx; yijig. Then fx;g is the dual frame of fy;g if and only
if RanggU) = Range(V).

Proof. Statement (a) follows immediately from the de nition. For (b), the lower
frame bound follows from Theorem 3.1, or directly from the computation

X 2 X X X
kxk{, = h; yii hx;; Xi jhyiij? i xij? o BZkxkd  jhxg;xij 2

Finally, for (c), note that the reconstruction formula (1.1) impliesU V =V U=1.
Let E = RanggU). SinceU is injective and UV U = U, we have (UV )jg = ljg. If
E = Range(V), this implies UV V = V. Therefore, givenx 2 H,

fhx;yiig = Vx = UV Vx = fhV Vx;xjig = fhx;V Vxig:
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In particular, we must havey; = V Vx;, whencex; = (V V) ly; andfx;gis the dual
frame of fy;g. Conversely if fx;g is the dual frame of fy;g then Vx = UV VX, so
RanggV) = RanggqU) sinceV V is invertible. 2

It neednot be the casethat fx;g is the dual frame of fyjg evenif (fy;g;fxig) is
an atomic decomposition of H with respect to *2 and f x;g is a Besselsequence.For
example, let fy;g and fz;g be two framesfor H. Dene w; = O for eadh j. Then
(fyig[ fzg;fyig[ fwg) is an atomic decomposition of H with respectto "2, but the
dual frame of fy;g[ fzygisfyig[ fz0.

We close this section with a note about corvergence,which generalizesProposi-
tion 6.2.190f [He]. The hypothgseson X4, X § usedin most of our results were needed
to ensurethat seriessuch as ¢ y; corverge unconditionally for every fcig in the
appropriateﬁequencspace. In the Hilbert setting, we know that if fy;g is a Hilbert
frame then ¢ y; convergesunconditionally in H for every fcig2 “2. In fact, this is
true if fy;g is merely a Besselsequenceor H with rgspect to *2,

Moreover, if fyjgis anarbitrary sequencen H and 5 G i corwergegmconditionally,
then Orlicz' Theorem (seep. 180f [LT]) impliesthat = jcij*kyiky = kg yikg < 1.
Therefore, if fy;g is norm-bounded below (meaninginf ky;ky > 0), then  jgj2< 1.

In particular, if fy;gis a Besselsequencefor H with respect to “? and fy;g is norm-
bounded below, then

X
(4.3) fcg2°2 () G y; convergesunconditionally in H:
I
Among other results, Holub [Ho] recertly usedour equation (4.3) to provethe following
equivalencefor a Hilb ert frame f y; g which is norm-boundedbelow: fy;gis a nearRiesz
basis (a Rieszbasisplus nitely many elemerns) if and only if
X X
G y; corvergesin H () G y; convergesunconditionally in H:
I I

It would be usefulto obtain similar characterizations in the Banach spacesetting.

5. Applications to weighted L?{spaces

A function w:IR! (0;1 ) is called a moderate weight if there existsa submultiplica-
tive function m, i.e., m(s+ t) m(s) m(t) for all s, t, such that w(s+t) m(s)w(t)
for all s, t. Frequertly one alsoassumeshat w(0) = 1, but this assumption will play
no role in the sequel. Corresponding to a moderate weight w is a weighted L ?-space

Z 4 1=2
LS(R) = f :kfk.z = . if (1)j2 w(t) dt <1

L2 (IR) is a Hilbert spacewith respect to the weighted inner product
z

Higiw =  f(t)g(t) w(t)dt:
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It canalsobe consideredasa Banach spacewith dual spaceL EZW(IR) whenthe duality
is dened by H;gi = f(t)g(t)dt for f 2 LZ(IR) and g 2 L2_ (IR). L2(IR) is
translation invariant, i.e., f 2 L2(IR) implies Tof 2 L2(IR) for any a 2 IR, where
Taf (t) = f(t  a). The sameis true for the modulation operator Epf (t) = € Pt f ().
Both E, and T, are bounded operators on L2 (IR).

Giveng 2 L2 (IR) and xed a, b, the Gabor systemgeneratedby g is f gmb:na Om:n 2z,
where gp.q(t) = EpTqg(t) = € P g(t  g). Gabor systemsin L2(IR) are discussedin
detail in [BHW], [D1], [D2], [HW]. Gabor systemsin weighted L? spacesand in the
more general setting of the modulation spacesare discussedin [BW], [F2], [W].

Gabor systemsare very usefulin analyzing the local frequencycontent of a function.
Feichtinger and Walnut have showvn that Gabor systemscan be useful outside the
setting of L?(IR). However, as we now show, although L2 (IR) is a Hilbert space,no
Gabor systemcan form a Hilb ert frame for L2 (IR) unlessw is essetially bounded, in
which caseL 2 (IR) = L2(IR).

Lemma 5.1. If the Gabor systemf gmnna g is a Hilbert frame for L2 (IR) then w is
bounded alove and below.

Proof. Let A, B be the frame boundsfor f gmp:na g. Let | be any interval of length
1=h and let f 2 LZ(IR) be any function supported within |. Then the Plancherel
formula for Fourier seriesimplies

X S, o x “
jHf S Ombina iw]
min min
(5.1) N

f(t)g(t na)w(t)e 2 ™t dt
|

if () g(t  na)w(t)j?dt:
|

n

SetG(t) = P jo(t na)j?. Consideringequation (5.1) together with the frame bounds,
we concludethat A G(t)w(t) B a.e.on |, and therefore the same inequalities
hold almost everywhere on IR. Since G is nonnegative and a-periodic, we can nd a
subsetE [ a=2;a=2] with positive measuresuch that 0 < G(t) <1 for
almost every t 2 E. Also, sincew is moderate there must exist a constart C > 0 suc
that
sup w(t) C inf w(t) for every n;
[na a=2;na + a=2] [na a=2;na+a=2]

with C independent of n [W]. SinceG is a-periodic, we therefore have

sup w(t) C inf wl(t) ¢ inf G(t) w(t) ﬁ:
E+na E+na

[na a=2;na+a=2]
Hencew(t) BC= a.e.,and similarly w(t) A=(C ) a.e. 2

Although Hilbert framesfor L2 (IR) are not possiblefor nontrivial weights, Walnut
[BW], [W], building on ideas of Feichtinger [F2], has shown that it is possibleto
construct Gabor atomic decompositions for L2 (IR) in much the same spirit as the
classicalresults on Gabor framesfor L2(IR). Theseatomic decompositions will not be
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Hilbert framesfor L2 (IR). Yet as atomic decompositions they still provide all of the
desirablefeatures of frames, including the equivalencebetweenthe norm of a function
f 2 L2(IR) and a sequencespacenorm of fhf ; gm:, ig. The natural sequencespacefor
Gabor atomic decompositions of X = L2 (IR) is the weighted sequencespaceX 4 = 2,
where the discrete weight v is de ned by

v(im;n) = inf w(t):
( ) [na a=2;na+a=2] ()

We can apply our perturbation results to Gabor atomic decompositions. Let
z 1
Y = f: if ()jkTikdt < 1
1

This is a Banach spacewith respect to the natural norm. Spacesof this type have

been de ned and studied by Feichtinger and Gr echenig [F1], [FG1], [FG2] in

great detail; they are Wiener amalgam spaces.In their notation, Y = W L1; Lty -
The following result is Corollary 2.3.8 of [W]:

Prop osition 5.2. Letg2 Y andletb 1. Then there exists a constant C such
that X
amn Ombina Cb “?kgky Kkf amn gk:
m;n L\%/
for all sgguen@sfamn g2 2.
The value of C is independert of g and b and can be estimated explicitly . Applying

Theorem2.3with = 0and = Cb kg hky, we obtain the following result,
which improvesa theorem of Walnut by giving an explicit bound on kg hky .

Corollary 5.3. Assumethat f gmpna g is an atomic decomposition for L2 (IR) with
resgect to "2, with bounds A, B. If ¢ h 2 Y and kg hky < b*™2(BC) 1!, then
fhmb:na 9 IS also an atomic decomposition of L&V(IR).
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ERRA TA

Note: This errata listing is not included in the published version of this paper.

In the statement of Theorem 2.2 part (a), the inequality  should be replacedby <.



