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Abstract
We establish a first order asymptotic for the entropy integrals

/ p5 (logp2) W? and / 5 (log (paW)?) W2
I I

where {pn} -, are the orthonormal polynomials associated with the ex-
ponential weight W?2.

1 The Result
Let I = (¢,d) be a real interval, where
—0<cec<0<d<oo,
and let @ : I — [0,00) be convex. Let
W = exp (-Q)
and assume that all power moments

/mnWQ(z)dx,n =0,1,2,3, ...
I

are finite. Then we may define orthonormal polynomials

pn(aj) = pr(W27x) = FYTL'TTL + "')’Y’YL > 07



satisfying
/pnme2 = 0mn,my,n =0,1,2,....
I

In the last twenty years, there has been a remarkable development of quan-
titative analysis around exponential weights W, and in particular around as-
ymptotics for p, (x). See [3], [5], [7], 8], [10], [13], [15], [17] for references and
reviews.

In this paper, we compute first order asymptotics for the entropy integrals

E (pn) = —/Ipi (logpy,) W™

and
E* (p) = — /pi (log (an)2> w2,
I

as n — oo, for the most explicit class of weights in [8]. These entropy integrals
arise in a number of contexts, for example quantum mechanics and information
theory. An extensive survey of recent developments is given in [6]. For example,
if A > 1 and one considers the Freud weight

W (x) = exp (— |x|/\) ,x € R,

it is known that there is the very precise asymptotic

2 1 1
"L en - cte),

E(pn) = — \ N\

where C' is an explicit constant. See [1], [18] and also [2], [16].

In this paper, we treat a far more general class of weights than Freud weights,
but obtain only first order asymptotics, with a relative error of order n~¢, some
¢ > 0. To define our classes of weights, we need the notion of a quasi-decreasing/
quasi-increasing function. A function ¢ : (0,b) — (0,00) is said to be quasi-
increasing if there exists C' > 0 such that

g(z) <Cy(y),0 <z <y<b.

In particular, an increasing function is quasi-increasing. Similarly we may define
the notion of a quasi-decreasing function. The notation

f(x) ~g(z)

means that there are positive constants Cy, Co such that for the relevant range
of x,

C1 < f(z)/g(z) < Co.

Similar notation is used for sequences and sequences of functions. Throughout,
C,C1, (5, ... denote positive constants independent of n,z and polynomials P
of degree at most n.



Definition 1

Let W = e~ Q where Q : I — [0,00) satisfies the following properties:
(a) Q' is continuous and Q(0) = 0;

(b) Q" exists and is positive in 1\{0};

(c)

Jlim Q) = lim Q(1) = oo

(d) The function
tQ'(t)
Q(t)

is quasi-increasing in (0,d), and quasi-decreasing in (c,0), with

T(t) := t#£0
T(t)>A>1,teI\{0};
(e) There exists Ch > 0 such that
Q@ _,1Qw)
| Q'(x) Q(z)

Then we write W € F (C’Q). If in addition, there exists a compact subinterval
J of I such that for some Cy > 0,

Q" ()
| Q'(x)

then we write W € F (02—1-).

| <C , a.e. x € I\{0}.

| > C. | Q=) | a.e. x € T\J,

2 Q)

We now motivate this (complicated!) definition with some examples. Let

exp, (z) ==z

and for j > 1, recursively define the jth iterated exponential

exp; () := exp (exp;_; (z)) .
Let k, ¢ be nonnegative integers.
(I) Let I =R and for o, 8 > 1, let
_ . exp,(z®) —exp,(0), x €[0,00)
Q) =Qurnsl@) = | () S0, e (oo

In particular,
x¥,  z€[0,00)

Q00,6 (@) { 2/, @€ (~00,0)
(IT) Let I = (—1,1) and for o, 8 > 0, let

rasy | exp((1—a?)) —exp(1),  x e [0,1)
Q) = @ () "{ expul(l — 27)9) —expp(1), @€ (-1,0)



In both cases, the subtraction of a constant ensures continuity of @ at 0. It is
fairly straightforward to verify that these examples of exponents correspond to
W =exp (—Q) € F (C?+). See [8] for further orientation.

In analysis of exponential weights, a crucial role is played by the Mhaskar-
Rakhmanov-Saff numbers a;,t € R. For t > 0 and W € F (C’Q—f—), c<ay <
0 < a; < d are uniquely defined by the equations

it Qe
t T a_y \/(IE — a_t)(at — ZZ?) v
o L[ Q'(x)

dx
T Ja_, \/(x —a—y)(a; — x)
It is a fairly basic result that a; is an increasing function of ¢t € R, with
lim a; = ¢; lim a; = d.
t—oo

t——o0

One of the properties of ay; is the Mhaskar-Saff identity: for all polynomials P
of degree at most n,

| PW =l PW ||lLoclan.an] -

Moreover, a4, are essentially the smallest numbers for which this is true [10],
[11], [12], [15]. We use the notation

1
or = B (at +la—]) .t > 0.
This is not to be confused with the unit mass at ¢, or Dirac delta!
Our result is

Theorem 2
Let W e F (C*+).
(I) Assume that for each € > 0,
T(x)=0(Q(x)),z—c+ orz—d—. (1)
Then there exists k > 0 such that

_2 Q ()
T Ja, /(an —2) (x—a_y)

= 72/ log 5—ndt (1 +0 (n*”))
0 Ot

~ /U S0 ds (140 (7). (3)

E(p,) = dz (140 (n™")) (2)

(1)
E* (pn) = IOg 6n +0 (1) :



Remarks
(a) For the Freud weight exp (— |a:|)‘) on I =R, where A > 1, we have

0s =as = C,\sl/’\,s > 0,

where C)\ may be expressed explicitly in terms of the gamma function. In this
case, (2) and (3) become

2n —Kk)\.

logn
A

E (pn)

E* (pn) =

+0(1),

for some k > 0. This is of course weaker then the result quoted above.

(b) We note that the growth condition (1) on T ensures that for each € > 0, the
integral on the right of (2) grows faster than n'=¢ as n — oo. It is needed in
our proofs, but the result should hold without it. It is satisfied for all regularly
decaying weights on the real line, in particular for Qx5 for k,¢ > 0 and
a,B > 1. It is also true for weights that decay sufficiently rapidly near the
endpoints of a finite interval. For example, if I = (—1,1) and « > 0 and

Qx)=(1-2%)""-12e(-1,1),

then in I,
1

~Y
1— 22

and (1) is not true for e < L. But if

T (x) =Q(z)"/"

Q (z) = exp ((1 — zz)—a) —exp(1),z € (-1,1),

then (1) is true. Thus (1) is essentially a lower growth restriction on Q if I
is a finite interval. More generally, (1) is true for Q%8 for ¢ k > 1 and
a, B > 0.

(c) In the case of even weights, it follows from (23) below that

" ds
Ej(pn)w_‘/O T(as)'

When T is unbounded, it may well happen that —E (p,) = o (n), in contrast to
the so-called Freud case where @ is of polynomial growth, and where T ~ 1.
(d) Our methods permit one also to obtain first order asymptotics for the more
general integrals

/I 2] | (0 W) () ” log [pm ()| de,

as n — oo, provided v > 0,g > 0, and p < 4. For p > 4, the dominant
contribution to the integral comes from the growth of p, near ay,, and our



methods fail. The necessary asymptotics to handle these integrals are available
only for special weights, such as exp (— |x|)‘) ,A>0 (7).
(e) The result actually holds for a larger class of weights than that in Definition
1, namely it holds for the class F (lip3+) in [8]. However, the definition of that
class of weights is more implicit, so we spare the reader the details.

‘We present the main parts of the proof in the next section, deferring technical
details till later. In Section 3, we record some technical estimates, and estimate
some of the integrals for Theorem 2. The remainder are done in Section 4.

2 The Proof of Theorem 2

We begin with (II), which admits a short proof:

The Proof of Theorem 2(IT)
We apply Jensen’s inequality with the unit measure dv (z) = (p,W)? () dz on
1. This gives

—E*(pp) = 2/log|an|du
I
< 2log [ [p.W]dr
I
— 2log [ [pW[".
I
Similarly, Jensen’s inequality gives
E* (pn) 2/1 L d
—E"(pn) = -2 [ log v
I lpn W]
1
> —210g/7du
1 [P W]
= _210g/|an|'
I

We record in Lemma 3.2(iii) below, the estimate

/'an|p ~ 671L_
I

valid for any fixed p < 4. Applying this with p = 3 and p = 1 in the upper and
lower bounds, gives (remarkably!)

[NS]

,n>1

)

—E* (p) = —log 8, + O (1).

[ |

We shall give the main part of the proof of (I) in several steps, and defer all
technical details till later. We shall use a parameter x € (0, 1) that is indepen-
dent of n,z,0 and may be different in different occurrences. However, as it is



used finitely many times, and in all uses the statements hold true for smaller s
than the given x, we can simply keep reducing it.

Proof of Theorem 2(I)
Step 1: Reduce to the main part of —FE (p,,)
We write

~E(pn) = /I(an)2 log (paW)” + 2/1 (P W) Q
= 1 —E"(pn) + 2.
Here from what we have just proved, and (12) in Lemma 3.1(i),
—E* (pn) = O (logn).
Next, we split Jo into a main part and a tail:
no= 2 Tewrer o eanre

= :Jo1 + Joo.

Despite the rapid growth of @ near c, d, one may still apply the ideas of restricted
range inequalities (or infinite-finite range inequalities) to show that

Jos = O (nl_”) ,
some x € (0,1). This will be done in Lemma 4.1(b). Then in summary, we have
—E(pn)=Ja+0 (nl_“) . (4)
Step 2: Apply asymptotics of orthonormal polynomials

We let

1 1
Opn = 3 (an + |a—y|) and B, = 3 (an + a—n)
and let L, denote the linear map of [a_,, a,] onto [—1, 1], and L5 denote its
inverse, so that

_5n

x

and LI (u) = 6,u+ 3,

The asymptotic for the orthonormal polynomials {p,} in [8] may be cast in the
form

5:/2 (P W) (L%_l] (cos 9)) Vsin 6



where the order term is uniform in n and 6 € [0,7] and the error function €,
satisfies
sup sup e, (0)] < oo
n 0€[0,n]

and for some & € (0, 1), and some C' > 0,
sup{le, (8)| : 0 € [n™", m —n""]} < Cn™".

The function ®,, may be expressed in terms of a transformed equilibrium mea-
sure. For the moment we just note that

®, (0) = 27 / ot (6 e 0.n), (5)

os 6

where ¢ is a positive function on (—1,1), with

1
/ or =1
-1

All this will be made more precise in Lemma 3.2. A little trigonometry then
shows that that uniformly in n and @,

Sn (PaW)? (L[_l] (cos 9)) sin 0

_ % n %sin(@ +n®, (0)) + O (e, (6))

1 1 1
= — 4 —sinfcosn®, (§) + — cosfsinn®, (6) + O (e, (6)) .
T ™
Then the substitution = = L, (cos ) and this last asymptotic shows that
Jor = 2/ (W)’ Q

= 2 /; S (puW)? (LE;” (cos 9)) sinf @ (L,Ejl] (cos 9)) de
0
_ 2 /07T Q (LL‘” (cos 9)) df + i/oﬂ Q (LL‘” (cos 9)) sin 6 cos n®,, () do

™

2 s
+= / Q (LL_I] (cos 9)) cos O sinnd,, (6) do
0

™
+O ( len (0)] Q (LL;” (cos 9)) do)
0
= tJui+Jas+Jors+ O (J214). (6)

The main part here is Jy; 1. In Lemma 3.1(v), we shall estimate J1,1 below,
and show that for each € > 0, there exists C' > 0 such that

Jo11 > COn'me, (7)



Moreover, in Lemma 3.2(v), we shall use the estimates for €, and upper bounds
for @ to show that for some x € (0,1),

Jor1a < Cn'~". (8)

Step 3: Apply Jackson Theorems to estimate Jy; > and Jy 3
We shall describe the estimation of Js; 2. That for Jo; 3 is similar. Now by its
definition in (5),

®,, (0) =0 and @, () = 27

and
! (0) = 2mo), (cosf)sinh > 0 in (0, )

so the substitution ¢ = ®,, (0) gives

2 2T
ors =2 / g () cos s d,
™ Jo

where
g () = Q (LY (cos @1 (6)) ) sin @1 (9) /@, (171 (9))
and of course, @Lﬁl] denotes the inverse of ®,,. Now if g, was independent of n,
the Riemann-Lebesgue Lemma would show that
J21,2 = 0(1) , N — OQ.

Since g, is not independent of n, we must proceed differently. The orthogonality
of cosng to trigonometric polynomials S of degree less than n gives

2 27
J < i f - n 75 d .
el < it 2 [ o 0) = S (@)
Then Jackson type Theorems [4, Theorem 2.3, p. 205] show that
2w
sl £C sup [ ign (64 )~ gn (0)]do,
lu|<1/n J0O

Using estimates for Q’, ®/ | we shall estimate this sup and show in Lemma 4.3

that for some « € (0,1),
J2172 =0 (’I’Ll_ﬁ’) .

As we noted, a similar estimate holds for Js; 3. Then (6), (7), (8) and these last
estimates show that for some s € (0,1),

oy = (i /07r Q (LL;U (cos 9)) dO) (1+0n™")).

_E(py) = ( /OWQ (LL;” (cose)) d6> (1+0(n ).



Now the reverse substitution z = L}, " (cos ) gives the first form of the asymp-
totic in Theorem 2.

Step 4: The other forms of the asymptotic

We shall use a little potential theory. Let p,, denote the equilibrium measure
of mass n for the external field ). This is a non-negative measure on [a_,,, a,]
with total mass n, that has a number of extremal properties. The one that we
shall use involves the potential

Vi (z) = / log ﬁdun () -

It is known that
Viin (:E) + Q (313) =Cn,T € [afrman] ) (9)

n 2
Cp = log —dt.
A ® 5

For a statement of this, with this representation of the constant ¢,, see [8,
Theorem 2.7, p. 46] or [3]. For a detailed discussion of the potential theory, see
[15]. Then

where

L Qe
T /‘l—n \/(an —z)(r—a_y,)

1/% (= Vi) @)

T Ja_, \/(an —z)(r—a_y)
_ . Gl fon log |z —y|
= n"‘/an |jT a . \/(an—x) (:L‘—a,_n)

o on
= Cp+ / log 7dun (y)

dz | du,, (y)

= ¢y +nlog% = /O log i—jdt.
In the third last line we used the fact that log|x — y| is bounded above in the
integral, to allow interchange of the integrals (Fubini’s Theorem). Moreover, in
the second last line, we used the classical equilibrium potential for an interval
[a,b] [15, pp. 45-46]. So we have the second form of the asymptotic. Finally,
it was proved in [8, Lemma 2.12, p. 52] that a4, are absolutely continuous
functions of ¢, and so the same is true of §;. Then

n 571 n n 5/ n 6/ s
/ log—dt:/ [/ sds} dt:/ = [/ dt} ds.
0 Ot 0 t Os 0 ds 0
So we have the last form in (3). Of course &', exists a.e. and is non-negative, so
the interchange is justified. B

10



3 Technical Estimates

In this section, we record a number of estimates for orthogonal polynomials
and related quantities, and also establish some simple consequences of them.
Throughout, we assume that W = exp (—Q) € F (C?+) and that (1) holds.

Moreover, we denote the zeros of the nth orthonormal polynomial p,, by

Tpn < Tp—1n < Tp-2n < ... < T2p < Tip-
Note that for large enough n,
A < Tpn < Tin < G,

as follows from Lemma 3.2(ii) below.
First some estimates involving @ :

Lemma 3.1

(i) For n > 1,
Q (azl:n/Q) ~ Q (a:tn) ~n |ain| Cn;
6nT (a:i:n) o 7
T (ain)
/ .
Q (ain) " |a:tn| 677, '
and for some k > 0,
Op = (nlf"””) )
(ii) From (1) follows that for each € > 0,
T (a+n) = O (n),n — oc.
(i1i) Uniformly for n > 1 and s € [-1,1],
5, |Q (L,[,fl] (3))’ V1—s2<Cn.
(iv) For n > 1,
A4n/2 1
1-— ~ .
Q+tn T (azl:n)
(v) Given € > 0, there exists C > 0 such that
An
Jor11 = @) dz > Cn'~=.

a—n \/(a’ﬂ - iﬂ) (x - a—n)
Proof

(14)

(i) The first two estimates are (3.17) and (3.18) of Lemma 3.4 in [8, p. 69] and
part of (3.28) of Lemma 3.5 in [8, p. 72]. The third follows from Lemma 3.5(c)

11



in [8, p. 72].
(ii) We have from (1) and (i) above,

T (a40) = O(Q (azn)*) = O (n°) ,n — .

(iii) After the substitution s = L, (z), the desired inequality becomes

Q" ()| \/(an — ) (. —a_p) < Cn,x € [a_p,an].

This is a weaker form of (3.40) of Lemma 3.8 in [8, p. 77].
(iv) This is (3.52) of Lemma 3.11 in [8, p. 81].
(v) Now as T is quasi-increasing in (0, d) and quasi-decreasing in (c,0),

@ Q@) "
/ V)@ —a)

- Q@)
a_, T () \/(an —z)(r—a_,)
C n z@Q' (x)
max {7 (an),T (a—n)} a_n \/(an —z)(x—a_pn)

n

Cmax {T(an), T (a-n)}’

dx

by definition of a4,,. Then (ii) gives the result. B

Next, we record estimates involving the orthonormal polynomials and their
asymptotics. Some of this was already discussed in the previous section, though
here we shall give more details. Recall that there is an equilibrium measure
i, with total mass n and support on [a_,,a,] and satisfying (9). Now pu,, is
absolutely continuous and has density o, so that for £ C [a—,, a,],

%@:L%@ﬁ

where 0, > 0 in (a_p,,a,) and

/ on (t) dt = n.

—n

It is often preferable to work on the fixed interval [—1,1], rather than on
[a—p, ay], which varies with n. Accordingly, we define

2 (@)= 20, (1 @) o e (-1,1),

g

so that o > 01in (—1,1) and

12



As in the proof of Theorem 2, we let ®,, be the function defined by (5). More-
over, we use the same “J” notation for some integrals as in the proof of Theorem
2.

Lemma 3.2
(1) For each € > 0,

_ T (an) T(a_n))"°
H an HLQC(I)N n1/6(5n1/3 max{ ( ), ( )} -0 <n1/6+5) ] (15)

an, la_|

(ii) There exists ng such that for n > ng,

X1 x
1-— a: ~, and 1 — af: ~ s (16)
where
—2/3
|atn]
Ny = 40T (a'i’n) S “ (17)

(iii) Let 0 < p < 4. Without assuming (1), we have for n > 1,

1

2

1_
| 2aW Ly~ 0n *.

(i) Uniformly for n > 1 and 6 € [0,7],

§Y2 (p, W) (LL;” (cos 9)) Vsing

- ¢iw{§—1+?%@0+%@% (18)

where the error function e, satisfies

sup sup e, (0)] < o0 (19)
n 0€[0,n]

and for some k € (0,1), and some C > 0,
sup{le, (0)| : 0 € [n ", m —n~ "]} < Cn™". (20)
(v) For some k > 0,
T = [ e 1@ (L (eos0)) do < Cat .
0
Proof
(i) The ~ relation is Theorem 1.18 in [8, p. 22]. The upper bound follows

because of our bound on T (a+,) in the previous lemma.
(ii) See [8, Theorem 1.19(f), p. 23].

13



(iii) This is part of Theorem 13.6 in [8, p. 362].

(iv) The asymptotic (18) with the estimate (20) on the error term ¢, is Theorem
1.24in [8, p. 26]. The uniform bound (19) follows from the estimate [8, Theorem
1.17, p. 22]

sup IpaW| () |(z — a_y) (z — an)|"/* < C.
e

Then the substitution = L,, (cos ) gives uniformly for n > 1 and 6 € [0, 7],
8,/% [pa W (LL_H (cos 9)) Vsind < C.

Thus the left-hand side of (18) is bounded uniformly in n > 1 and 6 € [0, 7], and
the first term on the right-hand side of (18) is also uniformly bounded. Then

the same is true of ¢,,.
(v) From (20) and (10),

—K

< On"max{Q(a,),Q (a_n)} < Cn'~".

/n e 00 (L (cos0)) a

Next, the bound (19) on €, and the bound (10) on @ (ai,) give

(/0" + /7:"> len (0)]Q (LL‘” (cos 6)) 0

< Cn-

Now add these last two estimates. H

4 Estimation of the Integrals

In this section, we finish the estimation of the “J” integrals defined in the proof
of Theorem 2(I). We use the same notation as there. We first bound some “tail”
integrals.

Lemma 4.1
There exists k > 0 such that the following hold:

(a) o
1- / (paW)> =0 (n").

—n

(b)
Jog = / (an)2 Q=0 (nl_ﬁ) ‘
I\[a—n,an]

Proof

14



(a) This is really contained in Theorem 8.4(b) of [8, p. 238]. Now

1 = /I(an)2
> / (paW)*

—n

> 9 nf / (2" — 5 (2)) W (2)? de

= inf " 2" — S ()W (2)* da inf /x"—Saj W () dx
W e s@pwara e [ s@ywe
= 1+O(n_”),

by (8.30) in Theorem 8.4(b) [8, p. 238]. Here we are using the extremal proper-
ties of leading coefficients of orthogonal polynomials, and the fact that our class
of weights is contained in the class F (sl/ 2) considered there.

(b) Now

/ " a2Q

n

IN

Q) [ )’

n

< Cn'™", (21)

by (10) and (a) of this lemma. To handle the integral over [as,,d), we use a
restricted range inequality from [8, (4.12), Lemma 4.4, p. 99]. Choosing p = oo
and Q =t = n there, gives

W1 (z) < exp (Un (2)) [| paW [l oo ()

where U, is an explicitly given function. We shall not need this explicit form;
instead we need the estimate (4.18) from Lemma 4.5 there. It yields

U, (a,) < —C1r%, 7 > 3n, (22)

where C,Cy > 0 are independent of n and r. Then

d o
[ oanie = [ Qs d
asn 3n

C paW ||2Loo(1) / exp (*C’ﬂ"c) ra, dr.
3n

IN

Here we have used our bound (10) on @ (a,). Next, we note the relation [8,
(3.47), Theorem 3.10(b), p. 79]

’ Ay

~

" T (ay)

< 02,’/’ > 0. (23)

15



This and our bound from Lemma 3.2(i) on || p, W |1_ (1) give

d
/ (paW)? Q < Csexp(—Cyn®).

3n

In summary, this inequality, and (21) give

d
/ (paW)2Q < Cn'*,

n

and a similar relation holds over (c,a_,). B
In the estimation of J3; 2, we shall need smoothness properties of the function

D, (0) = 27r/1 oy (t)dt,0 € [0,7].

os 6

Lemma 4.2
(a) For n>1 and 6 € [0,7],

Cy > @ (0) > Cy (sinh)”. (24)

(b) For n>1 and 0,¢ € (0,7),

1/4
|@:L<9>—¢;<¢>|sc<'9‘¢'> . (25)

|sin 0]
(¢) For n>1 and u,v € [0,27],
Cilu—v| < ‘@L‘” (u) — @1 (U)‘ <Cylu— 0\1/3. (26)

(d) Let p > 0. For n>1 and u,v € [n"",2r —n~"],

1 1 1/12 5
- <Clu—wv|"""n". (27)
o, (ol (W) @, (2 W)
Proof
(a) Theorem 6.1(b) in [8, p. 146] asserts that for n > 1 and v € [-1,1],
V1—u? C
Cl*iu < J;‘l (u) < 2
hn (U) \/ h: (U)
where
h: (U) = (1 —u+ Xn) (1 +u+ X—n)

and

_ ‘azl:n‘
X£n 5nT (a:I:n) .

16



Then we deduce that

. Gy
Civ1—u?2 <o) (u) < ik

Then
&’ (0) = 2mo (cos ) sin O

satisfies (24).
(b) By Theorem 6.3(a) in [8, p. 148], with 1 (s) = s*/2, and by this last identity,

, , |cos @ — cos ¢ L/4
w0 - o, < o)

_ 1/4
PTCEC
sin® 6

(c) It follows from (a) that for n > 1 and 6 € [0, 7],

C1 > @ (0) > Cymin {0, 7 — 6}
On integrating this inequality, we see that for 0, ¢ € [0, 7],
C110 = ¢l > B, (6) = @ (9)] = Ca [0 — oI

Setting 6 = ol (u) and ¢ = ol (v) gives for all n and w,v € [0, 27],

3

& e (u) — @Y (v)

ol (u) — @l ()] 2 Ju—v] 2 O,

(d) Now the left-hand side of (27) equals

@, (ol () - @), (2h " (w)
@, (o () @), (27 ()

1) 1] 1/4
@1 () - @k () |

(sin oY (v)) ’ (sin ol (u)) i (sin ol (v)) v

by (24) and (25). We continue this using (26) as

< C

-5
<|v-— u|1/12 min {sin &l (1), sin L1 (v)} .

n

Now assume that u,v € [n™°, 27 — n~"]. Then as ol (0) =0and ol (2m) =

7, we see from (26) that

<I>£l_1] (u) ,<I>£L_1] (v) € [an_p,ﬂ' — C4n_”]
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and so
min {sin @L_l] (u),sin q)gl_l] (v)} > Cyn~".

Then (27) follows. B
Now we turn to estimation of Jap 2 :

Lemma 4.3
For some k > 0,

Jor2 = l/ Q (LLL_” (cos 9)) sin  cosn®,, (6)df = O (nl_”) .
T Jo

Proof
As in the proof of Theorem 2, Jackson type theorems yield the estimate

27
a2l <C sup / 9 (64 0) — gu (9)] do,

lul<1/n
where
g0 (@) = Q (LY (cos @l 1) (6)) ) sin @l 1) (9) /@), (@) (6)
(We take the difference g, (¢ + u) — gn (@) as 0 if ¢ + u lies outside [0, 27]). Let

p = 155- From (10), for |u| < 1/n,

27
/2 9 (& + 1) — gn (6)] do

T—n"F

27

< onf oyl (ol 9)
2r—2n—F

~ Cn [@L—” (27) — Bl (27 — 2n_”)]

< Cn'mP3, (28)

by (26). A similar estimate holds for the integral over [0,n"]. Now consider
¢ € [n?,2r —n "] and |u| < 1/n. For some & between ¢ + u and ¢,

’Q (LL{” (cos ol (¢ + u))) -Q (LL*I] (cos o1 ((,25)))‘
= | (LY (cos @l () ) usin@l ) () /@, (7)) ful
o/ (smel )",

by (24) and Lemma 3.1(iii). Here the lower bound in (26) and the fact that
®,, (0) =0,®, () = 27 show that

IN

@Lﬁl] ¢ e [C’lnf”, T — C’gn*p]

18



and hence,
’Q (LL;” (cos -1 (¢ + u))) -Q (LL_” (cos o[- (¢)>)‘ < Cn*.
Also, from (27),

1 1
o (@L‘” (6 + u)) o (@L—” (d)))

and from the upper bound in (26),

< O~ V1245

sin @Y (¢ + u) — sin @1 ((b)‘ < Con~Ys,

Combining these estimates in the obvious way and using our bound (10) for @
gives
|9n (¢ + ) = gn ()]
< Cn* /o (@El_l] (¢ + u)) +Cn-n"V3 /0 (@Ll_l] (¢ + u)) +Cn - n /120,

Integrating and making the obvious substitution gives

2r—n" "
[ o) (@)l do < cnmestznn iz - oz,

—-P
recall that p = 1/100. Together with (28), this shows that for some s > 0,
|Ja1,2| < Cn'mr.

Finally, we note that a similar estimate holds for Js; 3.
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