Concetration for Normsof In nitely DivisibleVectors
With Independeh Compnerns

C. Houdre P. Marchal ¥ P. Reynaud-Bouret?
January 22,2007

Abstract

We obtain dimension-free concertration inequalities for “P{norms, p 2, of in-
nitely divisible random vectors with independert coordinates and nite exponertial
momerts. The methods and results extend to someother classeof Lipschitz functions.

Key words and phrases:In nitely divisible laws, concettration, norms
AMS Subjet Classi cation (2000): 60E07,60E15,60F10,60G51.

1 Intro duction

The goal of the presern paper is to investigate the concettration of measurephenomenon
for norms of in nitely divisible random vectors with independert coordinates. Let X
ID( ;0; ) be an innitely divisible (ID) vector without Gaussiancomponert in RY, and

with characteristic function
Z
") = B =exp i i+ (€™ 1 iR uiley, 1) (du) (1.1)
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wheret; 2 RY and where 6 O (the LevyRmeasure)is a positive Borel measureon R¢,
without atom at the origin and suc that (1" kuk3) (du) < +1 (throughout, h; i
denotesthe Euclideaninner product in RY, while k k; is the correspnding Euclideannorm).
Properties of X can be read of propertiesof , for exampleX hasindependert componerts
if and only if is supported on the axesof RY, i.e.,

xd
(dXq; i1 dXq) = o(dx1)  o(dxk 1)~w(dXk) o(dXk+1)  o(dXaq): (1.2)
k=1
for someone-dimensionalLevy measures—, the iid casecorrespndingto ~ = ~, for k =

componerts rather than merely independer ones. It is an easymatter, left to the reader,
to transform any iid result obtained below into an "independen” one.

In a seminal work, Talagrand [T] proved a concetration inequality for the product
measure 9 where is the (one-sided)exponertial measure(i.e. (dx)=dx= e *, x  0).
This inequality wasthe rst to mix two di erent norms (** and *2) improving upon some
aspects of Gaussianconcelitration. Rewriting it, in functional form, it assertsthat if Y is
a random vector of RY with iid exponertial componerts and if f is a real-valued Lipschitz
function on R with median 0, sud that

9; >08Gy2R%jf(x) f(y)i min( kx yka kx  yky);

then there exists a universal constart K sud that
P(F(Y) u) exp K min “—z; 4

What is remarkable here, is the dimensionfree nature of this concetration inequality.
For instance, applying it to the Euclidean norm, we remarkthat = = 1 and that the
only dependencyin the dimensiond is through the medianitself. This result of Talagrand,
which clearly cortinuesto hold for Lipschitz imagesof the exponertial measure,is actually
true for any law satisfying a Poincare inequality (seeBobkov and Ledoux [BL]).

We would like hereto obtain dimensionfree concettration for in nitely divisible vectors
with nite exponertial momerts, of which the exponertial measureis a particular case.



The needto have nite exponertial momeris to obtain dimensionfree results is clear, in
view of Proposition 5.1 of [T]. On the other hand, by a result of Borovkov and Utev [BU],
one dimensional laws satisfying a Poincare inequality must have a non-trivial absolutely
cortinuous componert, making our results non-vacuous. The classof in nitely divisible
laws is quite encompassingand for example, on R* any log-corvex density is in nitely

divisible. The situation is more subtle asfar aslog-concaity is concernedand for instance,
the in nitely divisible law ( c) is log-concae if and only if ¢ 1, e.g.,seeSato[S].

For generalLipschitz functions and generallD vectors,genericresults have already been
obtained (see[H]), but whenspecializedto vectorswith iid componerts, they are not always
dimensionfree. In fact, it is not clearwhether or not an extra assumption,sud ascorvexity
might be neededin order to obtain dimensionfree concettration for Lipschitz functions. As
showvn below, for "P-norms,p 2, we do obtain dimension-freeconcettration.

Let us state a rst result for the Euclidean norm:

function (1.1) and Levy measure as in (1.2). Let Ee"**x < +1 | for somet > O, let
M = supft > 0: Eeli*1i < +1g , and let alsol = logE[e *f]. Then, for all x > 0,

Rt
P(kXk, EkXk,+x) e SWPo«r[x o2u(s)ds]. (1.3)

where for 0<t< M,
Z

+ TH09B i D~ D U D)~du);
R

g(t)y= 8 |
R
andwhee T is suchthat for allt T, tg(t) 1=2.

The inequality (1.3) doesrecover Talagrand'sinequality for the Euclidean norm (up to
the value of the constarts). Indeed,takingt = x for x T andt = T otherwise, we get
boundsof the form exp( cx?) for x small, and exp( ¢*%) for x large.

We next obtain a result for general P-norms,p 2, but under someassumptionson the

law of X:



Theorem 2 Let X be asin Theorem 1 and let X, be either symmetric or almost surely
positive. Let2 p< 1. Thenfor all 0< x < hy(M ),

Z X
P(kXk, EkXk, X) exp h,*(s)ds ; (1.4)
0
whete the (dimension free) function h; is given by
7 2 [ 2 2 3
41=Rjuj

h(t) = o 4 1+ + 20 5 (e 1)~(du);
R Mp mp

whee 0< t < M, and wheee for any q> 1, mq = E[[X4j9].

The hypotheseson X may seenrestrictive, but we shall seethat a similar result (seeTheorem
5) holds under far more generalconditions. Howeer, the dimension-freebound we obtain
in that generalframework is more complicatedto express.

Note that Theorem 2 alsorecovers a bound of the form exp( min(cx?;c¢X)) asin Tala-

grand's result. Moreover the constart c®is now optimal in the following sense if satis es
Z

€ J.lejxj>1"'(dx) < +1;
R

then for every " > 0, Theorem 2 givesa bound of the form ce ¢ "X, for large x. In fact, it

ewven givesa bound of the form ce * if
Z

xj® e M1, ~dx) < +1:
R

Moreover, if the Levy measure hasboundedsupport, Theorem?2 givesa bound of order
exp( cxlogx), for largex. This is known to be the right order of magnitude for the Poisson
random variable, see[H]. In turn, this kind of bound entails the existenceof more-than-
exponertial momerts. The most preciseresult we obtain is the following dimension-free
extensionof the results of [H, R]:

Theorem 3 Let X be asin Theorem 1, let ~ have boundel supprt and let R = inff
~(jxj > )= 0g. Then

kX ko kX ko
Eer 9 "  <+1;

R
for all suchthat V ?=R? < 1=g where V2= 8 _ juj®~(du):
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Further results of a similar avor, dealing with projections, “P-norms or integrals with
respect to a Poissonprocess,are given in the rest of this paper. All theseresults are based
on a covarianceformula that can be derived from a result in [HPAS]. This formula, together
with its rst applications, is proved in Section2. Theorem1 is then provedin Section3. In
Section4, we state and prove a generalizationof Theorem 2. The last sectionis dewted to
the proof of Theorem 3.

2 The covariance formula and its rst applications

2.1 The covariance form ula

The result at the root of every proof in this paper is the following one.

Prop osition 1 Let X = (Xq;:::;Xq) ID( ;0; ) haveindependent components and be
suchthat Ee***2 < +1 | for somet > 0. Letf : R¥! R be suchthat Ef (X) = 0, and let
there existh, 2 R, k = 1;:::;d, suchthat jf (x+ ue) f(x)j hjuj, forallu2 R, x 2 RC.
LetM =sup t>0:8k=1;:::;d;Ee™Xxi < +1 | Thenforall0 t< M,

20 02 Ut ue) UV + ) TV b 1
Ef &f E, V) Z = —(du) dz;
0 =1 R 2 bejuj

whee the expectation E, is with respct to the ID vector, (U;V) in R of parameter ( ; )
and with Levymeasuez 1+ (1 z) 0,0 z 1 The measur  is givenby

o(du;dv) = (du) o(dv) + o(du) (dv);u;v2 R

while ; is the measure supprted on the main diagonal of R%,

An important feature of this proposition is the fact that the rst marginal of (U;V) is
X and sois its secondmarginal. Thereforethe main problem in estimating the right-hand
side of the inequality in Proposition 1 will be to decoupleU and V, i.e., to split the product
if (U+ug) f(U)j%e" V) without changingthe term €' (V). To do so,a rst attempt could
be to usea supremum.



suchthat jf (x + ug,) f(x)j hqjuj, forallu2 R, x 2 RY. Let
xi £ gbivi 1
hi (t) = sup jf (x+ue) (> ——=—~(du), 0 t<M;
x2R ;R b juj

wheeM =sup t>0:8k=1;:::;d;Ee®™Xl < +1 | Then
RX
P(f(X) Ef(X) x) e oM (99s (2.1)

forall 0< x < h; *(M ).

Pro of.[Proposition 1 and Corollary 1] Below, and throughout, by f Lipschitz with constart
awe meanthat jf (x) f(y)j akx vyk, forallx;y 2 RY (the Lipschitz convertion statedin
[H] alsoapplies). Let us start by recalling the following simple lemma which will be crucial
to our approat [HPAS].

Lemma 1 LetX ID( ;0; ) besuchthat EkXk3< +1 . Letf;g:RY9! R be Lipschitz

functions. Then,

Ef (X)a(X) Efl(x )Eg(x)

= B (fU+ru) UGV +u) gV)) (du) dz (2.2)

0 R

whee E, is asin Proposition 1.
Then we follow [H]. First, by independence,
C= t>0:8k= 1;:::;d;|§etbijkj < +1

= t>0:8k=1::::d; e (du) < +1

juj>1



Next, we apply the covariancerepresemation (2.2) to f satisfying the above hypothesesand
moreover assumedio be boundedand sud that Ef = 0. Hence,
z., d Z #

1
Ef of = E, & (f (U + uey) f(U))(et(f (V+ue) f(V)) 1)~ (du) dz
o, k=1 R #
Z, xd Z gbiui 1
E, &' V) fU+uea) fUF(V+ue) f(V)]j————(du) dz
0 o R bejuj
Z, i Z . 2, i2 @lbjui
E, & (V) iU+ ue) FUEHIT(V+ue) F(V)* e 1 ~+(du) dz;
. 1 R 2 bejuj

which givesProposition 1. For Corollary 1, we cortinue:
Ef et hi()E & ;

wherewe have usedthe \marginal property” mernioned above and sincehs (t) is well de ned
for 0 t< M. Integrating this last inequality, appliedto f  Ef, leadsto

Eet ED eRS hr (s)ds. 0 t< M; (2.3)
for all f boundedsatisfying the hypothesesof the theorem. Fatou's lemmaallows to remove
the boundednessassumptionin (2.3).

To obtain the tail inequality (2.1), the Bienayme-Chelyshevinequality gives
Z, -
P(f(X) Ef(X) x) exp sup  tx hi(s)ds = e ohi (s,

O<t<M 0

by standard argumerts, e.g., see[H].

2.2 First applications

In general,the above corollary doesnot provide dimensionfreeresults, evenif it canimprove
a little a result in [H]. Howewer, for particular functions, the above formula canin fact be
quite e cien t. As a consequencef the previouscorollary, we preseh somealmostdimension

freeresults. First, we have



Theorem 4 LetX beasin Theorem1. Let" > 0. Then, for all 0< x < h(M )
RX
P(kXk, (L+ ")EkXkp+ x) e oh ‘(s (2.4)

whete the (dimension free) function h is given by
Z Z

h(t) = 8 juj(e!  1)~du) + jupt(e  1)~(du):
R

2d
("EkX kz)?2 R

Theorem 4 still has someweak dimensiondependency through the term "EkX k, (the
expectation and the median playing the samerole up to someconstart). In particular, it
does not precisely recover Talagrand's result even for the Euclidean norm. Howewer, the
function h itself is dimensionfree (seethe proof).

The advantage of Theorem4 is that it doesnot require any additional assumptions,in
cortrast to Theorem 2, and that it recovers the x logx-type bound when has bounded
support, which is not the caseof Theorem 1. We refer the readerto [HR], whoseresults are
sometimessupersededby the presen paper, for various applications of Theorem4.

We also obtain results on projections of X. The main application we have in mind has
to do with model selection,in regressionwhen the error is a certered ID random variable

which is no longer normal.

Corollary 2 LetX ID( ;0; ) haveindependentcomponents. Let S be a subspce of R
and s the orthogonal projection on S. Let E > 0. Then, for all 0< x < h(M )

RX
Pk s(X)k Ek s(X)ko+ E+x) e oh '3 (2.5)

and
RX
P(k sXk» Ek s(X)k, E x) e obh (s, (2.6)
whete the function h is given by
z , X z
h(t) = 8 max juj(e 1)~ (du) + £ k s(e)ki ju(e’™  1)~(du);
R R

k=1

for0 t< M.

The following versionwhich assumesid coordinates, in cortrast to the above, can some-

times be easierto use.



Corollary 3 Let X be asin Theorem 1. Let S be a subspce of RY and let s be the

orthogonal projection on S. Let"” > 0. Then, for all 0< x < h(M )

q -
Pk s(X)ke (1+") Elk s(XOKZ+x) e o "o, 2.7)

and q

Pk s(X)ks Ek s(X)kz * Ek sOOKI x) e oh ‘o0, (2.8)

whete the (dimension free) function h is given by
Z Z

h(t) =8 jui(e™ 1)~(du)+ juiP(e™  1)~(du);
R R

2
||2Exf
for0 t< M.

Another possibleapplication of Corollary 1 is to the "P-norms,k ky;p 2.
Corollary 4 LetX beasin Theoreml. Letp 2and" > 0. Then,forall0< x < h(M ),
R, 1
P(kXk, (1+ ")E(kXkp)+x) e ol (s (2.9)

and
RX
P(kXk, (1 ")E(kXk,) x) e ol ‘(9 (2.10)

whete the function h is given by

2p 2

Z L =2p 2)
hy=p2 1+ 99 jui @ 1 ~(du);

R "E(kX kp)
for0 t< M:

Here again, Corollaries 3 and 4 have a weak dimensiondependencythrough the termsiin
" but the bounding functions h are dimension-free.Here s a last result where we drop the
condition of iid coordinatesof X.

Corollary 5 Let X ID( ;0; ) haveindependent components and be such that Ry =
inff > 0; —«(jxj> )= 0gis nite, with R = max; x 4Rk. Let" > 0 and let
Z xd Z
2 _ 2 4 .
Vi# = 8 max  u’~(du) + CERCK)? _ u”~(du):

9



Then for all x 0,
X X 4 v log 1+ Rx
PlkXk, (1+ ")EkXk,+ x] eF F R vz o

The previousestimateimprovesan exponertial inequality derived for supremaof integrals
with respect to a certered inhomogeneougoissonprocessobtained in [RB]. Indeed,let N
be a Poissonprocesson X with intensity s with respectto . Let P be a partition of X and

S the spaceof piecewiseconstart functionson P. Let

dN sd
Xf (X)

f2s f2.d
X' T

For this special choiceof S, Proposition 9 of [RB] implies that, for all positive ", there exists
C > 0, sud that

(X)

8x> 0 P( (1+ ")p E 2+x) exp Cmin (p (X))x; sz ; (2.11)

R
 sd |
Ol
But canbe viewed asthe Euclideannorm of the inlnitely divisible vector
Z .
dN sd _
P ™ e

whosecomponerts are independert. TheZLevy measureof the componerts are given by

where = infi;p (1) and K = sup,p

= sd 1.
h | M ™

Thus, Corollary 5, with R = 1=p (X), appliesand
K

V2 = ") ——:

%

Above, and assoon as > 1, the constart ¢(") dependsneither on P nor on (X). This is
preciselythe caseof interest where this type of inequalities leadsto adaptive estimator of
the intensity s. We refer to [RB] for a complete description of this procedure. Therefore,
Corollary 5 gives an extra logarithmic factor with respect to (2.11) when S is a spaceof
piecewiseconstart functions on a given partition. More precisely for all positive ", there
existsC > 0, sud that for all x > O, ! "
P02 9,
K K

P( 1+")E +x) exp Cmin P (X)x log : (2.12)

10



2.3 Proofs

Let us proceedto the proof of the results of the previous subsection.

Pro of.[Corollary 2] We apply Corollary 1 to f (x) = (k s(X)k, E)*. First, it is easily

veried that for ea k, jf (x + ue) f(X)j jk s(x+ ue)ks k s(X)kjla,, Where

A=tk s(x+ue)k, E ork s(x)k, Eg. Wethen have

2 s(&); s(X)i + u’k s(a)kijla,
k s(x+ ue)ks + k s(x)kz

2iujih s(e); s(X)ij + uzk s(ex)k%:

jE(x+ue) f(X)]

2.1
K s(kz E (2.13)
Moreover, sincejf (x + ue) f(x)j juj, we have
A _ elbiiui
jf(x+ua) f(x)jP——=—(du)
k=1 R bdu]
Z . .. .
X 8u21h s(&); s(X)|12+ 2u'k s(g)kd v 1 ()
- R K s(x)K3 E2 juj
xd Z e - i 2 4 K¢ i
8u21ha<r S(X)IJ + 2u S(ek) 2 1 ‘*k(du)
o R K s()k3 E2 juj ’

Henceh; h. To nish the proof of (2.5) notethat k s(X)k, E (k s(X)k, E)* and
that E(k s(X)ka E)™ Ek s(X)k,. To getthe lower bound (2.6), just proceedas above
but with the functionf (x) = (k s(X)ka E)* andnotethat (k s(X)ko E)* Kk s(X)kz
andthat Ek s(X)k, E E(k s(X)k, E)*.

Pro of.[Theorem4] For S = RY, onecantake E = "EkX k,. The function h is dimension
freein the iid casesince
d(EjX4j)®  (EkXkp)®  dE(XJ):

Pro of.[Corollary 3] First let ustakeE = P Elk s(X)k3]. Thenremarkthat in the certered

11



iid case,

2 1,3
Xt xd .
Elk s(X)ki = E4 Xih s(e);ei 2
=1 k=1
XX 2 i2
= E[X¢Ih s(e); ai
=1 k=1
= EX{l  k s(e)k;
k=1
xd
EIX?] Kk s(e)ks;
k=1

sincek s(e)k, kek, = 1.
Pro of.[Corollary 4] We apply Corollary 1 to f (x) = (kxkp

result, for the secondoneit is sucient to do the samewith  (kxk,

"E(kXkp))*" to getthe rst
"E(kXkp))": The

conclusionwill be idertical to the end of the proof of Corollary 2. Let x in RY. First,

it is easily veri ed that for eat k, jf (x + ue) f(x)] Jkx+ uekp
A = tkx+ uek, "E(kXkp) or kxk, "E(kXkp)g. Since
: T [ I
8a;b Ojja b sup(a;p L’
we have
_ . G P XL
it (x+ ue) FOoj o g

sup(kxkp; kx + uecky)P
But sincex 7! xP is corvex, one has:

X+ Ui ixePp jOxed + Ju)P o jxedPi
Combining this with the fact that
8y O(1+y)P 1 pydl+yP*h

implies that
piuj(ixud + juj)® 1
sup(kxkp; kx + ugckp)P 1Ak
puj(xid + jui)? t
sup(kxkp; "E(kX kp))P 1’

f ()]

jf (x+ ue)

12
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(2.14)

(2.15)
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Moreover, sincejf (x + ue) f(x)j juj, we have

xi £ abdui 1

if (x+ ug) f(X)jP——
N ( ) f(X)j b U]
Kjxj + jujl k3 3

r Sup(kxkp; "E(kX kp)) 2P 2

. kxkgp 2+ juiklkyy 2 P

r sup(kxkp; "E(kX Kp))

~«(du)

k=1

? jui(e’  1)~du)

2
juie’ 1)~(du); (2.17)

wherel = (1;:::;1) 2 RYandjxj = (jX4j; 5 jXq))- Sincep  2,2p 2 pandkxky 2 kxkp,
which implies that
X £ e ]
if(x+ue) f(X)j"———— ~(du)
k=1 R bjuj
Z

di=p 2) 2p 2
PP 1+

Uj——— juj(e’  1)~«du):
] J..E(kap) juj( )~(du)

Here again, the upper bound is dimensionfree sinceE(kX k,)  E(jX 1j)d**P.

Pro of.[Corollary 5] It is sucient to rst note that, proceedingasin Corollary 2, h(t)
V.2 eXRR 1 andthen to integrate the reciprocal.

3 Proof of Theorem 1

Another method to decoupleU and V in Proposition 1 is to usethe following inequality,
which is a particular instanceof Young'sinequality (for the pairs of conjugatefunctions cet
andylog(y=0 vy, with the optimal ¢) and hasalready beenusedin [M].

Lemma 2 Let > 0, andlet X and Y be random variablesfor which all the expectations,
below, exist. Then,

logE[e* ] logE[e" ]

E[Xe'] E[Ye']+ EleY ] EleY ]: (3.1)

13



Pro of. Indeed, if
eY

7E[eY ]dP;

dQ =

then by Jensen'sinequality

Eo(X Y) logEq(e * y:

With the help of the previouslemma, the following holds:

Corollary 6 Let X = (Xq;:::;Xq) ID( ;0; ) haveiid components and be such that
EekXke < +1 | for somet > 0. Letf : R ! R be suchthat Ef (X) = 0 and let there
existb2 R, suchthat for all k, jf (x+ ug) f(x)j buj, for all u2 R, x 2 RY. Assume
moreover that for all u 2 R, there existsa function C, suchthat
xd Z
jf (X +ue) f(X)j*  uCu(X);
k=1 R
and suchthat E[e (“DC ()] < 1 | for (u;t) > 0. Then, for all t for which all the quantities

below are well de ned, one has
(1 h@t)E[fe'] gt)E[E"]; (3.2)

whele 7
h(t) =

bjuj

1 .
b ~(du);

juj

r (Urt)
and z In( (u;t)). .édu 1
W u—p ~(du);

g(t) =
andwhere (u;t) = E[e (“WDC(O]:

Pro of. Applying Proposition 1 to f, the above assumptionsentail that
zZ, Z

Ef &f E,

Cu(U)+CU(V)etf(V) L eh
0 R 2

jUjTl ~(du) dz

Next, apply Lemma2to (u;t)Y = tf (V) andto X = C,(U) or X = Cy(V). SinceY has
zeromean, one can ignore the last term in (3.1), and this leadsto

14



Z .
t In( (u;t)) - L |
Ef tf E i tf _ .
e ] (u;t)fe + 7(u;t) E(e") JUJib (du);

which concludesthe proof.

(3.2) is non trivial only when h(t) < 1, one of its applicationsis to prove Theorem1, with
the help of our next two results.

Lemma 3 For > Olet” = InE[e X f]. Then, forall > O;v> Osuchthat, =V,
!

1+ exp —

v

E ex 7(1
P XKz + v

Pro of. Let " > 0to be chosenlater. Let a= exp Fo?zm andlet b= exp & . Then
1

Zb
E exp KXKZ+ v = . F; exp KXKZ+ v t dt
b
a+ P k Xki v % dt
Zh h g

a+ E e Xi e Vv* nidt
a

a+ e d +"d E(Xlz)(b a)

a+ ed(" E(Xf)+( =v) ° )

Taking " sud that " E(X?) + (=v) ° =0, leadsto

a+1l l+exp —

v

=P gy

Lemma 4 There exists positive constantsc;; ¢,; ¢; suchthat for all x 2 R® andu 2 R

Xd C d 2
jkx + uecks  kxksj us ¢ + 7kxk2 Y

k=1

15



Pro of. The proof is similar to an argumert usedin the proof of Corollary 3.

S S 2uxy + u? 2
jkx + ugcky  kxkoj? K
o1 1 kx + ueck, + kxks
But for all " > 0,
X
kx + ugcks = XP+ (X + U)® = kxk3 + 2ux + u? kxki  "xg+ (1" hu®
i6k

Therefore,
(kx + ugcko + kxko)®  kx + ueks + kxks (2 ")kxki+ (1 " Hu*

Taking " = 3=2, nishes the proof.
With the help of the previouslemmas,we now get:

Pro of. [Theorem 1]
We warnt to apply Corollary 6to f (X) = kXk, EkXk,: With the notations of Lemma 4,

cdu?

= [ e —
G =t Ko+ o

works. Then, onehasto computeIn( (u;t)). But,

L _ (u; t)cu?d _
|n( (U,t)) - C]_ (U,t)+ |I’l E exp m y
and sofrom Lemma3, it follows that
(u; t)cu?
In( (u;t c (uut)+In 1+ ex :
(@) o Y p G

forall sudthat = > (u;t)c=aG:
Taking = land (u;t) = c3l=(2c;) gives

In( (u;t)) ¢ (uit) + In2+ csu?;

which leadsto the result by standard argumeris.
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4 Pro of of Theorem 2

We state and prove in this section the following generalization of Theorem 2, using the
monotonicity properties of the functions to decoupleU and V. First, recall that the vector
X can be viewed asthe value at time 1 of a Levy process(X,;z 0). For ewvery z 2 [0; 1],
write

X =Y, +2Z, (4.1)
whereY, = X,, Z, = X X, sothat Y,;Z, are independent. If 1 k d, we write
(Yw)z; (Zx), for the k-th coordinate of Y,; Z,.

Theorem 5 Let X beasin Theoremlandlet2 p< 1. Thenforall 0< x < h,(M ),

Z X
P(kXk, EkXk, X) exp h,'(s)ds ; (4.2)

0

whete the (dimension free) function hy, is given by:
If X hasalmostsurely positive coordinates,
2 I 3
Z " 2p 2 2p 2
)= pF 4 o+ +4 14 o M5 U 1)~(du); (4.3)
p p 21=p 1=p 21=p m?2 ! '

R+ mp p
whele the momentsm,,; m,, are de ned by mq = E[X{] for = p;2p.

In the generl case,

7 2 ! ) 3
21 L
) =p? 4 1+ S e 2TES e 1)), (4.4)
R Mp mp

whete the (modi e d) momentsTy; m, are de ned by

Mp = zZi?Of'l] InfFE[(Y2). + (Zl)ijl(Zl)z 0;(Y1)2 ol; EI(Y1)2 + (Zl)ijl(Zl)z 0;(Y1)z old ;
and

My, = f[‘ép] supf E[i(Y1): + (Z1)4®1zy), ova), oi E(Y1)2 + (Z1)2)®Lz1), ov), 0lO;
z 1

with Y and Z givenin (4.1).
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Whenl p < 2, an inequality similar to (4.2) holds, whee h, is now replaed by the
following function h,.4 (which is no longer dimension-free):

2 I 3
‘ oy P Mz
2 -
hpa() = P2 4di 1 1+ S 00 4 2P 25y 1)~(du):
R Mp Mp

Obsene that Theorem 2 is a particular caseof this more generalresult. The obvious
drawbadk of Theorem5 is that, exceptin the casesonsideredn Theorem2, we do not have
a precisecortrol of the quartities mp, M. In particular, if my = 0,h, = 1 and we geta
trivial bound. Howewer, it shouldbe clearthat when x doesnot have almost surely positive
coordinates, the quartity

Z;r[]fl] inffE[(Y1)z + (Z21)2i"1zy), ova). ol El(YD)z + (Z1)2)°L(z1), oyva). 0]

is positive for every " > 0. Sothe only casewhen m, might be zerois the casewhen (X ),
the rst coordinate of the Levy processX;, taken at time t, has a probability tending to
1 orto Oto be positive ast ! 0. This kind of behavior does exist but in most \natural”

examples,this is not the caseand then Theorem5 doesgive a non-trivial bound, although
the expressionof this bound is not very easyto handle.

Pro of. Applying Proposition 1to f (x) = kxk, E(kXk,), we rst remark that all the b.s
are one. We then want to bound jf (X + ug) f(X)j. We claim that

. o iXij + juj P
Let us prove (4.5). Remarkthat for all realsa;b 0,
. . 1:p . . 1:p
maX(a; b)lzp min(a; b)l:p — a+t b+ ja Q a+b ja q
2 .2 2 2 4
_oarb ™ ja g ja i
2 a+b a+b

Sincethe function x 7! (1+ x)™ (1 x)*** is corvex on [0; 1], is zeroat zeroand 2**P at

1, we get

a+b P ja § _  ja b
2

W1 min(ar b= 1=p =
max(a; b) min(a; b) 27T (a+ b D=’

(4.6)



We want to apply (4.6) to a = kX kb, b= kX + uekf. Put ¢, = u=Xy and distinguish
betweenthree cases.First, if ¢ 0, then

Xk +uiP o JXedPi o piui(Xd + jui)?

and
X+ ujP+ jXi P X P + juj?

Second,if 2 ¢ O, then
X+ uP o XGP piujiX Pt
and one cheds that for every A 0,

JXkj (1 + joj)jX«j
(A+ X+ UjP+ X PP (A + JXgP + jojPiXjP) =P

Third, if ¢ 2, then
BXi+uiP o jXdP piujiXe+ uif t= piujil+ edgiXulP
and one cheds that for every A 0,

J1+ Gjj Xy (L + jod)iXu
(A+ JXic+ UjP+ X PP (A + JXP + [GPIXjP) P

Combining the inequalities in thesethree caseswith (4.6), we obtain (4.5). Summing
over k gives:

kX k2p 5+ jujdl=(2p 2 % 2.

(KX Kp + jujp)r=p

if(X+ue) f(X)i* pijuj’
k=1

If p 2, kXKkgp 2 kXkp, and if p < 2, kX kg 2 kX kpd1:(2p 2 1=p Now, let Qp be
de ned asfollows:

ifp 2,Q:x7 (1+ 1=x)%* 2

if p< 2,Qp:x 7! (dP 2 1 4 1=x)20 2
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Then |

| o oo (KXKB+ juiP)iP
~ X+ ve) OO PIUQ s —

Apply this last inequality in Proposition 1, with X = U or X = V. Then we have to deal

with the following two terms:

n Xd #
A=E  jf(V+ue) f(V)e'Y
k=1
and "Xd #
B=E, jif(U+ue) f(U)2™
k=1
Let us rst considerA.
" I #
(kag + jujP)i=r (V)

250112

Recallthe following inequality sometimesknown asthe Harris inequality or asthe other
Chelyshev'sinequality. If T is a positive random variable, if A is a positive increasing
function and if B is a positive decreasingunction, then

EIA(T)B(T)]  E[A(T)IE[B(T)]: (4.7)
This is just because
E[A(T)B(T)] E[A(T)]E[B(T)]=%E[(A(T) ATN(B(T) BT

where T is an independent copy of T. Using the monotonicity assumptions,we seethat
A(T) A(TY whenB(T) B(T9Y and vice versa, and so the right-hand side of the last

equality is always non positive.
Applying (4.7) to T = kVKk, noticing that Q, % is decreasingn kVk, while
&' V) is increasing,we obtain:
" I#
. (KVKS + jujP)tP
2 2 P i (V) .
A PIUIE Qp [jd=es 2 E & V) -

wherewe also removed the index z sinceall the marginals are the same.
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Let usturn our attention to B.
n ! #
o (KUK® + jujr)i=r
2. :2 p {f (V)
B p JUJ EZ Qp JUJ dl:(zp 2)

Set " I #
) (KUKB + jujP) ™=

if (V)

Note that the distribution P, of (U;V) is suc that for all z 2 [0; 1], U = Y2+ Z, while
V = Y,+ Z,, whereY,; Y2and Z, areindependert andY, Y, Indeed,recallthe de nition
of o and ; in Proposition 1 and remark that for every z 2 [0; 1], (Z;; Z,) is the ID random
vector with Levy measurez 1, while (Y2 Y,) is the ID random vector with Levy measure

(1 2) o. Hence,
n ! #
D=E, O (KYL+ Z kP + jujP) =P

=E Q

if (Yz+2Z2)
jujd=@r 2 €

Let usintroducethe function M,, : for all real u, y;y%z in R,

" X #1=p
Mp(Uisy;¥52) = JuiP+  Lsgngy)= sgnyd= son(zizi + 3P
i

Then My(juj;y;¥%2)  (ky®+ zk§ + jujP)**P and sinceQ,, is decreasing,

Mo(Uj; Y2 Y2 Z2) i (vuvz0)
D E: Q jujdi=ep Z2) €

(4.8)

From now on, we split E, into Ey,yoEz, meaningthat we rst integrate accordingto the
law of Z,. Note that if we x Y, and Y., then:
if (Zx), Othen,
{ if (Y«), and (Y,), are non negative too, Q, % is decreasingwith
(Zx), while & (Y=*22) (or &f (Yz*22)1, 1 ) is increasingin (4.8).

{ if (Yi)z or (Y9, are negative, Q, MelUY:i¥oZ:) s constart with (Z,), in (4.8).

jujd=@r 2

if (Zx); < 0O then,
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{ if (Vo). and (Y, are negative too, Q, % is increasingwith (Zy),

while &f (2+22) (or & (:*22)1; , 1) is decreasingn (4.8).
{ if (Vo). or (Y9, are non negative, Q, % is constart with (Zy),

in (4.8).

We now use the following generalizationof (4.7). Let T be a random vector in RY with
i.i.d. componerts and let A;B : RY ! R be two functions. For ewery i d and ewery
x 2 RY 1 de ne the functions A,;;By; : R! Rvia

Assumenext that for every i d andewery x 2 R %, oneof the two functions A, ; By is
decreasingand the other oneis increasingor that one of the two is constart. Then by an
easyinduction,

EIA(T)B(T)]  E[A(T)IE[B(T)I: (4.9)

Using (4.9), we get:
Mo(juj; Yz, Y2Z,) af (Y2+22)

EZZ Qp jUjdl:(Zp 2)
X Mo(juj; Yz; Y2 Z,) .
= Bz, Qp pjujd1=fzp 5 €T 01 @0, o ser: zo:<0
I f 1;::dg
X Mo(iuj; Yz; Y3 Z
Ez, Qp IO(‘Ju'Jdlzzzp 5 2 Ez, € "% 1501, 20, o sr6z: (Z4)e<0
I f 1;::dg Ju
= E, Q Mo (juj; Y25 Y Z2) E, ef (Ye+Z2)

jujdl:(Zp 2) z
Next, integrating in Y2 and then in Y,, leadsto

M IO(J uj;y; Yzo; Z;)

i (V) .
e 2 ¢

D SUp EYZO;ZZ Qp
y2Rd

wherethere is no index z in the last expectation sinceall the marginals are the same.
It remainsto ewaluate the term

Mp(juj;y; Y3 Z,)
E= Evo P 2
ySzURE Yoz, Qp jujdi=e 2)
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|
. . . P+jujP)t= .
Indeed, sinceQ, is decreasingE Q, % E and thereforeupper-cortrolling E

will provide correspnding upper bound for A and for B.
Since Q,, is cortinuous and decreasing let us denote by V, its reciprocal. We start by

ewvaluating the following probability:

MoQUiy:Yp Z2) o _p o Me(Uiiy: Y, Z2)

PYZO;ZZ QP J UJ d]_:(2p 2) Lz Juj d1=(2p 2) Vp(s) l

which is, in fact, zeroif s a= Qp(1=d?r 2)),
Supposethat y hask positive coordinatesand d  k negative coordinates. Let | . bethe
setof i sudh that y; > Oand| bethe setofi sud that y; < 0. Set

m; (2) = E(Lva), oxza). o(Y1)z + (Z1)2)%);

My (2) = E(Lvy), 0z0). ol(Y1)z + (Z1)2)%);

and
mMy(2) = sup(m; (2); m, (2));
my(z) = inf(m; (2);mg (2)):
Then
Mo(iui;y; Y2 Z,)
Pyoz, (?Ip e 22)
X - -
= Pvoz, 1vo, o). (Y92 + (Zi)4)°
i21, 4
X
+ Lvo,<oze<od(Y)z + (Z)2P AP DjujPVip(s)?  juj?
. i2
X - -
Pvoz, 1vo, 0zi). OJ(Yi%z + (Zi),J°
i21, #
X . . =2p 2);,,;
+ 1(Yi°)z<o;(zi)z<oJ(YiO)z +(Zi),j°  d7P DjujPVp(s)P
i2l
Now if s is such that dP=2P 2jujPV(s)P dmy(2)=2, i.e., if
i S s ( )31=p1
2p Zmp Z
s b= Q,4 o X (4.10)
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then
M IO(J uj;y; Yzo; Z,)

PYZO;ZZ ?p jujd1:(2p 2)
X - -
Pvoz, 1v9, o@). (Y2 + (Z)P
214
X m (z)#
+ o Lyouco@oed(Y: + (20):P d=
i21
X - - X - -
Proz, 4 1wo, oz, ol(Y)z+ (Z)d°+  Lvo,<oz).<a(Yz + (Zi)2P
214 i21 "
. my(2)
kmg(z) + (d k)m,(z) d >
km;p(z) + (d k)mZp(Z)
dzﬁz(z)
4miz(2) .
dmy%(2)”
Therefore,integrating this last probabilistic inequality gives:
Mp(iuisy; Y2 Z,) a Mpp(2) |
Bvez Qp jujdi=p 2) b+ 4 3 dmp2(2)°
Recallthat a = Qu(1=d™?’ 2), sothat a=d 2% 2. Thisl, entails
max(A;B) pijuj? b+ 22'0@(2) E V) . (4.11)

my*(2)
with b given by (4.10).

When X hasalmost surely positive coordinates, the following improvemerts are possible.
First, (4.5) can be replacedby
X +juj P
(2kX kp + jujP)®=P
Indeed, we can usethe proof of (4.5) but herewe only have to considerthe casecy, 0.

(X +ue) F(X)] puj (4.12)

Second,if X hasalmost surely positive coordinates, we can apply (4.9) directly, without
introducing My, In this way, (4.11) can be replacedby

2p 2
max(A;B) pjuj? b+ 4 1+ 1 M2p

i (V) .
5 2 E ¢ : (4.13)
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wherenow my; m,, stand for the usual momerts, i.e., we put mq = E[X 9] for q= p;2p.
So nally, using (4.11) or (4.13) together with the value of b given by (4.10), we obtain
ifp 2,
E(fe™) hy(tH)E(E");

andif 1 p< 2,
E(fe')  hpa(E(E):

The proof is then nished in the usual way.

5 Proof of Theorem 3

Let
X X
= Zlogt =—
9(x) R 0g R
Notethat gisabijectionfrom[R=; +1 [to [0;+1 [. Toprove Theoremg3, it isthussu cient

to nd for which , Ee9Xk2) converges. Let " > 0 and let ¢ = max((1 + ")EkX ky; R=).

Then 7 Z
+1 +1
Eed(Xka) — P(estX k) gt 9@ + P(edkXka)  tydt:

0 eg(c)

Then, setting t = e9(¢*Y in the last integral and applying Corollary 5, we get
L1y g,v g 1+8 1 1 (c+ u) + (c+u)
EegdtkXka)  g9(0) 4 et RRE 9T 2y T ogt er 00" (%) qu:
0 R R R

It is su cient for this last integral to corverge,that the power of €*“R be negatiwe, i.e., that

+ R
(c+ ) log 1+—u <0

1+ log VE

at least for u large enough. But if u tendsto +1 in the expressionabove, we obtain that

V.2 . R%e !
1+ log RZ <0,.e., < VE :

Next, we needto passfrom V- to V. But if < R?e '=V?, then there exists" (quite large
of course),such that < R2?e !=V.2 and this concludesthe proof.

25



References

[BL]

[BU]

Bobkov, S. G. and Ledoux, M. (1997). Poincare inequalities and Talagrand's con-
certration phenomenonfor the exponertial measure.Prokab. Theory Related Fields
107 383{400.

Borovkov, A.A. and Utev S.A. An inequality and a characterization of the normal
distribution connectedwith it. Theory Prokab. Appl. 28 (1983),209{218.

[HPAS] Houdre, C., Perez-Abreu, V. and Surgailis, D. (1998). Interpolation, correlation

[H]

[HR]

[M]

[RB]

[R]

[S]

identities and inequalities for in nitely divisible variables.J. Fourier Anal. Appl. 4
651{668.

Houdre, C. (2002). Remarkson deviation inequalities for functions of in nitely di-
visible random vectors. Ann. Prokab. 30 1223{1237.

Houdre, C. and Reynaud-Bouret P. (2004). Concenration for in-
nitely  divisible vectors with independert componerts. Available at
http://arXiv.org/abs/math.PR/0606752

Massart, P. (2000). About the constarts in Talagrand's concertration inequalities
for empirical processesAnn. Proab. 28 2, 863-884.

Reynaud-Bouret, P. (2003). Adaptive estimation of the intensity of inhomogeneous
Poissonprocessewia conceftration inequalities. Prokab. Theory Related Fields 126
103{153.

Rosinski, J. Remarkson strong exponertial integrability of vector{valued random
seriesand triangular arrays. Ann. Prob. 23 (1996),464{473.

Sato, K.-i. Levy processesnd in nitely divisible distributions. Translated from the
1990 Japaneseoriginal. Revised by the author. Cambridge Studies in Advanced
Mathematics, 68. Cambridge University Press,Cambridge, 1999.

26



[T] Talagrand, M. (1991). A new isoperimetric inequality for product measure,and the
concerration of measurephenomenon.lsrael Seminar (GAFA). Lecture Notes in
Math. 1469 91{124. Springer, Berlin.

27



