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Some applications to the theory of harmonizable processes are also considered.

AMS (1980) subject classification: Primary 60G12; Secondary 28B05.

*Research Supported by AFOSR Grant No. F49620 85 C 0144.



I. Introduction

A theory of integration with respect to a bimeasure was initiated by Morse and
Transue [7-9] and further developed by Thomas [11]. For these authors, bimeasures are
continuous bilinear functionals on C C(El) x C C(EZ)’ where C C(Ei), i=1,2, are the usual
spaces of continuous functions with compact support on the locally compact Hausdorff
spaces Ei’ i=1,2.  More recently, motivated by the problem of finding a Fourier
representation for the covariance of a second order process, this theory has been expanded
by Niemi {10] and Chang ai}d Rao [2,3]. Along the bilinear functional approach, the set
function approach has now also been studied as well as the Banach valued case developed
by Ylinen {13].

In the works mentioned above the authors consistently impose, in their definition of
integrability, a Fubini type condition which cannot usually be bypassed. In Section II we
show that, a suitable and natural restriction of the definition of integrability implies a
stronger Fubini type property. In Section III , we study the spectral domain of

harmonizable processes.

II. Vector Bimeasure Integration

Let X be a Banach space over F = R or € and let (E,.#) be a measurable space. A
vector measure is a o—additive set function u: 4 — X. Integration of functions f: E — [
with respect to vector measures is taken in the Bartle, Dunford and Schwartz {1] sense, and
the reader is referred to Dunford and Schwartz [4,1V.10] for the properties of this vector
integral.

Let (E;,#4,) and (E,, ) be two measurable spaccs. A vector bimeasure (bimeasure
when X = ) is a separately o—additive set function j5: M Mo — X, le, 4(-,B) and
B(A,-) are vector measures for all A € Ay, B e A

The proof of our result as well as our definition of integrability rely on the following



two lemmas. The first is classical and can be found in [4,p.323], while the second is in

[13,p.122].

Lemma 1. Let f: E — [F be p—integrable. Then, the set function {A) = J" fdp, Ac A isa
A

vector measure.

Lemma 2. Let f: E; — F be 3(-,B)-integrable for all B € ., Then the set functions
(A, ) Ay — X, B—H(AB) = JAf(-)dﬁ(- ,B) are vector measures for all A € M.

The vector measures'&ﬁg(-,B) are defined in a completely symmetrical way for
functions g: E2 ~—[F and B € My

We can now define J-integrability.

Definition 3. A pair of functions (f,g), f: E;, — F, g: E;, — F is said to be integrable with
respect to the vector bimeasure §: My x My — X (Fintegrable for short) if the following
two conditions hold:

(i) fis 8(-,B)-integrable for all B € My and g is B(A,- )-integrable for all A € A

(ii) fis ﬁg(-,B)—integrable for all B € A4, and g is fﬁ(A,-)wint;egrablt—:‘ for all A € 4.

For X = F this definition of integrability is stronger than that of Morse and Transuc.
For these authors, (f,g) is integrable if in (i) and (ii), A and B are replaced by E1 and E2

and if in addition

[ a8, By) = [ g(-)dghlE ). (1
By f Ey
It is also more restrictive than the strong integral of Niemi [10] or the B-integral of Ylinen
[13]. For both of them, a pair (f,g) is integrable if in (ii), A and B are respectively replaced

by B, and E, and if in addition (1) is satisfied. However, our definition is weaker than the

strict f—integral of Chang and Rao [2,3] (there is no additional Fubini condition).






