The Birman-Schwinger Prinicple

All the proofs of the general inequalities involve in one way or another the Birman-
Schwinger principle. To state, we shall from now consider only negative potentials of the
form V(z) = —U(x) with U nonnegative. For E > 0 introduce the Birman-Schwinger
operator

Kg=UY*-A+E)"'UY? .

This operator has an integral kernel given by
U (@) (A + E) (e, y)UV2(y)

where (—A + E)~!(z,y) is the kernel of the Greens functions of the Laplacian. That
this operator exists can be seen from the Riesz representation theorem. For every fixed
g € H71(R") there exists a unique u € H'(R™) so that

/Vu-Vf+>\/uf:/gf

holds for all f € H'(R"™). Moreover the connection between u and g is linear. Further it
is also bounded from H~'(R™) to H'(R") since

1
Julfis ey < 5[ 1902 42 [ 2) = [ gu < Nl

We denote this u by
u=(—A+\"1g.

This operator has a kernel that can calculated. In one dimension it is given by

1 _ug
~?+EB) '(z,y) = —VEle—yl
(=0"+ E)""(2,9) ik

In three dimension it is given by
1 e~ VElz—yl

dr o —y|
One can work out the expressions in all the other dimensions. In odd dimensions it is
given by elementary function and in even dimension it is given by Bessel functions. It is
not difficult to see that for our class of potential, i.e., U € L™/2? 4+ L>™ with U vanishing at

infinity, the Birman Schwinger operator is a bounded operator on L?(R™). Recall that by
Sobolev’s inequality

/ U(2) [ () 2dz < o / V) Pz + B2

for constants «, 3. This means that U'/? as a multiplication operator is bounded from
HY(R™) to L?(R"™). Now consider

B=UY?(—-A+ E)"'/?
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and note that the last factor maps from L?(R") to H'(R™) and the first factor maps is
back to L2(R™) all in a bounded fashion. Thus B* is also bounded from L?(R™) to L?(R™)
and so is the BB*, the Birman-Schwinger operator. Thus, the Birman-Schwinger operator
is a bounded selfadjoint operator on L?(R™). Although the discussion did not cover the
case of one and two dimensions this properties hold in theses cases too. They are, in fact
even easier to prove.

The following summarizes what we need to know about the Birman-Schwinger kernel.

Theorem: Birman-Schwinger principle The number —\ < 0 is an eigenvalue of
the quadratic form (3) if and only of 1 is an eigenvalue of the Birman-Schwinger opera-
tor Kx(U). The eigenvalues of the Birman-Schwinger operator are monotone decreasing
functions of E.

PROOQOF': The monotonicity of the eigenvalues follows from the min-max theorem since
for every f € L?(R™)
(UY2f,(~A+ BE)T'UY2S)

is decreasing as a function of F.
Next, suppose that ¢ is a solution of the Schrodinger equation, i.e.,

[vo-vranfor= [ver

for all f € H*(R™). Since UY? maps H'(R™) boundedly to L?(R™) we have that U¢ €
H~(R"™) and hence
6= (-A+N"Ue,

from which we conclude that
U1/2¢ — U1/2<—A 4+ )\>_1U1/2U1/2¢

which means that 1 is an eigenvalue of Ky (U) with U'/2¢ as eigenfunction. Conversely if
1) satisfies
w — U1/2<—A i )\>_1U1/2’(/J

then if we set
b= (—A+NUYY

we see that ¢ € H'(R"™). This means that ¢ satisfies

[vo-vianfor= [virr

for all f € H'(R™). But UY?y € H~*(R™) and and moreover from the eigenvalue relation
we learn that
UY2hp=Ug .

This proves the claim.



The first and most important version of the Lieb—Thirring inequality goes back to the
paper by Lieb and Thirring ‘Bound for the Kinetic Energy of Fermions Which Proves the
Stability of Matter’ [LT1].

Theorem: Lieb-Thirring bound The negative eigenvalues —\; of the quadratic
form in three dimensions

[1vepds s [vlwpds . [lupd=1

satisfy the estimate

ZAJ- < L(3,1) /[V(a:)]‘i/zdm :

where L(3,1) < 4/(157).

PROOQOF': Using the Birman Schwinger principle we give a bound on the number of
bound states less than —e. Start with A small, so that some of the eigenvalues of K are
big. These values decrease as \ grows and every time one of them hits the value 1 the
A-value or rather its negative is and eigenvalue of the Schrodinger problem. If A arrives
at e, the number of these crossings equals the number of eigenvalues of K.(U) that are
greater or equals to 1. In other words the number

Ne(U) )

the number of eigenvalues of the Schrodinger problem that are less than —e , is given by
the number of eigenvalues greater or equals 1 of the Birman-schwinger operator K.(U).

The quantity N.(U) can be used to calculate the sum of the eigenvalues since

ZAj = /OOO Ne(U)de .

In general

S = [N e 1)

To see this, note that
(A)7 = /0 X{(r;)r>e} (€)de

Summing over j and noting that

Z X{(r;)7>e}(€) = Ne(U)
j

yields (1) by a change of variables.



The most obvious upper bound would be TrK.(U) since we add up all the eigenvalues
not just the one greater or equals 1. This, trace is however infinity. Thus the next step
would be to consider the Hilbert-Schmidt norm

TrK,.(U)?

This is easily calculated to give
[ V@I + ) @) PUdsdy

Unfortunately, this is a bit tricky to estimate in terms of [ U%/2dz. Following Lieb and
Thirring one splits e into two pieces

[vo-vi- [W-emor=-nee [of

and replacing [U —e/2] by [U —e/2] lowers the eigenvalues, i.e., increases their magnitude.
Moreover we have that
NoU) < Nopo([U — ¢/20,) 1)

since there are more eigenvalues in the [U —e/2]; problem that are below —e/2 than there
are eigenvalues in the U problem that fall below —e. Now we trace all the steps for the
Birman-Schwinger principle for this tne problem and obtain the upper bound

Nejo([U —e/2]-) < TrK([U — e/2]-)?
which yields

/ U — /2 (@)[(~A+ )~ (@ — )2V — e/2)— (y)dady .

Using Young’s inequality™ this is bounded above by

1 e V2Velel
—e/21 112
||[U 6/] "2/(471_)2 ‘513|2 dx
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=3 | U — /2
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Integrating this expression over the positive semi axis leads to

ZA _/ N, ( 4fﬂ/oo ! /[U—e/z z)dxde .

U —e/20-|3 -



Interchanging the two integrals and a bit of scaling leads to

4\/1§7T //00o %[U —¢/2]% (z)dedx .

1
=5 [1 — 5% ds/U(a:)5/2dx ,
4
— [ U(x)®?dx .
" 157 (z) v
The semi classical constant is given by
1
3072
*Young’s inequality states that
/f )(y)dady < Cp gl FlipllgllqllPllr

with 1/p+1/q+1/r =2.

Let us return to Sobolev’s inequality, but this time for systems of orthonormal func-
tions. Recall the definition of the one particle density

:N/|\If]2(x,x2,...,acN)dx2~-dacN.

The following theorem is a classical result of Lieb and Thirring [LT1].

Theorem: Uncertainty priniple for fermions. Let ¥ be any normalized antisym-
metric function in H'(R3N). Then

N
3,2 _
T\IJ = E /|VJ\I/|2(.’L‘1,,:IJN)d.T1dIIJN Z g(g)Q/gL(?”]‘) 2/3/ p?l,/g(ac)da: :
Jj= 1

We have that

3 92 03 ) 3 35/37'('2/3
=(5) 3L(3,1)"% < o > 168

PROOQOF: For a given ¥ consider the Schrodinger form

Te + Vo (2)

where

V(z) = —cpy(z) |
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and hence

L@:_{E:/‘ &P@ﬁ@ﬁ@hnw$th-umw»:_g/ P23 (@) po(x)dr.  (3)
j R3N R3

We want to minimize the energy of (2) over all normalized antisymmetric functions ® of n
variables. Since we are talking about noninteracting fermions we fill the energy levels and
find that

> A <To+ Ve

J

for all ® € H'(R3Y). Further, by the Lieb -Thirring inequality
S0 <L) [ V@) e = L0 [ o @ds
J

Hence
—L(3,1)c*/? /pz,/g(ac)dx <Ts+ Vs

for all ® € H'(R3Y). In particular the inequality holds for ® replaced by ¥ and using (3)
we get

Ty — c/ p?l,/g(x)p(p(m)dx > —L(3,1)c%/? /pz,/s’(ac)dac
R3
or
Ty [ o @)= -0 [ 5@
R3
Maximizing the right side over ¢ yields the result.
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