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[ - Michon's Trees

G. Micron, “Les Cantors réguliers”, C. R. Acad. Sci. Paris Sér. [ Math., (19), 300, (1985) 673-675.
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Definition A Cantor set is a compact, completely disconnected set
without isolated points

Theorem Any Cantor set is homeomorphic to {0, 1N,
L. BrouweRr, “On the structure of perfect sets of points”, Proc. Akad. Amsterdam, 12, (1910), 785-794.

Hence without extra structure there is only one Cantor set.
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Definition Let X be a set. A metricd on Xisamapd : X X X — Ry
such that, for all x,y,z € X

(1) d(x,y) = 0ifand only if x = y,

(1) d(x, y) = d(y, x),

(111) d(x, y) < d(x,z) +d(z, ).

Definition A metric d on a set X is an ultrametric if it satisfies

d(x,y) < max{d(x,z),d(z, v))

for all family x, y, z of points of C.
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Given (C,d) a metric space, for € > 0 let < be the equivalence
relation defined by

xfgy & dxg=x,x1, X1, xn=Y d(Xp_1,x;) <€

Theorem Let (C,d) be a metric Cantor set. Then there is a sequence
€1 > €y > ---ey > -+ > 0 converging to 0, such that ~ = 2 whenever
€En = € > €41

For each € > 0 there is a finite number of equivalence classes and each of
them 1s close and open.

Moreover, the sequence [x]e,, of clopen sets converges to {x} as n — oo.
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[3)- Michon's graph

Set
e Vo = {C} (called the root),
oforn>1,V, ={xle,;x €C}
e V is the disjoint union of the Vs,
e ={(0,0)eVXV,;, dnelN,veV,,v eV, 1,0 Cuv},
e 6(v) = diam{v}.

The family T = (C,V, £, 0) defines a weighted rooted tree, with
root C, set of vertices V, set of edges € and weight 6
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[4)- The boundary of a tree

Let T =(0,V, &) be arooted tree. It will be called Cantorian it

e Fach vertex admits one descendant with more than one child

e Each vertex has only a finite number of children.

Then 07 is the set of infinite path starting form the root. If v € V
then [v] will denote the set of such paths passing through v

Theorem The family {[v]; v € V} is the basis of a topology making JT
a Cantor set.
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e If w € Vis a child of v then 6(v) > 6(w),
e I[f v € V has only one child w then 6(v) = 6(w),
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A weight on Tisamap 6 : V = R4 such that

o If w € Vis a child of v then 6(v) > 6(w),
e [f v € V has only one child w then 6(v) = 6(w),

o If v, is the decreasing sequence of vertices along an infinite
path x € d7 then lim;;— . 6(vy;) = 0.

Theorem If T is a Cantorian rooted tree with a weight 6, then dT admits
a canonical ultrametric dg defined by.

ds(x, y) = o([x A yl)

where [x A y] is the least common ancestor of x and y.



XAY

The least common ancestor of x and y



Theorem Let T be a Cantorian rooted tree with weight 6. Thenifv € V,
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Theorem Let T be a Cantorian rooted tree with weight 6. Thenifv € V,
0(v) coincides with the diameter of [v] for the canonical metric.

Conversely, if T is the Michon tree of a metric Cantor set (C,d), with
weight 6(v) = diam(v), then there is a contracting homeomorphism

from (C,d) onto (07,dg) and dg is the smallest ultrametric dominating
d.

In particular, if d is an ultrametric, then d = dg and the homeomorphism
is an isometry.

This gives a representation of all ultrametric Cantor sets together
with a parametrization of the space of ultrametrics.



Lh)- Sub-trees

A similar construction might be done by replacing the vertices by
a sequence (I1y),en of finite clopen partitions such that

e [[jis reduced to {C}
o [], . 4 is arefinement of I,

o if 0, is the diameter of the largest atom of 11, then
hmn_)oo 61/1 =0

e An edge is a pair (v, w) € 11, X I1,,,4, for some n > 0 such that
wCov

Such a tree will be reduced if each vertex has more than one child.



II - Spectral Triples

A. Connes, Noncommutative Geometry, Academic Press, 1994.
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[L.1)- Spectral Triples

A spectral triple is a family (H, A, D), such that
e / is a Hilbert space

e A is a *-algebra invariant by holomorphic functional calculus,
with a representation 7t into H by bounded operators

e D is a self-adjoint operator on H with compact resolvent such
that [D, (f)] € B(H) is a bounded operator for all f € A.

o (H,A,D)is called even if there is G € B(H) such that
-G=G"=G!
- |G, t(f)] =0for f € A
- GD = -DG
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[1.2)- The spectral triple of an ultrametric Cantor set

Let T = (C,V,¢&,0) be a reduced Michon tree associated with an
ultrametric Cantor set (C,d). Then

o H = 52(\7) ® C2: any ¢ € H will be seen as a sequence (1y) ey
with ¢, € C?

e G, D are defined by

DY) = 5 [(1) (1)] vo (G = [(1) _?] e

so that they anticommute.

o A = C,,(C) is the space of Lipshitz continuous functions on

(Cd)
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[1.3)- Choices

The tree T is reduced, meaning that only the vertices with more
than one child are considered.

A choice will be a function 7 : V = C X C such that if 7(v) = (x, v)
then

e x, vy € [7]
 d(x, ) = 5(0) = diam([0])

Let Ch(v) be the set of children of v. Consequently, the set Y(C) of
choices is given by

rO=[[r Y= || Ix]

veV w#w’e Ch(v)
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the Cantor set C.
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The set 'V of vertices can be seen as a coarse-grained approximation of
the Cantor set C.

Similarly, the set Y, can be seen as a coarse-grained approximation the
unit tangent vectors at v.

Within this interpretation, the set Y(C) can be seen as the unit sphere
bundle inside the tangent bundle.



[14)- Representations of



[14)- Representations of

Let 7 € Y(C) be a choice. If v € V write 7(v) = (t+(v), 7-(v)). Then
¢ is the representation of C,,,(C) into H defined by



[14)- Representations of

Let 7 € Y(C) be a choice. If v € V write 7(v) = (t+(v), 7-(v)). Then
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[14)- Representations of

Let 7 € Y(C) be a choice. If v € V write 7(v) = (t+(v), 7-(v)). Then
¢ is the representation of C,,,(C) into H defined by

(nT(f)¢)v — [f(TB(U)) f(T?('U))} sz) f S CLip(C)

Theorem The distance d on C can be recovered from the following
Connes formula

d(x,y) = Sup{lf(x)—f(y) ; sup [[[D, ()]l < 1}

€Y (C)



Remark: the commutator [D, 7t:(f)] is given by

_ f1+() = f(7-(0))

0 -1
(ID, e (HIY), = ds (1+(v), T—(0))

+1 O]%




Remark: the commutator [D, 7t:(f)] is given by

_ f1+() = f(7-(0))

0 -1
(ID, e (HIY), = ds (1+(v), T—(0))

+1 O]%

In particular sup_ [[[D, 7¢(f)]|| is the Lipshitz norm of f

f(x) = f(y)
ds(x, )

Ifll,, = sup
x#y eC



- (-tunction and Metric Measure

A. Conngs, Noncommutative Geometry, Academic Press, 1994.
K. Farconer, Fractal Geometry: Mathematical Foundations and Applications, John Wiley and Sons 1990.
G.H. Haroy & M. Ruesz, The General Theory of Dirichlet's Series, Cambridge University Press (1915).
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[11.1)- C-function

The C-function of the Dirac operator is defined by

(s) = Tr (ﬁ) seC

The abscissa of convergence is the smallest positive real number
so > 0 so that the series defined by the trace above converges for

%(S) > 5()-

Thanks to the definition of the Dirac operator

(s) = 2 ) 6(0)°



Theorem Let (C,d) be an ultrametric Cantor set associated with a
reduced Michon tree.

e The abscissa of convergence of the C-function of the corresponding

Dirac operator is always larger than or equal to the Hausdorff dimen-
sion of (C, d).

o [f the Hausdorff dimension is finite, then there is a choice of the
Michon tree so that sy = dimg(C, d).
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If the abscissa of convergence is finite, then a probability measure p
on (C,d) can be defined as follows (if the limit exists)

_ . Tr (IDI°mte(f))
) = T (D)

f € C..(C)



2)- Dixmier Trace & Metric Measure

If the abscissa of convergence is finite, then a probability measure p
on (C,d) can be defined as follows (if the limit exists)

. Tr (IDI"°me(f))
i) = m = iors)

f € C..(C)

This limit coincides with the normalized Dixmier trace

Tr ., (IDI™%0m(f))
Tr . (ID|~50)




Theorem
o The definition of the measure u is independent of the choice t.

e The Dixmier trace is unique if and only if the Hausdor{f measure of
(C, d) exists, is positive and finite.

e in the latter case | coincides with the normalized Hausdorff measure
of (C,d).
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o If C admits an isolated simple pole at s = s, then |D|~! belongs

to the Macaev ideal L507(H). Therefore the measure u is well
defined.

e In particular u is the metric analog of the Lebesgue measure class on
a Riemannian manifold, in that the measure of a ball of radius
r behaves like 7°0 for r small

uB, ) 1

e 1 is the analog of the volume form on a Riemannian manifold.



As a consequence u defines a canonical probability measure v on the
space of choices Y as follows

1
V= @ Vo Vo =2~ Z H @ ppew]x o]

veV e’ eCh(v)

where Z; is a normalization constant given by

Zo= )., plwhu(w'])
w#w’ eCh(v)



[V - The Laplace-Beltrami Operator

A. BeurLING & J. Deny, Dirichlet Spaces, Proc. Nat. Acad. Sci., 45, (1959), 208-215.
M. Fuxusuima, Dirichlet Forms and Markov Processes, North-Holland (1980).

J. PEARSON, J. BELLISSARD,
Noncommutative Riemannian Geometry and Diffusion on Ultrametric Cantor Sets,

J. Noncommutative Geometry, 3, (2009), 447-480.

A. JULIEN, ]. SAVINIEN,
Transverse Laplacians for Substitution Tilings, Commun. Math. Phys. 301, (2010), 285-318.
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[V.1)- Dirichlet Forms

Let (X, 1) be a probability space space. For f a real valued measur-
able function on X, let f be the function obtained as

(1 if f(x)>1

flx) = 4 fx) if 0< fx) <1
0 if f(x)<0

\

A Dirichlet form Q on X is a positive definite sesquilinear form
Q: L4X u) X LA(X, 1) = C such that

e () is densely defined with domain D C L4(X, )

e (Jis closed
e Q is Markovian, namely if f € D, then Q(f, f) < Q(f, f)



The simplest typical example of Dirichlet form is related to the
Laplacian A, on a bounded domain Q ¢ RP

Qu(f,g) = fQ Fx VG - Vg

with domain D = C(l)(Q) the space of continuously differentiable
functions on () vanishing on the boundary.

This form is closeable in L>(Q) and its closure defines a Dirichlet form.
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Any closed positive sesquilinear form Q on a Hilbert space, de-
fines canonically a positive self-adjoint operator —A, satistying

(fl-7A. ) = Q(f, )

In particular @; = exp (tA,) (defined for t € R;) is a strongly
continuous contraction semigroup.

If Q is a Dirichlet form on X, then the contraction semigroup
D = (Dy)s>0 is @ Markov semigroup.
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A Markov semi-group @ on LZ(X, u) is a family (q)t)t6[0,+00) where
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A Markov semi-group @ on LZ(X, u) is a family (CI)t)tE[OIJrOO) where

e For each t > 0, ®; is a contraction from L%(X, u) into itself
e (Markov property) @y o g = Dy g

o (Strong continuity) the map t € [0, +00) > Dy is
strongly continuous

o Vt > 0, Dy is positivity preserving : f >0 = Oy(f) >0

o Oy is normalized, namely ®y(1) = 1.

Theorem (Fukushima) A contraction semi-group on LA(X, u) is a
Markov semi-group if and only if its generator is defined by a Dirichlet
form.
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[V2)- The Laplace-Beltrami Form

Let M be a Riemannian manifold of dimension D. The Laplace-
Beltrami operator is associated with the Dirichlet form

D
Qg = Y, [ e Ve g0 7 9y
ij=1vM

where g is the metric. Equivalently (in local coordinates)

Qu(f, 9 = fM d°x \/det(g(x)) f; . dvy(u) u-VF(x) u-Vg(x)

where S(x) represent the unit sphere in the tangent space whereas
vy is the normalized Haar measure on S(x).
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Similarly, if (C, d) is an ultrametric Cantor set, the expression

[D/ 7TT(]C)]

can be interpreted as a directional derivative, analogous to u - Vf,
since a choice T has been interpreted as a unit tangent vector.

The Laplace-Pearson operators are defined, by analogy, by

Qs(f,8) = j; dv(t) Tr {ﬁ[llm(f)]’e [D,ﬂf(g)]}

for f,¢ € C,,(C) and s > 0.
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Let D be the linear subspace of L*(C, 1) generated by the charac-
teristic functions of the clopen sets [v], v € V. Then

Theorem For any s € R, the form Qs defined on D is closeable on
L%(C, u) and its closure is a Dirichlet form.

The corresponding operator —Ag leaves D invariant, has a discrete spec-
trum.

For s < sg + 2, —As is unbounded with compact resolvent.
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[V:3)- Jumps Process over Gaps

As generates a Markov semigroup,
thus a stochastic process (X);>o where the X;'s takes on values in

C.

Given v € 'V, its spine is the set of vertices located along the finite
path joining the root to v. The vine V(v) of v is the set of vertices
w, not in the spine, which are children of one vertex of the spine.

Then if xy is the characteristic function of [v]
AsXv = Z P(U, W) (Xw — Xv)
weV(v)

where p(v, w) > 0 represents the probability for Xy to jump from v to
w per unit time.



JTAEYNA

The vine of a vertex v



Jump process from v to w



The tree for the triadic ring Z(3)
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Prob(junp) ~ 334-)

Jump process in Z.(3)



Concretely, if @ denotes the father of w (which belongs to the spine)

u(lol)

p(o,w) = 26(w)° 2
Lo

where Z, is the normalization constant for the measure v, on the
set of choices at @, namely

Zo= Y. u(u)ulu'])
uzu’ eCh(d)
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[V4)- Eigenspaces

Let v be a vertex of the Michon graph with Ch(v) as its set of
children. Let &; be the linear space generated by the characteristic
function xq of the [w]’s with w € Ch(v). In particular

Theorem For any s € R, the eigenspaces of —As are the spaces of the
form {xu}* C Ey, namely, the orthogonal complement of x is Ey .



V - To conclude




e Ultrametric Cantor sets can be described as Riemannian mani-
folds, through Noncommutative Geometry.

e An analog of the tangent unit sphere is given by choices
e The Hausdorff dimension plays the role of the dimension
o A volume measure is defined through the Dixmier trace

o A Laplace-Beltrami operator is defined with compact resolvent
and Weyl asymptotics

o [t generates a jump process playing the role of the Brownian
motion.

e This process exhibits anomalous diffusion.
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J. CHEEGER, Differentiability of Lipschitz continuous Functions on Metric Measure Spaces
GAFA, Geom. funct. anal., 9, 428-517, (1999).

e The construction of a spectral triple can be extended to any
compact metric space if the partitions by clopen sets are replaces
by suitable open covers.

o [f the compact metric space (X, d) has finite Hausdorff dimension
then the spectral triple can be chosen to admits dimp(X) as
abscissa of convergence.

o If (X,d) admits a positive finite Hausdorff measure the spectral
triple can be constructed so as to have the measure u, defined
by the Dixmier trace, equal to the normalized Hausdorf measure.

e Under some extra local regularity property on (X, d) a Laplace-
Beltrami operator be defined (J. Crercer).



