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ABSTRACT. Let (A, H, D) be a spectral triple, namely: A is a separable C*-algebra, H is a
Hilbert space on which A acts and D is a selfadjoint operator with compact resolvent such that
the set of elements of A having a bounded commutator with D is dense. A spectral metric
space, the noncommutative analog of a complete metric space, is a spectral triple (A, H, D)
with additional properties which guarantee that the Connes metric induces the weak*-topology
on the state space of A. A “quasi-isometric” #-automorphism defines a dynamical system. This
article gives various answers to the question: Is there a canonical spectral triple based upon the
crossed product algebra A x Z, characterizing the metric properties of the dynamical system ?
If « is equivalent to the noncommutative analog of an isometry the answer is yes. Otherwise, the
metric bundle construction of Connes and Moscovici is used to replace (A, ) by an equivalent
dynamical system that acts isometrically. The difficulties related to the noncompactness of this
new system are discussed. Applications, in number theory and coding theory are given at the
end.
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1. INTRODUCTION

Let X = (A, H,D) be a spectral triple [19] (also called a K-cycle), namely A is a separable
C*-algebra, H is a Hilbert space on which A is represented and D is a selfadjoint operator with
compact resolvent such that C}(X) = {a € A; ||[D,a]|| < oo} is a dense subset of A. The
condition ||[D,a]|| < co means that D admits a core invariant by multiplication by a and that
the operator [D, a] = Da— aD extends as a bounded operator on H. Unless otherwise stated, A
will be identified with the image subalgebra of B(H) by the representation. In some cases (see
Section 4.1 Example 2) it will be necessary to specify the representation, justifying the notation
(A, H, 7, D), when 7 denotes the representation.

In view of the Gelfand Theorem, a C*-algebra can be seen as the noncommutative analog of
the space of continuous functions on a locally compact space, vanishing at infinity. Spectral
triples, under the name of Fredholm modules [4], have been used initially to encode the cyclic
cohomology of the noncommutative space defined by A [19]. Eventually, Connes [19] realized
that they can also encode metric structures on this space. Such a structure extends as a metric
on the state space of A. It is remarkable that the extension of a metric from a space to its set
of probability measures had been defined and studied for a long time before, starting with the
work of Kantorovich and Rubinstein [41] for compact metric spaces, in the context of the mass
transportation problem. It was later extended by Wasserstein [67] and Dobrushin [28] to non
compact complete metric spaces. Dobrushin proposed the name Wasserstein distance to such
metrics, and the name has been used since then. In the present paper, though, we will refer
to it as the Connes distance in the context of noncommutative metric spaces. It will be seen
in Section 1.1 what conditions on a spectral triple are needed to encode a structure of locally
compact complete metric space. The main problem investigated in this paper is the following

Problem 1. Let A be unital and o be a *-automorphism of A. Given a spectral triple X =
(A, H, D), is there a canonical way of defining a spectral triple Y = (A Xo Z,K, D) induced by
(A, H, D), for the crossed product of the original algebra A by the action of Z defined by o ¢ If
so, what are the metric properties encoded by this triple ¢ O
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It will be shown in this work, that the answer is not always positive: actually, it is positive if and
only if (A, H, D) represents the noncommutative analog of a metric space for which the group
generated by « is an equicontinuous family of quasi-isometries. In particular, for uniformly
hyperbolic actions on a compact metric space, such a construction is not possible. However,
the present work offers a way to deal with this problem: following the philosophy introduced
by Connes and Moscovici in the nineties [21], it is proposed to extend the algebra A to an
algebra B representing the noncommutative analog of the set of continuous functions on the
metric bundle, on which such action becomes isometric, so equicontinuous. This will permit to
construct a spectral triple for the crossed product B X, Z, in which A X, Z acts as a multiplier
algebra. While it is possible to extend the construction to more general group actions, this work
will deal only with the case of a single automorphism.

The metric bundle construction comes with a price: it addresses the problem of spectral triples
on non unital C*-algebras. This question was studied in particular by Latrémoliere [45]. The
main difficulty in this case is that the state space is not closed for the weak* topology. Thanks
to the notion of weak-uniform topology on A it became possible to characterizes those Connes
metrics on the state space giving rise to the weak™ topology. Because of the importance of
this result for the purpose of the present work, it will be stated explicitly (see Result 3, in
Section 1.1).

It will be seen, however, that the work by Latrémoliere does not solve all problems encountered
with the present construction. For indeed, while it is sufficient whenever the metric is bounded,
namely when the state space has a finite diameter in the Connes metric, it turns out to be
insufficient for the examples that will be presented here at the end of this paper. Something
analogous occurs with the Wasserstein distance when the metric space is complete but not
compact and the metric is unbounded. In the latter case this distance encodes the w*-topology
on the set of probabilities only on compact subsets of finite diameters. Such subsets generate
a dense subset of the probability space. For a spectral triple, this situation occurs whenever
the Lipschitz ball, namely the set of a € A for which ||[D,a]|| < 1, is unbounded. If so, it is
expected that indeed there are, in the state space, enough compact subsets with finite diameter
in the Connes metric on which this metric generates the w*-topology. This problem will not be
addressed in the present work though.

1.1. Definitions and Previous Results. Given a spectral triple (A, H, D), let dc be the
Connes pseudo-distance defined on the state space of A as follows [19]:

dc(p,w) = sup{|p(a) —w(a)[; I[D,a]|| <1} p,w € Mi(A).
Here, M (A) will denote the state space of A, using a notation coming from probability theory.
The first problem is to decide whether this is a metric on 9% (.A) and whether this metric defines
the w*-topology. The present answers to these questions are described here.

Result 1 ([59]). Let (A, H, D) be a spectral triple with A unital. The Connes pseudo-metric is
a metric on the state space if the following two conditions hold

(i) the representation of A in H is non-degenerate, namely that AH = H,

(1) the metric commutant Ay = {a € A; [D,a] = 0} is trivial, namely it is reduced to multiples
of the unit.

In particular this condition requires that the representation of A on the Hilbert space H be
faithful.
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Result 2 ([53, 61, 62, 63, 52]). Let X = (A, H, D) be a spectral triple with A unital. In addition,
let X be such that the representation of A in H is non-degenerate and the metric commutant is
trivial. Then the Connes metric defines the w*-topology if and only if the Lipschitz ball, defined

by

Briy = Bripy(X) ={a € A; ||[D,d]|| <1},
is pre-compact in the quotient space A/A',. Equivalently, Ker(¢) N By, is pre-compact in A,
for some (hence for all) ¢ € M (A).

As proved in Lemma 3 below, By, is closed in norm. If A is not unital, but separable, and if
the Lipschitz ball is norm bounded, the main result of Latrémoliere is the following (see [45] Th.
2.6 & 4.1)

Result 3 ([45]). Let X = (A, H, D) be a spectral triple with A a nonunital, separable C*-algebra.
If the D-commutant is trivial and the representation of A is nondegenerate, the Connes distance
defines the w*-topology on the state space if and only if there is a strictly positive element h € A
such that hBp;,h is compact. In such a case the Connes metric is a path metric and the state
space is complete for this metric.

It is worth reminding the reader that a strictly positive element h is a positive element such that
hAh is norm dense in A. This leads to the following definition, used in the present paper

Definition 1. A bounded spectral metric space is a spectral triple X = (A, H, D) such that

(i) the representation of A on H is non-degenerate,

(it) the metric commutant A, = {a € A; [D,a| = 0} is trivial,

(113) there is a strictly positive element h € A such that the h-compressed Lipschitz Ball hBy,h
has precompact image in the normed space AJA’,.

A spectral metric space X = (A, H, D) will be called compact if A is unital.

The term spectral metric space is appropriate since it is based on a spectral triple'. The previous
definition is a bit more restrictive than the term quantum metric space defined by Rieffel [63].
For indeed, here A is restricted to be a C*-algebra instead of an order-unit space.

It will be seen in Sections 5 & 7, that there are important examples of spectral triple that do not
satisfy the criterion of Result 3. This is because the corresponding Lipschitz balls are unbounded
in norm. The problem of extending Result 3 to the unbounded case will not be addressed in the
present work. But partial results can be found in Section 4.3 in which the following important
elementary example is considered: let Z be endowed with a metric dz. Then let ¢y(Z) be the
algebra of complex valued sequences vanishing at infinity. It is not unital. It acts on the Hilbert
space H = (*(Z) by pointwise multiplication. In Section 4.3, several Dirac operators will be
proposed to describe this metric. Each construction requires to enlarge H by tensoring it with
some finite dimensional Hilbert space £ on which some Clifford algebra acts. It will be shown
that the corresponding spectral triple is a compact metric spectral space if and only if the
distance dz, is summable, namely > dz(n,n+1) < co. A second construction allows to include
translation invariant metrics (thus nonsummable): then it satisfies the criterion of Result 3 if
and only if the metric dz is bounded. Both results exclude the usual metric on Z. This is
because the usual metric gives Z an infinite diameter. Therefore the Connes metric associated
with it is unbounded on the state space. However, the following result, valid in the commutative
case, applies

1The authors thank M.Rieffel for suggesting this name.
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Result 4 ([28]). Let (X,d) be a complete separable metric space and let My (X) be the set of
probability measures on X. A subset F C 9y (X) is called d-tight if there is xo € X such that
for all € > 0 there is v > 0 for which fd(xo 2)>r wu(dz) d(zo,x) < € for all p € F. Then the

Wasserstein distance generates the w*-topology on each weak*-closed d-tight set.

The extension of such a result to noncommutative spectral triple is an interesting but difficult
open problem. It will not be considered in the present work.

1.2. Main Results. The set Aut(A) of *-automorphisms of A will be endowed with the norm
pointwise topology, namely a basis of neighborhoods of an element o € Aut(.A) is the family of
sets of the form U(a;a,e) = {8 € Aut(A); ||F(a) — a(a)|| < €}, where a € A and € > 0.

Definition 2. For X = (A, H, D) a spectral metric space, a x-automorphism « € Aut(A) will
be called a quasi-isometry if a € C1(X) & a(a) € CH(X).

For G a subgroup of Aut(A), C'(G, X) will denote the set of elements a € A such that (i)
I[D, g(a)]|| < oo for all g € G and (ii) the map g € G — [D, g(a)] € B('H) is continuous in norm.
In particular C*(G, X) C C}(X). Similarly, C} (G, X) C C}(G, X) will denote the set of elements
a € A such that sup,cq [|[D,g(a)]]| < oco. It is easy to check that C*(X),CY(G, X),C} (G, X)
are x-subalgebras of A invariant by holomorphic functional calculus (see Lemma 1 for instance).
Transposed in the classical world, the algebra C!'(G, X) contains C'(X) if and only if G acts
by bi-Lipschitz transformations, namely by quasi-isometries. Similarly, if Cg(G,X ) contains
C'(X) means that G is an equicontinuous family of quasi-isometries. This justifies the following
definitions used in the present work

Definition 3. Let X = (A, H,D) be a spectral metric space. Then a subgroup G C Aut(A)
will be called quasi-isometric, if C1(X) = CHG, X). It will be called equicontinuous if C1(X) =
CH(G,X). It will be called isometric if it is quasi-isometric and ||[D, g(a)]|| = ||[D,d]| for all
g € G and a € CH(X) = CHG,X). The same definition applies to a single automorphism
provided G is the group it generates. The pair (X, G) will be called a spectral dynamical system.

Remark 1. A quasi-isometric automorphism of a compact spectral metric space X = (A, H, D)
is an isometry if and only if it preserves the Connes distance on the state space My (A) of A.
For indeed the “if” part follows from the fact that a +— ||[D, a]|| defines a lower semicontinuous
Lipschitz seminorm on C!(X) ([62], Proposition 3.7), therefore, following [62], Theorem 4.1, it
can be recovered via Connes distance by

|p(a) — w(a)| }
D;a :sup{; weM(A) ;.
1D, all Lot e M)
The ”only if” part is obvious from the definition of an isometry. O

In the classical world, equicontinuity implies compactness through the Arzela-Ascoli theorem.
An extension was considered in [1] in the noncommutative world, for discrete groups of rapid
decay. The result in [1] leads to

Theorem 1 (Arzela-Ascoli theorem). Let X = (A, H, D) be a compact spectral metric space.
Let G C Aut(A) be a quasi-isometric subgroup. Then G is equicontinuous if and only if it has
a compact closure.

In a compact metric space, given a compact group of quasi-isometries, it is possible to find an
equivalent metric that is invariant by the group. Such is the case also for spectral metric spaces,
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as shown by the next result. To express it, the simplest case is considered, namely the group
generated by a single automorphism « € Aut(.A4). This group defines a Z-action on the spectral
metric space. Let A x, Z denote the crossed-product algebra, namely the universal C*-algebra
generated by the elements of A and by a unitary u such that uau=' = a(a). The crossed product
is an algebraic version of the existence of a unitary operator implementing the automorphism «
in a representation. In addition, the dual group T of Z acts on the crossed product [17, 66, 65] in
the following way: n(a) = a if @ € A and ng(u) = e*u for k € T. In such a case, the following
holds

Theorem 2. Let A be a unital, separable C*-algebra and o € Aut(A). Let u denote the unitary
implementing o in the crossed product algebra A X Z. Then there is a compact spectral metric
space X = (A, H,D) based on A with o implementing an equicontinuous Z-action if and only
if there is a compact spectral metric space Y = (A xq Z,K, lA)), based on the crossed product
algebra, such that

(i) the dual action on A X4 Z is quasi-isometric,

(ii) w='[D,u] is bounded and commutes with the elements of A,

(i1i) the Connes metrics induced on the state space of A associated with the two spectral metric
spaces X and'Y are equivalent.

The dual action is required to identify u within the algebra A x, Z. It will be proved that it
acts isometrically on Y. If u satisfies the condition (ii), then [D, a"(a)] = u"[D, aJu™", meaning
that the Connes metric defined by the spectral triple X = (A, K, ]_/5), obtained by restricting Y
to A, is a-invariant. Conversely the construction of the spectral metric space Y involves the use

of the socalled left reqular representation of (A, ).

Even in the commutative case there are examples of spectral metric spaces for which certain
actions are quasi-isometric in the previous sense without being equicontinuous. A simple example
is provided by the Arnold cat map (see Section 4.1). More generally, this is the case for uniformly
hyperbolic actions. In such a case, building a spectral triple on the crossed product algebra
becomes impossible using the construction leading to the proof of the Theorem 2. Thanks to
the seminal work of Connes and Moscovici [21], it is possible to overcome this difficulty. The
main idea is the noncommutative analog of replacing the manifold by its metric bundle. As
it turns out, in the classical case, this metric bundle is a quotient of the frame bundle that
allows to build a diffeomorphism invariant measure on any manifold. The extension of such
a construction to the noncommutative case is not yet available for spectral metric spaces in
general. The automorphism groups might be too big for such a construction to be available in
general. However, if G is a subgroup of Aut(.A), as the image of a locally compact group by a
continuous group homomorphism, it is sufficient to restrict this bundle to an orbit of the group,
so that the fiber can be replaced by the group itself. In the case of a Z-action, this gives the
following construction

Theorem 3. Let X = (A, H,D) be a spectral metric space and let o € Aut(A) be quasi-
isometric. If o is not equicontinuous, there is a spectral metric space Y based on A ® co(Z),
induced by X, such that

(i) A acts as a multiplier algebra on'Y

(ii) o implements an equicontinuous action o on'Y

(11i) there is a spectral metric space based on A ® co(Z) X, Z, on which A Xy Z acts as a
multiplier algebra.
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It is important to note that, even if X is compact, namely A is unital, the space Y is non-compact
in general. In the present paper, it will not be investigated whether the construction leads to a
spectral triple that generates the w*-topology on the noncommutative analog of d-tight subsets
of the state space.

To illustrate the potentiality of this construction, three examples have been added at the end
of the present paper. The metric bundle construction permits to complete prior results. The
first example concerns an interpretation of some number theoretic quantities, the Shimizu L-
functions, occurring as topological invariant through the Index Theorem in computing the sig-
nature of Hilbert’s modular surfaces associated with totally real number fields [5]. It was shown
that the only contribution was coming from cusps that are seen as the boundary of a manifold,
which turns out to be a solvmanifold, namely it comes from a quotient of a Lie algebra, all
element of which are strictly hyperbolic. In a previous work [49], these L-functions were shown
to comes from a spectral triple over a non-commutative torus, in the case of a real quadratic
number field. The corresponding solvmanifold, can be interpreted, modulo homotopy, as the
crossed product of the noncommutative torus by the group of totally positive units of the num-
ber field. Due to the hyperbolicity of the action, building a spectral triple representing the
metric on the solvmanifold was a problem that the present paper helps to solve. The other
example, the algebro-geometric codes [48], is coming form coding theory in Computer Science.
This example is actually very close to the problem of finding a spectral triple on a tiling space
and is a sophisticated extension of the example of a two-sided shift acting on the Cantor set and
treated in Section 4.1, Example 2. In both cases, however, the natural metric that is behind
the construction corresponds to a noncompact unbounded metric space. This is an incentive to
extend the theory of unbounded complete metric spaces to the noncommutative world.

1.3. A Bit of History. The notion of spectral triple, in view of representing the noncommuta-
tive analog of Riemannian manifolds, was proposed by Connes in the eighties [19] (see Chapter
6). It came out of the construction of Fredholm modules used in the construction of cyclic coho-
mology. Immediately after understanding the conceptual foundation in this part of the theory
[18] Connes gave few important examples: the case of Riemannian manifolds, the Cantor set
and the Julia sets [19]. He also addressed the inverse problem, namely, when is a spectral triple
coming from a smooth Riemannian manifold [20]. However, the subject did not develop until
the late nineties when several authors proposed using them for different purposes. The earliest
work recorded in the literature came in 1994, when Lapidus proposed to extend the Connes
example of the Cantor set to fractals [43, 44]. Then several works appeared, like the important
contributions of Buyalo [10, 11] or the ones by Guido & Isola [34, 35, 36] in the analysis of metric
spaces and fractals. On the more conceptual side were the works by Pavlovi¢ [53] and by Rieffel
[61, 62, 63] and the extension to noncompact metric spaces by Latrémoliere [45] that are at
the origin of the Definition 1 in the present paper. The reconstruction problem for Riemannian
manifold has been considered by Rennie [58], Rennie and Varilly [59] and Connes [23]. Several
important classes of noncommutative spectral triples have been constructed by Rieffel [63] and
by Christensen, Antonescu-Ivan and various collaborators [13, 14, 15, 16]. Recently, the Rie-
mannian geometry of ultrametric Cantor sets was described in [55] leading to the definition of
an analog to the Laplace-Beltrami operator and some developments in the theory of tilings [39].
Very recently the extension to compact metric space has been considered. In [30] the author
use a Christensen-Ivan spectral triple to encode various metric invariant on a multifractal space.
In [54] an extension of [55] to all compact spaces is treated. The problem of group actions on
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noncommutative metric spaces was considered by Connes in the context of gauge theory and
the notion of Yang-Mills action principle in [19]. However, the notion developed in the present
paper have not been considered so far, in a systematic way. The present paper is therefore an
introduction to this topic.

1.4. Organization of the Paper. The rest of the paper is organized as follows. In Section 2,
the case of equicontinuous action is studied and is shown to correspond to almost periodicity in
the sense of H. Bohr. Then Section 3 is dedicated to the construction of a canonical spectral
metric space over the crossed product algebra whenever the action is equicontinuous. As it
turns out there are some non trivial technicalities, in particular, the proof of the Proposition 3,
concerning the compactness of the Lipschitz ball, which is postponed to the Appendix 8. Then
the Section 4 is dedicated to the notion of spectral metric bundle. Two examples are given
of non equicontinuous actions, the Arnold cat map acting on the 2-torus and the shift acting
on {0,1}?, the most elementary model of a Smale space. The study of the space of Euclidean
metrics on a linear space gives a clue to build the spectral metric bundle. Then a long subsection
is dedicated to the study of various metric structures on Z, the most elementary model of
noncompact metric space, leading to introduce various technicalities like the wu-topology [45].
The last three Sections, 5, 6 and 7, treat examples already developed previously by one of the
present authors, but which were not completely treated before by lack of the notion of spectral
metric bundle.

Acknowledgments: This work was supported in part by NSF Grant No. 0901514 (J.B.),
DMS-0651925 and DMS-1007207 (M.M). J.B. thanks the SFB 701 (Universitat Bielefeld, Ger-
many) and the MAPMO and the Fédération Denis Poisson (Orléans University, France), for
providing office space during the writing of this paper. He also wants to thank Jean Savinien
and Tan Palmer for discussions and for providing references used in this work. K.R. thanks Marc
Rieffel for various comments and for pointing the reference [45].

2. COMPACTNESS AND ALMOST PERIODICITY

This section is devoted to the notion of almost periodicity and to proving Theorem 1. The
standard references for the theory of almost periodic functions are the books by H. Bohr [9],
Besicovich [6], and the extension to all groups in the articles by von Neumann [51, §].

2.1. The Lipschitz Algebra. Some technical tools, presented here will be useful. In this
Section A is a separable C*-algebra but it is not required to be unital.

Lemma 1. Let X = (A,H, D) be a spectral metric space. The space C*(X), endowed with the
norm

lalls = llall + I[D; alll,
is a Banach x-algebra invariant by holomorphic functional calculus. The injection map i :
CY(X) — A is a compact homomorphism of Banach *-algebras.

Proof: (i) That | - ||; defines a seminorm is obvious. Since |lal[1 =0 = |ja]| =0 = a =0,
it is a norm. That this norm is x-invariant is also clear, since D is selfadjoint. Thanks to the
Leibniz formula, [D, ab] = [D,alb + a[D, b] it follows that
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llablly < {lal[l[oll + [ILD; alllllol] + [lal[I[[D; b}l < llallx [[bll1
showing that this is an algebraic norm.

(i) Let now (an)nen be a Cauchy sequence in C'(X). Then it is Cauchy for the norm in A
and therefore there is a € A such that lim,_,« ||a — ayn| = 0. Moreover it follows that, for
all n € N, the sequence (||an — @m||)men is Cauchy and thus converges in C to a limit ¢, that
converges to zero as n — oo. Let now f,g € H belonging to the domain of D. It follows that
(Df|(a —apn)g) — (f|(a — an)Dg) converges to zero as n — oco. Moreover

(Df\(a —an)g) — (f1(a — an)Dg)l =l [(Df|(am — an)g) ~ (f|(am — an)Dy)|

1£[llg /1 lim sup [|am — an[1
m—0o0

IN

Hence ||a — ay||; is finite and lim, . || — ay||1 = 0, showing that a € C}(X) and that a,
converges to a in C}(X). Therefore C!(X) is a Banach x-algebra.

(iii) Let @ € C1(X). Then, its resolvent (z1 — a)~! either belongs to A, if A is unital, or
(21 —a)~! —1/z € Aif not. Moreover, thanks to the Leibniz rule,

D, (21 —a)"' —1/z] = (21 —a)"}[D,a](21 —a) !,
so that (21 —a)™! — 1/2z € C}(X). In addition

_ _ 2
1D, (21 —a)™ = 1/2]|l1 < {lI(21 = a) ™" = 1/2]| + 1/2(}" [lalx

This implies that for any function F'(z) holomorphic in a neighborhood U of the spectrum of
a (and vanishing at z = 0 whenever A is not unital), and any Jordan path ~ contained in U,
surrounding the spectrum of a, the Cauchy integral fv F(2){(21 — a)~! — 1/2}dz/2u converges
in C1(X) showing that F(a) € C}(X). Hence, C}(X) is invariant by holomorphic functional
calculus.

(iv) Since the unit ball of C'(X) maps to By, in the quotient space A/C1, it follows that it
is compact in the norm topology of A (see Section 8.4). Hence the canonical injection maps
bounded sets into compact ones, meaning it is compact. O

A very similar proof leads to

Corollary 1. Let X = (A, H, D) be a spectral metric space and let G C Aut(A) be an equicon-
tinuous group of automorphisms. Then the space Cg(G, X) endowed with the norm

lalli,c = [lall + sup [|[D, gl
geG

1s a Banach x-algebra, invariant by holomorphic functional calculus and the canonical injection
i:CHG,X) — A is compact.

The only additional property needed in the proof is the continuity of the maps g € G — [D, ga] €
B(H) for each a € C}(G, X). But the uniformity of the norm over G implies that the limit of a
Cauchy sequence is necessarily continuous.

Lemma 2. Let X = (A, H,D) be a spectral metric space. A x-automorphism o € Aut(A) is
quasi-isometric if and only if one of the two following conditions hold
(i) it defines a bounded *-automorphism of C'(X),
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(ii) the action of a on the state space of A is bi-Lipschitz for the Connes metric.

Proof: (i) If a : C}(X) — C!(X) is bounded, it follows, from the Definition 2, that « is
quasi-isometric. Conversely if « is quasi-isometric, it is a linear map a : C}(X) — C*(X) which
is defined everywhere. By the closed graph theorem it is bounded. That it is a *-homomorphism
is obvious from the definition. The same can be said for o' since a is one-to-one and since,
thanks to Definition 2, it is onto as well.

(i) Let a € Aut(A) be quasi-isometric. Then by the previous argument, o : C}(X) — CH(X) is
a bounded *-isomorphism. Then, if p,w are two states on A

dc(po a,woa) =sup{|p(a) —w(a)|; [[D,a™ (@)]]| < 1}
Since « is bounded on C(X) it follows that there is K > 0 such that [|[D,a"(a)]|| < 1 =
|[D,a]|| < K. Therefore do(p o a,w o ) < Kde(p,w). Replacing a by its inverse leads to

1
(1) Edc(p,w) <dc(poa,woa)< Kdc(p,w) .

Conversely, if eq. (1) holds, it follows that both o, a~! leaves C!(X) invariant, showing that o
is quasi-isometric. O

2.2. Almost Periodicity: Definitions.

Definition 4. If o € Aut(A) an element a € A is called a-almost periodic if the norm closure
Hull(a) of its orbit Orb(a) = {a™(a); n € Z} is compact. A subset F C A is called a-almost
periodic if any of its elements are a-almost periodic. A x-automorphism o € Aut(A) is called
almost periodic whenever any a € A is a-almost periodic.

An equivalent way of defining almost periodicity is the following

Corollary 2. Let A be a C*-algebra. A x-automorphism « € Aut(A) is almost periodic if and
only if the norm pointwise closure of the group it generates is compact.

The proof will be left to the reader since it consists only of using the definition of the norm-
pointwise convergence. In much the same way, if ' C A is a-almost periodic, then let Ap be
the C*-algebra generated by the elements of the form a"(a) for n € Z and a € F. Then «
is an almost periodic *-automorphism of Ap. In particular it generates a compact group of
automorphisms. However, this group may not be contained in Aut(.A).

2.3. Almost Periodicity: Bohr’s Approach. In this section, a more classical approach to
almost periodicity, close to Bohr’s original one, will be presented for the sake of the reader. Let
a € A be a-almost periodic. Then, its hull is a-invariant and (Hull(a), ) becomes a topological
dynamical system. An a-periodic element is an a € A such that there is p € N (p # 0), called a
period, such that a?(a) = a. The orbit of a periodic element is finite thus compact. In particular
if a is periodic then it is almost periodic.

Proposition 1. Ifa € A is a-almost periodic, Hull(a) inherits a canonical structure of compact
abelian group in which Orb(a) is a dense subgroup isomorphic to 7.

Proof: 1If a is periodic, the result is elementary. Let a be non periodic then. Let S(a) be
the set of infinite sequences & = (zx)ken such that (i) z € Z for all k’s and (ii) limg_,oc % (a)
exists in Hull(a). By definition S(a) is non-empty: if n € Z, then the constant sequence
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n = (nk)kez is defined by ny = n for all k£ and is obviously in S(a). Then given two such
sequences & = (Tx)ken, 7 = (Yk)ken, their sum is defined by £ + n = (zr + yi)ren. It follows
that & + 7 belongs to S(a). For indeed, if k,l are two integers, ||[a®*T¥(a) — o™ ¥ (a)| <
o {a¥ (a) — a¥t(a) ] + [[a®* (a¥ (a)) — a*(a% (a))] = [la¥(a) — a¥ (a)| + % (a) — a* (a)].
Hence the sequence (a™*1¥(a)),y is Cauchy in A and therefore it converges to an element of
Hull(a). In much the same way, the opposite of ¢ is defined by —¢ = (—xj)rez. Then again, it
follows that ||a="*(a) — a™"(a)|| = ||~ " "1 {a" (a) — a®* (a)}|| = |[[a”*(a) — o™ (a)||. Hence by
the same argument —¢ € S(a). This gives S(a) the structure of a an abelian group.

It is easy to check that the relation ¢ ~ 7 defined by limy o [|a®*(a) — a¥(a)|| = 0 is an
equivalence relation compatible with the group structure. Thus, S(a)/ ~= €, is also an abelian
group. Then, the function d(&,7) = limg_. ||* (a) — a¥*(a)||, defined on S(a) x S(a) satisfies
(i) d(&n) = 0, (i) d(&, n) = d(n, ), (iii) d(&,n) < d(& ¢)+d(¢,n) for all ¢ € S(a), (iv) d(§,n) =0
if and only if £ ~ 7. In particular, d defines a metric on €.

The map ¢ : S(a) — Hull(a) defined by ¢(§) = limg_,o a™*(a) satisfies (i) it is onto, by definition
of the Hull, (ii) ¢(¢) = ¢(n) if and only if £ < n, (iii) ||¢(&) — (1) = d(€,n). Hence ¢ defines an
isometry from Q, onto Hull(a), showing that €2, is compact indeed. Moreover, if n € Z it follows
from the definition that ¢(£+n) = a™(¢(€)). In particular d(§+n,n+n) = d(&,n) for all n € Z.
In addition if n = (yg)ken € S(a) it follows that d(n,yr) — 0 as k — oo. Consequently the
metric d is invariant by translation on €2, so that the addition in €2, is continuous. Moreover,
it is simple to show that d(—¢,—n) = d(£,n). Hence (£2,,d) is a topological compact abelian
group. Then the equivalence class of n for n = 1 defines an element wy € ), such that the set
{nwo; n € Z} is dense in Q,. At last, the relation ¢(§ +n) = a™(¢(§)) shows that the map
n € Z — o"(a) € Hull(a) can be continued in a unique way as a map w € , — o“(a) € Hull(a)
throughout the quotient map defined by ¢. |

Corollary 3. If F € A is a finite subset of a-almost periodic elements. Then there is compact
abelian group Qp with an element wg, called the unit, such that (i) the Z-action defined by
w € Qp — w+wp € Qp is minimal, (i) for any a € F, the map n € Z — a"(a) € A can be
continued in a unique way as a continuous surjective map ¢, : w € Qp — a“(a) € Hull(a)
such that ¢pq(wr) = aa). Moreover, if F C G there is a canonical surjective continuous group
homomorphism ¢q r : Qg — Qp which sends wg onto wr.

Proof: The same construction can be done if S(a) is replaced by S(F) = (,cr S(a). Since
F is finite this intersection is not empty. For indeed, let choose a,b € F and &, € S(a). Then
the sequence o (a) converges in Hull(a). Since Hull(b) is compact there is a subsequence &,
of & such that o* (b) is convergent, namely &, € S(a) N S(b). By recursion on the set F,
this leads to the existence of elements in S(F'). The rest of the proof is similar to the proof of
Proposition 1 and can be done by inspection. O

Remark 2. If F' is infinite but countable, the set S(F') can be shown to be nonempty by using
a diagonal procedure to extract subsequences. If F' is infinite, the same construction works
provided the sets S(F) are replaced by a family of nets. O

Proposition 2. The set of a-almost periodic elements of A is norm closed.

Proof: If a =lim; a; with a; a-almost periodic for all j’s. Then ||a"(a) — a™(a;)| = |la — a;]|.
Let € > 0 and let j be such that ||a — a;|| < €/3. The family of open balls B, = {b €
A; ||b — a™(aj)|| < €/3} cover the orbit of a; thus they cover Hull(aj). Since a; is almost
periodic, it follows that there is a finite subset J; C Z such that the balls (Bg)ges, cover
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Hull(a;) as well. In particular, infye;, [[a"(a;) — a¥(a;)|| < €/3 for all n € Z. Tt follows that
infres, [[a™(a) — a¥(a)|| < € for all n € Z. Therefore, the balls C, = {b € A; ||b— a™(a)|| < €
with n € J; cover Hull(a) as well, showing that Hull(a) is compact, namely that a is c-almost
periodic. O

Corollary 4. Let A be a separable C*-algebra and let o € Aut(A) be almost periodic. Then
there is an abelian compact group Q. with an element wy, called the unit, such that (i) the Z-
action defined by wy, € Qo — w + wqo € Qq is minimal, (ii) for any finite subset F' C A there is
a surjective continuous group homomorphism ¢r : Qo — Qp preserving the units, such that, if
F C G then ¢g o ¢g r = ¢r. In particular for all a € A, the map ¢4 is the unique continuous
extension of n € Z — a(a) € A.

Proof: Since A is separable, there is a countable dense subset Fo,. The family of groups
{Qp; F C Fy finite} defines an inverse limit, thanks to the restriction maps ¢¢ r. Set Qo =
projlimp(Q2r, ¢¢,r). Using the Proposition 2 this group does not depend on the choice of Fi.
The rest can be proved by inspection, using the properties of projective limits. O

2.4. Proof of Theorem 1. The following result will be helpful
Lemma 3. Let X = (A, H, D) be a spectral triple. Then the Lipschitz ball is norm closed.

Proof: Let I be the set of unit vectors in the domain of D. For f,g € I, let ps, be the
semi-norm on A defined by

prga) = |(Df,ag) — (f,aDg)|

Clearly py,, is norm-continuous. Thus By, = {a € A; py4(a) < 1} is norm-closed. Since the
domain of D is dense, it follows that

pla) = I[D,a]|| = sup pyg4(a).
f.9€l

Hence p is a lower semi-continuous function for the norm topology. Since By, = () f.ge1 Brg 1t
is also norm-closed. O

The proof of Theorem 1 goes as follows. Let G C Aut(A) have a compact closure. Then,
by definition, it is quasi-isometric. In particular, for any a € C'(G, X) the map g € G
(D, g(a)]|| € Ry is continuous. Thus it is bounded. This shows that C*(G, X) = C}(G, X) and
that G is equicontinuous.

Conversely, let G C Aut(A) be equicontinuous. Then let By,,(G, X) be defined by

Bip(G, X) ={a € C}(G, X); sup I[D, g(a)]]| <1}.

It follows that Bp;,(G,X) is G-invariant. By an argument similar to the proof of Lemma 3
above, it follows that it is norm-closed as well. By construction, for any element a € C} (G, X)
there is A > 0 such that A\a € Byp,;,(G,X). In particular, by density, Bp;,(G,X) is total in
A. If B = Bp,,(G,X) let BP be equipped with the product topology. By definition of the
norm-pointwise convergence, the map ¢ : g € G — (g(a)),c BLip(G,X) € BE is a homeomorphism

from G onto its image. For g € G let S, : BB — BP be the shift defined by

(54€)(a) = g(£(a)), ¢ € B a€ B =B, (G.X).
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For indeed such a ¢ satisfies {(a) € B for all a € Bp,;,(G, X), therefore any automorphism
g € G transforms B into itself, so that S, is well defined and continuous. Then, by construction
#(99") = Sg 0 ¢(g') whenever g,¢' € G.

Let 6 : A — A/ A, be the quotient map. If A’ is trivial, it is left invariant by G, so that G also
acts by isometries on A/ A’,. In particular § maps B into a closed subset K of §(By,;,), which,
since X = (A, H, D) is a spectral metric space, is compact in A/A’,. Let then 0 be the map
induced by 6 on the product space BZ, that is

0(¢)(a) = 0(&(a)), § € BP,a € B= B (G,X).

This map is continuous. Therefore, the map 1 = 6o ¢ : G — KB is continuous. Thanks to the
Tychonov Theorem, K is compact. In addition, it will be proved that 1) is one-to-one. If so,
1) defines a homeomorphism from G into its image and its closure is compact.

Thanks to the group property, it is enough to show that 1(g) = 1(id) implies that g = id. Now
¥(g) = ¥(id) if and only if g(a) = a mod C1 4, namely if and only if there is n(a) € C such
that g(a) = a + n(a)l4 for all a € By,;,(G,X). Since the map a — (g(a) — a) is linear and
bounded from A into A, it follows that 1 is a bounded linear form on A. Since any g € G is a
s-automorphism of A, it follows that n(a*) = n(a). In addition, g(14) = 14 implies n(14) = 0.
Moreover, g(a*a) = g(a)*g(a) implies that

n(a)a* +n(a)a = {n(a*a) - |n(a)|*}14
Applying 1 on both sides shows that 2|n(a)|?> = 0 so that n = 0 and g = id.

3. SPECTRAL TRIPLES FOR EQUICONTINUOUS GROUP ACTIONS

This Section is devoted to the proof of Theorem 2. As in the statement of this Theorem, A is
a unital separable C*-algebra and a € Aut(A). Moreover, u will denote the generator of the
Z-action defined by « in the crossed product algebra A X, Z. For convenience, C.(Z, .A) will
denote the dense subalgebra of the crossed product A x, Z of elements of the form >
with only finitely many nonzero b,,’s.

nEZ

3.1. The Dual Action. The dual action on a crossed product was defined by Connes [17] and
Takesaki [66], in the case of von Neumann algebras, and by Takai [64, 65], for C*-algebras. Let
T = R/27Z denote the dual group of Z. For k € T, let n; € Aut(A x4 Z) be the dual action of
T, defined by

(2) nk(a) =a, foraec A, me(u) = e*u.

It will be convenient to introduce extra tools of calculations at this point. The generator of the
dual action is defined, for b € C.(Z,A), b

(b
b = ”O’Z“]i ) o= S bl
leZ

Thanks to the group property of the dual action this is a *-derivation, in particular, it satisfies
the Leibniz rule 9(bc) = 9(b)c+bd(c) and (b*) = (9b)*. Another important tool is the canonical
conditional expectation E : A x4 Z — A defined by
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dk
3 E(b) = | — nx(b) =byg.
3) 0= [ 5 m) =t
It is a completely positive linear map such that ||E(b)|| < ||b|| and satisfies E(aba’) = aE(b)a’
if both a,a’ € A. It follows immediately from the inverse Fourier transform formula, that, if

be C.(Z,A) then

by =E(u™).
This latter formula shows that b; is defined for any element in A x, Z, thanks to eq. (3).

Additional important tools, such as the use of the Fejer kernel, can be found in the Appendix
(Section 8).

3.2. A Perturbation Result. Let Y = (A x, Z, K, D) be a (compact) spectral metric space
based on the crossed product algebra A x, Z. As it is well-known the crossed product A X, Z is
not a total invariant characterizing the conjugacy class of a.. For instance, if C' is the Cantor set
and if ¢ is a minimal homeomorphism of C, then, modulo isomorphism, the algebra C(C') x4 Z
only gives the Z-actions orbit equivalent to ¢ [32, 33]. In a similar way, there is no reason why
this spectral metric space could distinguish the unitary u from other elements of A %, Z. So, in
general, it cannot be expected that u € C*(Y) (see Definition 3). However, the following result
shows that, provided the dual action is quasi-isometric and at the cost of perturbing « by an
inner automorphism, it is possible to assume that u € C!(Y)

Lemma 4. Let Y = (AX,Z, K, D) be a spectral metric space based on A X7 so that u denotes
the generator of a in A Xy Z. Let Y be such that the dual action is quasi-isometric. Then

(i) for every 0 < e < 1 there is a unitary element w € A such that ||w — 1|| < O(€) and such
that wu € C}(T,Y);

(ii) if B = Ad(w) o v then ( is quasi-isometric in X = (A, K, p, D).

(iit) in particular, the two Banach spaces A xq Z and A xgZ coincide and they are isomorphic
as C*-algebras. Moreover, Y' = (A xg Z,K, D) is a spectral metric space.

Proof: (i) Since C! = C!(T,Y) is dense, by hypothesis, it follows that, given any 0 < € < 1,
there is b € C! such that ||b — u|| < e. In particular, b is invertible in A x, Z. Therefore

dk
(b1 —1u = ’E%e " ie(b — )

showing that ||bju — u|| = ||by — 1|| < e. Hence b is invertible in A. Moreover, b € C! implies
biu € C!, since the dual action is quasi-isometric. In particular bjb} = bjuu*b} is a positive
invertible element of A in C!, thus in C!(X). Thanks to the invariance of C' by holomorphic
functional calculus, it follows that w = (byb%)~/2b; is a unitary in A and that ||w — 1| < Ce for
some C > 0. In addition, wu € C' by construction.

(ii) Define 3 € Aut(A) by 3(a) = wa(a)w™!. Hence wua(wu)™t = wa(a)w™! = B(a) for a € A.
Then, a dense subalgebra of A x5 Z is the set of elements of the form b = -, -y an(wu)",
for some N € N, with a, € C}(X). Since (wu)" = wa(w)---a™ ! (w)u”, it follows that such
elements belong to A x, Z. Since w is invertible, the same argument shows that the two C*-
algebras A x, Z and A x5 Z are equal as a set and as a Banach space. Since wu € C(T,Y) it
follows that such b’s are all in C* so that 3 leaves C*(X) invariant.
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(iii) Let ¢ : AxgZ — A x4 Z be defined by ¢(a), = anwa(w)---a™ 1(w). Then an elementary
calculation shows that ¢(a*gb) = ¢(a)*q ¢(b) for a,b € AxgZ, where *,, *3 denote the product
in each of these algebras. Similarly, ¢(a*) = ¢(a)*. Thus ¢ is a x-homomorphism. Exchanging
the roles of a and 3 shows that ¢ is also a *-isomorphism, thus an isometry. Since, as sets, the
two algebras are the same, the spectral triple Y/ = (Axg, KC, D) is also a spectral metric space,
but now, the generator of the Z action belongs to C(Y”). O

3.3. Invariant Metrics. In this Section, Y = (A x4 Z,K, D) is a (compact) spectral metric
space based on the crossed product algebra A x, Z. It is assumed that (i) the dual action is
quasi-isometric, (ii) u~[D,u] is bounded and commutes with the elements of A. Then

Lemma 5. The family X = (A, K, D) defines a compact spectral metric space.

Proof: (i) Since the dual action is equicontinuous, it follows that, for b € C!(T,Y), the integral
JID, p o ni(b)]dk converges in norm, leading to ||[D, p o E(b)]|| < co. Namely the projection of
the dense subalgebra C!(T,Y) C A x, Z onto A, which is dense, is contained in the algebra
Cl(A, D). Hence X = (A, K, D) is a spectral triple.

(ii) If @ € A belongs to the D-commutant for A it belongs to the D-commutant for A x4 Z, and
thus it is a multiple of the unit. Since the D-commutants are the same, the Lipschitz ball for
A is contained in the Lipschitz ball for A x4 Z, so that it is compact when seen in the quotient
space A/ -’4/5- 0

Lemma 6. The automorphism group generated by « is equicontinuous.

Proof: Since v, = u~![D,u] is bounded it follows that u € C'(Y). Therefore, u~!Du is well
defined and equal to D-+7,,. Thus, since ,, commutes with the elements of A, [u~'Du, a] = [D, a]
for a € C1(X). Therefore, [D,a"(a)] = u~![D,aju. By recursion on n € N, it follows that
[D,a""(a)] = u™[D,au™ for all n € N. In much the same way, 7,1 = u[D,u™!] = uy,u~!

also commutes with the elements of A, since [y,-1,a] = u[y,,a !(a)Ju=t = 0. Therefore,
[D,a""(a)] = u "[D,a]u™ for all n € Z. Hence ||[D,a "(a)]|| = ||[D,a]|| for all n € N and «
defines an isometric action of Z on X. Hence it is equicontinuous. O

3.4. The Regular Representation on A x, Z. In this section the direct part of Theorem 2
is considered. Let X = (A, H, D) be a compact spectral metric space. Let o € Aut(.A) generate
an equicontinuous group. In particular, C}(Z, X) = {a € A; sup,ey ||[D, a"(a)]|| < oo} is dense
in A. Then let K = H ® ¢?(Z) @ C?. Hence, an element f € K can be written as f = (fn)nez
with f, = (fn4, fn—) where f, + € H. It will be convenient to introduce the Pauli matrices

0 1 0 —2 1 0
@ "1[1 0}’ ‘72[1 0]’ "3[0 1]'
For the purpose of this work, the main property of these matrices is their anticommutation rule

00 + 00 = 26@'

The left regular representation 7 of A induced by « is defined by

(5) (#(a)f), = a™"(a) fu, (f)y = fa1
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Hence 4 is a unitary operator on K which satisfies @7 (a)i~! = % o a(a). In particular this
representation extends to the crossed product A x, Z by setting 7(>,, a,u™) =), T(a,)a™. A

new Dirac operator is defined as follows

(6) (ﬁf)nz[Dﬂm ng}fnz(waan@oz)fm

This operator is selfadjoint by construction. Moreover it has compact resolvent, because if D is
written in its spectral decomposition as D = ), ., ApIly, where {---, < A\ < A\gqq < ---} is the
set of eigenvalues and Il is the corresponding eigenprojection, then

~ 0 (Mg — )Ty
D n= ]CEZZ [ (>\k -+ m)Hk 0 :| ’

so that the eigenvalues of D are given by the %,/ )\% + n? and the eigenprojections by

(Ap—wn)
O T v S
ko ™o | 4 Qe m) I, I, ® L,

if P, denotes the rank one projection acting on ¢2(Z) which selects the n-th component. The
eigenprojections are indeed finite dimensional and the inverse of the eigenvalues converge to
zero as either k or n go to infinity. Hence D has compact resolvent. Consequently, D is a Dirac
operator on /C. On the other hand

@ (Bar) =0 e, (Bawir), =] 5] pe@in.

7

It follows that H[ﬁ,fr(a)]” < oo for a € C}(Z,X). Let B. be the subalgebra of A x, Z made
of elements of the form Y a,u"™ where a,, € C}(Z,X) and a,, = 0 but for a finite number of
indices. Then, since Cg (Z,X) is dense in A, B, is dense in the crossed product and, thanks to

eq. (7), b € B, = ||[D,#(b)]|| < co. Hence Y = (A x4 Z, K, D) is a spectral triple.

Definition 5. The spectral triple Y = (A x4 Z,K, B) will be called the reqular representation
of the metric dynamical system (X, «). It will be denoted by Y = X x4 Z.

Lemma 7. The reqular representation Y = X X, Z has the following properties
(i) the dual action is isometric,

(it) @' [D,q] commutes with the elements of A.

Proof: For k € T, let v be the unitary operator defined on K by

(ka)nzemkfna fEIC

It is a standard result that k € T +— v € B(K) defines a strongly continuous unitary represen-
tation of the torus T. Moreover, an elementary calculation shows that

vp(a)v, ' =7(a), a € A, vty T = e* vkﬁvk_l =D.

It follows immediately that vy implements the dual action on A X, Z and that it defines an
isometry on Y.
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An elementary calculation gives

W'D, 4] =1 @ 1p2(z) ® 02,
showing that it commutes with the representation of A %, Z, thus with the elements of A. O

3.5. Ax,7Z as a Spectral Metric Space. It remains to prove that Y is a spectral metric
space. Namely, it requires to prove that the D-commutant of A Xq Z is trivial and that its
Lipschitz ball is pre-compact. It is worth reminding [56] that, if A is unital with unit 1 4, then
s0 is A X4 Z and its unit is given by 145,z = > bju! with b, = &,914. On the other hand, if A
is nonunital, then so is A X, Z.

Lemma 8. The D-commutant of A Xy Z is trivial.

Proof: Let b be an element of C}(T,Y). Thanks to Lemma 7, it follows that (D, #(b)] = 0 if

and only if [lA), 7w ong(b)] =0 for all k € T. Therefore, using the Fourier decomposition w.r.t. k
gives

(D, #(b)] + 17 () 1y ® 09 = 0 VieZ.
Using eq. (7), this implies

[D,a" (b)) ®@o1+1la " (b)1ly ®oe=0 ViineZ.
Since the matrices 19,01, 09,03 € M2(C) are linearly independent, it follows that

a "(b) =0, if l £0 [D,a”"(bg)] =0 VneZ.
Since X = (A, H,m, D) is a spectral metric space, it follows that b; = 0 for [ # 0 and by € Ap,
namely b is a multiple of the identity in A %, Z. O

Lemma 9. The Connes metric on the original spectral metric space X and the one induced on
X by Y are equivalent.

Proof: Since a generates an equicontinuous group, it follows that the Connes metric associated
with X = (A, H, D), denoted here by dx, satisfies eq. 1 uniformly, namely, there is K > 0 such
that, for any pair of states p,w on A,

1
de(p,w) <dx(poa™,woa") < Kdx(p,w), VneZ.

On the other hand the Connes metric dy on the state space of A induced by the regular
representation is given by

dy (p,w) = sup{p(a) — w(a); Sup 1D, a™(a)]]| < 1}.
ne
It follows that dy (p,w) < dx(p,w). By equicontinuity there is K > 0 such that ||[D,a]|| <1 =
sup,, |[[D,a™(a)]|| < K, showing that dx(p,w) < K dy (p,w). O
At last, the following holds, finishing the proof of Theorem 2

Proposition 3. The Lipschitz ball of the spectral triple Y = (AxoZ, K, 7, 13) 18 compact modulo
the D-commutant.

The proof of this Proposition is technically demanding and is the subject of Section 8.
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4. THE SPECTRAL METRIC BUNDLE

This Section is devoted to the construction of a spectral metric bundle over the crossed product
algebra A X, Z whenever the automorphism « is not equicontinuous. Some examples of such
situations are described in Section 4.1. To do so, the construction of Connes-Moscovici will be
the main intuitive guideline [21]. Namely, let M be a compact manifold of dimension d. If G is a
group of diffeomorphisms of M, if G is not amenable, there may not be any G-invariant measure
on M. This can be cured if M is replaced by its frame bundle &2, because there is always on &
a measure that is invariant by all diffeomorphisms. Then if the concept of measure is replaced by
the one of Riemannian metric, something similar happens, namely there may be no G-invariant
Riemannian metric on M. However if M is replaced by the metric bundle .#, made of pairs
(z,9) where x € M and g is a Euclidean metric on the tangent space T, M, then the group
of diffeomorphisms of M acts on .# and there is an invariant Riemannian metric on it. The
construction of the Riemannian metric is tautological, provided the set of Euclidean metrics on
R? is endowed itself with a Riemannian metric as well. In Section 4.2 below, this problem is
described in more details. If now the group G is smaller than the family of all diffeomorphisms,
and if M is endowed with a Riemannian metric, it is sufficient to restrict the metric bundle to
the G-orbit of this metric.

When passing from a manifold to a noncommutative one, the manifold is replaced by a C*-
algebra A. If the manifold is Riemannian, the metric will be described by a spectral triple
(A, H, D). Let G be a group of x-automorphism of 4. The first step will be to identify a new C*-
algebra B which is liable to play the role of the set of continuous functions on the metric bundle,
vanishing at infinity. Since the metric bundle admits itself a metric, the spectral triple over A
should induce a spectral triple over B. The construction will be made in Section 4.5. It should
be such that G acts on this new spectral triple in a way such that the regular representation
described in Section 3.4 should work.

4.1. Examples of Non-Equicontinuous Actions.

Example 1 (Arnold’s cat map [2] and a parabolic map). Let A = C(T?) and let A; =
C!(T?) be the dense *-subalgebra of continuously differentiable functions on the two-torus. The
Hilbert space will be L?(T?)®C2. A acts by multiplication on the diagonal. The Dirac operator
is given by

. 0 —z81 — 02
D= —101 + O 0
Then D? = —(0? + 93) is the Laplacian and so the resolvent of D is compact. The commutant

of D in A are the constant function. The norm ||la|| + ||[D, al|| is nothing but the Lipschitz norm
on A; and the Lipschitz ball is indeed compact in A by the Arzela-Ascoli theorem. Thus « is
an automorphism of A such that sup, ||[D,a"(a)|| < oo if and only if {a™(a); n € Z} has a
compact uniform closure, namely if and only if « is almost periodic. In particular, if

(8) Mz[f}]

then the automorphism a(a)(x) = a(M~1z) is the Arnold cat map which is uniformly hyperbolic.
Then M can be decomposed into
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M =

V541 V5 —1
5 T+ +

+ T—,

2
where w4 are two orthogonal one-dimensional projections in the set of 2 x 2 matrices, orthogonal
to each other. Then Vao M~ = M ™"V (a) o M~". It follows that, if o = (01, 02),

- \/5; S0 - mia"(V(a) + \/52_

so that ||[D, a"(a)]|| diverges as |n| — oo, because (v/5 —1)/2 = ((v/5 +1)/2)~L. If now M is
replaced by

D, a"(a) Lo r an(V(a))

9) Nz[é}]

it gives a parabolic diffeomorphism of the torus. This map occurs in some problems related
to the discrete Heisenberg group. Similarly N” is unbounded, even though it increases only
linearly in n. But the corresponding automorphism is not equicontinuous. O

Example 2 (Bilateral shift). This example is illustrative of what happens for tiling spaces
[55]. Let = = {0,1}* be the Cantor set?, represented as the set of sequences of 0’s and 1’s
indexed by the integers Z. The bilateral shift is the map S : = — = defined by

(Sx)n = Tn-1, T = (xn)nEZ €x=.
The construction of a metric and of a spectral triple follows the strategy in [55] that is appropriate
for tiling spaces as well. Namely, let W,, = {0,1}2"*! denote the set of words of length 2n + 1
and let W denote the dictionary, namely, the disjoint union of the W),’s. Given w € W, then
2n 4+ 1 = |w| is called the length of the word w. Then Z(w) denotes the acceptance zone of w,
namely, the set of sequences x = (zy,)necz with middle word coinciding with w

Tntk = Wk, k=0,1,---,2n
An ultrametric d is defined by demanding that the distance between two sequences x, y be given
by 27!l if w is the longest middle word common to z and y. This metric can be recovered

from the following continuous family of spectral metric spaces X, = (C(2), H,n,, D), where
H = 2(W) ® C? and D is defined by

Dutw) =2 | § 1 v, b= (W()wew € H, ¥(w)eC.
A family of representations of A = C(E) should be used instead of only one, in order to recover
the metric from the Connes procedure [55]. Namely, a choice is a map 7 : W — = x E with the
following property: (i) if 7(w) = (%, Yuw) then both .y, ., belong to Z(w), (i) d(w, yw) = 27*1,
namely w is the largest middle word common to x,, y,,. The set of choices is also a Cantor set
denoted by Y. Given a choice 7, a representation can be defined by

w(nww) = | TG0 . benu.

2The disconnected Greek letter = is an appropriate choice to denote a completely disconnected set.
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The Connes metric of the field X of such spectral triples coincides with the previous metric
[55], namely

de(y) = sup {If(:v) ~ W) sup D, m (1] < 1} ~ d(a,y).

Here, the family X = (X;) v, not the individual element, defines a spectral metric space. As a
matter of fact, the bilateral shift is not equicontinuous, especially because the metric d defined
above is not shift invariant. This model is the fundamental model in ergodic theory describing
what is called today a Smale space.

A similar conclusion holds if = is replaced by the tiling space of the Fibonacci sequence, obtained
from the substitution 0 — 01, 1 +— 0. The tiling space is the set of all sequences sharing the
same dictionary as the Fibonacci sequence. A similar construction for a metric and a spectral
triple can be made and leads to a same conclusion for the shift. O

4.2. The Space of Euclidean Metrics. A Euclidean metric on R? is given by a d x d positive
invertible matrix @ will real coefficients. Namely, the corresponding metric is given by g(x,y) =
(x|Qy) if (x|y) = Z;flzl x;y; denotes the usual dot product. Hence the space of metrics .#; on
R? is the interior of the positive cone on My(R). Such a matrix Q can be parametrized by an
element of GL4 as follows

A€ GLd(R) — A AL € My.

This map is onto, but not one-to-one, because the stabilizer of the metric () = 1 is the subgroup
Og4 C GLg so that the previous map becomes one-to-one if seen as defined on the symmetric
space GLy/O4. Hence .#; can be seen as the manifold GL;/O4. The advantage of such an
identification is that, since it is a symmetric space, the action of GLg defines a Riemannian
metric on .#; once an Og-invariant Euclidean metric is defined on the tangent space to .#, at
@ = 1. This tangent space is nothing but the set of d x d real symmetric matrices on which
the Hilbert-Schmidt inner product defines a canonical metric. The transport of the metric on
the tangent space at (Q can be made as follows: if Q@ = AA! then dQ = AH A’ for some
H = H' € My(R). Thus

(10) ds® = %Tr (H?) = %Tr (Q1dQQ™1dQ) .

The following result is straightforward and the proof will be left to the reader

Proposition 4. Let .#; be endowed with the Riemannian metric given by eq. (10). Then a
geodesic is given by a map s € [0,1] — Q(s) as a solution of the equation

((0%)") -m (o e 59)

2 ds
_1dQ
(o 12)")
A special case is provided by the curve vz given by s € [sq, 51] — Q(s) = e*! € .#; for H = H.

Since Q~'dQ/ds = H and since H commutes with Q(s), a simple calculation shows that this
curve satisfies the geodesic equation (11). Moreover

P£Q dQ ., dQ
) a2 as @ gt
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1

dL? = gTr (Q1dQQR™'dQ) = %Tr (H?) ds*.

In particular,

1 1/2
L(vg) = |s1 — so|— (Tr (H? .
(var) = | | (T (7))
An example of such a situation consists in evaluating the Riemannian distance between the two
metrics given by Q™ and Q™ whenever m # n. Writing Q = e/ this gives

1 1/2
12 d(Q™, Q") = |m —n|— (Tr (InQ? .
(12) @.Q") = |m —nl—= (Tr (nQ*))
This case corresponds to the situation for the Arnold cat map (see eq. 8), namely, along the
orbit, Q™ = (M*)"M™ = M?" so that the previous formula applies with Q = M?.

4.3. Spectral Metric Spaces Based on Z. Since the orbit of the original metric in the metric
bundle is identified with Z it makes sense to consider first the possible structures of spectral
metric spaces based on Z. The natural C*-algebra associated with this space is ¢y(Z), namely
the set of sequences of complex numbers, vanishing at infinity, endowed with the uniform norm

a€co(Z) a=(an),ey = lim a, =0, llal| = sup |an]| -

The main feature of this algebra is that it is not unital. Characterizing the metrics equivalent to
the weak™ topology on the state space of ¢y(Z) can be done by using the results obtained in [45]
(see Result 3). In this case it is well known that the dual space of ¢o(Z) can be identified with the
space ((Z) of absolutely summable sequences 7 = (1,),,cz With [|7][gr = >, c7 [7n| < co. Then
n € (Y(Z) is positive if and only 1, > 0 for all n’s. If C; denotes the set of positive elements
with norm less than or equal to one, then Cj is weak® closed and compact (Banach-Alaoglu
Theorem). A positive linear form 7 is a state if and only if >, 7, = 1, so that the state space
is nothing but the set M1 (Z) of probability measures on Z equipped with the weak* topology.
It is well-known, and easy to prove, that 91;(Z) is a weak™ dense G5 subset of C. In addition,
the Prokhorov Theorem [57] gives a characterization of compact subsets in 9;(Z): a weak™
closed subset K C 9t;(Z) is compact if and only if, for all € > 0, there is an integer N such
that Z‘n|> N Tn < € for all n € K. This condition is called tightness in probability theory [7] and
expresses the fact that a sequence in K cannot escape at infinity.

In order to characterize the metrics on 9y (Z) defining the weak* topology, the notion of weak-
uniform topology (WU) on ¢o(Z) will be used. It was introduced by Latrémoliere [45] on separable
C*-algebras with or without units. Namely, if K denotes the set of compact subsets in 9t (Z),
given any compact subset K € R, let px be the seminorm on c¢g defined by

pr(a) = sup |w(a)].
weK

The wu-topology is the locally convex topology defined by the family of seminorms (px)xega (if
¢o(Z) where unital, this topology would be the same as the norm topology). A subset F' C ¢o(Z)
is called totally bounded whenever, for any € > 0 and any compact subset K C 9t (Z), there is
a finite set A C F such that the open pg-balls centered at the elements of A with radius e cover
F. A crucial result in [45] is that F' is totally bounded if and only if there is a strictly positive
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element h € co(Z) such that hF'h is pre-compact (see Result 3). Note that here ¢ is abelian so
that hF'h = Fh2. It follows that there is a need to characterize the compact subsets of cy(Z).
The following Lemma shows that they are exactly the bounded closed subsets equicontinuous at
infinity, more precisely

Lemma 10. A closed subset F' C co(Z) is compact if and only if (i) it is bounded, (i) for all
€ > 0 there is N € N such that for |n| > N |ap| <€ for alla € F.

Proof: If F C cy(Z) is compact, then, for any € > 0 there is a finite family {a™), .- a(™} in
F so that the open balls B(a, €/2) cover F. In particular, if a € F, then there is an 1 < i < m
such that ||a —a®| < €/2 so that ||a|| < max; ||a(?|| 4 ¢/2. Hence F is bounded. Moreover, since

a) € ¢o(Z), there is a natural integer N; such that for |n| > Nl, \a )] < €/2. If N = max{N;} it
follows that for any a € F, there is 1 < i < m such that ||a — a?|| < €/2, implying that |a,| < €
if [n| > N.

Conversely, let F' be a closed bounded subset of ¢o(Z) such that for all € > 0 there is N € N
such that for |[n| > N |ap| < € for all @ € F. Then let K denotes the disc in C centered at the
origin with radius sup,cr ||al|. Hence any sequence a € F satisfies a,, € K for all n. Therefore
F' can be identified with a subset of the infinite product K = KZ. Let F,, denote the image of
Fin K , that will be equipped with the product topology. Therefore, thanks to the Tychonov
theorem, F), is pre-compact. The injection ¢ : F' — F,, is onto, by construction and continuous.
It is sufficient to show that the inverse is continuous to prove that F' is compact. Since K is
metrizable, it is sufficient to show that if (a(j)) en denotes a convergent sequence in Fy,, then
it converges uniformly. The convergence in the product topology means that for each n € Z
the limit a, = lim;_. ¥ exists. Since al¥) € Fy, let N be such that |anj)\ < €/2 for all j’s
and |n| > N. It follows that (i) |a,| < €/2 whenever |n > N, showing that a € ¢o(Z), and that

(ii) SUP|p|> N la, — 0L7(1 | < e. Since the sequence a(J) converges p01ntW1se it follows that there

is J € N such that for j > J and |n| < N |a, — a ] < e. Hence |la — a)| < € as well. Thus
lim;_ [la — a?| = 0. Since F is closed, it follows that a € F. O

Corollary 5. Given any strictly positive element h in co(Z), the unit ball B satisfies hBh is
compact.

Proof: (i) h is a positive element of A = ¢o(Z) if and only if h = (hy)nez with h, > 0 for
all n’s. It is strictly positive if and only if h,, > 0 for all n. For indeed, if so, let a € A be any
element. For N € N let a” be the element obtained from a by changing a,, into zero if |n| > N.
Then limy . ||a — a™|| = 0. Since h,, > 0 for all n the element b" = a” /h? is well defined in
co(Z), therefore a® = h%2bN € hAh. Conversely, if there is n € Z such that h, = 0 then any
element a € hAh satisfies a,, = 0 so that h.Ah is not norm dense in A.

(ii) If h € co(Z) is strictly positive, then if ||a|] < 1 it follows that hah satisfies |(hah),| =
lan|h? < h2. Hence hBh is obviously closed, bounded and equicontinuous at infinity, thus,
thanks to Lemma 10, is norm compact. a

Given a metric dyz on Z, a spectral triple can be constructed as follows. A natural faithful
representation of co(Z) on ¢%(Z) is given by the pointwise multiplication

(af)n:anfny aECO(Z),fE€2(Z).
The discrete analog of a derivation is the finite difference (0f), = fn — fan—1, which is not
self-adjoint. If the metric changes from site to site, the corresponding operator should rather be
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fn - fn—l * fn+1 fn
\Y =" = \Y = — ,
(V) wdg(n,n —1) (V2f)n dz(n+1,n)  wdg(n,n—1)
In this definition only the distance between consecutive points is required. It is natural to define

a Dirac operator by changing ¢2(7Z) into the spinor space £2(Z) ® C? and set

0 V]:01+w2 01 =102 o

DZ:[V*O 5 VT

This gives a symmetric operator, but its resolvent is not compact in general. However, adding
to Dz an operator commuting to ¢o(Z) may transform it into a compact one as seen below.

Before stating the result, it will be convenient to introduce the following operators on ¢?(Z) and
on /%(Z) ® C?:

(13) (X ) = [ cucnst 0

= CpC g
0 —CnCnt1 :|fn ntn+1 3fna

where the sequence ¢ = (¢,)nez is required to satisfy

‘llim cn, = +00,, CnOp >1.
n|—oo

with 0, = dz(n,n — 1). The result is the following
Lemma 11. The operator Dy = Dy + AX is selfadjoint with compact resolvent for any X €

R\ {0}.

Proof: It should be noted that X has compact resolvent, since (21 — X )™ is a diagonal
operator with eigenvalues (z + £c,c,p1)”! which converges to zero as |n| — oo. It will be
proved that (z — AX)~1Dy is compact as well. If so, the resolvent equation implies

-1

(z=AX —Dz) ' =(z=AX)" '+ (2 = AX)"'Dz(z —AX — Dp) !,

leading to the result. Now, for z =1

. 1 — CpCnit) 0N FT — f)
1 —\X lDZf — ( nn+_ “n n o Jn—1 ’
(O=AXTDP2D = (1t w0 = 601
where f denote the two components of f, € C2. The hypothesis made on ¢, shows that
1
[t — cpeni1| 20,% = 55— < c;_%l ke

T 2822 2 —
cn(sncn-l-l + 517,

A similar estimate holds for the other component. This shows that (z — AX — Dz)~! is compact
indeed. O

The Connes metric is now defined by
do(n,m) = sup{|an — am|; [[Dy, ]| < 1}

Following Gromov [37] the path metric associated with a metric dz is given by

dy(m,n) = Z dy(k,k—1), for m<n.
k=m+1
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Lemma 12. Let dy be a metric on Z. Then, the Connes metric associated with D) coincides
with the path metric d, associated with dz,.

Proof: An elementary calculation shows that

Dra=| e o |-

It follows from then that ||[Dy,a]|| = max{||[V,d]||, ||[[V,a*]||} so that

Therefore [|[Dy,all| < 1 implies |an, — am| < 377, 11 dz(j,j — 1) whenever m < n. Let now
m < n and define b € ¢o(Z) by a;j = 0if j < m, bypyp = Z§:1 dz(m + j,m + j — 1) for
1 <k <mn—m, then b, :bn—zy;glmfkdz(m—i—j,m—i—j—l) ifl<k<n-m,b=0Iif

I > 2n—m. Then, by construction ||[Dy,b][| <1 and |by, —bn| = > 207" dz(m +j,m+j—1). O

At this point the eq. 14 gives an important clue for the spectral triple to be a spectral metric
space. In view of the Lemma 10, the Lipschitz ball is compact only if lim,, . dz(n,n + 1) = 0.
More precisely

Lemma 13. Let dz be a metric on Z. Then the triple (co(Z),0*(Z)2C?, D)) is a spectral metric
space if and only if Y, dz(n,n —1) < co. In the latter case Bry, is norm compact.

Proof: (i) Clearly, the representation of ¢y(Z) is non degenerate and the D)-commutant is
trivial. Thus the only condition that ought to be checked is the total wu-boundedness of the
Lipschitz ball. It is sufficient to show that By, is bounded if and only if C' =}, dz(n,n—1) <
00, in which case it is norm compact.

(ii) Since X commutes with the elements of ¢y(Z), it follows that [Dy, a] = [Dz, a]. The Lipschitz
ball is therefore the set of a € ¢o(Z) such that |a, — an—1]| < dz(n,n — 1) for all n. If the metric
is summable, then, for m > n and a € By, it follows that |a, —an| < 3770 dz(d,5 — 1) If

m — +oo this gives |a,| < ;;OSH_I dz(j,7 —1) < C. In particular |la|]| < C. In much the same
way, letting n — —oo gives |am,| < Y™ dz(j,j — 1) < C. This shows that By, is bounded and

equicontinuous at infinity in the norm topology. Thanks to Lemma 10, By, is norm compact.
(iii) If now ZjeZ dz(j,j — 1) diverges, for any integer N let a” be the sequence defined as
follows: (a) a? = 0if n < 0, (b) al = > i=1dz(d g —1)if 1 < n < N and (c) all =

n n
max { (Zle dz(j,j —1) = S i (e — 1)) ,0} if n > N + 1. By construction aV € By,

and [|aV] = Z;V:1 dz(j,j7 — 1) wich diverges as N — oo. Hence By, is unbounded, and the
spectral triple cannot be a spectral metric space. O

Remark 3. The latter result shows that such a spectral triple can only be defined as a spectral
metric space if ¢y(Z) can be replaced by its one point compactification. O

The latter result suggest that, in order to recover the weak* topology from a spectral triple
without requiring a one-point compactification of the C*-algebra, it is necessary to use a different
Dirac operator. One possibility consists in using a field of such operators, instead of only one,
in the spirit of what was done in [55]. A candidate is the following: let V be replaced by
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f n f n—r
(VoS = dz(n,n—r)’
and let D, be the corresponding Dirac operator. Changing c¢,4+1 into c¢,4, in the definition
of X (see eq. (13)), leads to a diagonal operator X,, so that D, ) := D, + AX, has compact
resolvent for all » € N and A € R\ {0}. Then the Connes distance associated with the sequence

Dy = (Dy),~; will now be defined as follows

dc(p,w) = sup{|p(a) — w(a); sup [[Dr s a]l] <1}

A convenient way to represent this family in a unique spectral triple consists in looking at the
direct sum. This is achieved by changing the Hilbert space £2(Z) into £2(Z x N,.) where N, is the
set of nonzero natural integers. In order to get a Dirac operator, it will be necessary to increase
the set of Dirac matrices. In this specific case it seems that at least four of them, denoted
by 71, ,74, are needed. This gives the following construction: let £ be a 4-dimensional
Hilbert space on which the Dirac matrices are represented and let K be the Hilbert space
K =*(Z x N,) ® £. A vector in K can be seen as a double sequence f = (fnr) (n,r)ezxn, With
fnr € €. Then the algebra cy(Z) is represented by

(af)n,r = anfnﬂ" .
The Dirac operator will be now given as before in two steps. First the part giving the various
finite differences with the family of operator V,. and then a diagonal operator to insure that the
resolvent will be compact. A solution to this problem consists in defining the following operators

(vf)n,r = m ) (Xf)n,r = CnCnJrr'Yan,r ) (Rf)n,r = T’Y4fn,r .

Then the Dirac operator on I will be defined by

Ly R gAY+ R).

It is tedious but straightforward to check that Dy has compact resolvent and that

(15) Dx

|am — an|
Di,all| = sup ——.
I ]Il S G )

The main result is the following

Proposition 5. Let dz be a metric on Z. Then (co(Z),0*(Z x N,) @ €, Dx) is a spectral triple.
It is a spectral metric space if and only if the metric dy is bounded.

Proof: (i) Checking that the representation of ¢y is non degenerate is clear. Checking that
C! is dense is also easy. The only technical point consists in checking that Dy has compact
resolvent. Since the proof follows the lines of the proof of Lemma 11, it will be left to the reader.

(ii) The second part consists in checking whether the Lipschitz ball is wu-totally bounded or
not. The same argument as in the proof of Lemma 13 shows that, if dz is not bounded, there
is a sequence (a”)yen in By, such that ||a’V| — oo so that By, is not bounded. Indeed it
is sufficient to take (a) a = 0if n < 0, (b) a) = dz(0,n) if 1 < n < N and (c) a) =
max{(dz(0, N) —dz(N,n)),0} if n > N + 1.
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(iii) Conversely if dz is bounded then, any a € By, satisfies |an| < limsup,, o |an — am| <
limsup,,, . dz(n,m) < co. Therefore By, is bounded in norm, so that, thanks to Corollary 5,
By, is WU totally bounded. O

Remark 4. It is easy to define on Z bounded metrics that are shift invariant. An example is
dz(n,m) = tanh (Jn —m|). More generally if d; > da > ---d,, > 0 is a decreasing sequence of
positive numbers such that } d; converges, then dz(n,m) = Z';l:_lml d; if n # m, defines a shift
invariant bounded metric on Z. O

The main question is now to understand what happens if the metric is unbounded. The answer
to this question is provided by the following result about the Connes metric

Lemma 14. Let dz be a bounded metric on Z. Then the Connes distance associated with the
spectral metric space (co(Z),0*(Z x N,) ® €, D) is exactly the Wasserstein distance of order 1
on M1 (Z) associated with dz.

Proof: (i) Given two probabilities p,w € MMy (Z), let M(p,w) be the set of probabilities on Z>
with marginals given by p and by w respectively. Practically, p € 9M(p,w) is a double sequence

(um7n)(m7n)622 With fimn > 0, Y czttmm = Pm and > o timy = wy for all m,n’s. The
Wasserstein distance of order p > 1 is defined as

P_ P

Wp(pﬁw) ueﬁ)l)r?l(i,w) m; Hm,n dZ(mv n) :

For a € ¢y(Z), the difference p(a)—w(a) can be written as p(a) —w(a) = 3 ,;, n)ez2 Pmn(am—an).

Since a belongs to the Lipschitz ball if and only if |a,, — a,| < dz(n,m) for all indices, then

lp(a) —w(a)| < >, tmndz(m,n). Minimizing over the measures p gives |p(a) — w(a)| <
Wi(p,w). In particular the Connes distance is dominated by the Wasserstein distance W7.

The opposite inequality is the content of a Theorem by Kantorovich and Rubinstein [41], showing
that if p and w have finite support, then their Connes distance coincides with their Wasserstein
distance. O

The Lemma 14 gives a clue for what to do if the distance is unbounded. For indeed the
Wasserstein distance is defined on a dense subset of measures, namely the probability mea-
sures w € My (Z) such that ), w, dz(ng,n) < oo for some ng. When dz is unbounded this
subset is weakly dense and is a countable union of weakly compact sets, by Prokhorov’s The-
orem. This indicates that the Connes metric might be defined for a spectral triple that is not
a spectral metric space, provided the state space is replaced by a suitable closed subset. The
following set of results is directly coming from [28].

Let 9Mp(Z) be defined as the set of states w € M(Z) such that »_ _, |njw, < oo. Clearly,
Mp(Z) is weakly dense in 9y (Z). A subset F' C Mp(Z) will be called D-tight whenever for
every € > 0 there is N € N, such that

weF = Z |n|wn, < €.
[n|>N
The main result in [28] is the following
Proposition 6 (Dobrushin [28]). (i) The Wasserstein metric Wi associated with the usual

metric d(m,n) = |m —n| on Z is well defined on Mp(Z) and makes it a complete metric space.
(1t) If (p7)jen, is a sequence in Mp(Z) that Wi-converges to p then it converges weakly to p.
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(iii) Any D-tight set is weak”™-compact. On any D-tight subset of Mp(Z) the Wi-topology coin-
cides with the weak* one.

Proof: (i) Let p,w be a pair of elements in M p(Z). Then if p € M(p,w), it follows that

Zﬂm,n|m —n| < Zﬂmn(‘”ﬂ +In|) = Z(Pm + wp)|m| < oo.
m,n m,n m

This implies that Wi (p,w) < co. In particular, if a € ¢o(Z) then, since m #n = 1 < |m — n|,
Ip(a) = w(a)| < X pnrnyeze Bmmlam — an| < 2[|all 3o, 2nyez2 tmm|m — nl, it follows that

(16) p(a) —w(a)| < 2[jall Wi(p,w)

In particular, this proves (ii), namely that a sequence converging in the WWi-topology converges
weakly. In addition to eq. (16) the following estimate holds

(17) 1> (pn = wa)ln| < Wi(p,w).

neL

For indeed, |3,cz(pn — wn)lnll = [Xgnznyezz pmalIml — Dl < Xgnsn)ezz pmnlm — nl.
Minimizing over the choice of p gives the estimate.

(ii) Let (p?);en. is a Wi-Cauchy sequence in Mp(Z). It follows from eq. (16) that it converges
weakly to some state p. Thanks to eq. (17) it follows that the sequence of p051tlve real numbers
Z;j = ez P |n| is Cauchy and thus converges to Z > 0. Since 1—pf, = > n0 o< > ez P Inl,
it follows that Z > 1 — pg. In addition, thanks to the weak*-convergence, it follows that, for all
N € N,,

Z pnln| = hm Z plin| <limsup Z; = Z.

In|<N <N Jmee

this proves that p € Mp(Z). It remains to prove that Wi(p’, p) converges to zero as well.
Since (p)jen, is a Wi-Cauchy sequence, for any € > 0, there is J € N, such that for 4,j >
J, Wi(p',p?) < e. Therefore, for any i,j < J let u € M(p’, p’) be such that Zmnp%nlm -
n| < 2. Let an be any limit point as j — oco. By construction ), an = p% so that
taking the limit gives u® € 9M(p’, p). Moreover Y pm,n\m n| < 2e as well, showing that
Wi(p',p) < 2¢) for i < J. Hence p is the Wi-limit of the sequence. Therefore 9Mp(Z) is
complete.

(iii) Let F" be D-tight. Then let N(e) be the smallest integer IV such that } ,~ y [nfwy, < e
Then for I € Ny let F; = {w € M(Z); X2}, > v [Mlwn < 1/1}. Clearly this set is weakly closed
since 3y, >y [Rlwn = Supas 35 jnsn [Mlwn. Thus ' = (), F} is also weakly closed. Hence [
is weakly compact. Let (p?)jen, be a weakly convergent sequence in F' and let p be the limit.
Given € > 0 let N € N, be such that 3, oy pn < €. Then let = min{ph,, pm} if |m| < N

and r{, = 0 for |m| > N. It is convenient to define the following sequences

jvf— — .7
Wy~ = pp— Ty
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It follows that w%’i' > 0 and that, for |n| < N, wh® = |ph = pnle = max{=(p} — pp),0}. In
particular, ), wht = Y onezwi = Cj. In addition, there is some J such that for j > J, then
Cj = Y nis>N P+ 2 jnj<n [P0 — pul— < 2e. Let w € My (Z?) be defined as follows

) ) wht Lo
:U’in,n = rﬁﬁm,n + ij .
It follows that 7 € M(p’, p) as can be checked easily. Moreover
: > mtn Wi wh ™ Im — nl
Z /[Zn n‘m - TL’ =
) Cj

men
The upper bound [m —n| < |m| + |n| gives >, ., [nnlm —n| =< 3, (0h + pn — 2r)|n| <
> 5 lpn = plln|. Since both measures belong to F, 3,1~ y(e |Ph — pnlln| < 2e. On the other
hand, there is Jo > 0 such that for j > Ja, 32, <n(o 0% — pulln] < e. Hence, for j > Jo,
Wi(p?, p) < 3e, showing the lim; .o Wi(p?, p) = 0. O

4.4. The Metric Bundle. Let (A,H, D) be a spectral triple and let « € Aut(A). If « is
not equicontinuous, the Connes-Moscovici construction suggests to replace A by the C*-algebra
of functions over the metric bundle vanishing at infinity. However, for the purpose of « it is
sufficient to restrict this bundle to the orbit of the original metric under «. This orbit can be
identified with Z so that the new algebra should simply be B = A ® c¢g(Z), namely the algebra
of sequences b = (by)nez with b, € A and lim,,_,oc b, = 0. The product is pointwise, namely
(bc)n, = bpcyn. Remarkably A acts as a multiplier algebra if (ab),, = ab, and (ba),, = b,a. Thanks
to the detailed study made in the previous Section 4.3, the following result hold

Proposition 7. Let A be a separable C*-algebra admitting a strictly positive element and let B
denote A ® co(Z). Let e, denote the evaluation map e, : b € B+ b, € A.

1)- A closed subset F' C B is compact if and only if the following three conditions hold
(a) F is bounded,
(b) for each n € Z, e, (F) C A is compact,
(c) it is equicontinuous at infinty, namely, for each € > 0 there is N € N such that
beF = |b,]| <e for|n|>N.
2)- A closed subset F' C B is WuU-totally bounded if and only if the following two conditions hold
(a) F is bounded,
(b) for each n € Z, e,(F) C A is Wu-totally bounded.

Proof: (i) Thanks to Result 3, F' is wu-totally bonded if and only if there is a strictly positive
element h € B such that hFh is norm compact. A strictly positive element can be chosen to be
given by h,, = d,h where h is a strictly positive element of A and §,, > 0 is a sequence of positive
real numbers such that lim,|_,o d, = 0. Therefore the part 2)- of the proposition results from
the characterization of compact subsets.

(ii) Let then F' be norm compact. Then the projection F,, = e,(F) C A is compact since the
projection is a x-homomorphism, thus continuous. In addition, given € > 0, there is a finite
family {b!,---,b°} C F such that the open balls of radius €/2 centered at the b/’s cover F.
Therefore, like in the proof of Lemma 10, it implies that (a) F' is bounded, (b) for each € > 0
there is N € N such that b€ F' = ||b,]| <€ for |n| > N.
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(iii) Conversely let F' C B be closed, bounded, with e, (F') = F,, compact for all n € Z and such
that for each e > 0 there is N € N such that b € F = ||b,|| < € for |[n| > N. Let then (V);en
be a sequence in F. Since the product space [],.; Fy is compact for the product topology,
without loss of generality, it can be assumed that this sequence converges pointwise to some
b, such that b, = lim; b}, for all n’s. The same argument as in the proof of Lemma 10 shows
that ||b — b7|| — 0 so that, since F is closed, b € F. Hence every sequence admits a convergent

subsequence, showing that F' is compact. O

Let now X = (A, H, D) is a compact spectral metric space, namely A is unital. Let v € Aut(A)
be quasi-isometric. Whenever the corresponding Z-action is not equicontinuous, the following
construction overcomes the difficulty coming form the fact described in teorem 2. First replace
Aby B=A® co(Z). Tt is worth remarking that n labels the points in the orbit of the metric
under . Therefore, the automorphism « induces on B an automorphim «, defined by

(a(b)), = a(bn-1),
which coincides with the interpretation that o changes also the metric, namely it moves it by one
step in the orbit space indexed by n. Then «, induces an automorphism a., on the multiplier
algebra M (B) of B. Since A can be seen as a subalgebra of M (B) it is easy to check that
asx(a) = afa) for a € A.
Then, using the results of Section 4.3 it is possible to define a spectral triple based on B as
follows:
(1) the Hilbert space is the tensor product K = H ® 2(Z x N,) ® £ where now, &€ support
a representation of five Dirac matrices instead of four. In particular a vector f € K can
be seen as a double sequence (fn ) (nrezxn, Where now f,, € H®E.
(2) the algebra B is represented as follows

(bf)n,r = ain(bn) fn,r s
(3) a bounded shift invariant distance will be chosen; so that dz(m,n) = d,,_y for some
sequence (d;)jen satisfying do = 0 and d; < dj + dj» for all j such that j < j' + 57; for
simplicity there is no loss of generality in choosing this distance so that sup; d; = 1;
(4) the new Dirac operator is, using the same notation as in eq. (15),

_nte
2
where now it is sufficient to take for X the operator

Dg

v+71—2m V* + AX +75D.

1
(Xf)n,r = (’73 n+ 4 ﬁ)fn,r7

(5) the automorphism a, is implemented by the unitary operator u defined by

(uf)n,r = fnfl,r y
implying that ubu=! = a,(b).
It is straightforward to check that the Dp-commutant is trivial. In addition the Lipschitz ball
is made of elements b € B such that (i) @by, — a ™ "by|| < djp,y for all m,n, and (ii)
sup,, |[D,  "by]|| < 1. Let By, be the Lipschitz ball for X = (A, H, D) and let B, the subset
) for

of By, of elements of norm less that . These two conditions imply that b, € a"(Biip
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all n € Z. Since X is a compact spectral metric space, it follows that Bbp is norm compact
and therefore, thanks to Proposition 7, it follows that the Lipschitz ball of the spectral triple
Y = (B,K, Dp) is wu-totally bounded. The following result summarizes the properties of this
triple and the proof will be left to the reader

Proposition 8. The triple Y = (B,K, Dg) as defined above is a spectral metric space, which
will be called the metric bundle over X . In addition, uw~'[Dg,u] is bounded and commutes with
the elements of B.

4.5. Crossed Product Metric Bundle: Proof of Theorem 3. This section is devoted to
the proof of Theorem 3. The basic object will be the metric bundle Y over X. That «, defined an
equicontinuous action on Y is a consequence of the last result of Proposition 8. For indeed, like in
Theorem 2, the property u~1[Dg, u] is bounded implies that v € C!. Moreover since it commutes
with the elements of B, u[Dg,blu™! = [Dp, a.(b)] showing that a acts equicontinuously. In
particular, the algebra B and the operator u generate a *-representation of the crossed product
algebra B X, Z and Y X, Z = (B X, Z,K, Dp) is a spectral triple. It remains to show that
the Lipschitz ball of this triple is wu-totally bounded.

First it will be convenient to represent also the dual action. Namely, for k € T let v be the
unitary operator given by

(Uk f)n,r = ezkn fn,r .
1k

It is elementary to check that vkbvgl = bis b € B. Moreover, vkuvlzl = e u. Hence vy
implements the dual action on B x,, Z. However, this action is not equicontinuous. While vy
commutes with X and with D, it does not commute to V. For if V}, = v, V vk_l then

fn,r - elkrfnfr,r

(Vk: f)n,r = dr 5
so that
a ™(b,) — a " (b,_,
([vka b] f)n,r = elkr ( ) d ( ) fn—r,r

This expression shows that k € T + vg[V,bJv;* € B(K) is strongly continuous but not norm
continuous because of the dependence in r. If, however, h = (hy,)nez is a strictly positive element
of ¢y(Z), then

a "(by) — a " (by—y)
&

(h[Vk — Vi, b]h f)n,r = hn (elkr - elk/r)hn—r fn—r,r )

showing that the map k € T — hvg[Dg,blv;, ' h € B(K) is continuous in norm.

Let now ¢ = ZZGZ qul € C'Lip where Cp;, denotes the Lipschitz ball of Y %, Z. Then ¢; € B can
be written as a sequence (cp)nez such that ¢,; € A. Moreover, by assumption ||[Dg,c]|| < 1.
Then applying the dual action and integrating over k € T gives
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dk —-n _ _ —ntr o
(u‘l/vk[DB,c]vk_l e_“fl? f) = J;Z% o " (eni=r) j (en=ri—r) Jn-tr
T ™ nr r

Y1 — VY2 O‘_n(cn,l-i-r) - O‘_n_r(cn-i-r,l-i-r)
2 d,
+73l(clulf)n,r + 75([D7 Cl]ulf)n,r .

Taking a partial trace over the various Dirac matrices, leads to the following necessary conditions
for ¢ to be in the Lipschitz ball Cp,,

+

fn—l,r

la™" (ena) — & (en—ro) || < dr, 11D, e (en )l <1, [9c]] < 1.
The first inequality implies ||c, ;|| < sup, d, < 1. Hence with the second inequality, it means
that c,; € Biip for all n,l. In particular, since Biip is norm compact in A, if h is a strictly
positive element of c¢y(Z) it follows that hch satisfies the conditions of Proposition 9 in Section 8.
In particular, hC'p;,h is norm compact.

5. NONCOMMUTATIVE TORI WITH REAL MULTIPLICATION

We give here an example of a situation where the problem of extending a spectral triple to
a crossed product by the action of the integers arises naturally in a context motivated by
the arithmetic geometry of real quadratic fields. The noncommutative space described by the
original spectral triple is a noncommutative torus with real multiplication, while the action of
the integers is induced by the action of the group of units of the real quadratic field. The
geometry that arises in this case, in fact, turns out to be very similar to the prototype example
of the Arnold cat map that we described earlier in the paper.

In the ’70s Hirzebruch formulated a conjecture expressing the signature defects of Hilbert mod-
ular surfaces in terms of the Shimizu L-function of real quadratic fields [38]. This conjecture
was proved by Atiyah—Donnelly—Singer [5] using the Atiyah—Patodi-Singer index formula, to-
gether with a detailed analysis of the induced operator on the solvmanifold that gives the link
of a cusp singularity of the Hilbert modular surface. The main part of the argument of [5]
consists of separating out in the eta function of this operator a part that recovers the Shimizu
L-function, whose value at zero gives the signature defect, and a remaining part that vanishes at
zero and is not of arithmetic nature. It was recently shown in [49] that the Shimizu L-function
of a real quadratic field is obtained from a spectral triple on a noncommutative torus with real
multiplication, as an adiabatic limit of the Dirac operator on a 3-dimensional solvmanifold. The
Dirac operator on this 3-dimensional geometry gives, via the Connes-Landi isospectral defor-
mations [22], a spectral triple for the noncommutative tori obtained by deforming the fiber tori
to noncommutative spaces. It is also shown in [49] that the 3-dimensional solvmanifold of [5]
is the homotopy quotient in the sense of Baum—Connes of the noncommutative space obtained
as the crossed product of the noncommutative torus by the action of the units of the real qua-
dratic field. This noncommutative space is identified with the twisted group C*-algebra of the
fundamental group of the 3-manifold. The twisting can be interpreted as the cocycle arising
from a magnetic field, as in the theory of the quantum Hall effect. The resulting interpretation
of the Shimizu L-function in terms of the noncommutative geometry of noncommutative tori
with real multiplication, in the sense of [46], is interesting in view of the conjectured role of
noncommutative tori in the Stark conjecture for real quadratic fields proposed in [46]. In fact,
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as explained also in [50], the result of [49] deals with a special case of the zeta functions defining
the Stark numbers, which are the conjectural generators of abelian extensions of real quadratic
fields, and it shows how to relate these to the geometry of noncommutative tori.

5.1. Lattices and Noncommutative Tori. To fix notation, we let L C K be a lattice in a
real quadratic field K = Q(v/d), with U}f the group of totally positive units preserving L,

(18) Ul ={ueOg|uL C L, aj(u) € R} },

with «;, i = 1,2, the two embeddings of K in R. We let V' denote a finite index subgroup of
UZ. We denote by € a generator, so that V = €%,

Let A be the lattice in R? obtained by embedding L in R? by

(19) A={(a1(0),a2(¥)) |l € L}.

The group V acts on A by A = (a1(¢), aa(f)) — (eaz1(¥), e tas(¢)). The following solvable Lie
group will be considered

(20) S(R%, R, €) = R? xR,

where R acts on R? as the one-parameter subgroup {e!1°84<},cg of SLy(R) with

(21) A= [8 2} € SLa(R).

As in [5], the following discrete subgroup will be needed

(22) S(AV)=Axy Z
together with the quotient

(23) X, = S(A, V)\S(R? R, e).

The noncommutative torus of irrational modulus 6 is topologically the irrational rotation C*-
algebra Ag = C(S') 9 Z. Tt can be equivalently described as a twisted group C*-algebra
C#(Z?, ), where o is a 2-cocycle on I' = Z2, namely a multiplier o : I' x I' — U(1) satisfying

(24) (71, 72) (172, 73) = a(71,7273)0 (72, 73),

with o(v,1) = o(1,7) = 1. For the noncommutative torus the cocycle o can be taken of the
form

(25) a((n,m), (n’,m’)) := exp(=2mi(&nm’ + E&mn')), 0 =¢& —&.
In addition, upon choosing & = —&; = /2, the following property holds

(26) o((n,m), (n',m’)) = a((n,m)e, (n',m")p), Vip € SLa(Z).
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We consider the noncommutative torus C} (A, o), where the lattice A is as in eq. (19) of the
form A = {(n+m0,n+mb') | (n,m) € Z*}, with § and 6 Galois conjugates. The algebra is the
norm closure of the twisted group ring C(A, o) generated by

(27) Rjex = oa(n, Aexty,

where ey, is the canonical basis of £2(A) and o(n, A) = o((n, m), (u,v)), for n = (n+mb,n+mb’)
and A\ = (u +v0,u +v0'). These satisfy the relation Ry RS = o(n, \)R

The cocycle ¢ as in eq. 25 with eq. 26, which we can write as

ag
n+A"

(28) a(n, ) = exp(—mifn A X),

extends to a cocycle & on the group S(A, V), of the form

(29) &((777 6k)’ (/\7 67")) = 0(777 AI:()‘)) = U((TL, m)? (u’ U)(/O?)v
where @, € SLa(Z) is given by

(30) Ve = [CCL Z] with e=a+ bl and €d = c+ de.

so that 6 and ¢’ are the two fixed points of the transpose of ..

The group S(A,V) is amenable, so that the maximal and reduced (twisted) group C*-algebras
coincide. The group S(A, V) satisfies the Baum—Connes conjecture (with coefficients), since it
is isomorphic to the crossed product Z2 X, Z, and the 3-manifold X, is the homotopy quotient,

in the sense of Baum—Connes, of the noncommutative space C*(S(A¢, V), d).

In particular, the algebra C*(S(A¢, V), ) = C*(A, o) xV is the noncommutative space describing
the quotient of the noncommutative torus Ty with real multiplication, described by the algebra
C*(A, o) by the action of the group of units V. Thus, it provides a geometric analog, in the
case of real quadratic fields, of the quotient E/Aut(E) = P! of an elliptic curve with complex
multiplication in the case of imaginary quadratic fields.

In [49] one relates the Shimizu L-function to the geometry of the noncommutative torus Ty by
considering the Dirac operator on the 3-dimensional solvmanifold X, as in [5] and its isospec-
tral deformations to a fibration of noncommutative tori, as in [22]. From the point of view
we are considering here, one can proceed in a different way, working with spectral triples on
the noncommutative torus Ty with algebra C*(A, o), and the induced spectral triples, via the

metric bundle construction, on the crossed product by Z that gives the noncommutative space
C*(S(Ae, V), 0).

5.2. A Spectral Metric Bundle. Asin §7.4 of [49], we consider on the noncommutative torus
Ty a spectral triple with representation

(31) Rt(yr,k)wn,m = U((’I”, k)v (n7 m))w(n,m)-i-(r,k’)

and Dirac operator
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0 dgr — 109

(32) Doo =16y +i5y 0 |

where 0 is the Galois conjugate of the quadratic irrationality # and the derivations &y and &y
are given by

(33> 59 : wn,m = (TL + m9>wn,mv 69’ : wn,m = (TL + mel)wn,m-

This is equivalent to Dy g : ¥\ +— (Aio1 + Ag02)1y, with o the Pauli matrices (see eq. 4)
and A = (A1, A2), which is the Dirac operator induced on the fiber noncommutative tori by the
isospectral deformation of the 3-manifold X.. The commutators of the Dirac operator with the
generators of the algebra are bounded

(Do, B2, ] = [ 0 (r+ k0" —i(r + k0)
00 U (k) (r+ k0") +i(r + k0) 0
Since V' acts in an hyperbolic way, similarly to the Arnold cat map acting on the commutative
torus, it is required to construct the noncommutative analog of the metric bundle according to
the general description given in Section 4.5 in order to describe the metric space associated with
the crossed product. This leads to consider the sequences (b, )nez of elements b, € C*(A, o),

bn =Y caaRS
A

with limy, ||b,|| = 0. They define elements b € By, := C*(A,0) ® co(Z). The action «. of the
group V of units on C*(A, o) by

of R — Rk

or equivalently R7 — R? «, extends to an action on By , by setting
Y (nm) ek )

(n,m)

(34) (@)« (b))n = cte(bn- chuRA chux RS.

In this case it is then convenient to take as Hilbert space H ® Ez( ). This has a representation
of the crossed product algebra By , X(q,), V by

bw)\,n = 066 'QZJ/\ n Z Cn )\’ N d))\ n)

where we write the latter as

D Cnar 0 BStbam = > Cnan () ¥rsx ms
)Y Y

and the unitary ve implementing the action of the generator of V' is given by

Ve T;Z)A,n = 111,\,n—1,
so that vebv ! = ()« (b). We consider on this Hilbert space the Dirac operator

(35) Dy, = o3nlog(e)¥n, + Do gthan,
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where o3 is the third Pauli matrix (see eq. 4), and log(e) is the length of the unit €, which is the
length of the base circle in the fibration 72 — X, — S'.

As in §4 of [49], we write the generators of the crossed product algebra C*(S(A, V), &) as R?

. (n,m,k)
or R‘(’/\ %) and we identify them with the elements R§v¥ since we have

?n,m,k) R((}n’,m’,k’) = 5’((77,, m, k)’ (n/7 m,’ k/)) R?n,m,k)(n’,m’,k’)

= o((mm), (', m)0E) R,y gyt ¥ (n!
One has in this way also a representation of C*(S(A,V),5) on the Hilbert space H ® £2(Z) by

identifying the R{ with the constant sequence b, = RS for all n € Z, that is, ¢, x» = 0y ) for all
n € 7.

k,/

k+k _
¢ - R )U€ .

((Tn,m) UfR

Then the commutator

(36) [D,ve] = —o3log(€)ve,

is clearly bounded, and

(37) (D, b]txn = [Do.gr, a2 (bn) A m,

is bounded for all sequences b = (b,) with finite support. Thus, one obtains a spectral triple
for the algebra Bp s X4, V with bounded commutators on the dense subalgebra B.a o Xa. V,
with B, A, consisting of the sequences with finite support. The algebra C*(S(A,V), &) acts as

multipliers with commutators with D that are unbounded multipliers of B.p s Xa, V.

The Dirac operator D of eq. (35) is in fact given by the Fourier modes of the Dirac operator on
the 3-manifold X, namely

0 —t 0 -t 0
e et et L
_ ot 5] ox
(38) Dxc=1 0" ;0 ) ;
dy oxr ot

when the spinors ¥((z,y),t) on X, are expanded in the form ¢ = )", ¥\E), with E\ =
exp(2mi(©_¢(x,y), \)), with ((a,b),\) = a1 + by and ©_4(x,y) = (e, ely), so that

0
DXGE)\ = (adg + 2miNoy + 27Ti)\202)E,\.

This example is in essence very similar to the case of the Arnold cat map, with the matrix
A, € SLa(R) acting on the fiber torus 7?2 of the mapping torus X..

Up to a unitary transformation, as in [5], [49], the Dirac operator Dy ¢ on the noncommutative
torus ca be written as

(39) Dyg0 = Z Dy g o

ne(AN{0})/V
where Dy g ¢ is the restriction to the complement of the zero modes A = 0, and Dg o0 18 given
by

(10) Dl obas ) = Sign(N () IN ()2 (hr + € *02) Y1z,
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where a fundamental domain Fy for the action of V on A~ {0} is chosen and A € A, if A # 0, is
written as A = A¥(u) for some p € Fy and some k € Z. This formulation shows clearly that the
action of Z that implements the crossed product changes the metric on the noncommutative torus
by mapping sign(N (1)) [N (1)|/2 (b + eFa3) s sign(N (1)) [N (1)|/2 (1 + e +Dy).

This example, just as in the case of the Arnold cat map, gives a clear illustration of the subtleties
involved in the problem of the choice of the metric on Z that we discussed in the previous
sections. In fact, the natural Dirac operator to consider here, which in this case is dictated by
the requirement that it recovers the 3-manifold geometry of [5], corresponds to the usual metric
on Z, which, however, as we have seen, requires the use of the smaller state space characterized
by the finite first moment condition. While one can make sense of this condition in the specific
case at hand, a general treatment of such first moment conditions in the general setting of
noncommutative geometry is missing and will be an interesting topic of investigation.

6. CUNTZ-KRIEGER ALGEBRAS AND AF-ALGEBRAS

One of the earlier results on the interaction between noncommutative and arithmetic geometry
was the use of spectral triples techniques to model the “fiber at infinity” in the Arakelov geometry
of arithmetic surfaces [25], in terms of the choice of a Schottky uniformization as in [47], and of
the action of the Schottky group on its limit set. This point of view gave rise to the construction
of a #-summable, not finitely summable spectral triple, where the algebra representation was
related to the archimedean cohomology at infinity, see also [24]. Based on the analogies between
the degenerate fiber at the archimedean place in the Arakelov geometry of arithmetic surfaces,
and the case of Mumford curves with p-adic uniformization, the same technique were adapted
in [26] to describe a noncommutative space associated to the action of a p-adic Schottky group
on its limit set. The construction was later refined in [27] and [12].

The original motivation for considering spectral triples on crossed products by the integers in
[27] was to improve the #-summable spectral triple on the crossed product algebra C'(Ar) xT" of
a Kleinian or p-adic Schottky group on its limit set, considered in [26]. The idea was to replace
the algebra C'(Ar) x T', which can be described in terms of a Cuntz—Krieger algebra O 4, with its
stabilization Oy = F4 x7 Z. One then considers the problem of constructing a spectral triple
on the non-unital AF algebra A = F 4 and extending it to the crossed product F 4 xr Z.

The case of F4 can be handled in the way proposed by Christensen and Ivan [13], namely by
choosing eigenvalues with |\,| > (dimA,)?, for A, C A4 the filtration of the AF algebra
and with ¢ > 2/p. This determines a p-summable Dirac operator on a Hilbert space H, which
is the GNS space of a state ¢, with quotient map 74 : A — H and H, = my(A,), with
dimH,, < dim A,,.

In general, if the restrictive quasi-invariance assumption of [27] is removed, the metric bundle
construction leads to a spectral triple on the noncommutative metric bundle algebra B xr, Z,
with B = A ® ¢o(Z), on which A xp Z acts as multipliers, instead of a spectral triple for the
crossed product F 4 X7 Z.

In this case, the metric on Z and the form of the Dirac operator on the crossed product by the
integers is not strictly dictated by the geometry, so that one can modify the construction by
choosing a metric on Z that satisfies the conditions of §4.3 and obtain a spectral metric space
with the desired properties.
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7. ALGEBRO-GEOMETRIC CODES AND SPECTRAL TRIPLES

In the recent work [48], the asymptotic bound problem in the theory of algebro-geometric codes
was reformulated in terms of quantum statistical mechanical systems and operator algebras
associated to coding maps. In particular, it is shown in [48] that the code parameters, rate and
relative minimum distance, can be recovered from the Hausdorff dimensions of certain Cantor-
like fractals associated with the code.

Just as the prototype example of the Arnold cat map provides a model for the application to
the case of noncommutative tori with real multiplication described above in Section 5, the other
prototype example, of the bilateral shift and Cantor sets described in the Example 2 (Section 4.1)
serves as a model for the application to algebro-geometric codes.

7.1. The Spectral Metric Space of Codes. The basic terminology of [48] is given here. Let
2 be a finite alphabet of cardinality #2 = ¢q. The main application here we will focus on the
case where 2 is a finite field Fy, which is set theoretically identified with the set {0,...,¢ — 1}
of g-ary digits. For some given n € N let U™ be the n-hypercube. The Hamming metric on A"
is defined as d(z,y) = #{k|xr # yi}, for x = (z1,...,2,) and y = (y1,...,yn) in A™. This
satisfies the bound d(z,y) < n.

Definition 6. An [n, k,d],-code is a subset C' C A™ with

k =log,(#C), and d = min{d(z,y) | z,y € C, x # y}.
The rate of the code is R = k/n and the relative minimum distance is 6 = d/n.

In particular, if the alphabet has ¢ letters with ¢ = p", it will be identified with the elements
of a finite field F,. However, the codes C : F’; — [y will not be required to be F,-linear maps,
that is, nonlinear codes are included in the present description.

Let Q™ = [0,1]™ be the standard unit cube in R™. A point in Q" will be written as = =
(x1,...,7,) using the g-adic expansion of points in [0,1]. Then, a fractal Sc in Q™ will be
associated to a code C, by first subdividing the unit cube Q™ into ¢" smaller cubes, each of
volume ¢~™: each of these smaller cubes consist of the points x € Q™ such that in the g¢-adic
expansion the first digits (z11,...,2,1) are equal to a given element (aq,...,a,) in A™. Among
these one then only those for which (z11,...,2,1) is an element of C' C U™ are kept and the
others are deleted. The same procedure is then iterated on each of the remaining cubes. The set
obtained in this way is the Sierpinski fractal S¢ consisting of all points 2 € Q™ such that all the
points (1, ..., zn,) € A", for all £ > 1, belong to the code C' C A™. The Hausdorff dimension
dimp (S¢) of this fractal is log, (#C); when normalized to the ambient space dimension it equals
the rate of the code,
log(#C) _k _ p
nloggq n

Similarly, for a given [n, k, d]4-code C' C U™, the set Z¢ of doubly infinite sequences & = () mez
of code words x,,, € C will be considered. Let also W denote the set of all words of finite length
in the code language, that is, all finite sequences of elements of C. As recalled in §5 of [4§]
(see [29]) the entropy of a language is defined through the following procedure. The structure
function of the code language is defined by counting words of a given length

sc(N)=#{weW : |lw|=N}.
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Here the length of a word w € W is defined as the number of letters in the underlying alphabet
2, rather than the number of code words w consists of. Namely if w = wy - - - w,, with w; € C
this gives |w| = nm, where C' C ™. The generating function for the s (V) is given by

(41) Go(t) = so(N)EY,
N

and the entropy of the code language is defined as

(42) Ec = —logua p(Ge),

which is the logarithm of the radius of convergence p(G¢). It turns out that the series in eq. (41)
and the entropy in eq. (42) have a natural interpretation in terms of the spectral triples of [55].
In fact, the spectral metric spaces X, c = (C(E¢), Hc, 77, D) is defined as in Example 2, where
He = 2(We) ® C2, with representations

m(pot) = | 1G0T v

for 7 : Weg — Z¢ X =¢ a choice map, and with Dirac operator

Dutw) =q" | | § ] vtw)

Then the zeta function of the spectral triple is given by ([55] §6)

(p(s) = Z q*\w\s _ qumqfsnm — Zq(Rfs)nm =(1- q(Rfs))—l?
weWe m m
with convergence for R(s) > R. This gives

(43) ¢p(s) = Gelg™),

(44) (p(s) = Gela™),

which recovers the structure functions for the code language, and the degree of summability of
the spectral triple is the code rate, which is also equal to the entropy of the code language. In
fact, sc(N) = 0 if N # nm and sc(nm) = ¢*™ for an [n, k, d],-code.

A similar type of fractal construction can be done for the code parameter d instead of k, as
explained in [48]. Namely, the property that C' has minimum distance d means that any pair
of distinct points z # y in C' must have at least d coordinates that do not coincide, since
d(z,y) = #{i|x; # y;}. Thus, in particular, this means that no two points of the code lie
on the same 7, for any 7 as above of dimension ¢ < d — 1, while there exists at least one 7
in IT; which contains at least two points of C. In terms of the iterative construction of the
fractal Sc, this means the following. For a given 7w € II, with ¢ < d — 1, if the intersection
C N7 is non-empty it must consist of a single point. Thus, another fractal can be constructed,
corresponding to a choice of a linear space m € Ily with ¢ < d — 1, where at the first step the
single cube QY = Q™ N is replaced with a scaled cube of volume ¢ ¢, successively iterating the
same procedure. This produces a family of nested cubes of volumes ¢~V with intersection a
single vertex point. The Hausdorff dimension is clearly zero. When ¢ = d there exists a choice
of m € Il for which C' N7 contains at least two points. Then the same inductive construction,
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which starts by replacing the cube Q% = Q™ N7 with #(C N ) copies of the same cube scaled
down to have volume ¢~ produces a genuinely fractal object of positive Hausdorff dimension.
(This is the same argument as in Proposition 3.3.1 of [48], except that it is formulated here in
terms of Sc, as in §4.1.3 of [48], rather than in terms of S as defined in §3.1 of [48].) The
spectral metric space construction of [55] can also be applied to the resulting fractal Scn, for
m e 1.

7.2. The Shift Action on a Code Space. The action of the bilateral shift on Z¢ or on Z¢nx
then produces a non-equicontinuous action. Geometrically, in such cases the resulting crossed
product construction corresponds to considering code languages up to the natural equivalence
relation given by the action of the bilateral shift. This gives rise to the type of crossed product
construction we have been investigating. Once again we see that the issue of the choice of metric
structure over Z arises and determines the type of topological and metric properties that one
expects to find on the state space.

In this case the resulting noncommutative metric geometries have interesting global symmetries
that come from Galois actions.

Let Fgm be a field extension of Fy. Then a [n, k, d]g-code C : F¥ — F? determines a [n, k, d']gm-
code C(p,y with d’ < d, by setting C(,y,) qu“m — Fym

Clmy(u) = (Clua), -+, Clum)),

where the vector spaces Fgm and Fj' are identified. Hence u € Ff;m can be written as u =
(u1,...,Uy) with u; € FF. In particular #Cm) = (#O)" = (¢™)*, so that the parameter k
remains the same. To see that d’ < d let mq , denote the F,-linear space such that #(C'Nmgq) > 2
and such that all spaces 7 of smaller dimension have #(C N ) < 1. Then the Fym-linear space
Td,qm = Td,q OF, Fgm satisfies the same property #(C,,) N mg4m) > 2. Thus, a code C' over F,
defines a family of codes C,,) over all the fields extensions, with inclusions C(yy C C,, for £|m
induced by the corresponding inclusions of fields Fgm C F . All the codes C(;,) have the same
rate R and non-increasing §’s.

Consider then the Galois action of Gal(Fm /IF4) acting on both the source and target spaces
Fgm and Fim of a code C : Fé:nz — [Fym, obtained as above, so that the coding map is equivariant
with respect to this action. The Galois action of Gal(Fgm /F;) then induces a homeomorphism
of the fractal sets Sc, induced by the Frobenius ¢. This in turn determines an automorphism
¢ of the algebra C(E¢) and a unitary transformation of the Hilbert space H¢, so that the
representations 7w, are equivariant. The metric structure given by the spectral triple is also
preserved by this action, since the length of words in the code language is preserved. This gives
a global symmetries of the spectral geometry.

8. APPENDIX: PROOF OF THE PROPOSITION 3

Let A be a unital C*-algebra. Let o € Aut(A) be an automorphism of A. Then .o/ will denote
the crossed product algebra A x,Z. Then f is generated by the elements of A and by a unitary
element u such that uau~! = a(a). Hence <7 is the norm closure of .7, made of elements of the

form b = ElL:_ 7, by ul for some integer L, where b; € A for all I. The dual action is the family of
automorphisms of .7 defined by n;(a) = a for a € A and by n(u) = e'*u, where k € T. Then
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(1) If b € o then ng(b) = >,z bre™ ul.

(2) The * derivation 0 generating the dual group action is defined by 0b = dny(b)/dk [r=o
giving 0b = ., 1l b ul.

(3) The conditional expectation E : &/ — A is defined by E(b) = [ nx(b) dk/2m = by.
In particular E(bb*) = ", by b

(4) The equation b; = E(bu™"), valid on 7. extends to ..

The first important result of this Section is

Proposition 9. For each | € Z, let K; C A be a compact set for the norm topology. Let B(K)
be the set of b € of = A x4 7 such that (i) by = E(b) =0, (ii) by = E(bu™") € K; for alll € Z,
(i1i) Ob € o7 and ||0b]| < 1. Then B(K) is compact.

The proof of this result requires several intermediate steps.

8.1. Algebraic Bounds. The first step is given by
Lemma 15. Ifb € & is such that Ob € of, then

2
™ *
[b—E@®)I* < S 1E@b 06|

Proof: Let 7 be any representation of &7 and let H be the corresponding Hilbert space. Then,
for f,g € H and b € o the following holds

I T k
=BG ) = [~ 5 flnb—mo)a) = [ 55 [ dp tsimtay(on) o).
Exchanging the order of integration gives
(10~ BE) 9) =~ [ 52 (x~Ipl)sign(y) (fIm(p(00) g}

_g 2m
Applying a Cauchy-Schwartz inequality leads to
™ dp T dk
(flno-EO) P < [ 52— 1pl? [ 57 Hsinlmu(om) o)

—T —T

The first term in the r.h.s. gives 72/3. Using again the Cauchy-Schwartz inequality, the other
terms can be bounded by

T dk T dk N N
| Se i@ P < gl [ 55 (sintm(@ba67) 1) < g7 IE@b o).
Since 7 is an arbitrary representation, this last estimates leads directly to the result. O
Corollary 6. Ifb € B(K) then ||b|| < m/V/3.

Proof: This follows immediately from Lemma 15 and from the definition of B(K). O
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8.2. The Fejer Kernel and Approximation Estimates. The Fejer kernel is the function
Fy defined on T by

sin?{(N)k = n
(45) Fy(k) = zlvsig (k? /2/)2} = EN:H (1 - ’N’> ek

It has the following properties: (i) it defines a probability distribution on the torus

Fu(k) >0, /i’jFN(m 1

(ii) it is concentrated in the vicinity of the origin

s dk 1
Prob{|k 2}:/ — Fy(k) < —
=R [k >m/ VN 2T W= Ux
The Fejer approximant of order NV of b € &/ is defined by

2

This definition shows that b™) € & and that ||b(™)|| < ||b||. In particular, the map b € o
b(N) € o is continuous. Moreover if b € .o, it follows from eq. (45) that

M = 3 ( ’Ji}) by u!

[l|<N

p(N) — /_ %FN(k)nk(b)

By continuity this equation is still valid for b € & showing that b(N) is always an element of 7.

Lemma 16. For any b € o7, its Fejer approzimants satisfy imy_ . |b — bY)|| = 0. Moreover,
if 0b € of then

b— b < ab|| + b
I )| \ﬁH | \ﬁHH

Proof: By definition

b (V) _ /” % Fy (k) (b— (b)) .

The integral on the r.h.s will be decomposed into flk|>ﬂ/\/ﬁ+ f\k|<7r/\/ﬁ = (I) + (II). The first
term can be estimated by B -

2
7)< vw
To estimate the other term, let ¢ > 0 be chosen. Then, there is N, € N such that, for N > N,
then (i) 2||b||/V/N < €/2 and (ii) ||b — nx(b)|| < €/2 as soon as |k| < 7w/v/N. This gives the
obvious bound

(1) < 2||b||Prob{|k! > 161l

N > N, = (I1) <
If now 0b € o/ the estimate of (II) can be improved. For indeed, by definition

= 16— b <.

N
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k
(46) bom®) == [ domon. = b= m® < [Hlob].
Plugging this last inequality into (II), gives the result. O

Corollary 7. If b€ B(K) then ||b—bN)| < 2.27/v/N.
Proof: Follows immediately from Lemma 16, the definition of B(K) and Corollary 6. a

8.3. Compactness Properties.

Lemma 17. Given a sequence (K;)icz of norm compact subsets of A, the set B(K) defined in
Proposition 9 is closed.

Proof: Let b € B(K). Since &/ is a metric space, there is a sequence (b,)nen contained in
B(K) converging in norm to b.

(i) By definition E(b,) = 0 for all n € N so that, taking the limit n — oo leads to E(b) = 0.
In addition E(b, u_l) € K. Since K is compact, it is closed in norm so that, taking the limit
n — oo leads to E(bu~!) € K; as well.

(ii) Thanks to eq. (46), it follows that, for all n € N

bn) — by
M) Zbnl| g, < 1
k
Taking the limit as n — oo implies
b)—1b
—n<k<mw k

In particular, since ngix = Mk o N (group property), the map k € T +— 1 (b) is Lipschitz
continuous with Lipschitz constant 1. Thanks to Lebesgue’s Lemma, it follows that this map is
almost surely differentiable. Let kg € T be such that the differential exists at ky namely

dn,(b) - Mhoth (D) — Mk (D)
— = = 1 0 0 .
di [k=ko= €= 0y h
Applying 77];01 = 1)_k, on both sides implies that the map k € T +— n;(b) is differentiable at zero
(actually everywhere) and that the derivative has a norm less than 1. Therefore b € B(K) O

Proof of Prop 9: Let (b,),en be a sequence contained in B(K). It will be proved that there
is a convergent subsequence with limit in B(K). Since B(K) is metric, this is sufficient to prove
the compactness.

(i) By construction the sequence b,; = E(b,u™") is entirely contained in K;. In particular

b = (bni)iez\joy € © if © denotes the product space H#O K;. Thanks to the Tychonov

theorem, €2 is compact for the product topology. Therefore there is a subsequence (l;ni)ieN
which converges in Q. Replacing (b, )nen by (bn,)ien, there is no loss of generality to assume
that this is the sequence (b, )nen itself. Hence for each [ € Z, the limit lim, .o by = b € K

exists.
(ii) Let now bY) be defined as
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BN =3 <1—H) bul = lim b0V) |
ll|<N e
where b%N) denotes the Fejer approximant of order N of b,. Thanks to Corollary 7 it follows
that if N < M then

4.47

(N) _ (M) <15 (V) _ < (N _ _
6~ 5] < timsup 31 = 620 < Timsup (186 bl + 1w = 620) < 7

It follows that the sequence (b(N )) ~Nen is Cauchy and therefore it converges in 7 to a limit b.
(iit) By construction db(N) exists since b(Y) € of.. For a fixed N it satisfies

N-1

M = N (1 — ||> biu! = lim obY)
l:_N+1 n—oo

From then, it follows that ||0b(")|| < lim sup,,_, ., ||8b7(1N)|| < limsup,, , [|0b,|| < 1. In particular
b(N) € B(K). Since B(K) is closed, thanks to Lemma 17, it follows that b € B(K) as well. O

8.4. Quotient Spaces. Let A be a unital C*-algebra with unit denoted by 1. Let §.A denote
the Banach space A/C1 and let [a] € §.4 denote the equivalence class of a € A modulo C1. The
quotient norm is defined by

llallls = inf fla = AL]).

Let now w be a state on A and let 1, denote the map ¢, (a) = ([a],w(a)) € A x C. The space
0A x C is a complex vector space that will become a Banch space if endowed with the norm
(¢, 2) = lleflx + [2]-

Lemma 18. The map ¢, : A+— A/C1 x C is linear, bounded, invertible with bounded inverse.

Proof: The linearity and continuity of ), is obvious from the definition. If a,b € A satisfy
Yo(a) = 1, (b), then [a] = [b] implying that there is A € C such that b = a + A1. Then the
equation w(a) = w(b) implies that A = 0 showing that a = b. Hence 1), is one-to-one. To show
that it is onto, let (¢, z) € A x C. Then there is a € A such that ¢ =[a]. f A = 2z —w(a) € C
it follows that [a + A\1] = ¢ and w(a + A1) = z. Hence ¢, (a + A1) = (¢, z). Since the inverse
is everywhere defined, by the closed graph theorem, it follows that the inverse is continuous as
well. In particular, the inverse image of a compact set in 6.4 x C by ), is compact. |

8.5. Proof of Proposition 3. Let Cp;, denote the Lipschitz ball of A x, Z. By definition,
b e Cp,p if and only if ||[D,7(b)]]] < 1.

(i) This condition implies two properties: (a) for all I € Z, b; = E(bu~") belongs the the Lipschitz
ball By, of A, (b) ||0b]| < 1. For indeed, if f,g € H® ¢*(Z) and if e, e’ € C?, the inner product

(g @ ¢|[D,#(b)] f ® ¢/} can be written as {¢] (<g|[f>, #(b)] f>) '), where now (g|[D, #(b)] f) is a
2 x 2 matrix equal to (I) 4 (II) with
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D = > {gallD. 70 ™B)] fat) o1

n,l€Z

(I = Y {gallmoa™(B)] fai) 02 = =1 (gl (D) f) o2

n,l€Z

Let o¢ denote the unit 2 x 2 matrix. Then, the Pauli matrices satisfy Tr(c;0;) = 2§;; for
i,7 € {0,1,2,3}. It follows that

%Tr (<g|[f),fr(b)] f>) = (|7 (9b) f),

showing that b € Cy,, implies ||0b|| < 1. In particular, #b; = E(db u~!) implies that ||| < 1/]1],
whenever [ # 0. On the other hand the same type of formula with o9 replaced by oy implies
that [|[[D,moa™"(b)]|| <1 for all n,l € Z. In particular b; € By,, for all [ € Z.

(ii) Let K; be the closure of the set of a € B;, C A such that |ja|| < 1/|l] for | # 0. If
w is any state on A it follows that a € K; = |w(a)] < 1/|l]. Let 1, denote the map
Yo(a) = ([a],w(a)) € A/C1 x C defined in Section 8.4. Then the image ¢, (K;) is included
in the closure of [By;,] x {z € C : |z| < 1/|l|}, which is compact. Consequently, thanks to
Lemma 18, K is compact. It follows that, the subset Cy C Cy,, of elements with E(b) = 0
is included in B(K). Thanks to the Proposition 9, this set has a compact closure. Since any
element of C},;, has the form b = by + b — E(b), and since by € By, it follows that the image of
CLip inside A X, Z/C1 has also a compact closure, because b — E(b) € B(K) and [By,,] has a
compact closure. O
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