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Abstract

We obtain dimension-free concentration inequalities for ` p{norms, p � 2, of in-
�nitely divisible random vectors with independent coordinates and �nite exponential
moments. The methods and results extend to someother classesof Lipschitz functions.
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1 In tro duction

The goal of the present paper is to investigate the concentration of measurephenomenon

for norms of in�nitely divisible random vectors with independent coordinates. Let X �

I D(
 ; 0; � ) be an in�nitely divisible (ID) vector without Gaussiancomponent in Rd, and

with characteristic function

' (t) = Eei ht;X i = exp
�

iht; 
 i +
Z

Rd
(ei ht;u i � 1 � iht; ui 1kuk2 � 1)� (du)

�
; (1.1)
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where t; 
 2 Rd and where � 6� 0 (the L�evy measure)is a positive Borel measureon Rd,

without atom at the origin and such that
R

Rd (1 ^ kuk2
2)� (du) < + 1 (throughout, h�; �i

denotesthe Euclideaninner product in Rd, while k� k2 is the corresponding Euclideannorm).

Properties of X can be read of properties of � , for exampleX has independent components

if and only if � is supported on the axesof Rd, i.e.,

� (dx1; : : : ; dxd) =
dX

k=1

� 0(dx1) � � � � 0(dxk� 1)~� k(dxk)� 0(dxk+1 ) � � � � 0(dxd): (1.2)

for someone-dimensionalL�evy measures~� k , the iid casecorresponding to ~� k = ~� , for k =

1; : : : ; d. For simplicity of notation, we shall often assumein the sequelthat X has iid

components rather than merely independent ones. It is an easymatter, left to the reader,

to transform any iid result obtained below into an "independent" one.

In a seminal work, Talagrand [T] proved a concentration inequality for the product

measure� d where � is the (one-sided)exponential measure(i.e. � (dx)=dx = e� x , x � 0).

This inequality was the �rst to mix two di�erent norms (`1 and `2) improving upon some

aspects of Gaussianconcentration. Rewriting it, in functional form, it assertsthat if Y is

a random vector of Rd with iid exponential components and if f is a real-valued Lipschitz

function on Rd with median 0, such that

9� ; � > 0; 8x; y 2 Rd; jf (x) � f (y)j � min(� kx � yk2; � kx � yk1);

then there exists a universalconstant K such that

P(f (Y) � u) � exp
�

� K min
�

u2

� 2
;

u
�

��
:

What is remarkable here, is the dimension free nature of this concentration inequality.

For instance, applying it to the Euclidean norm, we remark that � = � = 1 and that the

only dependencyin the dimensiond is through the median itself. This result of Talagrand,

which clearly continuesto hold for Lipschitz imagesof the exponential measure,is actually

true for any law � satisfying a Poincar�e inequality (seeBobkov and Ledoux [BL]).

We would like hereto obtain dimensionfree concentration for in�nitely divisible vectors

with �nite exponential moments, of which the exponential measureis a particular case.
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The need to have �nite exponential moments to obtain dimension free results is clear, in

view of Proposition 5.1 of [T]. On the other hand, by a result of Borovkov and Utev [BU],

one dimensional laws satisfying a Poincar�e inequality must have a non-trivial absolutely

continuous component, making our results non-vacuous. The class of in�nitely divisible

laws is quite encompassing,and for example, on R+ any log-convex density is in�nitely

divisible. The situation is more subtle as far as log-concavit y is concerned,and for instance,

the in�nitely divisible law �( c) is log-concave if and only if c � 1, e.g.,seeSato [S].

For generalLipschitz functions and generalID vectors,genericresults have already been

obtained (see[H]), but whenspecializedto vectorswith iid components, they are not always

dimensionfree. In fact, it is not clearwhether or not an extra assumption,such asconvexity

might be neededin order to obtain dimensionfreeconcentration for Lipschitz functions. As

shown below, for `p-norms, p � 2, we do obtain dimension-freeconcentration.

Let us state a �rst result for the Euclideannorm:

Theorem 1 Let X = (X 1; : : : ; X d) be an ID vector with iid coordinates, characteristic

function (1.1) and L�evy measure as in (1.2). Let EetkX k2 < + 1 , for some t > 0, let

M = supf t > 0 : Eet jX 1 j < + 1g , and let also l = � logE[e� X 2
1 ]. Then, for all x > 0,

P(kX k2 � EkX k2 + x) � e� sup0� t � T [tx �
Rt

0 2g(s)ds]; (1.3)

where for 0 < t < M ,

g(t) =
�

8 +
12log(2)

l

� Z

R
juj(et juj � 1)~� (du) +

8
l

Z

R
juj3(et juj � 1)~� (du);

and where T is suchthat for all t � T, tg(t) � 1=2.

The inequality (1.3) doesrecover Talagrand's inequality for the Euclidean norm (up to

the value of the constants). Indeed, taking t = x for x � T and t = T otherwise, we get

boundsof the form exp(� cx2) for x small, and exp(� c0x) for x large.

We next obtain a result for general`p-norms,p � 2, but under someassumptionson the

law of X :
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Theorem 2 Let X be as in Theorem 1 and let X 1 be either symmetric or almost surely

positive. Let 2 � p < 1 . Then for all 0 < x < hp(M � ),

P(kX kp � EkX kp � x) � exp
�

�
Z x

0
h� 1

p (s)ds
�

; (1.4)

where the (dimension free) function hp is given by

hp(t) = p2
Z

R

2

4

 

1 +
41=pjuj

m1=p
p

! 2p� 2

+ 22p+1 m2p

m2
p

3

5 juj(et juj � 1)~� (du);

where 0 < t < M , and where for any q > 1, mq = E[jX 1jq].

The hypotheseson X may seemrestrictive,but weshall seethat a similar result (seeTheorem

5) holds under far more generalconditions. However, the dimension-freebound we obtain

in that generalframework is more complicatedto express.

Note that Theorem 2 also recovers a bound of the form exp(� min(cx2; c0x)) as in Tala-

grand's result. Moreover the constant c0 is now optimal in the following sense: if � satis�es
Z

R
e� � jx j1jx j> 1~� (dx) < + 1 ;

then for every " > 0, Theorem 2 givesa bound of the form ce� (� � " )x , for large x. In fact, it

even givesa bound of the form ce� �x if
Z

R
jxj2p� 1e� � jx j1jx j> 1~� (dx) < + 1 :

Moreover, if the L�evy measure� hasboundedsupport, Theorem2 givesa bound of order

exp(� cx logx), for largex. This is known to be the right order of magnitude for the Poisson

random variable, see[H]. In turn, this kind of bound entails the existenceof more-than-

exponential moments. The most preciseresult we obtain is the following dimension-free

extensionof the results of [H, R]:

Theorem 3 Let X be as in Theorem 1, let ~� have bounded support and let R = inf f � :

~� (jxj > � ) = 0g. Then

E
�
e

k X k 2
R log

�
� k X k 2

R

� �
< + 1 ;

for all � suchthat �V 2=R2 < 1=e, where V 2 = 8
R

R juj2~� (du):
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Further results of a similar 
a vor, dealing with projections, `p-norms or integrals with

respect to a Poissonprocess,are given in the rest of this paper. All theseresults are based

on a covarianceformula that can be derived from a result in [HPAS]. This formula, together

with its �rst applications, is proved in Section2. Theorem1 is then proved in Section3. In

Section4, we state and prove a generalizationof Theorem2. The last sectionis devoted to

the proof of Theorem3.

2 The covariance form ula and its �rst applications

2.1 The covariance form ula

The result at the root of every proof in this paper is the following one.

Prop osition 1 Let X = (X 1; : : : ; X d) � I D(
 ; 0; � ) have independent components and be

such that EetkX k2 < + 1 , for somet > 0. Let f : Rd ! R be such that Ef (X ) = 0, and let

there exist bk 2 R, k = 1; : : : ; d, suchthat jf (x + uek) � f (x)j � bk juj, for all u 2 R, x 2 Rd.

Let M = sup
�

t > 0 : 8 k = 1; : : : ; d;Eetbk jX k j < + 1
	

. Then for all 0 � t < M ,

Ef etf �
Z 1

0
Ez

"
dX

k=1

Z

R

jf (U + uek) � f (U)j2+ jf (V + uek) � f (V)j2

2
etf (V )

�
etbk juj � 1

bk juj

�
~� k(du)

#

dz;

where the expectation Ez is with respect to the ID vector, (U;V) in R2d of parameter (
 ; 
 )

and with L�evy measure z� 1 + (1 � z)� 0, 0 � z � 1. The measure � 0 is given by

� 0(du;dv) = � (du)� 0(dv) + � 0(du)� (dv); u; v 2 Rd;

while � 1 is the measure � supported on the main diagonalof R2d.

An important feature of this proposition is the fact that the �rst marginal of (U;V) is

X and so is its secondmarginal. Therefore the main problem in estimating the right-hand

sideof the inequality in Proposition 1 will be to decoupleU and V, i.e., to split the product

jf (U + uek) � f (U)j2etf (V ) without changing the term etf (V ) . To do so,a �rst attempt could

be to usea supremum.
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Corollary 1 Let X = (X 1; : : : ; X d) � I D(
 ; 0; � ) haveindependentcomponentsand be such

that EetkX k2 < + 1 , for somet > 0. Let f : Rd ! R, and let there exist bk 2 R, k = 1; : : : ; d,

suchthat jf (x + uek) � f (x)j � bk juj, for all u 2 R, x 2 Rd. Let

hf (t) = sup
x2 Rd

dX

k=1

Z

R
jf (x + uek) � f (x)j2

etbk juj � 1
bk juj

~� k(du), 0 � t < M ;

where M = sup
�

t > 0 : 8 k = 1; : : : ; d;Eetbk jX k j < + 1
	

. Then

P(f (X ) � Ef (X ) � x) � e�
Rx

0 h � 1
f (s)ds; (2.1)

for all 0 < x < h� 1
f (M � ).

Pro of. [Proposition 1 and Corollary 1] Below, and throughout, by f Lipschitz with constant

a we meanthat jf (x) � f (y)j � akx � yk, for all x; y 2 Rd (the Lipschitz convention stated in

[H] alsoapplies). Let us start by recalling the following simple lemma which will be crucial

to our approach [HPAS].

Lemma 1 Let X � I D(
 ; 0; � ) be suchthat EkX k2
2 < + 1 . Let f ; g : Rd ! R be Lipschitz

functions. Then,

Ef (X )g(X ) � Ef (X )Eg(X )

=
Z 1

0
Ez

� Z

Rd
(f (U + u) � f (U))( g(V + u) � g(V)) � (du)

�
dz; (2.2)

where Ez is as in Proposition 1.

Then we follow [H]. First, by independence,

C =
�

t > 0 : 8 k = 1; : : : ; d;Eetbk jX k j < + 1
	

=
�

t > 0 : 8 k = 1; : : : ; d;
Z

juj> 1
etbk juj ~� k(du) < + 1

�
:
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Next, we apply the covariancerepresentation (2.2) to f satisfying the above hypothesesand

moreover assumedto be boundedand such that Ef = 0. Hence,

Ef etf =
Z 1

0
Ez

"

etf (V )
dX

k=1

Z

R
(f (U + uek) � f (U))( et (f (V + uek )� f (V )) � 1)~� k(du)

#

dz

�
Z 1

0
Ez

"

etf (V )
dX

k=1

Z

R
jf (U + uek) � f (U)jj f (V + uek) � f (V)j

etbk juj � 1
bk juj

~� k(du)

#

dz

�
Z 1

0
Ez

"

etf (V )
dX

k=1

Z

R

jf (U + uek) � f (U)j2+ jf (V + uek) � f (V)j2

2

�
etbk juj � 1

bk juj

�
~� k(du)

#

dz;

which givesProposition 1. For Corollary 1, we continue:

Ef etf � hf (t)E
�
etf

�
;

wherewe have usedthe \marginal property" mentioned above and sincehf (t) is well de�ned

for 0 � t < M . Integrating this last inequality, applied to f � Ef , leadsto

Eet (f � Ef ) � e
Rt

0 hf (s)ds; 0 � t < M ; (2.3)

for all f boundedsatisfying the hypothesesof the theorem. Fatou's lemmaallows to remove

the boundednessassumptionin (2.3).

To obtain the tail inequality (2.1), the Bienaym�e-Chebyshev inequality gives

P(f (X ) � Ef (X ) � x) � exp
�

� sup
0<t<M

�
tx �

Z t

0
hf (s)ds

� �
= e�

Rx
0 h � 1

f (s)ds;

by standard arguments, e.g.,see[H]. �

2.2 First applications

In general,the above corollary doesnot provide dimensionfreeresults,even if it can improve

a little a result in [H]. However, for particular functions, the above formula can in fact be

quite e�cien t. As a consequenceof the previouscorollary, we present somealmost dimension

free results. First, we have
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Theorem 4 Let X be as in Theorem 1. Let " > 0. Then, for all 0 < x < h(M � )

P(kX k2 � (1 + ")EkX k2 + x) � e�
Rx

0 h � 1(s)ds; (2.4)

where the (dimension free) function h is given by

h(t) = 8
Z

R
juj(et juj � 1)~� (du) +

2d
("EkX k2)2

Z

R
juj3(et juj � 1)~� (du):

Theorem 4 still has someweak dimensiondependency, through the term "EkX k2 (the

expectation and the median playing the samerole up to someconstant). In particular, it

does not precisely recover Talagrand's result even for the Euclidean norm. However, the

function h itself is dimensionfree (seethe proof).

The advantage of Theorem 4 is that it doesnot require any additional assumptions,in

contrast to Theorem 2, and that it recovers the x logx-type bound when � has bounded

support, which is not the caseof Theorem1. We refer the readerto [HR], whoseresults are

sometimessupersededby the present paper, for various applications of Theorem4.

We also obtain results on projections of X . The main application we have in mind has

to do with model selection,in regression,when the error is a centered ID random variable

which is no longer normal.

Corollary 2 Let X � I D(
 ; 0; � ) haveindependentcomponents. Let S be a subspace of Rd

and � S the orthogonal projection on S. Let E > 0. Then, for all 0 < x < h(M � )

P(k� S(X )k2 � Ek� S(X )k2 + E + x) � e�
Rx

0 h � 1(s)ds; (2.5)

and

P(k� SX k2 � Ek� S(X )k2 � E � x) � e�
Rx

0 h � 1(s)ds; (2.6)

where the function h is given by

h(t) = 8 max
1� k� d

Z

R
juj(et juj � 1)~� k(du) +

2
E 2

dX

k=1

k� S(ek)k4
2

Z

R
juj3(et juj � 1)~� k(du);

for 0 � t < M .

The following versionwhich assumesiid coordinates, in contrast to the above, can some-

times be easierto use.
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Corollary 3 Let X be as in Theorem 1. Let S be a subspace of Rd and let � S be the

orthogonal projection on S. Let " > 0. Then, for all 0 < x < h(M � )

P(k� S(X )k2 � (1 + ")
q

E[k� S(X )k2
2] + x) � e�

Rx
0 h � 1(s)ds; (2.7)

and

P(k� S(X )k2 � Ek� S(X )k2 � "
q

E[k� S(X )k2
2] � x) � e�

Rx
0 h � 1(s)ds; (2.8)

where the (dimension free) function h is given by

h(t) = 8
Z

R
juj(et juj � 1)~� (du) +

2
"2EX 2

1

Z

R
juj3(et juj � 1)~� (du);

for 0 � t < M .

Another possibleapplication of Corollary 1 is to the `p-norms, k � kp; p � 2.

Corollary 4 Let X be as in Theorem1. Let p � 2 and " > 0. Then, for all 0 < x < h(M � ),

P(kX kp � (1 + ")E(kX kp) + x) � e�
Rx

0 h � 1 (s)ds; (2.9)

and

P(kX kp � (1 � " )E(kX kp) � x) � e�
Rx

0 h � 1(s)ds; (2.10)

where the function h is given by

h(t) = p2
Z

R

�
1 +

jujd1=(2p� 2)

"E(kX kp)

� 2p� 2

juj
�
et juj � 1

�
~� (du);

for 0 � t < M :

Hereagain,Corollaries3 and 4 have a weakdimensiondependencythrough the terms in

" but the bounding functions h are dimension-free.Here is a last result wherewe drop the

condition of iid coordinatesof X .

Corollary 5 Let X � I D(
 ; 0; � ) have independent components and be such that Rk =

inf f � > 0; ~� k(jxj > � ) = 0g is �nite, with R = max1� k� d Rk . Let " > 0 and let

V 2
" = 8 max

1� k� d

Z
u2~� k(du) +

2
("EkX k2)2

dX

k=1

Z
u4~� k(du):
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Then for all x � 0,

P[kX k2 � (1 + ")EkX k2 + x] � e
x
R �

�
x
R + V 2

"
R 2

�
log

�
1+ Rx

V 2
"

�

:

The previousestimateimprovesan exponential inequality derivedfor supremaof integrals

with respect to a centered inhomogeneousPoissonprocessobtained in [RB]. Indeed, let N

be a Poissonprocesson X with intensity s with respect to � . Let P be a partition of X and

S the spaceof piecewiseconstant functions on P. Let

� = sup
f 2 S

R
X f dN � sd�

� (X)q R
X f 2 d�

� (X)

:

For this special choiceof S, Proposition 9 of [RB] implies that, for all positive " , there exists

C > 0, such that

8x > 0; P(� � (1 + ")
p

E� 2 + x) � exp
�
� C min

�
(
p

� � (X))x;
� (X)

K
x2

� �
; (2.11)

where� = inf I 2P � (I ) and K = supI 2P

R
I sd�
� (I ) :

But � can be viewed as the Euclideannorm of the in�nitely divisible vector

X =

 Z

I

dN � sd�
p

� (I )� (X)

!

I 2P

;

whosecomponents are independent. The L�evy measuresof the components are given by

~� I =
� Z

I
sd�

�
� 1

� ( I ) � ( X)
:

Thus, Corollary 5, with R = 1=
p

� � (X), appliesand

V 2
" = c(")

K
� (X)

:

Above, and as soon as � > 1, the constant c(" ) dependsneither on P nor on � (X). This is

precisely the caseof interest where this type of inequalities leadsto adaptive estimator of

the intensity s. We refer to [RB] for a completedescription of this procedure. Therefore,

Corollary 5 gives an extra logarithmic factor with respect to (2.11) when S is a spaceof

piecewiseconstant functions on a given partition. More precisely, for all positive " , there

exists C > 0, such that for all x > 0,

P(� � (1 + ")E� + x) � exp

"

� C min

 
p

� � (X)x log

 
x
p

� � (X)3=2

K

!

;
� (X)

K
x2

!#

: (2.12)
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2.3 Pro ofs

Let us proceedto the proof of the results of the previoussubsection.

Pro of. [Corollary 2] We apply Corollary 1 to f (x) = (k� S(x)k2 � E)+ . First, it is easily

veri�ed that for each k, jf (x + uek) � f (x)j � jk� S(x + uek)k2 � k� S(x)k2j 1A k , where

Ak = fk � S(x + uek)k2 � E or k� S(x)k2 � Eg. We then have

jf (x + uek) � f (x)j �
j2hu� S(ek); � S(x)i + u2k� S(ek)k2

2j1A k

k� S(x + uek)k2 + k� S(x)k2

�
2jujjh� S(ek); � S(x)ij

k� S(x)k2
+

u2k� S(ek)k2
2

E
: (2.13)

Moreover, sincejf (x + uek) � f (x)j � juj, we have

dX

k=1

Z

R
jf (x + uek) � f (x)j2

etbk juj � 1
bk juj

~� k(du)

�
dX

k=1

Z

R

�
8u2 jh� S(ek); � S(x)ij 2

k� S(x)k2
2

+
2u4k� S(ek)k4

2

E 2

� �
et juj � 1

juj

�
~� k(du)

�
dX

k=1

Z

R

�
8u2 jhek ; � S(x)ij 2

k� S(x)k2
2

+
2u4k� S(ek)k4

2

E 2

� �
et juj � 1

juj

�
~� k(du);

Hencehf � h. To �nish the proof of (2.5) note that k� S(X )k2 � E � (k� S(X )k2 � E)+ and

that E(k� S(X )k2 � E)+ � Ek� S(X )k2. To get the lower bound (2.6), just proceedasabove

but with the function f (x) = � (k� S(x)k2� E)+ and note that (k� S(X )k2� E)+ � k� S(X )k2

and that Ek� S(X )k2 � E � E(k� S(X )k2 � E)+ . �

Pro of. [Theorem 4] For S = Rd, one can take E = "EkX k2. The function h is dimension

free in the iid casesince

d(EjX 1j)2 � (EkX k2)2 � dE(X 2
1 ):

�

Pro of. [Corollary 3] First let ustakeE = "
p

E[k� S(X )k2
2]. Then remark that in the centered
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iid case,

E[k� S(X )k2
2] = E

2

4
dX

l=1

 
dX

k=1

X kh� S(ek); el i

! 2
3

5

=
dX

l=1

dX

k=1

E[X 2
k ]h� S(ek); el i 2

= E[X 2
1 ]

dX

k=1

k� S(ek)k2
2

� E[X 2
1 ]

dX

k=1

k� S(ek)k4
2;

sincek� S(ek)k2 � kekk2 = 1. �

Pro of. [Corollary 4] We apply Corollary 1 to f (x) = (kxkp � "E(kX kp))+ to get the �rst

result, for the secondone it is su�cien t to do the samewith � (kxkp � "E(kX kp))+ : The

conclusionwill be identical to the end of the proof of Corollary 2. Let x in Rd. First,

it is easily veri�ed that for each k, jf (x + uek) � f (x)j � jkx + uekkp � kxkpj 1A k , where

Ak = fk x + uekkp � "E(kX kp) or kxkp � "E(kX kp)g. Since

8a;b � 0; ja � bj �
jap � bpj

sup(a;b)p� 1
; (2.14)

we have

jf (x + uek) � f (x)j �
jjxk + ujp � jxk jpj

sup(kxkp; kx + uekkp)p� 1
1A k : (2.15)

But sincex 7! xp is convex, onehas:

jjxk + ujp � jxk jpj � j(jxk j + juj)p � jxk jpj :

Combining this with the fact that

8y � 0; (1 + y)p � 1 � py(1 + y)p� 1;

implies that

jf (x + uek) � f (x)j �
pjuj(jxk j + juj)p� 1

sup(kxkp; kx + uekkp)p� 1
1A k (2.16)

�
pjuj(jxk j + juj)p� 1

sup(kxkp; "E(kX kp))p� 1
:

12



Moreover, sincejf (x + uek) � f (x)j � juj, we have

dX

k=1

Z

R
jf (x + uek) � f (x)j2

etbk juj � 1
bk juj

~� k(du)

� p2
Z

R

kjxj + jujI k2p� 2
2p� 2

sup(kxkp; "E(kX kp))2p� 2
juj(et juj � 1)~� (du)

� p2
Z

R

�
kxk2p� 2 + jujkI k2p� 2

sup(kxkp; "E(kX kp))

� 2p� 2

juj(et juj � 1)~� (du); (2.17)

whereI = (1; :::; 1) 2 Rd and jxj = (jx1j; :::; jxdj). Sincep � 2, 2p� 2 � p andkxk2p� 2 � kxkp,

which implies that

dX

k=1

Z

R
jf (x + uek) � f (x)j2

etbk juj � 1
bk juj

~� k(du)

� p2
Z

R

�
1 + juj

d1=(2p� 2)

"E(kX kp)

� 2p� 2

juj(et juj � 1)~� (du):

Here again, the upper bound is dimensionfree sinceE(kX kp) � E(jX 1j)d1=p. �

Pro of. [Corollary 5] It is su�cien t to �rst note that, proceedingas in Corollary 2, h(t) �

V 2
"

�
exR � 1

R

�
and then to integrate the reciprocal. �

3 Pro of of Theorem 1

Another method to decoupleU and V in Proposition 1 is to use the following inequality,

which is a particular instanceof Young's inequality (for the pairs of conjugatefunctions cex

and y log(y=c) � y, with the optimal c) and hasalready beenusedin [M].

Lemma 2 Let � > 0, and let X and Y be random variablesfor which all the expectations,

below, exist. Then,

E[X e�Y ] � E[Ye�Y ] +
logE[e�X ]

�
E[e�Y ] �

logE[e�Y ]
�

E[e�Y ]: (3.1)

13



Pro of. Indeed, if

dQ =
e�Y

E[e�Y ]
dP;

then by Jensen'sinequality

� EQ(X � Y) � logEQ(e� (X � Y ) ):

�

With the help of the previous lemma, the following holds:

Corollary 6 Let X = (X 1; : : : ; X d) � I D(
 ; 0; � ) have iid components and be such that

EetkX k2 < + 1 , for somet > 0. Let f : Rd ! R be such that Ef (X ) = 0 and let there

exist b 2 R, such that for all k, jf (x + uek) � f (x)j � bjuj, for all u 2 R, x 2 Rd. Assume

moreover that for all u 2 R, there existsa function Cu suchthat

dX

k=1

Z

R
jf (X + uek) � f (X )j2 � u2Cu(X );

and suchthat E[e� (u;t )Cu (X ) ] < 1 , for � (u; t) > 0. Then, for all t for which all the quantities

below are well de�ned, one has

(1 � h(t))E[f etf ] � g(t)E[etf ]; (3.2)

where

h(t) =
Z

R

t
� (u; t)

juj
etbjuj � 1

b
~� (du);

and

g(t) =
Z

R

ln(� (u; t))
� (u; t)

juj
etbjuj � 1

b
~� (du);

and where � (u; t) = E[e� (u;t )Cu (X ) ]:

Pro of. Applying Proposition 1 to f , the above assumptionsentail that

Ef etf �
Z 1

0
Ez

� Z

R

Cu(U)+ Cu(V )
2

etf (V )

�
juj

etbjuj � 1
b

�
~� (du)

�
dz:

Next, apply Lemma 2 to � (u; t)Y = tf (V) and to X = Cu(U) or X = Cu(V ). SinceY has

zeromean,onecan ignore the last term in (3.1), and this leadsto

14



Ef etf �
Z

R

�
E

�
t

� (u; t)
f etf

�
+

ln(� (u; t))
� (u; t)

E(etf )
�

juj
etbjuj � 1

b
~� (du);

which concludesthe proof. �

(3.2) is non trivial only when h(t) < 1, oneof its applications is to prove Theorem 1, with

the help of our next two results.

Lemma 3 For � > 0 let ` � = � ln E[e� �X 2
1 ]. Then, for all � > 0; v > 0 suchthat, ` � � �=v ,

E
�

exp
�

�d
kX k2

2 + v

� �
� 1 + exp

 
� �

` � � �
v

!

:

Pro of. Let " > 0 to be chosenlater. Let a = exp
�

�d
"dE(X 2

1 )+ v

�
and let b= exp

�
�d
v

�
. Then

E
�

exp
�

�d
kX k2

2 + v

� �
=

Z b

0
P

�
exp

�
�d

kX k2
2 + v

�
� t

�
dt

� a +
Z b

a
P

�
�k X k2

2 � v �
�d
ln t

�
dt

� a +
Z b

a
E

h
e� �X 2

1

i d
e� �v + � �d

ln t dt

� a + e� d` � + �"d E(X 2
1 )(b� a)

� a + ed("� E(X 2
1 )+( �=v )� ` � ) :

Taking " such that "� E(X 2
1) + (�=v ) � ` � = 0, leadsto

E
�

exp
�

�d
kX k2

2 + v

��
� a + 1 � 1 + exp

 
� �

` � � �
v

!

:

�

Lemma 4 There existspositive constantsc1; c2; c3 suchthat for all x 2 Rd and u 2 R

dX

k=1

jkx + uekk2 � kxk2j2 � u2

�
c1 +

c2du2

kxk2 + c3u2

�
:
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Pro of. The proof is similar to an argument usedin the proof of Corollary 3.

dX

k=1

jkx + uekk2 � kxk2j2 �
dX

k=1

�
2uxk + u2

kx + uekk2 + kxk2

� 2

:

But for all " > 0,

kx + uekk2
2 =

X

j 6= k

x2
j + (xk + u)2 = kxk2

2 + 2uxk + u2 � kxk2
2 � "x 2

k + (1 � " � 1)u2:

Therefore,

(kx + uekk2 + kxk2)2 � kx + uekk2
2 + kxk2

2 � (2 � " )kxk2
2 + (1 � " � 1)u2:

Taking " = 3=2, �nishes the proof. �

With the help of the previous lemmas,we now get:

Pro of. [Theorem 1]

We want to apply Corollary 6 to f (X ) = kX k2 � EkX k2: With the notations of Lemma 4,

Cu(X ) = c1 +
c2du2

kX k2 + c3u2
;

works. Then, onehas to compute ln(� (u; t)). But,

ln(� (u; t)) = c1� (u; t) + ln
�

E
�
exp

�
� (u; t)c2u2d
kX k2

2 + c3u2

���
;

and so from Lemma 3, it follows that

ln(� (u; t)) � c1� (u; t) + ln
�

1 + exp
�

� � (u; t)c2u2

` � � � (u; t)c2=c3

��
;

for all � such that ` � > � (u; t)c2=c3:

Taking � = 1 and � (u; t) = c3l=(2c2) gives

ln(� (u; t)) � c1� (u; t) + ln 2 + c3u2;

which leadsto the result by standard arguments. �

16



4 Pro of of Theorem 2

We state and prove in this section the following generalization of Theorem 2, using the

monotonicity properties of the functions to decoupleU and V. First, recall that the vector

X can be viewed as the value at time 1 of a L�evy process(X z; z � 0). For every z 2 [0; 1],

write

X = Yz + Zz (4.1)

where Yz = X z, Zz = X � X z, so that Yz; Zz are independent. If 1 � k � d, we write

(Yk)z; (Zk)z for the k-th coordinate of Yz; Zz.

Theorem 5 Let X be as in Theorem 1 and let 2 � p < 1 . Then for all 0 < x < hp(M � ),

P(kX kp � EkX kp � x) � exp
�

�
Z x

0
h� 1

p (s)ds
�

; (4.2)

where the (dimension free) function hp is given by:

� If X hasalmost surely positive coordinates,

hp(t) = p2
Z

R+

2

4

 
1

21=p
+

u

m1=p
p

! 2p� 2

+ 4
�

1 +
1

21=p

� 2p� 2 m2p

m2
p

3

5 u(etu � 1)~� (du); (4.3)

where the momentsm2p; mp are de�ned by mq = E[X q
1 ] for q = p;2p.

� In the general case,

hp(t) = p2
Z

R

2

4

 

1 +
21=pjuj

m1=p
p

! 2p� 2

+ 22p m2p

m2
p

3

5 juj(et juj � 1)~� (du); (4.4)

where the (modi�e d) momentsm2p; mp are de�ned by

mp = inf
z2 [0;1]

�
inf f E[j(Y1)z + (Z1)zjp1(Z1 )z � 0;(Y1 )z � 0]; E[j(Y1)z + (Z1)z jp1(Z1 )z � 0;(Y1 )z � 0]g

�
;

and

m2p = sup
z2 [0;1]

�
supf E[j(Y1)z + (Z1)zj2p1(Z1 )z � 0;(Y1 )z � 0]; E[j(Y1)z + (Z1)z j2p1(Z1)z � 0;(Y1)z � 0]g

�
;

with Y and Z given in (4.1).
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When 1 � p < 2, an inequality similar to (4.2) holds, where hp is now replaced by the

following function hp;d (which is no longer dimension-free):

hp;d(t) = p2
Z

R

2

4d
2
p � 1

 

1 +
21=pjuj

m1=p
p

! 2p� 2

+ 22p m2p

m2
p

3

5juj(et juj � 1)~� (du):

Observe that Theorem 2 is a particular caseof this more general result. The obvious

drawback of Theorem5 is that, exceptin the casesconsideredin Theorem2, we do not have

a precisecontrol of the quantities mp, m2p. In particular, if mp = 0, hp = 1 and we get a

trivial bound. However, it shouldbe clear that when x doesnot have almost surely positive

coordinates, the quantit y

inf
z2 ["; 1]

�
inf f E[j(Y1)z + (Z1)z jp1(Z1 )z � 0;(Y1 )z � 0]; E[j(Y1)z + (Z1)zjp1(Z1 )z � 0;(Y1 )z � 0]g

�

is positive for every " > 0. So the only casewhen mp might be zero is the casewhen (X 1)t ,

the �rst coordinate of the L�evy processX 1, taken at time t, has a probability tending to

1 or to 0 to be positive as t ! 0. This kind of behavior doesexist but in most \natural"

examples,this is not the caseand then Theorem 5 doesgive a non-trivial bound, although

the expressionof this bound is not very easyto handle.

Pro of. Applying Proposition 1 to f (x) = kxkp � E(kX kp), we �rst remark that all the bks

are one. We then want to bound jf (X + uek) � f (X )j. We claim that

jf (X + uek) � f (X )j � pjuj
�

jX k j + juj
(kX kp

p + jujp)1=p

� p� 1

(4.5)

Let us prove (4.5). Remark that for all realsa;b � 0,

max(a;b)1=p � min(a;b)1=p =
�

a + b
2

+
ja � bj

2

� 1=p

�
�

a + b
2

�
ja � bj

2

� 1=p

=
�

a + b
2

� 1=p
" �

1 +
ja � bj
a + b

� 1=p

�
�

1 �
ja � bj
a + b

� 1=p
#

:

Sincethe function x 7! (1 + x)1=p � (1 � x)1=p is convex on [0; 1], is zeroat zeroand 21=p at

1, we get

max(a;b)1=p � min(a;b)1=p �
�

a + b
2

� 1=p �
21=p ja � bj

a + b

�
=

ja � bj
(a + b)(p� 1)=p

: (4.6)
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We want to apply (4.6) to a = kX kp
p, b = kX + uekkp

p. Put ck = u=Xk and distinguish

betweenthree cases.First, if ck � 0, then

jjX k + ujp � jX k jpj � pjuj(jX k j + juj)p� 1

and

jX k + ujp + jX k jp � 2jX k jp + jujp

Second,if � 2 � ck � 0, then

jjX k + ujp � jX k jpj � pjujjX k jp� 1

and onechecks that for every A � 0,

jX k j
(A + jX k + ujp + jX k jp)1=p

�
(1 + jck j)jX k j

(A + jX k jp + jck jpjX k jp)1=p

Third, if ck � � 2, then

jjX k + ujp � jX k jpj � pjujjX k + ujp� 1 = pjuj[j1+ ck jjX k j]p� 1

and onechecks that for every A � 0,

j1 + ck jjX k j
(A + jX k + ujp + jX k jp)1=p

�
(1 + jck j)jX k j

(A + jX k jp + jck jpjX k jp)1=p

Combining the inequalities in these three caseswith (4.6), we obtain (4.5). Summing

over k gives:

dX

k=1

jf (X + uek) � f (X )j2 � p2juj2
�

kX k2p� 2 + jujd1=(2p� 2)

(kX kp
p + jujp)1=p

� 2p� 2

:

If p � 2, kX k2p� 2 � kX kp and if p < 2, kX k2p� 2 � kX kpd1=(2p� 2)� 1=p. Now, let Qp be

de�ned as follows:

� if p � 2, Qp : x 7! (1 + 1=x)2p� 2;

� if p < 2, Qp : x 7! (d1=(2p� 2)� 1=p + 1=x)2p� 2.
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Then
dX

k=1

jf (X + uek) � f (X )j2 � p2juj2Qp

 
(kX kp

p + jujp)1=p

jujd1=(2p� 2)

!

:

Apply this last inequality in Proposition 1, with X = U or X = V. Then we have to deal

with the following two terms:

A = Ez

"
dX

k=1

jf (V + uek) � f (V)j2etf (V )

#

;

and

B = Ez

"
dX

k=1

jf (U + uek) � f (U)j2etf (V )

#

:

Let us �rst considerA .

A � p2juj2Ez

"

Qp

 
(kVkp

p + jujp)1=p

jujd1=(2p� 2)

!

etf (V )

#

:

Recall the following inequality sometimesknown as the Harris inequality or as the other

Chebyshev's inequality. If T is a positive random variable, if A is a positive increasing

function and if B is a positive decreasingfunction, then

E[A(T)B(T)] � E[A(T)]E[B(T)]: (4.7)

This is just because

E[A(T)B(T)] � E[A(T)]E[B(T)] =
1
2

E[(A(T) � A(T0))( B (T) � B(T0))]

where T0 is an independent copy of T. Using the monotonicity assumptions,we seethat

A(T) � A(T0) when B(T) � B(T0) and vice versa, and so the right-hand side of the last

equality is always non positive.

Applying (4.7) to T = kVk, noticing that Qp

�
(kV kp

p + jujp )1=p

jujd1=(2 p� 2)

�
is decreasingin kVkp while

etf (V ) is increasing,we obtain:

A � p2juj2E

"

Qp

 
(kVkp

p + jujp)1=p

jujd1=(2p� 2)

!#

E
�
etf (V )

�
;

wherewe also removed the index z sinceall the marginalsare the same.
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Let us turn our attention to B.

B � p2juj2Ez

"

Qp

 
(kUkp

p + jujp)1=p

jujd1=(2p� 2)

!

etf (V )

#

:

Set

D = Ez

"

Qp

 
(kUkp

p + jujp)1=p

jujd1=(2p� 2)

!

etf (V )

#

:

Note that the distribution Pz of (U;V) is such that for all z 2 [0; 1], U = Y 0
z + Zz while

V = Yz + Zz, whereYz; Y 0
z and Zz are independent and Yz � Y 0

z . Indeed,recall the de�nition

of � 0 and � 1 in Proposition 1 and remark that for every z 2 [0; 1], (Zz; Zz) is the ID random

vector with L�evy measurez� 1, while (Y 0
z ; Yz) is the ID random vector with L�evy measure

(1 � z)� 0. Hence,

D = Ez

"

Qp

 
(kY 0

z + Zzkp
p + jujp)1=p

jujd1=(2p� 2)

!

etf (Yz + Zz )

#

:

Let us introducethe function M p : for all real u, y; y0; z in Rd,

Mp(juj; y; y0; z) =

"

jujp +
X

i

1sgn(yi )= sgn(y0
i )= sgn(zi ) jzi + y0

i j
p

#1=p

:

Then M p(juj; y; y0; z) � (ky0+ zkp
p + jujp)1=p and sinceQp is decreasing,

D � Ez

�
Qp

�
Mp(juj; Yz; Y0

z ; Zz)
jujd1=(2p� 2)

�
etf (Yz + Zz )

�
: (4.8)

From now on, we split Ez into EYz ;Y 0
z
EZz meaning that we �rst integrate according to the

law of Zz. Note that if we �x Yz and Y 0
z , then:

� if (Zk)z � 0 then,

{ if (Yk)z and (Y 0
k )z are non negative too, Qp

�
M p (juj;Yz ;Y 0

z ;Z z )
jujd1=(2 p� 2)

�
is decreasingwith

(Zk)z while etf (Yz + Zz ) (or etf (Yz + Zz )1(Zk )z � 0) is increasingin (4.8).

{ if (Yk)z or (Y 0
k )z are negative, Qp

�
M p (juj;Yz ;Y 0

z ;Z z )
jujd1=(2 p� 2)

�
is constant with (Zk)z in (4.8).

� if (Zk)z < 0 then,
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{ if (Yk)z and (Y 0
k )z are negative too, Qp

�
M p (juj;Yz ;Y 0

z ;Z z )
jujd1=(2 p� 2)

�
is increasingwith (Zk)z

while etf (Yz + Zz ) (or etf (Yz + Zz )1(Zk )z < 0) is decreasingin (4.8).

{ if (Yk)z or (Y 0
k )z are non negative, Qp

�
M p (juj;Yz ;Y 0

z ;Z z )
jujd1=(2 p� 2)

�
is constant with (Zk)z

in (4.8).

We now use the following generalizationof (4.7). Let T be a random vector in Rd with

i.i.d. components and let A; B : Rd ! R be two functions. For every i � d and every

x 2 Rd� 1, de�ne the functions Ax;i ; Bx;i : R ! R via

Ax;i (t) = A(x1; : : : ; x i � 1; t; x i +1 ; : : : ; xd);

Bx;i (t) = (x1; : : : ; x i � 1; t; x i +1 ; : : : ; xd):

Assumenext that for every i � d and every x 2 Rd� 1, oneof the two functions Ax;i ; Bx;i is

decreasingand the other one is increasingor that one of the two is constant. Then by an

easyinduction,

E[A(T)B(T)] � E[A(T)]E[B(T)]: (4.9)

Using (4.9), we get:

EZz

�
Qp

�
Mp(juj; Yz; Y 0

z ; Zz)
jujd1=(2p� 2)

�
etf (Yz + Zz )

�

=
X

I �f 1;:::;dg

EZz

�
Qp

�
Mp(juj; Yz; Y 0

z ; Zz)
jujd1=(2p� 2)

�
etf (Yz + Zz )18k2 I ; (Z k )z � 0; 8k62I ; (Z k )z < 0

�

�
X

I �f 1;:::;dg

EZz

�
Qp

�
Mp(juj; Yz; Y 0

z ; Zz)
jujd1=(2p� 2)

��
EZz

�
etf (Yz + Zz )18k2 I ; (Z k )z � 0; 8k62I ; (Z k )z < 0

�

= EZz

�
Qp

�
Mp(juj; Yz; Y 0

z ; Zz)
jujd1=(2p� 2)

��
EZz

�
etf (Yz + Zz )

�

Next, integrating in Y 0
z and then in Yz, leadsto

D � sup
y2 Rd

EY 0
z ;Z z

�
Qp

�
Mp(juj; y; Y0

z ; Zz)
jujd1=(2p� 2)

� �
E

�
etf (V )

�
;

wherethere is no index z in the last expectation sinceall the marginalsare the same.

It remainsto evaluate the term

E = sup
y2 Rd

EY 0
z ;Z z

�
Qp

�
Mp(juj; y; Y0

z; Zz)
jujd1=(2p� 2)

��
:
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Indeed,sinceQp is decreasing,E
h
Qp

�
(kV kp

p + jujp )1=p

jujd1=(2 p� 2)

� i
� E and thereforeupper-controlling E

will provide corresponding upper bound for A and for B.

SinceQp is continuous and decreasing,let us denote by Vp its reciprocal. We start by

evaluating the following probability:

PY 0
z ;Z z

�
Qp

�
Mp(juj; y; Y0

z ; Zz)
jujd1=(2p� 2)

�
� s

�
= PY 0

z ;Z z

�
Mp(juj; y; Y0

z ; Zz)
jujd1=(2p� 2)

� Vp(s)
�

;

which is, in fact, zero if s � a = Qp(1=d1=(2p� 2)).

Supposethat y hask positive coordinatesand d � k negative coordinates. Let I + be the

set of i such that yi > 0 and I � be the set of i such that yi < 0. Set

m+
q (z) = E(1(Y1 )z � 0;(Z1)z � 0j(Y1)z + (Z1)zjq);

m�
q (z) = E(1(Y1 )z � 0;(Z1)z � 0j(Y1)z + (Z1)zjq);

and

mq(z) = sup(m+
q (z); m�

q (z)) ;

mq(z) = inf (m+
q (z); m�

q (z)) :

Then

PY 0
z ;Z z

�
Qp

�
Mp(juj; y; Y0

z ; Zz)
jujd1=(2p� 2)

�
� s

�

= PY 0
z ;Z z

"
X

i 2 I +

1(Y 0
i )z � 0;(Z i )z � 0j(Y 0

i )z + (Z i )z jp

+
X

i 2 I �

1(Y 0
i )z < 0;(Z i )z < 0j(Y0

i )z + (Z i )z jp � dp=(2p� 2) jujpVp(s)p � jujp
#

� PY 0
z ;Z z

"
X

i 2 I +

1(Y 0
i )z � 0;(Z i )z � 0j(Y

0
i )z + (Z i )z jp

+
X

i 2 I �

1(Y 0
i )z < 0;(Z i )z < 0j(Y0

i )z + (Z i )z jp � dp=(2p� 2) jujpVp(s)p

#

:

Now if s is such that dp=(2p� 2) jujpVp(s)p � dmp(z)=2, i.e., if

s � b= Qp

0

B
@

2

4
d

p� 2
2p� 2 mp(z)

2jujp

3

5

1=p
1

C
A ; (4.10)
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then

PY 0
z ;Z z

�
Qp

�
Mp(juj; y; Y0

z; Zz)
jujd1=(2p� 2)

�
� s

�

� PY 0
z ;Z z

"
X

i 2 I +

1(Y 0
i )z � 0;(Z i )z � 0j(Y 0

i )z + (Z i )zjp

+
X

i 2 I �

1(Y 0
i )z < 0;(Z i )z < 0j(Y 0

i )z + (Z i )z jp � d
mp(z)

2

#

� PY 0
z ;Z z

2

4
X

i 2 I +

1(Y 0
i )z � 0;(Z i )z � 0j(Y 0

i )z + (Z i )z jp +
X

i 2 I �

1(Y 0
i )z < 0;(Z i )z < 0j(Y 0

i )z + (Z i )z jp

� km+
p (z) + (d � k)m�

p (z) � d
mp(z)

2

#

� 4
km+

2p(z) + (d � k)m�
2p(z)

d2mp
2(z)

�
4m2p(z)
dmp

2(z)
:

Therefore, integrating this last probabilistic inequality gives:

EY 0
z ;Z z

�
Qp

�
Mp(juj; y; Y0

z ; Zz)
jujd1=(2p� 2)

� �
� b+ 4

� a
d

� m2p(z)
dmp

2(z)
:

Recall that a = Qp(1=d1=(2p� 2)), so that a=d� 22p� 2. This entails

max(A ; B) � p2juj2
 

b+ 22p m2p(z)
mp

2(z)

!

E
�
etf (V )

�
; (4.11)

with b given by (4.10).

When X hasalmost surelypositive coordinates,the following improvements arepossible.

First, (4.5) can be replacedby

jf (X + uek) � f (X )j � pjuj
�

jX k j + juj
(2kX kp

p + jujp)1=p

� p� 1

: (4.12)

Indeed,we can usethe proof of (4.5) but herewe only have to considerthe caseck � 0.

Second,if X hasalmost surely positive coordinates,we can apply (4.9) directly, without

introducing M p. In this way, (4.11) can be replacedby

max(A ; B) � p2juj2
"

b+ 4
�

1 +
1

21=p

� 2p� 2 m2p

m2
p

#

E
�
etf (V )

�
: (4.13)
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wherenow mp; m2p stand for the usual moments, i.e., we put mq = E[X q] for q = p;2p.

So �nally , using (4.11) or (4.13) together with the value of b given by (4.10), we obtain

if p � 2,

E(f etf ) � hp(t)E(etf );

and if 1 � p < 2,

E(f etf ) � hp;d(t)E(etf ):

The proof is then �nished in the usual way. �

5 Pro of of Theorem 3

Let

g(x) =
x
R

log+

�
�x
R

�
:

Note that g is a bijection from [R=�; + 1 [ to [0; + 1 [. To proveTheorem3, it is thussu�cien t

to �nd for which � , Eeg(kX k2 ) converges. Let " > 0 and let c = max((1 + ")EkX k2; R=� ).

Then

Eeg(kX k2 ) =
Z + 1

0
P(eg(kX k2 ) � t)dt � eg(c) +

Z + 1

eg( c)
P(eg(kX k2 ) � t)dt:

Then, setting t = eg(c+ u) in the last integral and applying Corollary 5, we get

Eeg(kX k2 ) � eg(c) +
Z + 1

0
e

u
R �

�
u
R + V 2

"
R 2

�
log

�
1+ Ru

V 2
"

� �
1
R

+
1
R

log+

�
� (c + u)

R

��
e

c+ u
R log+ ( � ( c+ u )

R )du:

It is su�cien t for this last integral to converge,that the power of eu=R be negative, i.e., that

1 + log+

�
� (c + u)

R

�
� log

�
1 +

Ru
V 2

"

�
< 0;

at least for u large enough.But if u tends to + 1 in the expressionabove, we obtain that

1 + log
�

�V 2
"

R2

�
< 0 ,i.e., � <

R2e� 1

V 2
"

:

Next, we needto passfrom V" to V. But if � < R2e� 1=V2, then there exists " (quite large

of course),such that � < R2e� 1=V2
" and this concludesthe proof.
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