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)- Aperiodic media

Examples

1.Perfect crystalsin d-dimensions:
translationand crystalsymmetries.
TranslationgroupT zd

2.Quasicrystals no translationsymmetry but
icosahedradtymmetry EX.:

(a) Al 2:5Cu 25Feq2:5;
(b) Al 70Pd 22Mn g;
(c) Al 70Pd 22Res;

3. Disordered media: randomatomicpositions

(a) Normalmetals(with defectsor impurities);
(b) Doped semiconductor&Si; AsGa; ::2);
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Mathematical Description

1. Closingsuitably the set of translatedof the set of
atomicpositionsleadsto the Hull : it is a compact
metrizablespace endavedwith an RY-action.

2.An Invariarnt ergalic probability measurd is pro-
videdby the Gibbsstateat zerotemperature.

3.Obserablesare random operators A = (A1) 2
acting on the Hilbert spaceH of quantum states
(su asL2(RY) for spinles®lectronswith:

(a) Covariance: T(@)A1 T(a) 1= A 4.
(b)! 7! Ay Isstronglyconinuous.

4. The traceper unit volume,de nzed by P, exists:

To(A) = lim jijTr(A! ) = dP(! )XjA jXi

5.Dierential: (FA) = {[X;A]
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[1)- Coherent Transport

Local Exp onents

Givena positive measure onR:
R

E+"
E) = lim SWP Me -d
INf " 50 In"
For aBorelsubsebfR:
sup
() = ess . (E)
INf £o

l.;ForallE, (E) O.
(E) 1for -almostall E.

2.1f isacon then () =1,
If Isppon then () 0.

3.1f and areequialen measuresn , then
(E)= (E) -almostsurely

4. * coincidesvith the packing dimension
coincidesvith the Hausdor dimension
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Fractal EXxp onents
Forp2 R:

R NR w Oga

In d(E) g . d
D. (4 = lm —— fim SYP
; @ g 1vxo inf In"

1.D. (qg) isanondecreasinfunctionof q.

2.D. (g) isnot aninvariart of the measurelassjn
general.

3(@)lf i1sacon thenD. (q) = 1.
(b)If i1sppon thenD. (g = 0.
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Spectral Exp onents

Givena HamiltonianH = (Hi ), » , namelya selfad-
joint obserable,we de ne:

1.The local density of state (LDOS) is the spectral
measurefH, relativeto avector' 2 H.

2. The correspndinglocal exponen is obtainedafter
maximizing(+) or minimizing(-) over' . It is de-
noted It ISP a:s:independenof! .

3. Thedensity of states(DOS)asthe measurele ned
by Z
dNR(E)T (E) = Te(f (H))

4.The local exponen assgciatedwith the DOSIs de-
notedby

DOS*

o.Inequaliy - () pos( )

6. The fractal exponerts for the LDOSarede nedin
the sameway, providedwe considethe averageover
| beforetaking the logarithmandthe limit " # 0.




Transport Princeton Univ Dec. 12 2000 8

Transp ort EXxp onents

1.For R Borel, let P ., be the correspnding
spectralprojectionof Hi . Set:

X, (t) = el x ¢ {tH

2. The averagedspreadof a typical wave padket with
energyin  is measuredby:

Z ds £ 1=
LP(t) = — dPRGP LR () XPP i
0
3.Dene = () similarlysothat L(p)(t) t .

4. p() 0 ().
o () arenondecreasing p.

5.Heuristic

= 0! absencefdi usion (ex: localization),
= 1! ballisticmotion(ex: in crystals),
= 1=2! quartum di usion

(ex: weak localization).
< 1! subballisticregime,
< 1=2! suldiusiveregime

(ex: in quasicrystals.
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Inequalities

1. Guarneri's inequality: (cuarneri 89, Comtes, Last '96)

LDOS( )
2.BGT inequalities: (Barbaroux, Germinet, Tcheremchantse\/OO)
1 d
P () a DLDOS, (m)

3. Heuristics:
(a) ac spectrumimplies 1=d.
(b) ac spectrumimpliesballisticmotionind = 1

(c) ac spectrumis compatiblewith quartum di u-
sionin d = 2. This is expectedin weaklocaliza-
tion regime.

(d) ac spectrumis compatiblewith suldi usion for
d 3.
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Results for Mo dels

1. For Jacobimatrices(1D chains),the positionoper-
ator Is de ned by the spectralmeasurdorthogonal
polynomials)) transport exponerts shouldbe de-

ned throughthe spectralones.

2.For Jacobimatricesof a Julia set, with the -
balan Ced"neasurQBarbaroux, Schulz—BaldeS99)

T D (@1 p) forall 0 p 2

P
3.1f Hy; ;Hg areJacobimatrices, 1;, ; g are
positive numbersand if
xd
H() = i1 H, 1
] =1

Then (Schulz-BaldesBeIIissard 'OO)
s(HO)) = max 3 (Hj)
%
oos(H ) = minfL o(Hj)g
J
for a.e. . In additionif oos(Hj) > 1, HO)
hasa.c. spectrum.

J



Transport Princeton Univ Dec. 12 2000 11

4.Forany > 0, thereisaJacobimatix Hqg sud that
if Hj = Hg; 8j, H() hasa.c. spectrum ford 3
andspectralexpnen 1=d  fora.e.
(Schulz-BaldesBeIIissard 'OO)

5.Thereis a classof modelsof Jacobimatriceson an
In nite dimensionahypercule with a.c. spectrum
andvanishingtransport exponens.
(Vidal, Mosseri, Bellissard '99)
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[11)- Dissipative Transport :

The Drude Mo del (1900)
Hypothesis

1.Electronsin a metal are free classicabparticlesof
massn andchargeq.

2. They experiencecollisionsat random poissonnian
times < th < th41 < , With averagerelax-
ationtime ..

3.1f pn Is the electronmometum betweentimestn
andtn+1, thenthepn+1 pn'sareindependemran-
domvariabledistributedaccordingo the Maxwell
distribution at temperatureT .

Thenthe conductiviy follovsthe Drude formula

_on
m

rel
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random scatterers

test particle
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The DrudeKinetic Model
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Anomalous Drude formula (RTA)

1. Replacéahe classicatlynamicdoy the quarium one
electrondynamicin the aperiadic solid.

2.At ead collision,forcethe densiy matrix to come
bad to equilibrium. (Relaxationtime Approxima-
tion or RTA).

3. Thereis then onerelaxationtime . The electric
conductiviy is then given by Kubo'sformula:

o 1 1

Hereq is the chargeof the carriers, = 1=kgT,
IS the chemicalpotertial andLy = {=[H;].

4. For the Hilbert-Stimidt inner product de ned by
Tp, Ly Is anti-selfadjoih. Thusas o " 1, the
resolemn of L Is ewaluatedclosento the spectrum
near0. Then (mayou92, sire '93 Bellissard, Schulz-Baldes95):

rel 1 2 1
rel

where ¢ Is the transport expnenn o(Eg) ewalu-
atedat Fermilewel.
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Heuristic

1.In practice, " 1 asT #0.

2.1f = 1 (hallistic motion), « (Drude). The
systembehaesasa conductor.

3.1f ¢ = 0 (absene of di usion) 1= . The
systembehavesasan insulator. The RTA is incor-
rect however at low temperature.

4.1f = 1=2 (quantum di usion), const::
residualconductiviy at low temperature.

5.For 1=2 < . 1, " 1 asT # O:thesystem
beharesasa conductor.

6.For O < 1=2, #O0asT # 0: the system
beharesasan insulator.

7.1f we assumean additionthat the Bloch law
T 2 (Roche, Fujwara 98), then  follows a scalinglaw
(compatiblewith the behaviour of quasicrystals).
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Beyond the RTA

1. At low temperature,the RTA isinvalid. Thereis a
spectrumof relaxationtimes.

2. A kinetic madel of quantum jumps hasbeenpro-
posedeadingto the validity of linearresmnse.
(Spehner, Bellissard '00, Bellissard, Relblledo, Spehner, von Waldenfels‘OO).

3. The current admitstwo parts . the coherenhone,
Inducedby J = {[X;H], and a dissipatie onein-
cludingothere ectslike phonondrag, etc.

4. The Kubo formula becomesnoreinvolved and can
be decompsednto v e cortributionsin general.

5. Appliedto stronglylocalizedelectronsthis formal-
Ismgivesriseto ajusti cation of the Abrahamsand
Miller randomresistometwork model (sghner, Thesis o,
Spehner, Bellissad, 'OO) .

This modeldescrilesthe Mott variable rangehop-
ping andleadsto

0 Toy1=cd+1
e ) (Mott '64)
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V)- Conclusions:

1. The electrondynamicsan an aperiadic solidcanbe descriled
by usingrandomoperatorsand rules of Non Comnutative
Calculus.

2. The guartum ewlution of a typicalwave padket leadsto ano-
malouddi usion, descriledthroughvariousspectralandtrans-
port exponerts.

3. Theseexponerts arerelatedby inequalitieghat allow suldif-
fusiontogethemwvith absolutelycortinuousspectrumford 3.

4. Dissipative mehanismssud aselectron-phonomteraction,
may be descriled through kinetic madels, generalizinghe
Drudemadel.

5. The interplay betweencohereh and dissipatie transport is
revealedat low temperature. Anomaloudi usion then leads
to ananomalou®rudefornula within the RTA.

6. The anomalou®Prude formula may explainthe behaviour of
guasicrystals.

7. Beyondthe RTA, the kinetic modelsarestill valid but involve
more conditions. One consequenas the justi cation of the
Abraham-Millerrandomresistornetwork whidh usuallyleads
to a better understandingf the Mott variablerangehopping
conductiviy, in stronglydisorderedgystems.



