Higher eigenvalues and eigenfunctions, the Exclusion Priniciple

Consider again the quadratic form E, under the same assumptions as in the previous
section, i.e., that V € L™?(R™) + L>(R™) and V vanish at infinity in measure. The
existence of a ground state has been established in the previous section, i.e., we know that
there is a function ¢y € H!(R") such that

Ey, = Ey

where
Eo = inf{Ey :¢ € H'(R"), ||¢|2 = 1} .
Also note that for any f € H'(R")
Eyoter By
F(e):= 0 > o = F
©) = o+ e = Taul? =

and hence F’(0) = 0 which reads as

/Vz/}o -V fdx + /V(m)wo(x)f(a:)dx = Ey /d}o(m’)f(x)dx :

In the language of partial differential equations one says that 1y is a weak solution of the
eigenvalue problem

—Atpo(z) + V(z)ho(x) = Eotho(w) .

Likewise we can find the next higher eigenfunction as follows. Consider the minimiza-
tion problem

El = lnf{Ew : ¢ € Hl(Rn)v ||¢||2 = 17 (@ﬁﬂ/)o) - 0} :

As in the previous section we see that a minimizer exists for this problem under the
condition that Fy < 0. The only new thing to check is that the for the minimizing
sequence, call it ¢; with ¢; — 1y,

jh_{go(¢j7¢0) = (¥1,¢0) =0

which follows immediately from the definition of weak convergence. Consider again a
function s
Fle) := P1+ef
&= Tr + e
where f € H'(r™) such that (f,19) = 0. Since F(¢) > E; = F(0) we by differentiating
that

Li(f) = / Vi - Vide + / V(@) (o) (z)dz = Eo / b1 (@) f)de

for all f € H'(R™) with (f, 1) = 0. From that it follows that there exists a constant u so
that L1(f) — Eo(¥1, f) = p(3o, f) for all f € HY(R™). In particular choosing f = 1)y we
get

/ Vi - Vioda + / V(@) (2)o(@)dz = pllol?
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while at the same time
[ Ve Vinda & [ Vi) (@hi(e)ds = B, o) =0

Hence 1 = 0. Therefore, we conclude that

[ Vi Vide+ [ V@) f@ids = B [ @)@
for all f € H'(R™). Hence 1); is a weak solution of the eigenvalue equation
—Ayy(z) + V(@)1 (z) = Erg(z)

We have, tacitly, assumed that the functions ¢y and ¢, are real. Please show that
they can be chosen to be real.

In a similar fashion we can now define the other higher eigenvalues and eigenfunctions
recursively by minimizing

Ek - 1nf{E¢ :¢ € Hl(Rn)a ||¢||2 = 17(1/}7¢l) = Oal = Oalak - 1} :

As before we find that Li(f) = Ex(¢x, f) for all f € HY(R™) with (f,¢;) = 0,1
0,1,...,k—1. Again from this it follows that Ly (f) = Zé:ol pi(f, ) for all f € HY(R™
1

for some numbers pg, i1, ... r—1. Assuming inductively that L;(f) = E;(¢y, f) for all f
H(R™) we get that on the one hand Ly (¢,) = pim||¥m |3, while on the other Ly (¢,,)

L (Y1) = Ex(¥m,¥r) = 0. Hence p; =0,1=0,...,k— 1.

Continuing this way we get a sequence of negative numbers E}, together with function
Y. About this sequence we can state the following theorem.

I mZ

Theorem: Higher eigenvalues and eigenfunctions The sequence Ej is either
finite or infinite in which case it can only accumulate at 0. In particular the eigenvalues
can only be finitely degenerate.

PROOF: Assume that the sequence of eigenvalues Ej is not finite. We may also
assume that the eigenfunctions are normalized to one and are orthogonal to each other.
We have to show that the sequence Ej converges to zero. Suppose not, i.e., there exists a
number —A so that infinitely many eigenvalues are below that number. This means that

By, = Bgllvl® < —Allvl? . (1)
and since the energy dominates the kinetic energy we get
IVrl|® < 2By, + Allgll3 < (A - A) .

In other words, the sequence v, is a bounded sequence in H*(R™). Since the sequence is
orthonormal it converges weakly to zero. Pick A > ¢ > 0 and recall that

| / 2)|n () Pda] < | V() b () P+

N>|V|>e
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+| V() |yn(z) Pde| + | V() |yw(z)|*dz]
Vi=N |VI<e

2/n
< N| [r ()| *d| + (/|V|>N |V($)|”/2dil?> 151302y + Elln]5 -

N>|V|>e

By the Sobolev inequality the second factor in the second term is uniformly bounded. Fix
N large enough can make the seond term less than € uniformly in k. Since {z : |V (z)| > €}
has finite measure we learn from the Rellich Kondrachev Theorem that the first term tends
to zero as k — oo. Hence

limsup | [ V(2)|¢r(z)Pdz| < 2

k—oo
and hence

dim | [Vl Pds] =0 @)
But this contradicts equation (1).

In quantum mechanics, the state of many particles is described a wave function on the
configuration space of these particles. More precisely given N particles with coordinates
r1,...,xN then the wave function

U, ox)
is a function in L2(R3N) and its interpretation is that
|\Ij(1‘1, SR ,ZBN)|2

is the probability density of finding the first particle at x; the second particle at x2 etc.

It is a fundamental law that wave functions of identical elementary particles come in
two flavors.

FERMIONS: The wave function
\Il(xla s 7'rN)
is antisymmetric under exchange of particle labels, i.e.,

\I/(.Iﬁ(l), N 751:7r(N)) = (—)W‘If(l‘l, N ,.TN) y

where 7 is any permutation of N objects and (—)” is the signature of the permutation,

that is —1 for odd permutation and +1 for even parmutations.

BOSONS: The wave function



is symmetric under exchange of particle labels, that is

\If(xﬁ(l), ce 7£C7T(N)) = \Il(xl, .. .,acN) y

where 7 is any permutation of N objects.

If we have K bosons and N fermions then the wave function of the combined system
is given by
‘II(RI,. .. ,RK,Il,. .. ,.I‘N)

where the function is symmtric und permutation of the first K labels and antisymmetric
under permutations of the other N labels.

There is an added complication because of the spin but we neglect this possibility for
the moment.

As in the one particle case we can now write down an energy for a system of N non-
interacting particles

Ey =Ty + Vg

where

T\I/_Z/ |Vm7\If xl""7mN)|2d£L’1"‘d$N,

and
V‘I’_Z/ V() |¥( T1,...,xn)Pdey - day

We shall make the same assumption about the potential as in the case of one particle.

The problem is now to find

Eo(N) =inf{Ey : ¥ € H'(R*™), || V|| 2 (gen) = 1} .

Theorem: Minimization for non interacting bosons The gound state energy for
N noninteracting bosons is given by

Eo(N) = NE,

and the corresponding minimmizer is given by

N
IT ¢ola)
j=1

where g is the normalized ground state wave function of the single particle problem.
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PROOF: Clearly by using vazl to(x;) as a normalized trial function we see right
away that Eg(N) < NEj. To see the converse is a bit more difficult. Define the one
particle density associated with ¥ by

p(l‘):N |\I/(I',LL‘2,...7$N)|2d1172"-dIN .
R3(N-1)
Note it is immaterial over which variable we integrate since the function |¥(xy,...,zx|?

is symmetric. this definition holds for bosonic wave functions as well as for fermionic wave
functions. For our boson wave function we calculate

1
N

and by Schwarz’s inequality we obtain the bound

N+/p(x) / VoV (z,20,...,2n5)|2dey - - - dwN}

2
|v\/ﬁ(l‘)’2 =N [ /1;3(]\]_1) \IJ(IL‘,I‘Q, cee 7:EN)VI\I](I,ZL‘2, s ,$N)d1172 o dIN:|

1
Vo)

V@)l < [

:N/|Vm\11(m,ac2,...,xzv)|2dx2---da:N,

and upon integrating over x, using the symmetry of the wave function we get the Hoffmann-
Ostenhof inequality

/ \V/p(z)Pde < Ty .
R3

In particular we learn that \/p € H'(R?). Note that a simple calculation reveals that

Vo = /R3 V(z)p(x)dx .

Thus, we see that
Bz [ IVVp@)Pdet | Vieyp()s
R3 R3

which we have to minimize over all \/p € H'(R®) with [p = N. Put it differently, we
can define vV N¢(z) = \/p(z) and have to minimize the one particle problem NE, over
all v € HY(R?) with ||¢|| = 1 which equals NEy. Hence have that Eo(N) = Ey and
H;.V:l Yo(z;) is a minimizer. If Wy is any other minimizer there must be equality in all the
above inequalities. In particular equality in Schwarz’s inequality leads to

Nj(2)¥(z, 22,...,28) = V;¥(z,22,...,2N)

for a.e. xo,...xxN. Because of the symmetry of the function under prmutation, ¥ must be
a product function of the form vazl ¢(z;) and insering this function into the functional
we get that

N[T¢ + V¢] = NEy
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and hence ¢ must be the ground state of the one body problem which, as we have argued
somewhere else is unique.

Theorem: Minimization for non interacting fermions The gound state energy
for N moninteracting fermions is given by

Eo(N) = E; (3)

and the corresponding minimmizer is given by a slater determinant

1
VN1

where 1; is the normalized eigenfunctions associated with the eigenvalues Eq, E—1, ..., En_1
of the single particle problem. If the number of non-positive eigenvalues is strictly less than
N there is no minimizer but the energy is just the sum over the available non positive eigen-
values.

This Theorem is quite a bit trickier. Note that we can write

det(ys(z;))

N
Z/|vxij('x17wrN)‘deldwN:N/‘vxl\Ij<xla7$N)|2d'r1de
i=1

:/Nﬂmmwm: (4)

where the one particle density matrix p is given by

pulecg) = N [ W)W oy day

Likewise,

N
Z/V(xi)|\lf(a:1,...,xN)|2dar1--‘de :N/V(x1)|\11(a:1,...,xN)|2d:c1--~d.rN
i=1

= /V(aj)pq,(x,x)dx.

Note that
pu(y,r) = py(z,y)

and hence p(z,y) defines a selfadjoint operator. Denote its eigenfunctions by ¢;(z) which
we can choose to be orthonormal, i.e.,

(i, ) = 65 j -
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We denote its eigenvalues by A;. The following Lemma (which I learned from Elliott Lieb)
is important.

Lemma The operator defined by the kernel py(x,y) has non-negative eigenvalues and
18 trace class, in particular
YN =N
J

Moreover, we have the surprising fact that all the eigenvalues are less than 1.

PROOF: It is a standard fact that the kernel has an complete set of orthonormal
eigenfunctions ¢;, and we can write

Z \jbj(x

The trace of the associated operator is defined by integrating

/Z)\j|¢j(l‘)|2dl‘:N/|\IJ($1,...,$N)|2d$1---dl’N:N.
j=1

To see that the eigenvalues are less than one we have to use the antisymmetry of U. It
suffice to show that for any f € L?(R"™) we have that

/Wf)p\y(w,y)f(y)dxdy <|If13 -

Consider now the integral kernel

N
K(ml,...,mN,yl,...,yN) :Z

=1

It is a sum of rank one projections. To describe the eigenfunctions we complement f to
an orthonormal basis and denote it by f;. The eigenfunctions of K are now all products
of the form

fi (@) - fin(oN)

(Note that we use here the spectral theorem of the operator K which is elementary in this
case). The function ¥ can be expanded in terms of products of f;

U(zy,...,zN) = Z Crs-- s Jn) i (1) o fohy) -
J1seJN

Since ¥ is antisymmetric, the coefficients C' are antisymmetric in their variables. This
means that C' vanishes if any two indices are the same. Moreover, since ¥ is normalized

we have that
> 1CG, NP =1

jlw"ajN



Now we compute for ji,...,jy different indices
N

(Hfjk?KHfjk) = Z ’(fa fjk)lZ

k k k=

1

and since all the indices are different, at most one term is not zero. Hence
(Hfjk’KHfjk) <1
k k

and
(U, K¥) < > |Cl,.in)P =1

But
and this proves the lemma.

Now we return to (4) and note that

N
[ 19:0sl )dn =370 [ V()P

j=1
and hence

o =3 [ [ Ivus@pds [ v<x>|¢j<x>\2dac}
j=1

and since the functions are all orthonormal we get that
N
Ey(N) =y NE; . (5)
j=1

The E; are negative and all the 0 < A\; <1 and, moreover, Zj A; = N. Thus, we have to
minimize over all values of \; satisfying the above two constraints. The solution of that
minimization problem is achieved by choosing \; = 1,7 = 1,...,N and A\; = 0,5 > N.
This is nothing but the bathtub principle (see ‘Analysis’ on p. 28). In this case

The converse follows from a direct computation using the the slater determinant.

Note that the previous theorem is a precise version of what we mean by filling the
energy levels.



Another important result concerning higher eigenfunctions is the min-max principle
which we discuss next.

Theorem; Min- Max principle Let ¢q,...,¢r_1 be any k orthonormal functions
in HY(R™). Consider the matrix

s = [ Voo + [ Voo,

denote by A;,j =0,...,k—1 the eigenvalues ordered increasingly of the matrixc H = (h; ;).
Then we have that
E; <X ,7=0,...k—1.

PROOF: Denote by ¢; the eigenvectors of the matrix H. Clearly xo = >, ch¢; satisfies
(X0, x0) =1 and

Ey < /|VX0|2da:+/V(a:)|X0(x)|2dx =X -
Now we proceed by induction and assume that
E;j <X ,j=0,...k—2.

The space spanned by the linear combinations of ¢, ..., ¢r_1 is k-dimensional and hence
there exists x = > d'¢;, with (x, x) = 1 such that

(,¥i)=0,i=0,1,...k—2.

Hence, by the definition of Ex_; we have that
By < [19xPdo+ [ Vil(@)lde = (@ HE) < 0

since A\i_1 is the largest eigenvalue. This proves the theroem.

This theorem allows us to compare eigenvalues of various operators. E.g.,. assume that
W (x) is another potential satisfying the same assumptions as V' but with V(z) < W(x)
for a.e. . Denote by p; the eigenvalues associated with the quadratic form

/\wy2dx+/W(x)ywy2dx.

Then
Aj <

for all 5. Note that there maybe fewer eigenvalues for the W problem then for the V'
problem but in this case p; = 0 for j sufficiently large. The proof follows immediately
from the min-max priniciple.



