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I)- Aperiodic media :

Examples

1.Perfect crystals in d-dimensions:
translationandcrystalsymmetries.
TranslationgroupT ' Zd.

2.Quasicrystals: no translationsymmetry, but
icosahedralsymmetry. Ex.:

(a) Al 62:5Cu 25Fe12:5;
(b) Al 70Pd 22Mn 8;
(c) Al 70Pd 22Re8;

3.Disordered media: randomatomicpositions

(a) Normalmetals(with defectsor impurities);
(b) Dopedsemiconductors(Si; AsGa ; : : :);
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Mathematical Description

1.Closingsuitably the set of translatedof the set of
atomicpositionsleadsto the Hull : it is a compact
metrizablespace
 endowedwith an Rd-action.

2.An invariant ergodic probability measureP is pro-
videdby the Gibbsstateat zerotemperature.

3.Observablesare random operators A = (A ! )! 2 

acting on the Hilbert spaceH of quantum states
(such asL2(Rd) for spinlesselectrons)with:

(a) Covariance: T(a)A ! T(a)� 1 = A � � a! .
(b) ! 7! A ! is stronglycontinuous.

4.The traceper unit volume,de�nedby P, exists:

TP(A) = lim
� " Rd

1
j� j

Tr(A ! � � ) =
Z



dP(! )hxjA ! jxi

5.Di�erential: (~r A)! = � {[ ~X ; A! ]
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I I)- Coherent Transport :

Lo cal Exp onents

Givena positive measure� on R:

� �
� (E) = lim

�
sup
inf

�

" # 0

ln
RE + "

E � "
d�

ln "
For � a Borelsubsetof R:

� �
� (�) = � � ess

�
sup
inf

�

E2�
� �

� (E)

1.For all E, � �
� (E) � 0.

� �
� (E) � 1 for � -almostall E .

2. If � is ac on � then � �
� (�) = 1,

if � is pp on � then � �
� (�) = 0.

3. If � and� areequivalent measureson �, then
� �

� (E) = � �
� (E) � -almostsurely.

4. � +
� coincideswith the packing dimension.

� �
� coincideswith the Hausdor� dimension.
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Fractal Exp onents

For p 2 R :

D �
�; � (q) = lim

q0! q

1
q0� 1

lim
" # 0

�
sup
inf

� ln
�

R
� d� (E)

nRE + "
E � " d�

oq0� 1
�

ln "

1.D �
�; � (q) is a nondecreasingfunctionof q.

2.D �
�; � (q) is not an invariant of the measureclass,in

general.

3.(a) If � is ac on � thenD �
�; � (q) = 1.

(b) If � is pp on � then D �
�; � (q) = 0.
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Spectral Exp onents

Givena HamiltonianH = (H ! )! 2 
 , namelya selfad-
joint observable,we de�ne:

1.The local density of state (LDOS) is the spectral
measureof H ! relative to a vector' 2 H .

2.The correspondinglocal exponent is obtainedafter
maximizing(+) or minimizing(-) over ' . It is de-
noted� �

LDOS. It is P � a:s: independent of ! .

3.Thedensityof states(DOS)asthemeasurede�ned
by Z

dNP(E)f (E) = TP(f (H ))

4.The local exponent associatedwith the DOSis de-
notedby � �

DOS.

5. Inequality : � �
LDOS(�) � � �

DOS(�) .

6.The fractal exponents for the LDOSarede�ned in
thesameway, providedweconsidertheaverageover
! beforetaking the logarithmandthe limit " # 0.
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Transp ort Exp onents

1.For � � R Borel, let P� ; ! be the corresponding
spectralprojectionof H ! . Set:

~X ! (t) = e{tH ! ~X e� {tH !

2.The averagedspreadof a typicalwave packet with
energyin � is measuredby:

L (p)
� (t) =

� Z t

0

ds
t

Z



dP hxjP� ; ! j ~X ! (t) � ~X jpP� ; ! jxi

� 1=p

3.De�ne � = � �
p (�) similarlysothat L (p)

� (t) � t � .

4. � �
p (�) � � +

p (�).
� �

p (�) arenondecreasingin p.

5.Heuristic
� = 0 ! absenceof di�usion (ex: localization),
� = 1 ! ballisticmotion(ex: in crystals),
� = 1=2 ! quantum di�usion
(ex: weak localization).
� < 1 ! subballisticregime,
� < 1=2 ! subdi�usive regime
(ex: in quasicrystals).



Transport Princeton Univ Dec. 12 2000 9

Inequalities

1.Guarneri's inequality: (Guarneri '89, Combes , Last '96)

� �
p (�) �

� �
LDOS(�)

d

2.BGT inequalities: (Barbaroux, Germinet, Tcheremchantsev'00)

� �
p (�) �

1
d

D �
LDOS,� (

d
d + p

)

3.Heuristics:

(a) ac spectrumimplies� � 1=d.
(b) ac spectrumimpliesballisticmotionin d = 1
(c) ac spectrum is compatiblewith quantum di�u-

sionin d = 2. This is expectedin weaklocaliza-
tion regime.

(d) ac spectrumis compatiblewith subdi�usion for
d � 3.
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Results for Mo dels

1.For Jacobimatrices(1D chains),the positionoper-
ator is de�nedby the spectralmeasure(orthogonal
polynomials)) transport exponents shouldbe de-
�ned throughthe spectralones.

2.For Jacobimatricesof a Julia set, with � the � -
balancedmeasure(Barbaroux, Schulz-Baldes'99)

� +
p � D � (1 � p) for all 0 � p � 2

3. If H1; � � � ; Hd are Jacobimatrices,� 1; � � � ; � d are
positive numbersand if

H (� ) =
dX

j =1

� j 1 
 � � � 
 H j 
 � � � 
 1

Then(Schulz-Baldes,Bellissard '00)

� +
p (H (� )) = max

j
� +

p (H j )

� LDOS(H (� )) = minf 1;
X

j

� LDOS(H j )g

for a.e. � . In addition if
P

j � LDOS(H j ) > 1, H (� )

hasa.c. spectrum.
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4.For any � > 0, thereis a Jacobimatix H0 such that
if H j = H0; 8j , H (� ) hasa.c. spectrum for d � 3
andspectralexponent � 1=d� � for a.e. � .
(Schulz-Baldes,Bellissard '00)

5.Thereis a classof modelsof Jacobimatriceson an
in�nite dimensionalhypercube with a.c. spectrum
andvanishingtransport exponents.
(Vidal, Mosseri, Bellissard '99)
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I I I)- Dissipative Transport :

The Drude Mo del (1900)

Hypothesis:

1.Electronsin a metal are free classicalparticlesof
massm� andchargeq.

2.They experiencecollisionsat randompoissonnian
times� � � < tn < tn+1 < � � �, with averagerelax-
ation time � rel.

3. If pn is the electronmomentum betweentimes tn
andtn+1, thenthepn+1 � pn's areindependent ran-
domvariablesdistributedaccordingto the Maxwell
distributionat temperatureT.

Thenthe conductivity followsthe Drude formula

� =
q2n
m�

� rel
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Anomalous Drude form ula (RTA)

1.Replacethe classicaldynamicsby the quantum one
electrondynamicin the aperiodic solid.

2.At each collision,forcethe density matrix to come
back to equilibrium.(Relaxationtime Approxima-
tion or RTA).

3.Thereis then onerelaxation time � rel. The electric
conductivity is thengivenby Kubo's formula:

� i;j =
q2

~
TP

�
@j

�
1

1+ e� (H � � )

�
1

1=� rel � L H
@iH

�

Hereq is the chargeof the carriers,� = 1=kBT, �
is the chemicalpotential andL H = {=~[H; :].

4.For the Hilbert-Schmidt inner product de�ned by
TP, L H is anti-selfadjoint. Thus as � rel " 1 , the
resolvent of L H is evaluatedcloserto the spectrum
near0. Then(Mayou '92, Sire '93 Bellissard, Schulz-Baldes'95):

�
� rel " 1

� � 2� F � 1
rel

where� F is the transport exponent � 2(EF ) evalu-
atedat Fermi level.
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Heuristic

1. In practice,� rel " 1 asT # 0.

2. If � F = 1 (ballistic motion), � � � rel (Drude). The
systembehavesasa conductor.

3. If � F = 0 (absence of di�usion ) � � 1=� rel. The
systembehavesasan insulator. The RTA is incor-
rect however at low temperature.

4. If � F = 1=2 (quantum di�usion ), � � const::
residualconductivity at low temperature.

5.For 1=2 < � F � 1, � " 1 as T # 0:the system
behavesasa conductor.

6.For 0 � � F < 1=2, � # 0 as T # 0: the system
behavesasan insulator.

7. If we assumein addition that the Bloch law � rel �
T � 5 (Roche, Fujiwara '98), then � follows a scalinglaw
(compatiblewith the behaviour of quasicrystals).
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Bey ond the RTA

1.At low temperature,the RTA is invalid. Thereis a
spectrumof relaxationtimes.

2.A kinetic model of quantum jumps hasbeenpro-
posedleadingto the validity of linearresponse.
(Spehner, Bellissard '00, Bellissard, Rebolledo, Spehner, von Waldenfels'00).

3.The current admits two parts : the coherent one,
inducedby ~J = {[ ~X ; H ], and a dissipative onein-
cludingothere�ects like phonondrag, etc.

4.The Kubo formula becomesmoreinvolvedandcan
be decomposedinto �v e contributions in general.

5.Appliedto stronglylocalizedelectrons,this formal-
ismgivesriseto a justi�cation of theAbrahamsand
Miller randomresistornetwork model(Spehner, Thesis '00,

Spehner, Bellissard, '00).
This modeldescribestheMott variablerangehop-
ping andleadsto

�
T # 0
� e (� T0

T )1=d+1
(Mott '64)
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IV)- Conclusions:

1. The electrondynamicsin an aperiodic solidcanbe described
by using randomoperatorsand rules of Non Commutative
Calculus.

2. The quantum evolutionof a typicalwavepacket leadsto ano-
malousdi�usion, describedthroughvariousspectralandtrans-
port exponents.

3. Theseexponents arerelatedby inequalitiesthat allow subdif-
fusiontogetherwith absolutelycontinuousspectrumford � 3.

4. Dissipative mechanisms,such aselectron-phononinteraction,
may be described through kinetic models, generalizingthe
Drudemodel.

5. The interplay betweencoherent and dissipative transport is
revealedat low temperature.Anomalousdi�usion then leads
to an anomalousDrudeformula within the RTA.

6. The anomalousDrudeformula may explainthe behaviour of
quasicrystals.

7. Beyondthe RTA, the kineticmodelsarestill valid but involve
moreconditions. Oneconsequenceis the justi�cation of the
Abraham-Millerrandomresistornetwork which usuallyleads
to a better understandingof the Mott variablerangehopping
conductivity, in stronglydisorderedsystems.


