Anomalous Transport: results, conjectures and applications to Quasicrystals

J. Bellissard^∗

Institut Universitaire de France & Université Paul Sabatier, I.R.S.A.M.C, 118, Route de Narbonne, F-31062 Toulouse Cedex, France jeanbel@irsamc2.ups-tlse.fr

Received 4 October 1999; received in revised form 1999

Abstract

We review the main rigorous results accumulated during the last five years concerning the theory of transport in aperiodic media. Motivated by the transport properties of quasicrystals, we introduce the mathematical background needed to describe transport in aperiodic media. We then give the definitions and the properties of spectral and diffusion exponents with an emphasis on ”anomalous transport”. The last section is devoted to discussing the relevance of this theory for quasicrystals.

Keywords: Anomalous Quantum Transport, Spectral Exponents, Transports Exponents.

1. Transport in Quasicrystals

Prior to the discovery of quasicrystals (QC), several mechanisms had already been identified concerning the behaviour of the conductivity with respect to the temperature.

(i) For metals, the conductivity increases as the temperature decreases. Moreover, the Fermi liquid theory predicts [1, 2]

σ(T )∼T^{−2}

over a large range of temperatures.

(ii) On the opposite side, thermally activated processes, namely whenever a gap arises in the spectrum near the Fermi level, give [3]

σ(T )^{T ↓0}∼ e^{−Δ/T}

(iii) For weakly disordered systems, such as strongly doped semiconductors or normal metals, there is a residual conductivity at low temperature, due to quantum interferences [3, 4]

σ(T )^{T ↓0}∼ σ_0 > 0

(iv) In strongly disordered systems, such as for lightly doped semiconductors, and whenever the Density of States (DOS) is small at the Fermi level, one expects a Mott variable range hopping [3], namely in dimension D σ(T )^{T ↓0}∼ e^{−(T0/T )1/(D+1)}

Conductivity properties of QC’s are rather anomalous when compared to the previous mechanisms. (QC.1) Their conductivity is low to very low [5]. (QC.2) Their conductivity decreases enormously with the temperature, with

σ_{300K} σ_{4K}

≥ 300

in some cases.

(QC.3) The conductivity is not thermally activated. (QC.4) The conductivity decreases with improved sample quality.

(QC.5) In the temperature range from 300K to 1000K, the conductivity follows a scaling law [5].

σ ∝ T^γ 1 < γ < 2

This behaviour is observed at lower temperature for i − AlP dRe down to less than 10K.

(QC.6) For most good quality icosahedral compounds, such as AlCuF e or AlP dMn, the conductivity flattens below 300K to reach a residual conductivity σ(t) ≈ σ_0 > 0 (see Fig.1).

(QC.7) In the icosahedral phase of AlP dRe, instead one observes some type of Mott variable range hopping with [7, 8] σ ∝ e^{−(T0 /T )1/4}

in a range of temperature which varies from author to author within the interval 0 to 10K.

Fig.1 - Conductivity of QC’s [6] -

The aim of this note is to provide a mathematical framework in which such qualitative behaviour can be found. We expect that such framework will prove suitable for a more quantitative description of transport properties of quasicrystals.

2. Mathematical Background

The framework we propose is valid within the one electron approximation. We will ignore explicitely the phonons and the electron-electron interactions as a first step. In this section only non dissipative transport properties are considered. These are dominated by interference effects due to Bragg reflections. Let us note that the framework applies to all kinds of aperiodic materials, including QC’s, in any dimension d (in practice d = 1, 2, 3). Most of the results described in this section can be found in [9, 10] More precisely, we assume that atomic sites are located on a discrete point set R contained in R^d. Following Lagarias [11] we define the following hierarchy of properties:

(PS.1) R is uniformly discrete if there is r > 0, such any ball of radius r contains at most one point of R. This means that there is a non zero minimum distance between points of R.

(PS.2) R is a Delone (or Delaunay) set if, in addition, there is R > 0 such that any ball of radius R contains at least one points of R.

(PS.3) R is finitely generated if the Z-module generated by R in R^d is finitely generated. In this case points of R can be labelled by a finite number of integers. (PS.4) R is a Meyer set, whenever both R and R − R are Delone sets.

A point set in R^d randomly distributed with respect to a Poisson process, is discrete but not uniformly discrete with probability one. In practice, due to quantum mechanics, the equilibrium positions of atoms in any solid medium is a uniformly discrete set. Impurities in a semiconductor, distributed randomly, are located on a uniformly discrete set which is not a Delone set in general. This is also the case of zeolithes which may have empty holes of arbitrary size. However, most solids have their atoms on a Delone set. Random tilings built from a quasilattice, have their vertices on a finitely generated Delone sets. Quasiperiodic lattices are Meyer sets [12]. They may also be constructed either by inflation with matching rules or by cut-and-project method [5], by model sets [12] but also through covering clusters [13, 14, 15].

Given a uniformly discrete set R we associate the point measure

ν^{(R)}(dx) = ∑ y∈R δ(x − y)

The space M(R^d) of measures on R^d is endowed with the weak topology on the space C_c(R^d) of continuous functions with compact support on R^d. Then the family ( ν^{(R+a)} ) a∈R^d of translated of ν

(R) has a compact closure Ω which is called the Hull of R. The translation group R^d acts on Ω by homeomorphisms, so that (Ω, R^d) defines a topological dynamical system. We will denote by τ^a the translation by a ∈ R^d acting on Ω. It turns out that given any ω ∈ Ω one can find a uniformly discrete set R_ω in R^d such that the measure ω coincides with ν^{(Rω )}. Moreover if R is a Delone set (respectively a finitely generated Delone set, a Meyer set) so are all the R_ω ’s [10]. In practice, the point sets R_ω can be obtained as limits of subsequences of translated of R, where the limit means that given any finite hypercube Λ, the sequence looks eventually stationnary when restricted to Λ. One can then see the Hull as a universal ideal object containing all possible finite size samples that an experimentalist could possibly produce. In QC’s the Hull corresponds, as a set, to the acceptance zone. We will then choose an R^d-invariant, ergodic probability measure P on Ω. By the Birkhoff ergodic theorem we then have: ∫ ω∈Ω dP(ω)f(ω) = lim_{Λ↑Rd} 1 |Λ ∩ R_{ω0} | ∑ x∈Λ∩R_{ω0}

f(x)

for P-almost all ω’s. Here Λ denotes hypercubes centered at the origin.

Such a probability measure can be seen as a precise procedure for taking space averages. In practical cases it is given by the Gibbs measure describing the thermal equilibrium of atoms [16].

For simplicity, we may assume that conduction electrons are spinless and can occupy only one atomic orbital per site. This simplification is not required for our framework to apply, but it is assumed here for pedagogical purposes. In this case, the physical Hilbert space of quantum states for such an electron can be taken as H_ω = ℓ^2(R_ω ) namely the space of sequences ψ = (ψ(x))_{x∈Rω} whith ‖ψ‖^2 = ∑ x∈R_ω |ψ(x)|

2 < ∞.

The translation T (a)ψ(x) = ψ(x − a) defines a unitary transformation between H_ω and H_τ a_ω.

A covariant family of operators is a map ω ∈ Ω → A_ω with A_ω being a bounded operator acting on H_ω, such that

T (a)A_ωT (a)^{−1} = A_τ a_ω

for all a ∈ R^d. Covariance means that matrix elements can be written as

⟨x|A_ω |y⟩ = A(τ^{−x}ω; y − x) x, y ∈ R_ω

where A is a function of the pairs (ω, a) such that ω ∈ Ω, a ∈ R^d with 0 ∈ R_ω and 0 ∈ R_τ −a_ω. The set of ω’s with 0 ∈ R_ω is called the canonical transversal and will be denoted by Γ^0_Ω. It is a compact subset of Ω. The set of pairs (ω, a) with ω ∈ Γ^0_Ω, a ∈ R^d and τ^{−a}ω ∈ Γ^0_Ω is called the groupoid of the transversal and is denoted by Γ_Ω [17].

A covariant family of operators is continuous whenever the map (ω, a) ∈ Γ_Ω → A(ω, a) ∈ C is continuous with compact support. An observable is any limit of sequences of continuous covariant families of operators under the norm ‖A‖ = sup_{ω∈Ω} ‖A_ω‖. Endowed with the pointwise sum, adjoint and product, the set of observables is then a C^∗-algebra denoted by A = C^∗(Γ_Ω). The subset of continuous covariant families of operators will be denoted by A_0 throughout this note.

The trace per unit volume T is defined for A ∈ A by

T (A) = lim_{Λ↑Rd} 1 |Λ ∩ R_{ω0} | ∑ x∈Λ∩R_{ω0}

⟨x|A_ω |x⟩

= ∫ ω∈Ω dP(ω)A(ω, 0)

A differential is also defined by

⃗∇A(ω, a) = ıaA(ω, a)

One remarks that if ⃗X = (X_1, · · · , X_d) denotes the position operator acting on H_ω , then ⃗∇A_ω = −ı[ ⃗X, A_ω ]. The trace per unit volume and the differential are the non periodic analog of the integration and differentiation over the quasimomentum in the Brillouin zone [9]. In what follows, we will denote by H the Hamiltonian describing the one electron motion in the solid under consideration. Examples of such hamiltonian are given by tight binding operators of the form

H_ωψ(x) = ∑ y∈R_ω

t(x − y)ψ(y) x ∈ R_ω , ψ ∈ H_ω

where t is a continuous function on R^d decreasing fast enough at infinity and with t(−a) = t(a) (to insure that H is selfadjoint). In all cases we will assume that H ∈ A. The current operator ⃗J is obtained as the product of the charge q of the carriers by the velocity operator. Using the Heisenberg equations for the evolution of observables, it follows that ⃗J_ω = q ı[H_ω, ⃗X] so that ⃗J = q ⃗∇H (units are such that ℏ = 1 here).

3. Spectral and Diffusion Exponents

The material contained in this section has been developped in full generality in [18]. We suppose H = H^∗ ∈ A is the one electron Hamiltonian. Its local density of states (LDoS), also called the spectral measure by mathematicians, is defined by

∫_{E1}

E_0

dμ_{ω,ϕ} = 1 π ℑm ∫_{E1}

E_0

dE^′⟨ϕ|(E^′ − ı0^+ − H_ω)^{−1}|ϕ⟩

for ϕ ∈ H_ω. We define the local exponents by (for a more informations see [18] and references therein)

d^±_{ω,ϕ}(E) = lim { sup inf } ε↓0 ln ∫_{E+ε} E−ε dμ_{ω,ϕ} ln ε

Given an energy interval Δ, we define d^±_{ω,ϕ}(Δ) by considering the supremum (infimum) of the d^±_{ω,ϕ}(E) for E ∈ Δ modulo subsets of zero μ_{ω,ϕ}-measure in Δ. Then we maximize (minimize) over ϕ ∈ H_ω to get the exponents d^±_{LDoS}(Δ) which happen to be independent of ω, P-almost surely [18].

The exponents d^+_{LDoS} (Δ) coincides also with the Hausdorff dimension of the LDoS in the energy interval Δ . The spectral properties of the LDoS can be rephrased as follows:

(SE.1) The LDoS is absolutely continuous in Δ whenever d^+_{LDoS}(Δ) = d^−_{LDoS} (Δ) = 1.

(SE.2) The LDoS is pure point in Δ, namely it is a sum of Dirac peaks, if d^+_{LDoS} (Δ) = d^−_{LDoS} (Δ) = 0. (SE.3) If 0 < d^±_{LDoS}(Δ) < 1 the LDoS is singular continuous.

We also define the fractal dimensions by (here p ∈ R)

D^±_Δ(p) = lim_{p′→p} 1 p^′ − 1 lim { sup inf } ε↓0 · · ·

· · · ln ( ∫ ω∈Ω dP(ω) ∫ Δ dμ_{ω,ϕ}(E)

{∫_{E+ε} E−ε dμ_{ω,ϕ}

}_p′_{−1})

ln(ε) which does not depend upon the choice of ϕ. We remark that if the LDoS is absolutely continuous on Δ, namely if for almost all E ∈ Δ, there are 0 < c ≤ C < ∞ such that cε ≤

∫_{E+ε} E−ε dμ_{ω,ϕ} ≤ Cε, then D^±_Δ(p) = 1. On the other extreme, if the LDoS is pure point on Δ, we get D^±_Δ(p) = 0. In general D^±_Δ(p) depends on p explicitely and D^−_Δ(p) < D^+_Δ(p).

To define the diffusion length we consider the electron starting at some initial site x ∈ R_ω. One also forces it into some energy window Δ = [E_−, E_+], by setting P_Δ the corresponding eigenprojection of H and considering P_{Δ,ω}|x⟩ as initial state instead. Then one measures the spreading of this wave function after time t, namely we consider the position operator after time t

⃗X_ω(t) = e^{ıtH}ω ⃗Xe^{−ıtH}ω

so that ⟨x|P_{Δ,ω} | ⃗X_ω(t) − ⃗X_ω(0)|^pP_{Δ,ω}|x⟩ measures the spreading for p ≥ 1. In order to avoid all kinds of fluctuations due to the choice of the initial point x ∈ R_ω one averages over space and also over time by setting

L^{(p)}_Δ (t)^p =

∫_t 0 ds t ⟨x|P_{Δ,ω}| ⃗X_ω(t) − ⃗X_ω(0)|^pP_{Δ,ω}|x⟩^{space}

As a matter of fact, using the definition of the trace per unit volume and of the differential, this diffusion length can also be written as

L^{(p)}_Δ (t) = (∫_t 0 ds t T ( P_Δ |⃗∇e^{ıtH} |^p

))^{1/p}

In practice we mostly consider the case p = 2. The diffusion exponents β_p(Δ) are defined by

β^±_p (Δ) = lim { sup inf } t↑∞ ln L^{(p)}_Δ (t) ln t

We get then (β denotes either of β^±_{p=2}(Δ))

1. β^−_p (Δ) ≤ β^+_p (Δ)

2. p ≤ p^′ ⇒ β^±_p (Δ) ≤ β^±_p′ (Δ)

3. β = 1 corresponds to ballistic motion. This happens for example in perfect crystals.

4. β = 0 corresponds to absence of diffusion. This happens in particular whenever electrons are strongly localized.

5. β = 1/2 corresponds to quantum diffusion. Numerical computations show that this happens in weak localization regimes.

6. β < 1 corresponds to subballistic regimes. Such regimes have been observed in many models of motion on 1D, 2D quasicrystals [6].

7. 0 < β < 1/2 corresponds to subdiffusion. Its is precisely expected to occur for 3D perfect quasicrystals within the one electron approximation.

Numerical simulation have shown examples of systems for which the diffusion exponent is not trivial. The Harper model [19] describing the motion of a 2D electron on a square lattice submitted to a uniform magnetic field, provides an example of quantum diffusion [20, 21]. The Fibonnacci chain [22, 23, 24], the kicked Harper model [25, 26, 27], the octagonal lattice [28] also give rise to non trivial diffusion exponents.

During the last ten years, a certain number of inequalities have been proved. The first one is the so called Guarneri’s inequality [29, 30, 31]:

β^±_p (Δ) ≥ d^±_{LDoS} (Δ) d where d is the dimension of the space in which the lattice lies. More recently this inequality has been improved in various ways. In the case of 1D chains, with nearest neighbour interactions only (the Hamiltonian then is a Jacobi matrix), a better lower bound was obtained on the ground of analytic arguments [32] or numerical computations [33, 34] and later proved rigorously [35, 36]. More recently this bound was extended to a general Hamiltonian [37] to produce the BGT inequality:

β^±_p (Δ) ≥ 1 d D^±_Δ( d d + p ) Can an absolutely continuous LDoS coexist with subdiffusive motion ?

This question may actually be relevant for systems with d ≥ 3 as we will show below. Absolute continuity means that the LDoS is regular enough. In particular d^±_{LDoS} (Δ) = D^±_Δ(p) = 1. Thanks to Guarneri’s and BGT’s inequalities, this gives

• In 1D, absolute continuity of the LDoS implies ballistic motion.

• In 2D, absolute continuity of the LDoS can coexist with subballistic motion but not with subdiffusive one.

• For d ≥ 3 subdiffusive motion is permitted provided β ≥ 1/d.

Examples of such motion were provided in the literature. A class of models on an infinite dimensional hypercube [38], exhibits smooth LDoS and logarithmically slow diffusion, namely L^{(p)}_Δ (t) ∼ ln(t)^{1/2}. Other models [39] on the basis of the Labyrinth proposed by C. Sire [40], exhibit absolutely continuous LDoS for d ≥ 3 and subdiffusion, some of them having β ≤ .3343.

4. Conductivity and Electronic Transport

In this section we consider now the possibility of dissipative mechanisms on top of the electronic motion in the lattice of atoms. Dissipation may occur from electronphonon collisions (namely from the atomic motion coupled to electrons), from electron-electron interactions, or from any other source of coupling with the outside world. The main effect of dissipative mechanisms is the loss of phase coherence of the electronic wave packet, after a typical time τ_{rel} which depends usually upon the temperature as

τ_{rel} ↑ ∞ as T ↓ 0

Using an N-body approach one can even estimate this dependence. If the dissipation is due to phonons, we usually get [41]

τ_{rel} (T ) ∼ T^{−1} for T large τ_{rel} (T ) ∼ T^{−5} for T small (Bloch’s law)

In [42, 43] a kinetic theory for a description of transport has been proposed. It is based upon the old idea of Drude [44].

In Drude’s model, the electron is a classical free particle of mass m and charge q evolving in R^d. It collides at Poissonian random times with colliders, so that its momentum after the collision becomes a random variable independent of the momentum just before the collision. Choosing its distribution according to the Maxwell- Boltzmann distribution with temperature T leads to Ohm’s law for the conductivity and to Joule’s laws for the electric power.

Our proposal was to mimick this model by assuming that the particle motion is quantized with a Hamiltonian H as in previous sections. Then collisions are represented by quantum jumps [43] from one eigenstate |x > of H to another one |y >, occuring at random Poissonian times with parameter Γ_{ω;x→y}, namely the relaxation time between two such jumps is τ_{x→y} = Γ^{−1}_{ω;x→y}. If the state of the system is represented by the density matrix ρ just before the jump it will become κ_{x→y}(ρ) just after. Here κ_{x→y} is the jump operator: it should transform a density matrix into another one. The time evolution of the state is then given by the Hamiltonian H between jumps and by the jump operator at each jump. More details about such class of models will be published soon [43]. If we switch on an external force, such as a DC or AC uniform electric field ⃗E at frequency ω̃, the evolution of an observable A will be randomized by the collisions processes. The coherent part of the current (controled by quantum interferences) is represented by the operator ⃗J = q d ⃗X/dt. In addition there is a dissipative part of the current produced by the quantum jump processes (e.g. phonon drag). The electric current observed in experiments however is an average of the current, obtained by averaging over the initial state, over the collisions, and over the time at the frequency of the external field. Since there are many electrons in the system, even if one considers them as independent, they behave like a Fermi gas, so that their equilibrium distribution is rather given by a density matrix according to the Fermi-Dirac statistics

ρ_{β,μ} = (1 + e^{β(H−μ)})^{−1}

It then belongs to the observable algebra A. Here β = 1/k_B T is the inverse temperature, whereas μ is the chemical potential fixed by the requirement that

T (ρ_{β,μ}) = n_{el}

where n_{el} is the electron density in the solid. Putting all contributions together, the averaged current ⃗j(ω̃) satisfies:

⃗j(ω̃) = σ(ω̃)⃗E(ω̃) + O(⃗E^2)) (linear response)

where σ(ω̃) is the d × d conductivity tensor. One can prove rigorously, within this framework, that the error term is indeed O(⃗E^2). The formula that one gets for the conductivity is quite involved in general [43]. Within a good approximation one can reduce it to:

σ(ω̃)_{i,j} = q^2 ℏ T ( ∂_j ρ_{β,μ} 1 C + L_H − ıω̃

∂_iH )

where L_H is the Liouville operator acting on A by L_H (A) = ı[H, A]/ℏ, whereas C is the collision operator acting on observables as

C(A)_ω = ∑ x→y Γ_{ω;x→y}(A_ω − κ^∗_{x→y}(A)_ω)

where κ^∗_{x→y} is the dual of the jump operator acting on observables instead of on states.

The Relaxation Time Approximation (RTA) consists in approximating the collision operator C by a multiple of the identity C ≈ id τ_{rel}

(RTA)

where τ_{rel} is a typical relaxation time for dissipative processes. It corresponds to the coherence time or to the inelastic relaxation time found in the literature. The RTA is usually valid at high enough temperature (typically at T ≥ 10 − 50K in many materials). One of the main results concerning the behaviour of the conductivity as τ_{rel} ↑ ∞ (namely as T ↓ 0) is the anomalous Drude formula proved in [42] on the basis of an argument initially due to D. Mayou [6] and completed by C. Sire [45]: if σ_{||} denotes the parallel conductivity (i.e. i = j ) at ω̃ = 0, one has

σ_{||}^{τrel↑∞}∼ τ^{2βF −1}_{rel} (anomalous Drude formula) (1) where β_F = lim_{ε↓0} β_{p=2}(E_F − ε, E_F + ε) and E_F is the Fermi energy. This leads to the following discussion:

1. For ballistic motion, β_F = 1, one recovers the usual Drude formula σ_{||}^{τrel↑∞}∼ τ_{rel} .

2. For absence of diffusion β_F = 0, one gets an anti- Drude behaviour σ_{||}^{τrel ↑∞}∼ 1/τ_{rel}. It is usual unobservable because at low temperature the RTA fails so that one sees all kinds of more complex effects due to the structure of the collision operator C.

3. For a quantum diffusion β_F = 1/2, the conductivity converges to a residual positive value that is usually observed in any weakly disordered system at low temperature.

4. For overdiffusive motion, where 1/2 < β_F < 1 the conductivity eventually diverges leading to a metallic behaviour.

5. For subdiffusive motion, where 0 < β_F < 1/2, the conductivity eventually converges to zero leading to an insulating behaviour. This is what is expected to arise in QC’s.

6. If the Hamiltonian H contains two contributions corresponding to differents values of β_F, the one with the highest diffusion exponent dominates at low temperature. Thus if a weak disorder is added to a subdiffusive system, there will be a residual conductivity a small temperature.

5. Application to QC’s

The results found in the previous section are good candidates to explain the scaling behaviour of the conductivity in term of the temperature. In 1998, Fujiwara and Roche proposed using eq. (1) together with LMTO calculations on AlCuCo predicting β_F ≈ .375, to deduce a scaling law in terms of the temperature. To do so, they assumed that the Bloch law τ_{rel} ∝ T^{−5} is valid on a large range of temperature. If one accepts this as starting hypothesis, one obtains

β_F ≈ .375 & τ_{rel} ∝ T^{−5} ⇓ σ_{||}^{T ↓0}∼ T^{5(1−2βF)} = T^{1.25}

a result compatible with experiments. This is the first known mechanism liable to lead to such a behaviour. In QC’s however such a scaling law is observed in the full range of temperature 300K ≤ T ≤ 1000K. Even if one is ready to believe that electron-phonons coupling is the main source of dissipation, it raises the question of why Bloch’s T^{−5}-law should hold at such high temperatures. If instead we accept the T^{−1}-law that is usually found at high temperatures, the previous argument fails to explain the experiments.

Nevertheless, this result may be of interest in the case of AlP dRe for which this law is followed down to T ≈ 10K (cf Fig.1). In this range of temperatures the Bloch law is likely to dominate. This is interesting because in metal, Bloch’s law is hidden behind the Fermi liquid behaviour (see Section 1.). One explanation could be that in QC’s the electron-electrons interactions should not lead to a Fermi liquid theory because the Fermi surface splits into an infinite number of tiny pockets due to the quasi periodicity of the lattice. If this argument holds, then the T^{−2}-behaviour of the conductivity that is observed in metal, should disappear in QC’s. But there is another argument that may be used: even if the Fermi liquid theory holds, the usual Matthiessen rule 1/τ = 1/τ_1 + 1/τ_2 giving the relaxation time whenever two processes coexist, is replaced in QC’s by an inverse Matthiessen rule [6] of the form τ^α = τ^α_1 + τ^α_2 (with α = 1 − 2β_F) thanks to eq. (1). In such a case, the Bloch term T^{5/4} dominates over the Fermi one proportional to T^{1/2} here. The low temperature behaviour for most QC’s exhibits a residual conductivity, as can be seen in Fig.1. We have seen that this is what happens whenever β_F = 1/2. Therefore in the light of the previous argument we may wonder why such a diffusion exponent should occur in this range of temperatures.

There are two mechanisms liable to lead to such a result. First of all, some weak disorder may occur in the solid. If it is weak it should become negligible at higher temperatures, leaving the previous scaling law dominant. But at smaller temperature the disorder cannot be neglected anymore, so that, by virtue of the point (6)at the end of Section 4. above, it will dominate the conductivity behaviour because the corresponding diffusion exponent is the highest one. The realistic QC’s are indeed likely to exhibit some disorder. Most images in High Resolution Transmission Electron Microscopy (HRTEM) indicate that such disorder should be there. Moreover, the tunneling junction measurement of the DoS near the Fermi level [46], show that the pseudo gap at the Fermi level is partially filled with states which are likely to be related to disorder. Still, one does not know yet what is the origin of that disorder: random tiling, chemical or structural disorder ?

There may be another more subtle explanation however. Even if we assume that the atomic sites are sitting on a perfect quasilattice, we may have a low temperature diffusion exponent equal to 1/2 at the Fermi level. This is because the level spacing distribution should follow the prediction of the Random Matrix Theory GOE statistics. This has been observed in several numerical simulations for a tight-binding model on the Ammann-Beenker tiling (TBAB) of the plane [47, 48, 49, 50]. GOE statistics are usually associated to a weak localization regime in disordered systems, such as the Anderson model. The TBAB model however does not exhibit either weak or strong localization, as shown in [50], since the inverse participation ratio scales in a non classical way in term of the cluster size investigated. However in 3D one expects a smoothening of the LDoS [39] together with a GOE statistics at small energy scale. More generally, on the basis of [39], we conjecture that for d ≥ 3, any homogeneous Schrödinger operator at high enough energy or at low enough potential should have an absolutely continous spectral measure with level repulsion statistics. Therefore such a mechanism entitles us to expect that β_F = 1/2 in a perfect 3D QC. In addition, this conjecture may be violated if the effective Hamiltonian near the Fermi level is not a small perturbation of the free one. That may be a possible mechanism liable to separate AlP dRe from other QC’s, form the point of view of the low temperature conductivity [52]. However if this last mechanism is competing with some disorder, there is a need to know at which energy scale it can actually be observed [52]. Because then we could not understand why a residual conductivity does not appear in AlP dRe. On the contrary, at low enough temperature, several experiments show some Mott variable range hopping [7, 8]. Together with the tunneling junction experiments, showing a deeper pseudogap for AlP dRe than for other QC’s (see [46]), this is an indication that there is a low amount of “impurities”, creating a low density of states at the Fermi level in the pseudo gap. Thus these states should be far enough from each other to be localized. Since the conducting electrons have energy close to E_F at low temperature, they should be trapped in localized states, leading to conduction by variable range hopping.

6. Conclusions

To summarize, we have shown that (C.1) The formalism of the Non Commutative Brillouin Zone gives a mathematical framework allowing to describe anomalous coherent transport, thanks to spectral and diffusion exponents.

(C.2) In dimensions d ≥ 3, we expect the quantum spectral measure (LDoS) to be absolutely continuous, at least in the perturbative regime, with subdiffusive behaviour. (C.3) Using a kinetic model for describing dissipation processes, one gets a Kubo formula and one can derive an anomalous Drude formula.

(C.4) The anomalous Drude formula is likely to explain the scaling laws observed in quasicrystals for the conductivity in term of the temperature. However problems remain to understand the Bloch law for the electronphonon relaxation time at high temperature. (C.5) A pseudo gap near the Fermi level occurs in the energy scale of 50meV [46], with DOS vanishing like √ |E − E_F |. It is probably due to the residual electron-electron Coulomb interaction (the Altshuler- Aronov mechanism [51]). As for semiconductors, this implies that the low temperature conductivity may be dominated by ”impurities”. Then one can interpret the weak localization effect by a larger density of impurities than in the case of the AlP dRe which should then be in the localized regime. This could explain why the scaling laws are seen down to very low temperatures and should also explain why Mott’s variable range hopping is observed in such compounds. However, the very low value of the Mott temperature T_0 (sometimes as low as 1 mK [8]), raises the question of the validity of Mott’s argument in such cases.

(C.6) The occurence of level repulsion observed in numerical computations may be an alternative explanation: if this regime dominates then a residual conductivity should occur. Otherwise the quantum interferences due to Bragg reflexions should dominate. That could be the source of the difference between AlP dRe and other QC’s [52].

Acknowledgements: This work has benefited from collaborations with H. Schulz-Baldes, X.J. Zhong, R. Mosseri, D. Spehner & J. Vidal. Numerous deep discussions with D. Mayou, C. Sire, C. Berger, R. Ketzmerick, T. Geisel & I. Guarneri have been very useful over the years. Thanks to D. Dean and N. Destainville for reading this manuscript.

References

[1] D. Pines & P. Nozières , The Theory of Quantum Liquids, Addison-Wesley, (1966).

[2] G. Mahan, Many Particles Physics, 2nd Printing, Plenum, (1990).

[3] B.I. Shklovskii & A.L. Efros, Electronic Properties of Doped Semiconductors, Springer, (1984).

[4] G. Bergmann, Phys. Rep., 107, (1984), 1-58.

[5] in Lectures on Quasicrystals, F. Hippert & D. Gratias Eds., Editions de Physique, Les Ulis, (1994).

[6] S. Roche, D. Mayou & G. Trambly de Laissardière, Electronic transport properties of quasicrystals, J. Math. Phys., 38, 1794-1822 (1997).

[7] C.R. Wang, C.R. Lin, S.T. Lin, Y.Y. Chen, in Quasicrystals, pp.583-586, World Scientific, (1998).

[8] J. Delahaye, J.P. Brissob, C. Berger, Phys. Rev. Letters, 81, (1998), 4204-4207.

[9] J. Bellissard, in From Number Theory to Physics, chap.12, M. Waldschmidt, P. Moussa, J.M. Luck, C. Itzykson Eds, Springer, (1993).

[10] D. Hermann, M. Zarrouati, J. Bellissard, in preparation.

[11] J. Lagarias & P.A.B. Pleasants, Repetitive Delone sets and perfect quasicrystals, in http://www.-

research.att.com/ ~jcl/papers.html.

[12] Y. Meyer, Algebraic Numbers and Harmonic Analysis, North Holland, Amsterdam (1972); see also Beyond Quasicrystals, (F. Axel & D. Gratias Eds.) Editions de Physique- Springer, (1995), pp 3-16.

[13] H.C. Jeong & P. Steinhardt, Phys. Rev. Letters, 73, (1994), 1943.

[14] P. Gummelt, Geometriae Dedicata, 62, (1996), 1-17.

[15] P. Kramer, in http://xxx.lanl.gov/ abs/math-

-ph/9904001.

[16] J. Bellissard, D. Herrmann & M. Zarrouati, Hull of Aperiodic Solids and Gap Labelling Theorems, to appear in Directions in Mathematical Quasicrystals, M.B. Baake & R.V. Moody Eds., AMS.

[17] J. Renault, A Groupoid Approach to C^∗-Algebras, Lect. Notes in Math. 793, Springer (1980).

[18] H. Schulz-Baldes, J. Bellissard, Rev. Math. Phys., 10, (1998), 1-46.

[19] P.G. Harper, Proc. Phys. Soc. London, A68, (1955), 874-878.

[20] H. Hiramoto & S. Abe, J. Phys. Soc. Jpn, 57, (1988), 1356.

[21] T. Geisel, R. Ketzmerick & G. Petschel, Phys. Rev.

Letters, 66, (1991), 1651.

[22] H. Hiramoto & S. Abe, J. Phys. Soc. Jpn, 57, (1988), 230.

[23] B. Iochum & D. Testard, J. Stat. Phys., 65, (1991), 715-723.

[24] T. Geisel, R. Ketzmerick & G. Petschel, in Quantum Chaos - Theory and Experiments, P. Cvitanovic, I. C. Percival & A. Wirzba Eds, Kluwer, Dordrecht (1992), .

[25] R. Lima & D. Shepelyansky, Phys. Rev. Letters, 67, (1991), 1377.

[26] T. Geisel, R. Ketzmerick & G. Petschel, Phys. Rev.

Letters, 67, (1991), 3635.

[27] R. Artuso, G. Casati & D. Shepelyansky, Phys. Rev.

Letters, 68, (1992), 3826; 69, (1992), 3302.

[28] C. Sire, B. Passaro & V. Benza, Phys. Rev., B46, (1992), 13751-13754.

[29] I. Guarneri, Europhys. Lett., 10, (1989), 95-100; 21, (1993), 729-733.

[30] J.M. Combes, in Differential Equations and Applications in Mathematical Physics, pp.59-69, W.F. Ames, E.M. Harrel & J.V. Herod Eds., Academic Press, (1993).

[31] Y. Last, J. Funct. Anal., 42, (1996), 406-445.

[32] F. Piéchon, Phys. Rev. Letters, 76, (1996), 4372.

[33] G. Mantica, Physica, D 103, (1997), 576-589; D 109, (1997)113-127.

[34] R. Ketzmerick, K. Kruse, S. Kraut, T. Geisel, Phy.

Rev. Lett., 79, (1997), 1959-1962.

[35] I. Guarneri, H. Schulz-Baldes, Math. Phys. Elect.

J., 5, paper 1, (1999).

[36] J.M. Barbaroux & H. Schulz-Baldes, Ann. I.H.P., 71, (1999), 1-21.

[37] J. M. Barbaroux, F. Germinet & S. Tcheremchantsev, Intermittency in quantum dynamics, submitted to C.R.A.S., (1999).

[38] J. Vidal, R. Mosseri & J. Bellissard, J. Phys., A32, (1999), 2361-67.

[39] H. Schulz-Baldes & J. Bellissard, Subdiffusive quantum transport for 3D-Hamiltonians with absolutely continuous spectra, mp-arc 99-344, to appear in J. Stat. Phys..

[40] C. Sire, Europhys. Lett., 10, (1989), 483-488.

[41] N.W. Ashcroft, N.D. Mermin, Solid State Physics, HRW International Edition, (1976).

[42] H. Schulz-Baldes & J. Bellissard, J.Stat.Phys., 91, (1998), 991-1026 .

[43] D. Spehner & J. Bellissard, in preparation.

[44] P. Drude, Annalen der Physik, 1, 566-613 (1900).

[45] C. Sire in [5].

[46] Davydov, D. Mayou, C. Berger, C. Gignoux, Neumann, Jansen & Wyder, Phys. Rev. Letters, 77, (1996), 3173.

[47] V. G. Benza & C. Sire, Phys. Rev. Letters, 44, (1991), 10343-45.

[48] X.J. Zhong, U. Grimm, R. A. Römer, M. Schreiber, Phys. Rev. Letters, 80, (1998), 3996 - 3999.

[49] M. Schreiber, U. Grimm, R. A. Römer & X.J.

Zhong, Physica, A 266, (1999), 477-80.

[50] U. Grimm, R. A. Römer, M. Schreiber, X. J. Zhong, Universal level-spacing statistics in quasiperiodic tight-binding models, see cond-mat/9908063. See also their contribution in this issue.

[51] B.L. Al’tshuler & A.G. Aronov, Sov. Phys. JETP, 50, (1979), 968-976.

[52] D. Mayou & J. Bellissard, in preparation.