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ABSTRA CT. This paper is an examination of techniques for obtaining Fourier
series-like expansionsof �nite-energy signals using so-called Gabor and wavelet
expansions. These expansionsdecomposea given signal into time and frequency
localized components. The theory of frames in Hilb ert spacesis usedas a criteria
for determining whensuch expansionsaregood representations of the signals. Some
results on the existenceof Gabor and wavelet frames in the Hilb ert spaceof all
�nite-energy signalsare presented.

0. In tro duction.

The frequencyanalysisof signalsby expanding them in terms of a �xed collection
of sinusoids, i.e., of representing the signal by meansof its Fourier transform, has
long been a useful technique in mathematics and engineering. However, the fact
that the Fourier transform is not localized in time can make it an unnatural way
of representing a signal. For example,music can be thought of asa signal in which
the frequency content is changing over time since the combination of notes being
received by the ear is constantly changing. One would like to de�ne a transform
which re
ects this evolutionary nature of the spectrum of a signal. Gabor and
wavelet transforms are one meansof accomplishingthis. They are generalizations
of the ordinary Fourier transform de�ned for periodic functions in the sensethat
they give Fourier series-like expansionsof signalswhich display both the time and
frequency content of the signal.

Gabor-type expansionswere intro duced in the 1940sby D. Gabor [Gab]. He
proposed the representation of an arbitrary signal as a sum of translated and
modulated Gaussian functions. Gabor's idea can be illustrated by a decades-old
technique known as the Short-time Fourier transform in which Fourier transforms
are taken of short consectuive segments of a given signal. This transform givesan
unambiguous representation of the signal and also givesa frequencypicture of the
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signal locally in time.
To describe the Gabor transform, �rst �x a \windo wing" function g. In order to

analyzean arbitrary signal f , oneforms the product of f with a shifted versionof g,
i.e., f (t) g(t � na) (where the bar indicates complex conjugation), then computes
the Fourier seriescoe�cien ts of this product, i.e.,

cmn (f ) =
Z

R
f (t) g(t � na) e� 2� imbt dt;

for m; n 2 Z, the set of integers. If g is concentrated at 0, then the coe�cien t
cmn (f ) should to someextent give the intensity of the frequencymb at time na. It
is hoped that, asn and m rangeover all integers,the coe�cien ts cmn (f ) completely
determine f and that somesensecanbe madeof the \F ourier series"representation

f (t) �
X

m;n

cmn (f ) g(t � na) e2� imbt :

The accuracy of the above representation is highly dependent on the function g
and the valuesof the parametersa and b.

The other type of expansionexamined here is known as wavelet (or sometimes
a�ne wavelet) expansion. The transform associated with this type of expansion
was intro ducedby A. Grossmanand J. Morlet asa way of analyzing seismicsignals
[GGM]. There hasbeena great deal of recent work doneusing wavelets in this and
related areas. For example, they have been used in the analysis of images[Mal],
sound patterns [KMG], and in numerical matrix computation [BCR]. As with the
Gabor transforms, the point here is to represent a signal in a way which displays
both the time and frequency content of the signal. The way this is accomplished
in the wavelet caseis as follows. Take a �xed function ' (known as the mother
wavelet ) which is concentrated at 0 and considerthe function an=2' (an t). If a > 1
and n > 0 then this function is compressedin time and consequently expandedin
frequency. We form the coe�cien ts cmn (f ) by integrating f against translated
versionsof this function, i.e.,

cmn (f ) = an=2

Z

R
f (t) ' (an t � mb) dt:

For large n > 0, the coe�cien t cmn (f ) givesan idea of the high-frequencycontent
of f in a small time neighborhood about a� n mb. As before,we want to make sense
of the representation

f (t) �
X

m;n

cmn (f ) an=2 ' (an t � mb):

The criterion we use to make senseof these representations comes from the
theory of frames in Hilb ert spaces.In this we follow the paper [DGM], where this
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connection was �rst made. The generalconcept of frames was �rst intro duced by
R. J. Du�n and A. C. Schae�er in connection with non-harmonic Fourier series
[DS]. The Hilb ert spaceunder consideration here will be L 2(R ), the spaceof all
�nite-energy signals on the real line R . All of the results presented here can be
generalizedto more than one dimension. A theory in two dimensionsis important
for image analysis in particular.

The focusof this paper is on presenting results on the existenceof Gabor frames
and wavelet framesfor the Hilb ert spaceL 2(R ). The results hereare due to others
and a more detailed and complete treatment can be found in the expository paper
[HW]. The �rst part is an intro duction to Hilb ert spacesand frames in Hilb ert
spaces.In Section 2, the Zak transform is intro duced and results on the existence
of Gabor frames for arbitrary g 2 L 2(R ) and parametersa; b such that ab= 1 are
given. In this case, it turns out that necessaryand su�cien t conditions can be
given having to do with the Zak transform of g. In Section3, we examinewhat can
be done for �ner lattices, that is, when ab< 1. We present two existencetheorems
giving simple conditions on g and a which guarantee that we have a frame for all
su�cien tly small b > 0. Section4 dealswith wavelet framesand we show by means
of an examplethe sensein which the wavelet transform can be thought of asa time
and frequency localization operator. This example leads to an existencetheorem
which appears in [DGM].

1. Frames in Hilb ert Spaces.

In this section we will describe someof the basic properties of frames in Hilb ert
spaces,showing that they are useful generalizationsof orthonormal bases. By a
Hilb ert space, we mean a vector space,H , which possessesan inner pro duct
hx; yi and which is complete in the norm kxk = hx; xi 1=2 (for the precisemeaning
of theseterms we refer the reader to [GG]).

The only Hilb ert spacewe will actually usein this paper is L 2(R ), the spaceof
all complex-valued signals f de�ned on the real line, R , which have �nite energy,
i.e., for which

kf k =
� Z

R
jf (t)j2 dt

� 1=2

< 1 :

The inner product in this Hilb ert spaceis

hf ; gi =
Z

R
f (t) g(t) dt;

where the bar indicates complex conjugation.
Frames were �rst intro duced in 1952 by R. J. Du�n and A. C. Schae�er in

the paper [DS], in connection with nonharmonic Fourier series. Their �rst use
in connection with wavelets was in 1986 in the paper [DGM] by I. Daubechies,
A. Grossmann,and Y. Meyer. The precisede�nition is as follows.
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De�nition 1.1. A frame for a Hilb ert spaceH is a set of vectors f xn g for which
there exist constants A; B > 0 such that

Akxk2 �
X

n

jhx; xn ij 2 � B kxk2

for every x 2 H .

It is well-known that given any Hilb ert spaceH , there always exists an or-
thonormal basis, i.e., a set of vectors f en g such that

(1) hem ; en i =
�

1; if m = n;

0; if m 6= n;
(2)

P
jhx; en ij 2 = kxk2 for all x 2 H .

Every orthonormal basis is clearly a frame with A = B = 1. However, frames
are much more general than orthonormal bases,for we do not place on them the
stringent requirement of orthonormalit y (condition (1)), and we relax the equality
in condition (2) to an inequality. A fundamental property of orthonormal basesis
that every element x 2 H can be written in terms of the orthonormal basis in a
unique way as x =

P
hx; en i en . We shall seethat frames also give representations

of elements of the Hilb ert space,although theserepresentations neednot beunique.
However, they are still computable and under good control.

As a trivial exampleof a frame which is not an orthonormal basis,considerthe
following. Let f e1; e2; : : :g be an orthonormal basis for a Hilb ert spaceH . This is
surely then a frame with bounds A = B = 1. However, the set

f e1=
p

2; e1=
p

2; e2=
p

2; e2=
p

2; : : :g

is also a frame with bounds A = B = 1, but is not an orthonormal basis.
In this paper we will be interested in constructing two speci�c typesof frames

for the Hilb ert spaceL 2(R ). In each case, the frame elements have a particu-
larly simple form, for they are functions which are generatedfrom a single �xed
function (called the mother wavelet ) by combinations of the basic operations of
translation, modulation, and dilation, de�ned by:

Translation: Ta f (x) = f (x � a), for a 2 R ;
Modulation: Eaf (x) = e2� iax f (x), for a 2 R ;
Dilation: Da f (x) = a� 1=2f (x=a), for a > 0.

In Sections2 and 3 we will construct frames of the form f gmn gm;n 2 Z , where

gmn (t) = e2� imbt g(t � na) = Emb Tna g(t)

for some�xed function g 2 L 2(R ) and �xed parametersa; b> 0. Such frameswill
be called W eyl-Heisen berg , or W-H , frames, and we say that g generates the



445

frame. In Section 4 we discussa�ne frames, which have the form f ' mn gm;n 2 Z ,
where

' mn (t) = an=2' (an t � mb) = DanTmb ' (t)

for some�xed ' 2 L 2(R ) and �xed a > 1; b > 0. We will discussconditions on
g and ' under which we can be sure that Weyl-Heisenberg or a�ne frames will
exist. First, however, we list in the remainder of this section someproperties of
general frames in Hilb ert spaces. Most of these general results �rst appeared in
[DS]; expandedproofs and statements also appear in [HW].

Theorem 1.2. If f xn g is a frame then the following hold.

(1) Sx =
P

hx; xn i xn convergesfor all x 2 H .
(2) S is an isomorphism of H onto itself, i.e., it is bijective and continuous,

and has a continuous inverse.
(3) x =

P
hx; S� 1xn i xn for all x 2 H , but not necessarily uniquely.

(4) If x =
P

cn xn for somescalars f cn g then

X

n

jcn j2 =
X

n

jhx; S� 1xn ij 2 +
X

n

jcn � hx; S� 1xn ij 2:

Condition (4) says that, while the representation x =
P

hx; S� 1xn i xn may not
be unique, it is in fact the \b est" way to write x in terms of the f xn g.

The following theorem givesa necessaryand su�cien t condition for uniqueness
in frame representations.

Theorem 1.3. Given a framef xn g in a Hilbert space H . Then the representations
x =

P
hx; S� 1xn i xn are unique for every x 2 H if and only if there exists an

orthonormal basis f en g and an isomorphism U of H such that xn = Uen for all n.

2. W eyl-Heisen berg frames with lattice size 1.

In this sectionweconsiderthe problem of determining whenan arbitrary g 2 L 2(R )
will generatea W-H frame if a; b > 0 are such that ab = 1. Recall that a W-H
frame has the form f gmn gm;n 2 Z , wheregmn (t) = e2� imbt g(t � na). If oneconsiders
the lattice of points f (mb;na)gm;n 2 Z in the plane, then the value ab is the area
of the rectangles in the plane determined by this lattice. It can be shown that
the value ab = 1 is a \critical value" for W-H frames in that it is impossible to
construct a W-H frame if ab > 1. We will seein this section that it is possible
to construct W-H frames when ab = 1, and, moreover, such W-H frames have the
desirablefeature that the frame representations are unique. Unfortunately , we will
also �nd that only \bad" functions g can generate W-H frames for this critical
value, bad in the senseof either not being smooth or not having good decay.
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A crucial tool in this analysisis what hascometo be called the Zak transform .
This transform has been intro duced independently by many groups in many dif-
ferent areasof pure and applied mathematics; in fact, a discrete version was used
by Gauss[S]. J. Zak investigated it for quantum mechanical reasonsbeginning in
the 1960s[Z]; recent work includes that of A. J. E. M. Janssen[J1; J2]. Proofs of
the theoremsin this section can be found in [J1] and [HW].

De�nition 2.1. The Zak transform of a function f 2 L 2(R ) is (formally)

Z f (t; ! ) = a1=2
1X

k=�1

f (ta + ka) e2� ik !

for t; ! 2 R , and where a > 0 is a �xed parameter.

The following facts about Z are easily proved.

Theorem 2.2.
(1) Z f is quasip erio dic , i.e.,

Z f (t + 1; ! ) = e� 2� i! Z f (t; ! )

Z f (t; ! + 1) = Z f (t; ! )

Thus Z f is completely determined by its valueson the unit rectangle Q =
[0; 1] � [0; 1].

(2) The series de�ning Z f converges in an L 2-senseon Q. Z is an unitary
map of L 2(R ) onto L 2(Q), i.e., it is a norm-preserving isomorphism.

(3) Z gmn = Emn � Z g, where

Emn (t; ! ) = e2� imt e2� in! :

Now, since Z is unitary , f gmn g will form a frame for L 2(R ) if and only if
f Z gmn g forms a frame for L 2(Q). But from Theorem 2.2, Z gmn = Emn �Z g, which,
combined with the fact that f Emn g is an orthonormal basisfor L 2(Q), placesgreat
restrictions on the function Z g. In particular, we can prove the following theorem.

Theorem 2.3. Given g 2 L 2(R ) and a; b > 0 with ab = 1. Then f gmn g forms a
frame if and only if there exist constants A; B such that

0 < A � jZ g(t; ! )j2 � B < 1

for almost every (t; ! ) 2 Q.

This theorem implies that the frame representations provided by f gmn g will be
unique. For, if f gmn g is a frame then Z g will be essentially constant by Theorem
2.3, so the mapping U de�ned on L 2(Q) by UF = F � Z g is an isomorphism of
L 2(Q). SinceUEmn = Emn � Z g = Z gmn and f Emn g is an orthonormal basis, this
implies by Theorem 1.3 that the frame representations are unique. This, of course,
is a desirable feature. Unfortunately , we can show that only \bad" functions can
have Zak transforms which are essentially constant in the senseof Theorem 2.3.
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Theorem 2.4. If Z g is continuous, then it has a zero.

Proof. AssumeZ g was continuous but nonvanishing. Then we can �nd (see[RR])
a continuous function ' (t; ! ) such that

Z g(t; ! ) = jZ g(t; ! )j ei' (t;! )

for (t; ! ) 2 Q. Using the quasiperiodicit y of Z g, it is not di�cult to show that
there must then exist integersk; l such that

' (t + 1; ! ) = ' (t; ! ) � 2� ! + 2� k

' (t; ! + 1) = ' (t; ! ) + 2� l

for all (t; ! ) 2 Q. Hence,

0 = ' (0; 0) � ' (1; 0)

+ ' (1; 0) � ' (1; 1)

+ ' (1; 1) � ' (0; 1)

+ ' (0; 1) � ' (0; 0)

= � 2� ;

a contradiction. �

It is shown in [H1] that if g is continuous and satis�es the mild decay condition
1X

k=�1

ess sup
t 2 [k ;k +1]

jg(t)j < 1 ;

then Z g must be continuous, and therefore g cannot generatea W-H frame. Thus,
for example,no smooth function with compact support, in fact, no Schwartz func-
tion, can generatea W-H frame at the critical value ab = 1. In particular, the
Gaussianfunction g(t) = e� � t 2

will not generatea frame. A similar criteria is the
following.

Theorem 2.5. If g 2 L 2(R ) and
� Z

R
jt g(t)j2 dt

�� Z

R
j
 ĝ(
 )j2 d


�
< 1 ;

(where ĝ is the Fourier transform of g) then g cannot generate a W-H frame when
ab= 1.

See[Bal], [Bat], [L], [D3], [DJ], [BHW] for discussionsand proofsof this theorem.

3. Existence of W-H frames for smaller lattices.

As mentioned in Section 2, the value ab = 1 is a critical value for W-H frames, in
that there are no W-H frameswhen ab> 1. Moreover, we showed that W-H frames
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for ab = 1 all have unique representations, but unfortunately can only exist when
g is either not smooth or has bad decay. In this section, we examine the e�ect of
taking a smaller lattice size, i.e., of considering ab < 1. It can be shown that the
frame representations in this casewill not be unique, but on the other hand we will
seethat very good functions g will generateW-H framesif we allow ab to be small.
Our goal is to prove existencetheorems of the following form: given g 2 L 2(R )
(the mother wavelet) and a > 0, �nd conditions under which there is an interval
(0; b0) such that f gmn g is a W-H frame for L 2(R ) for every b 2 (0; b0).

The following theorem, which is a straightforward generalization of a theorem
of Daubechies ([D3]), is a very general existence theorem and will be examined
carefully in subsequent pages.

Theorem 3.1. Let g 2 L 2(R ) and a > 0 satisfy:
(3.1.1) there exist constants A; B > 0 such that for almost every x 2 R we have

A �
X

n

jg(x � na)j2 � B ;

(3.1.2) lim b! 0

P
j 6=0 � a (j =b) = 0; where

� a(s) = ess sup
x 2 R

X

n

jg(x � na) g(x � s � na)j:

Then there exists b0 > 0 such that f gmn g is a frame for L 2(R ) for all b 2 (0; b0).

A proof of this theorem can be found in [D3] and [HW]. Condition (3.1.1) is
necessaryin order that f gmn g form a frame. This condition can be thought of as
an \overlapping" condition on the mother wavelet g. The existenceof the lower
bound A meansthat the successive shifts of the function jgj2 cover the entire real
line and leave no \gaps". If there were such a gap, then any function supported
in the gap would not be recognizedby any of the wavelets gmn . That is, we could
�nd a non-zero function f such that hf ; gmn i = 0 for all m and n, which would
imply that f gmn g was not a frame.

The existenceof the bound B says that g must at least be bounded in order for
it to generatea frame. The bound B is required to have good control over the size
of the wavelet coe�cien ts over all the functions f 2 L 2(R ).

If g vanishes outside an interval I of length at most 1=b then � a(s) = 0 if
jsj � 1=b. In this case,the form of the frame operator is particularly simple, in
fact,

Sf =
X

m;n

hf ; gmn i gmn (x) = f (x) � b� 1
X

n

jg(x � na)j2:

Thus, S is an isomorphism if and only if
P

jg(x � na)j2 is bounded above and
below, i.e., if and only if (3.1.1) is satis�ed. In this case, then, (3.1.1) is both
necessaryand su�cien t in order that f gmn g form a frame.

The condition (3.1.2) can be replacedby the simpler condition of the following
theorem. The proof can be found in [HW].
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Theorem 3.2. Let g 2 L 2(R ) and a > 0 satisfy condition (3.1.1) and also

1X

n=�1

ess sup
x 2 [n;n +1)

jg(x)j < 1 : (3.2.1)

Then there exists b0 > 0 such that f gmn g is a frame for L 2(R ) for all b 2 (0; b0).

Condition (3.2.1) meansthat the sequenceof maximum valuesof the function jgj
on successive intervals is summable. There are many examplesof such functions,
such as the Gaussiang(x) = e� � x 2

, and more generally any function g for which
there exists a C > 0 and an � > 0 such that

jg(x)j � C(1 + jxj) � (1+� )

for all x 2 R .
Theorem 3.2 is proved by showing that a function which satis�es condition

(3.2.1) must also satisfy condition (3.1.2). This makes Theorem 3.2 lessgeneral
than Theorem 3.1. However, that (3.2.1) implies (3.1.2) shows that condition
(3.1.2) is a condition governed by the growth of the function g at 1 . Also, (3.2.1)
is a much easiercondition to verify than (3.1.2).

4. A�ne Systems.

In this section, we give a brief intro duction to someaspects of wavelet decomposi-
tions of functions in L 2(R ). As in Sections2 and 3, we will addressthe question of
the existenceof such decompositions and give an indication of why such decompo-
sitions might be useful in signal processingor image analysis by giving a physical
interpretation to the expansion coe�cien ts. As usual, the theory of frames in
Hilb ert spaceswill be used as a criterion to determine whether arbitrary signals
can be written down in terms of such a collection of functions.

De�nition 4.1. Let ' 2 L 2(R ) and a > 1, b > 0 be given. Then the (a�ne)
wavelet system generated by ' , a, and b is the set of functions f ' mn gm;n 2 Z ,
where

' mn = an=2 ' (an t � mb):

We always assumethat the function ' , the mother wavelet satis�es the con-
dition Z

R
' (t) dt = 0:

This meansthat ' (if it is real valued) has as much area above the axis as below,
which givesthe function a resemblanceto a \w ave". This is why the term \w avelet"
was coined.
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The functions making up an a�ne systemall arise from a single function under
the action of a collection of norm-preservingtransformations, namely, dilations and
translations. Recall that the dilation operator D � is de�ned by

D � f (t) = � 1=2f (�t ):

The factor � 1=2 meansthat D � preservesthe L 2-norm of the functions it acts upon,
that is, Z

R
jD � f (t)j2 dt =

Z

R
jf (t)j2 dt:

If � > 1 then D � has the e�ect of concentrating a function at the origin by making
it narrower and (in order to perserve L 2-norm) taller. If � < 1 then D � spreads
the function out and decreasesthe amplitude. If we usethe notation T� to denote
translation by � (as de�ned in Section 1), then we can write our a�ne system as

' mn = DanTmb ':

In order to give an interpretation of the physical meaning of the set of wavelet
coe�cien ts of a particular signal f , let us consider,for a �xed n > 0, the collection
of coe�cien ts

cmn (f ) = hf ; ' mn i = an=2

Z
f (t) ' (an t � mb) dt:

The coe�cien ts cmn (f ) represent comparisonsof f with successive shifts by a� n mb
of the function an=2' (an t). Sincen > 0 and a > 1 wehavean > 1 and consequently
this dilated function is highly concentrated at 0. Intuitiv ely, then, it should be the
casethat thesecomparisonspick out the high frequency behavior or �ne detail of
the signal f in a small time interval around a� n mb. This type of transform is often
referred to as a scaling transform becausethe coe�cien ts cmn (f ) where n is �xed,
pick out those featuresof f which exist on a time-scaleof about a� n b, so that asn
becomeslarge, the coe�cien ts for that n pick out smaller and smaller scalefeatures
of the signal. Featureson a scalemuch smaller than a� n b are not noticed because
they are averaged out when the coe�cien ts are computed. Features on a scale
much larger than a� n b are not noticed becauseof the shape of the mother wavelet
' , i.e., because

R
' = 0. That is, if f were nearly constant in a neighborhood of

a� n mb, then the value of the corresponding coe�cien t cmn (f ) should be nearly
zero. In languagesuggestive of image processing,thesescalesare often referred to
as levels of resolution, and the wavelet transform as a multiresolution transform.
Thus it is accurate to say that the coe�cien ts cmn (f ) essentially pick out only the
high frequencybehavior present in the signal f at the given resolution level which
was not present at the previous resolution level. For an image, one would say that
these coe�cien ts contain only the additional detail in the signal f at this level of
resolution which was not detectable at the previous level of resolution.
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We shall give a more precise mathematical formulation of the above rather
vaguestatements by looking at the following simple example. Let ' be a square-
integrable function (let us for convenienceassumeintegrabilit y as well) such that
'̂ vanishesoutside an interval of the form [`; L ], where `; L > 0, and in fact is
non-zeroeverywhere inside the interval. Since '̂ is continuous, this meansthat '̂
is bounded and that it is bounded below on subintervals of [`; L ]. Let b > 0 be
such that b� 1 = L � ` and a > 1 such that a < L=` . Let us considerthe collection
f ' mn g for this ' and the sum

X

m;n

hf ; ' mn i ' mn :

Notice that under the action of the Fourier transform, dilations on the time side
go into dilations in the opposite senseon the frequencyside, that is,

(D � ' )^ (
 ) = D � � 1 '̂ (
 ):

Using this fact, the fact that translations on the time side go into modulations on
the frequencyside,and Parseval's formula, we can prove the following identit y (for
details, see[HW]):

� X

m

hf ; ' mn i ' mn

� ^

(
 ) = f̂ (
 ) � b� 1 j '̂ (a� n 
 )j2:

Now, since '̂ vanishesoutside the interval [`; L ], the function j'̂ (a� n 
 )j2 is sup-
ported in [an `; an L ]. Thus the sum

X

m

hf ; ' mn i ' mn

represents a band-�ltered version of f where the band is [an `; an L ]. If n > 0 then
thesecontain the high frequenciesof f and if n < 0, the low frequenciesof f .

It should be noted here that since '̂ is supported on the right half-line in the
frequency domain, only positive frequenciesof f will be measuredby the wavelet
coe�cien ts and hencesuch a collection of waveletscan never be a frame for L 2(R ).
There are several ways of handling this situation. If one is dealing with only real-
valued signals f (which is usually the casein practice) then it is enough to know
f̂ on the right (or left) half-line in order to completely determine f . Another
possibility is to consideran additional function ~' which has the sameproperties as
' only transferred to the left half-line in the frequencydomain. For this purpose,it
is enoughto take ~' (t) = ' (� t). Finally , it is possibleto �nd a function ' whose
Fourier transform is supported on both halvesof the frequency axis such that the
f ' mn g are a frame for L 2(R ). We shall seethat the wavelet orthonormal basisof
Y. Meyer is of this type. For details on such frame constructions see[HW].
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The above examplealsogivessomeinsight into the notion of the frame operator
associated to a collection of wavelets as a \deblurring" operator. For �xed M and
' as before, arguing as above gives

� X

n � M

X

m

hf ; ' mn i ' mn

� ^

(
 ) = f̂ (
 ) � b� 1
X

n � M

j '̂ (a� n 
 )j2:

The function
P

n � M j '̂ (a� n 
 )j2 is supported in [0; aM L ] and in fact doesnot vanish
on this interval. Thus one can seethat the above sum is a low-pass �ltered or
\blurred" version of f . The e�ect of increasing M to in�nit y is to add more and
more of the high frequencycharacteristics (one might say \�ner and �ner details")
of f into the sum until �nally a complete reconstruction is achieved.

We are now able to state and prove an existencetheorem for a�ne frames for
L 2(R ). This theorem appears in [DGM].

Theorem 4.2. Let ' 2 L 2(R ) and a > 1, b > 0 satisfy
(4.2.1) '̂ is supported in [`; L ] where L > ` > 0, b� 1 � L � ` and 1 < a � l=`,
(4.2.2) there exist constants A; B > 0 such that for almost every 
 2 R̂ we have

A �
X

n

j '̂ (an 
 )j2 � B :

Then f ' mn ; ~' mn g is a frame for L 2(R ), where ~' (t) = ' (� t).

Proof. The sametype of Fourier seriesargument as beforegives
X

m;n

jhf ; ' mn ij 2 =
Z 1

0

j f̂ (
 )j2 b� 1
X

n

j '̂ (an 
 )j2 d
 :

Therefore,
X

m;n

jhf ; ' mn ij 2 +
X

m;n

jhf ; ~' mn ij 2

=
Z 1

0

j f̂ (
 )j2 b� 1
X

n

j '̂ (an 
 )j2 d
 +
Z 0

�1
j f̂ (
 )j2 b� 1

X

n

j ~̂' (an 
 )j2 d
 :

Hence,

A
Z 1

�1
jf (t)j2 dt = A

Z 1

�1
j f̂ (
 )j2 d


�
X

m;n

jhf ; ' mn ij 2 +
X

m;n

jhf ; ~' mn ij 2

� B
Z 1

�1
j f̂ (
 )j2 d


= B
Z 1

�1
jf (t)j2 dt;
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from which the result follows. �

Finally , we state someresults on the existenceof a�ne systemswhich are actu-
ally orthonormal basesfor L 2(R ). The di�erences in the theoremscomefrom the
smoothnessand decay properties that the mother wavelets can have. In each case
we take a = 2 and b = 1.

Theorem 4.3. The Haar systemf D2nTm ' g is an orthonormal basis of compactly
supported waveletsfor L 2(R ). The Haar systemis de�ned by taking a = 2, b = 1,
and

' (t) =

8
><

>:

1; if 0 � t < 1=2,

� 1; if 1=2 � t < 1,

0; otherwise:

Theorem 4.4 (Mey er). There exists a function ' 2 L 2(R ) such that
(1) '̂ is in�nitely di�er entiableand the support of '̂ is contained in the compact

set [� 4=3; � 1=3][ [1=3; 4=3] so that in particular, ' is a Schwartzfunction,
that is, it and all of its derivatives are continuous and decay faster than
any polynomial.

(2)
R

' (t) tk dt = 0 for every integer k.
(3) f D2nTm ' g is an orthonormal basis for L 2(R ).

Theorem 4.5 (Lemarie). Given N > 0, there is a function ' 2 L 2(R ) such
that

(1) ' has N continuous derivatives, and

j' (t)j � C e� �t

for someC, � > 0.
(2)

R
' (t) tk dt = 0 for k = 0; 1; 2; : : : ; N + 1.

(3) f D2nTm ' g is an orthonormal basis for L 2(R ).

Theorem 4.6 (Daub echies). Given a number N > 0, there is a function ' 2
L 2(R ) such that

(1) ' has N continuous derivatives, and ' has compact support.
(2)

R
' (t) tk dt = 0 for k = 0; 1; 2; : : : ; N � 1.

(3) f D2nTm ' g is an orthonormal basis for L 2(R ).
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