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PRELUDE: GABOR SYSTEMS

Goal
Music-lik e bases or frames for L?(R).
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[. INTR ODUCTION

Reqular Gab or System
G(g; 2 Z) = ez " Xg(x K ) kin2Z = Mn Ti 9 kin2Z

Densit y Theorem

(@) Frame =) 0< 1.
(b) Riesz basis =) = 1

(c) > 1 =) incomplete.

T echniques

Baggett, Rieel: von Neumann algebra generated by T , M

Daub echies: Zak Transform

Janssen: Wexler{Raz relations,

MoTikg MaoTio = () nno kko



Irreqular Gab or Systems

Let R? be any countable sequence of points. De ne

. — 2 1 X —
G(g’) - € g(X )(, )2 - M Tg(’ )2

Beurling Densities of

_ e e AN Qr(2))

D () = Ilrrpllnlean]:2 = ;

D*() = limsup sup # \Sr(z));
1 z2R?2 r

where Q;(z) is the square centered at z with side lengths r.

Examples

=

D (zZ 2Z2)=D*(zZ 2)=

D (z Z')=0 D*(z Z*)= —



Densit y for Irregular Gab or Systems (Ramanathan/Steger)
Given g2 L?(R) and R2, the Gab or system

. — 2 i
G(g’ ) - € ! Xg(x ) (; )2
has the follo wing prop erties:

(@ Frame =) 1 D () D*() <1.
(b) Riesz basis =) D () =D*() =1

Remarks

Irregular Gab or systems can be complete (but not frames)
even if they are very sparse [W alnut/H.]

9 (very) irregular Gabor ONB [Y. Wang]

Problem: The dual frame fg-. 9. )2 need not be a
Gab or frame; does it have any structure?



[Il. NEW RESUL TS FOR IRREGULAR GABOR FRAMES

MetaTheorem

If F = ffig,,, is a frame sequence that is \lo calized" with re-

spect to another frame sequence E = feg 926 then

D() Me(F) = Me(E)

where
( Limits of averages of diagonal
Me(F) = e
elements of hPgef;; fji i 21
and (
Limits of averages of diagonal
Me(E) = s
elements of hPre;egi i 26
Example

If F is aframe and E is a Riesz basis then M ¢ (E) = 1

Remark
\Limits" include Beurling-t ype upp er and lower limits

as ultra lter limits.

as well



Application 1: Necessary Densit y Conditions

Let G(g;) = M Tg G2 be Gab or frame for L?(R). Then:
B 1
@P0 = W@y
(b) D () 1.

(c) Riesz basis =) D () =D*() =1

Application 2: Relations between Densit y and Frame Bounds

Let G(g;) = M Tg . be Gabor frame for L?(R) with
frame bounds A, B. Then:

)2

@ A kgD () kgk D* () B.

(b) Tight frame =) D () =D"() .



De nition: Time-frequency concentration

The STFT of g with respect to a nice window is
Vogx!)=hgMT i:

We have
KV gk, = kgk, k k, < 1:

We say that g belongs to the modulation space M1 if

KV gk, < 1:

Application  3: Quantifying EXcess
Let G(g;) = M Tg . be Gabor frame for L?(R) with
g2 M1 Then:

)2

@ If D () > 1, then there exists J with D (J)
D*(J) > Osuch that G(g; nJ) is a frame for L2(R).

(b) G(g; ) can bewritten asa nite union of Riesz sequences.



Application  4: Structure of the Dual Frame
Let G(g;) = M Tg . be Gabor frame for L?(R) with
g2 M1 Then:

)2

(@) The dual frame G= fg. 9. )2 is also contained in M1,

Remark: If is alattice, this recovers Greochenig/Leinert.

(b) The dual frame G= fg. 9 )2 Is a set of Gabor molecules
i.e., 9F 2 L1(R?) such that

Vg, )i Fxo b))
Compare:

VM Togxh)=jvox ;! )J:

Remark
Applications 1{4 contin ue to hold (with minor changes) if the
Gab or frame G(g; ) is replaced by a frame of Gab or molecules
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An Open Problem Regarding Irreqular Gab or Frames

Gab or frames are (probably) nitely indep endent.

The follo wing conjecture is known to hold for many special
cases, but is open in the generalit y stated.

Conjecture  (H./Ramanathan/T  opiw ala)

If g2 L?(R) is nonzero and = f( g; k)gE=1 are distinct points
in R?, then G(g;) = fe? ' xXg(x k)gE=1 is linearly indep en-
dent.

Even the follo wing special case seems to be open.

Conjecture

If g2 L?(R) is contin uous and nonzero then

fgx); gx 1) € ") €1 Zgx © 2)g

is linearly indep endent ( = f(0;0); (1;0); (O; 1);(p Zpi)g).

11



[1l. LOCALIZED FRAMES

What makes the density theorem work?

Homogeneous Appro ximation Prop erty (Ramanathan/Steger)
If G(g;) = M Tg (: is a frame and f 2 L?(R), then

)2

X
f = H;M T g g

(; )2
and therefore 9 square Q,(0;0) such that
X
f H;M T g g 2<"
(; )2Qr(0;0)
But in fact, for any (p;q) 2 R?,

X
M o Tof MT,f M Tgig, <"

(; )2Qr (p;a)

Note that the (; ) points lying in Q;(p;qg) are not just trans-
lates of the (; ) points lying in Q.(0;0).

12



De nition:  Abstract HAP
Given a frame F = ff;g,, with dual F = ffjg,,, a sequence
E=feg,s and amap all ! G. Set In(j) = a Lsn ().

(@) (F;a;E) has the weak HAP if 8" > 0, 9N~ > 0 such that
_ X
8, 9Gj; § cj fi <™
21N ()

(b) (F;a;E) has the strong HAP if 8" > 0, 9N- > 0 such that

X
8j; i he:fiif7 < ™
i2In- ()

Theorem: Abstract Necessary Densit y Condition
If F is a frame and E is a Riesz basis then

weak HAP =) D (1) 1.

Question: When doesthe HAP hold?

Main issue: Prop erties of [Hfi;gi]i2i;j2c

13



Relations among localization and HAP prop erties

Weak HAP Weak Dual HAP

>

Strong Dual HAP
Strong HAP | 2localized

=1 2-column decay

<

De nition: Lo calized Frames

Given F = ffig,,, E=fgg,s, and all I G.
(@) (F, a, E) is "P-localizedif 9r = (rk)k2c 2 P(G) such that

infiel]  Taiy

(b) (F;a;E) has "P-column decay if 8" > 0, 9N- > 0 such that

X
8j 2 G; jfigijP < "
i2inin. ()

(¢) (F;a;E) has "P-rowdecay if 8" > 0, 9N- > 0 such that

X
8i2l; jhfi;eijP < "
j2GnSn - (a(i))
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Example: Reqular Gab or Frames

Setup:
F=Gg 2 Z2)= MnTkg .,

E=§; Z Z) = M Tk Kin2Z
G= Z Z
a = identity

Then the Gram-lik e matrix

h i
M T oM o Ti i
I T Mm By mi y222
h [

= jhg;M Ty 1o ]
PEM m TG0 ) g 122

A

is Toeplitz, and the diagonals satisfy
X 2
jng;M Tk ij? Bkgk, < 1
(k;n)2z2

Thus (F;a;E) is "?-lo calized.

Remark
If = ¢ (dual frame generator), then main diagonal of A is
M Tk ;M Tk &) = jhg; 6 = = 1
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Theorem: Localization of Irreqular Gab or Frames
let E=G(; Z Z) beaframe with 2 M1,

Let F = G(g; ) be aframe with g2 MP (note M2 = L?),
Let around to the nearest element of G= Z Z.

Then (F;a;E) is "P-localized.

16



Theorem: Density vs. Relativ e Measures

If F, E are frame sequences and (F ;a;E) has both *?-column and

row decay, then (with respect to any ultralter limit),

D() Me(F) = Me(E)

where
M (E) = ( Limits of averages of diagonal
e(F) = elements of HPefiifji
and (
Limits of averages of diagonal
Me(E) =

elements of hPre;egi i 26

In particular, if F is a frame and E is a Riesz basis, then

1 3 1
M (F) and D () = M (F)

D" (1) =

17



Sample (easy) Corollary

Let F be a frame with frame operator S, and let E be a Riesz
basis such that (F;a;E) has both “?-column and row decay. Then

= M*(Q

averages of Hf;;fji

D ()

= averages of H;:S (f})i

1 .
averages of A R fii

averages of 1 kfik2
A
Consequen tly if kf k* = C then
A D () C D*"() C B
and therefore

Fistight (A=B) =) D () =D*() :%

Remark
Versions of the other Applications made for Gab or systems
hold for abstract localized frames.

18



Lo calization of the Dual Frame

This relies on the follo wing \noncomm utativ e Wiener's Lemma".

Sjostrand's Lemma

If a matrix A denes an invertible bounded map “?(G)! “?(G)
and A has “-type decay, then A ! does also.

Theorem
If (F;a;F) is “!-localized, then so are (F;a;F) and (F;a;F).

Theorem (Greochenig)
a. Given a polynomially localized frame F = ff;g,,, there
exists a family of associated Banach spaces Hf for which F

simultaneously provides frame expansions.

b. With respect to polynomial or exponential localization, the
dual frame shares the localization of the original frame.

19



Contrast: Wavelets

W avelets are not localized in the same sense, and do not possess

a Nyquist density.
Theorem (H./Kut yniok)
A wavelet frame
. - 1=2
W(;) = a ( b (ab)2

satises an ane version of the HAP , but in the wavelet case

this implies only
0< D () D*() < 1;

using an ane analogue of Beurling density.
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