UNIVERSALITY LIMITS INVOLVING ORTHOGONAL
POLYNOMIALS ON AN ARC OF THE UNIT CIRCLE

DORON S. LUBINSKY! AND VY NGUYEN!

ABSTRACT. We establish universality limits for measures on a subarc of
the unit circle. Assume that p is a regular measure on such an arc, in
the sense of Stahl, Totik, and Ullmann, and is absolutely continuous in
an open arc containing some point zg = e, Assume, moreover, that
1 is positive and continuous at 2. Then universality for p holds at 2o,
in the sense that the reproducing kernel K, (z,t) for p satisfies

K, (zo exp (2”3) , 20 €XP (2’”"?

n n

m K (20, 70) ) =TS ((s = 6) T (00))

sin 2

uniformly for s,¢ in compact subsets of the plane, where S (z2) = =27

is the sinc kernel, and 7'/2r is the equilibrium density for the arc.

1. INTRODUCTION AND RESULTS'

In the theory of random Hermitian matrices, arising from scattering the-
ory in physics, universality limits play an important role. They can be
reduced to scaling limits for reproducing kernels involving orthogonal poly-
nomials, which makes the analysis feasible. This has been completed in a
very wide array of settings [2], [3], [4], [8], [9], [10], [12], [13], [14], [15], [20],
[23].

In a recent paper, Eli Levin and the first author established universality
limits for measures on the unit circle [9]. In this paper, we consider instead
subarcs of the unit circle. Our analysis depends heavily on the work of
Leonid Golinskii, who provided a detailed exposition for Szegd-Bernstein
theory for such arcs, and deduced asymptotics of orthogonal polynomials
and their Christoffel functions [6], [7]. In turn, Golinskii’s work depended
heavily on work of Akhiezer [1].

Let « € (0,7) and let our arc be

Aa:{eiezﬁe [04,27?—04]}.

Let u be a finite positive Borel measure on A, (or equivalently on [a, 27 — «)
with infinitely many points in its support. Then we may define orthonormal
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polynomials
O (2) = kn2" + . Ky >0,
n=0,1,2,... satisfying the orthonormality conditions

1 2T—o
P (2) Oy (2)dpa (0) = i,

2 Ja

where z = e,

We shall usually assume that p is regular in the sense of Stahl, Totik and
Ullmann [21], so that
1
(1.1) lim k" =

n—oo cos §

Here cos § is the logarithmic capacity of A,. A simple sufficient condition
for regularity is that ¢/ > 0 a.e. in [a, 27 — @), but there are pure jump and
pure singularly continuous measures that are regular.

The nth reproducing kernel for y is

(1.2) Ky (2,u) = i ¢; (2) 65 (u).
j=0

To state our results, we need some auxiliary functions: for 6 € [a, 27 — af,
we define A (0) € [0, 7] by the equation
[

(1.3) cos A (6) = o 3

cos §
Observe that A is a strictly increasing continuous function of 8, that maps
[, 2 — ] onto [0,7]. We also let

sin 2

(1.4) T (0) = 2 :
\/cos? § — cos? g

T (0) / (2m) is the density of the equilibrium measure for A, in the sense of
potential theory. Finally, we need the sinc kernel:

(1.5) S (z) =

sinmz

Tz
Our main result is:

Theorem 1.1

Let o € (0,7), and let p be a finite positive Borel measure on [a, 21 — a
that is reqular. Let J C (a,2m — «) be compact, and be such that p is ab-
solutely continuous in an open set containing J. Assume moreover, that i
is positive and continuous at each point of J. Then uniformly for 0y € J
and s,t in compact subsets of the complex plane C, we have

K, (ei(00+ ) ei(@ﬁ%))
lim

m—0oo K, (61'90’ ei90)

=D G (s — ) T (6p)) .
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(1.6)

Remarks

(a) In the case a — 0+, we see that 7' (f) — 1 and the right-hand side of
(1.6) reduces to €"=1§ (s —t), which is the result of Levin and Lubinsky
[9].

(b) If J consists of just a single point g, then the hypothesis is that
is absolutely continuous in some neighborhood (6g — ¢, 6y + €) of 6y, while
w (6p) > 0 and g’ is continuous at .

(c) Asin [9], [13], the main idea in this paper is a localization principle, and
a comparison inequality.

(d) As in [11], this limit has implications for the spacing of the zeros of the
reproducing kernel. It is known that for |a| = 1, the zeros of K, (-, a) lie on
the unit circle [18, Thm. 2.2.12, p. 129].

Corollary 1.2 ‘
Assume the hypotheses of Theorem 1.1, and let 0 € J. For k > 1, let ¢Zekn
denote the kth closest zero of K, (6190, ) to 0o, with O, > 0o, while ef—kn
denotes the kth closest zero to 0o, with 0_g, < 0y. Then for large enough
n, Oipn exists, the zero ek is simple, and
. +27k

This result should be compared to the ‘clock theorems’ in [11], [19], the
estimates in [16], and earlier work of Freud [5, p. 266].

We can also deduce asymptotics for derivatives of the reproducing kernel:
we let

n—1
K9P (2,2) = 3" 69 (2) 61 (2).
m=0

Corollary 1.3 '
Assume the hypotheses of Theorem 1.1, and let 0y € J,zg = €e'%. For
J,k =0,

po 7 K (20, 20)

im —

n—oo nJ Tk K, (30720)

o [C5)(5) ]

T (0) (j+k+1)

In the sequel C,C4, Cs, ... denote constants independent of n, z,u, 0, s, t.
The same symbol does not necessarily denote the same constant in different
occurrences. We shall write C = C («) or C # C («) to respectively denote
dependence on, or independence of, the parameter «. [x]| denotes the greatest

(1.8) =
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integer < z. For sequences {c,},{d,} of non-zero real numbers, we write
cn, ~ dy, if there exist positive constants C1, Cy independent of n such that

Ch < Cn/dn < Ch.

Given measures pu*, p#, we use K,*L,K# to denote their respective repro-
ducing kernels. Similarly superscripts *,# are used to distinguish other
quantities associated with them.

We denote the nth Christoffel function for the measure p by
(1.9)

Q, (619) ~ /K, (eie’ ew) _ deg(I]?)ign—l <217T /j”‘“ 1P () du (t)) / ‘P (ge) ‘2.

The paper is organised as follows. In Section 2, we prove some of the
results for a special weight considered by Leonid Golinskii in [6]. In Section
3, we prove Theorem 1.1 and Corollaries 1.2 and 1.3.

2. A SPECIAL WEIGHT ON THE ARC

In this section, we consider the measure dyu (6) = W (6) df, where

(2.1) W (0) = sin 9 0 a,2m —al.

in 8 2a _ 20
2511&2 Cos® 5 — COs” 5

This is the special case 2 = 1 of the weights considered by Leonid Golinskii
[6, p. 237]. Golinskii [6, p. 244] provided a detailed derivation of explicit
formulae for the corresponding orthonormal polynomials {¢,, }: for n > 1,

(2.2) . (ew) — A(0)em(52O) 4 g (g) m(5430)
where A (0) € [0, 7] is determined by (1.3). Moreover,

(23) A(0) = {M)N e \/HT } el 9)
(24) B(O) - { F_ W}29

and all we shall need to know about g4 is that [6, p. 241, (35), (38)] they
are continuous and

. 2sin? (6/2)
2. ‘ 0 ‘ — o> Ve
(2:5) 9% (e > sin (a/2)
Note that in [6], we chose Q2 = 1 and pq (e?) = 2231(27%3)2) We shall assume

that (2.2) holds even for n = 0 as this makes no difference to our asymptot-
ics. We prove
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Theorem 2.1
Let dp () = W (6) dO be given by (2.1), and let K,, denote its mth repro-
ducing kernel. Then uniformly for s,t in compact subsets of the complex
plane,

K,, (ei(90+%)’ei(90+%{))
T,%E)noo Km (62007 61’90)

We begin with real s, t:

=™ DS (s — 1) T (6p)) .

Lemma 2.2
Let 0 € (o,2m — ), s,t € R, and for m > 1, define 6 =6 (m),p = ¢ (m)
by
27 2mt t
(2.6) 6= b0+ =—16=b0+—

(a) Uniformly for s,t in compact subsets of the real line,
(2.7) lim m(A(0) =X (¢)) =T (6p)7(s—1).

(b) Uniformly for s,t in compact subsets of the real line,

lim LK, (ei",ew)
s((%5)u-row)

m—oo m,

= A (00)) (5

(2.8) 1B (6o))? e (53*) (14T (60) S(( >(1+T(0 ))>
(c)
sin? %
2. A0 = 2 (1-T(00)7");
(2:9) Ao = G (1-T@0);
sin? %
2.10 B(6y))? = 2 (14T (6)7").
(2.10) BOF = (1700
(d) Uniformly for s in compact subsets of the real line,
1 o 92gin2 %
(2.11) lim — K, (7,¢) = T2
m—oo M sm§
and
o1 0 o
. —Im ) = 0)-
(2.12) lim — K <e e )W(a) T (6)
m—o0 M,

(e) Uniformly for 6y in compact subsets of (a,2m — ), and s,t in compact
subsets of C,
K,, (eiG’ ¢i%)

: om A\ " ) im(s—t) -
(2.13) n}gnoo K, (€%, ¢ifo) — € S((s =) T (6o))-
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Proof
(a) Now by the definition (1.3) of A,

(cos %) [cos A (0) — cos A (¢)] = cos g — Co8 %

Hence

5 5
~ s <H> “in <9+¢>
1 1)

Since A is continuous in (a, 27 — «), and 6,¢ — 0y as m — oo, we deduce
that

(s ) (MO0, (MO 201

(c0s ) RO =AE 5
—m <9;¢> in % 4o (1)
(2.14) - WS;tsin%—i-o(l)
Finally,
(cos 5 ) sin (A (00))
_ (cos %) 1— cos? A (fo)

0
= \/0082 % — cos? 50.

Substituting this into (2.14) gives the result.
(b) From (2.2),

le <€¢97 6¢¢>

_ % mz_l [A 0)n(5-20) 4 B (p) ei"(%“@)}
n=0

(2.15) x [me—in(g—A(¢)) LB (@e—m(guwn}
= X1+ Yo+ X+ Xy,
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where these four sums are specified below: firstly by continuity of A,

m—1
_ 1 T in( 552 -A0)+A($))
¥ = wzg;14w)A()e 2
m—1

_ 2 1 “AO)+A (@)
= |46 mX;( ) +o(1)

11— ( 0)+X( ¢))
= A (6o)* — +0(1)

nzl_e(% Awwx>)

S (m
_ ’A(00)’2617712—1(%4(0)%\(@) (21“

= A (6o

£)1-T(00) g ( 5 ! (1— T(Gg))) +o(1),

by (2.7) and the continuity of S at 0, where S (0) = 1. Similarly,

m—1
1 _ 0—9
) - B(0) B zn(—+)\(9)*)\(¢))
= L L BOBE
e —t
— |B(90)I2e”( £)(1+T(00) g <82(1+T(90))> +o(1).
Next,
Ly ( )
s. — =N\ 4 952 -A(0)-\(9)
= L ADBE
m—1
— A B Y (0] o)
m
n=0

1 a5 Ae)-A)
= Al) B ) = 0 )

+o(1).

Here as m — oo,

-9

77 = A(0) = A (0) = =22 (00) + 0 (1)

and —2\ (Ag) € (—2m,0), so the denominator 1 — (52 A0-2@) Y3 is
bounded away from 0. Thus

Y3=o0(1),

and similarly,
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Combining the above asymptotics for ¥;, j = 1,2, 3, 4, gives the result.

(c) Now
eii)‘(eo)w /11— sm — — e 1+ sin —

= (1—sin%)+( 2)coscos<920 )\(90> (1+Sin%)

Q

[\

= 2(1—cos % [cos % cos A (0p) + sin % sin A\ (90)} )

90 00 (0% 90
= 901 =cos? 2 — 2% a2
( COS 5 sin B COS B COS 5 y

by definition (1.3) of A (fg). We continue this as

= 2sin? % (1 - (00)71) .

Then (2.9) follows from (2.3) and (2.5). (2.10) is similar.
(d) This follows by setting ¢ = 6 in (2.8) and using (2.9) and (2.10).
(e) From (2.8) to (2.11),

Km 0 i
lim (e € )
)(1-T(60)) g (s —t 1-T (90)))

mM—00 Km (eieo’ 6i90)
2

— % (1-T(00)) (5"
2')1+T(00) g <S “tay T(@@)) :

% (147 (80) ) (3

This can be continued as

1 em(2) | — e~ 5 T(00) gip (1 (ST_t) (1-— T(GO))) ]
2T (00) 7 (*3") )
1 ( 7) | sin (725%) cos (52T (6o)) {e”s?T(ao) — e—iﬂ‘:tT(@o)}
20) | +cos (m25t) sin (w251 T (o)) {e”%tT(%) +e

o )5 )

_ sin (7 (s —t) T (0o))
= ™G ((s—1) T (6p)) .

Proof of Theorem 2.1
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We already have the result for real s,t. For m > 1, let
K, (ei(90+2ﬁ)’ ei(90+%{))

Km (6200 , ei@o)

(2.16) fm (s,1) =

This is a polynomial in €2™/™ and e~*2™/™  We shall show that {f,,} is
uniformly bounded for s,¢ in compact subsets of C: that is, given r > 0,
there exists C' such that

(2.17) sup sup |fm (s,t)] <C.
m21|s|,|t|<r

Thus {f} is a normal family. In as much as the limit (2.13) holds for real
s,t, and the right-hand side of (2.13) is an entire function of s,¢, it then
follows from the principle of analytic continuation that the limit holds uni-
formly for s, in compact subsets of the plane.

To prove (2.17), along standard lines, we note first from (2.15) that for
0,6 € (a,2m — ),

o [ (¢26)
< (AO)1+IBOD) x (4] +[B ),

Let J be a compact subinterval of («, 2m — «) , and Ay = {eie 10 € J}. The
last inequality, and continuity of A, B on J shows that

1
sup — | K, (z,u)] < C.

zueAy T

Let G denote the Green’s function for C\J with pole at co. From the
Bernstein-Walsh inequality [17, p. 156], it follows that for all z,u € C,

LKy (2,)| < CemEOG0),
m

Moreover, G (z) = 0 for z € Ay, and because A is a "smooth" arc,
|G (2¢™)| < Cy|ul,

for z € Jy and |u| < 1, where J; is any compact subinterval of the interior
of J. It follows that for m > mq (1),

1 - TS N 7l'7
s ‘Km (61(90+2m )’62(90-&-%))’ S 01602(‘8‘+|t‘) S ClGZCZT.
m

See Lemmas 6.1 and 6.2 in [9, pp. 556-557] for more details. Finally, by
(2.11), Ky, (€'%0,€%0) > Cm. So we have (2.17) and the result. B
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3. PrROOF OoF THEOREM 1.1

We begin with asymptotics for Christoffel functions:

Lemma 3.1

Let u be a regular measure on |o, 2w — . Assume that p is absolutely con-
tinuous in an open set containing a compact set J C (a,2m — «), and at
each point of J, p' is positive and continuous. Let A > 0. Then uniformly

for a € [—A,A], and 6 € J,

(3.1) lim nQ, (exp (z <9 + %))) =/ (0) /T (0).

n—oo

Moreover, uniformly for n > ng(A),0 € J, and a € [-A, 4],
. a 1
(3.2) Qn (exp <z (9 + %)>> ~

Remarks

(a) We emphasize that we are assuming that p' is continuous in J when
regarded as a function defined on [a, 27 — af.

(b) Asymptotics for Christoffel functions associated with special measures
on the arc were established by Golinskii [7]. Totik [23], [24] established as-
ymptotics a.e. on more general arcs and curves, that include (3.1) in the
case a = 0.

(c) It follows from Totik’s results and that above, that =7 (0) is the density
of the equilibrium measure (in the sense of potential theory) for the arc.
Proof

We already know this result for the special weight W (6) df of the previous
section. The extension to the general case is exactly the same as for the
whole unit circle in [9, pp. 549-551, proof of Theorem 3.1], so we omit the
details. H

Next, we need a comparison inequality:

Lemma 3.2
Let r > 0 and p, pu* be measures on |, 21 — «f, with p < ru*. Then for all

real 0, ¢,
1 o o
r

53 (B9 e\ [ Kt e ]
' = K, (7, ) K, (¢0 o) |

Proof
Let p# = rp*, so that u < p#. In [9, Theorem 4.1, page 552-3], we showed
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(10— KE) ()| /260 (.7
o 1/2 L 11/2
_ K, <€Z¢, 61¢) / . K# (6197 619) /
= \ K, (7, ) R (0,c?) |
It is easily seen from the definition of the orthonormal polynomials and
reproducing kernel that

that

K#

n

1

(Za U}) = 7K’Z (Zv U)) .
T

Then the result follows. W

Proof of Theorem 1.1
Let € € (0,1) and 6y € J. By continuity of x/ and W at 6y, we can choose
d > 0 such that for |§ — 0g| < 0

w' (0)
l—¢ < Ml(eo)g(l_g) 1
l—e < W‘i/(fo))g(ls)l
Let /(0)
2 1 (Vo
(1—¢) (o)

and define two new measures u* and p# on [, 27 — a] by

dp (0) = W (6) db;

du* (6) = W (0)d6in |0— 8| < 5
du* (0) = W(H)d9+%du(9) in [o, 27 — o]\ (6 — 6,00 + ).

Then p* > p# and cu* > p in [a, 27 — a]. Moreover, by our asymptotics
for Christoffel functions in Lemma 3.1, uniformly for s in a bounded real
interval,

K* (ei(90+27rs/n)7 ei(90+27rs/n)) :U/I (00)

. n B _ e,
nh—{go K, (ei(90+27rs/n)76i(90+27rs/n)) - W(QO) - C(l 5) >

K* ( (90+27rs/n 2(90+2ﬂ’5/n)

. ) _
n—00 K# (61(00+27rs/n) el (6o+2ms/n) )
Moreover, uniformly for s in a bounded interval,

K, ( ¢i(0o+2ms/n) ei(00+2ﬂ's/n)> - K# < ¢i(0o+2ms/n) ei(90+2ﬂ's/n)>

~ K* ( oi(Bo+2ms/n) 6i(00+27rs/n)) ~n
n Y N



12 DORON S. LUBINSKY! AND VY NGUYEN!

Then Lemma 3.2 applied to x4 and p* gives, with r = 1, and 6 = 0q+27s/n,
¢ =6y + 27t /n,

(1t —13) (o) 5 ()
S 1/2 L 71/2
(KK een)
-\ KF (e e) K (e, )
— 0 asn — oo;

and Lemma 3.2 applied to p and p* with r = ¢ gives,

'(Kn — 1[(;;) <ei97ei¢> ‘ /K (eie?em)
(Kn (eiqb,emb))l/z [1 ) w] 1/2

IN

K, (7, &) Ky (e, )

ooy 2 e

IN

Here C'is independent of s,t, a, b, n,e. Combining these last two inequalities
gives, for large enough n,

‘(cKn — K#) (ew,ew) ‘ /n < Ce'/?,

and recalling the definition of ¢, and the fact that K, = O (n), also

(B re) )

Here the left-hand side is independent of ¢, so we deduce

/
lim sup ‘ (I/;LV((GH[()))) Kn _ K#) <ei(00+27rs/n)’ ei(90+27rt/n)>

Using Lemma 3.1 on K, (6“90, 6i90) and K (eieo, eieo) once more, and The-
orem 2.1, we obtain

K, (ei(00+27rs/n)’ ei(90+27rt/n))

n—oo K, (eia()’ e’ieo)

K# (ei(Go +2ms/n) , ei(90+27rt/n) )

/n < Cel/?,

/n=0.

= lim
n— 00 K# (6190’ 6190)

= ™D G (s — ) T (0p)) .

The limit holds uniformly for s, ¢ in a real interval. We still have to establish
it for complex s,t. To do this, we can proceed as in the proof of Theorem
2.1: let f,, be defined by (2.16). We again need to show the uniform bound-
edness (2.17). But in some interval J containing 6y, we have p' > C, and
consequently, in a slightly smaller interval Ji,

‘Km (ew,ew)‘ <Cm,0,peJm2>1.
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We can now mimic the proof given in Theorem 2.1 to show the uniform
boundedness (2.17), and then apply normality and analytic continuation. B

Proof of Corollary 1.2

This is an easy consequence of Hurwitz’s theorem: the function ™S (sT (o))
has (simple) zeros when and only when sT' () is an integer. It follows from
the uniform convergence in Theorem 1.1, and Hurwitz’ Theorem, that for
large enough n, K, (ei(90+2”5/"), ewo) has a simple zero s4p,, with

lim six,T (0p) = tk.
n—oo
Moreover, these are the only zeros of K, (ei(‘9°+2”3/ ”),ewo) in a bounded

neighborhood of 0. Now observe that

Otrn = 00 + 25 1pon /1,

S0
+2rk
n (gikn — 90) = 27r3ikn = m + o0 (1) .
|
Proof of Corollary 1.3
We begin with the identity
S(.’E) — sin — 1/1 (eiwxy + e—iwxy) d
- T o 2 0 Y-

This easily yields

™08 (s — 1) T (6p))
1
_ 1/ [eiﬂs(1+yT(90))6—i7rt(1+yT(90))+eiﬁs(l—yT(Go))e—im&(l—yT(Qo)) d
0

= 2 y.

We now use the Maclaurin series for the exponential function on each term
in the last line, and then integrate with respect to y. On multiplying and
dividing by a suitable power of 2, we obtain

DS ((s — ) T (6p))
, k

. Naiiad (2ims)? (—2imt) 1 1+ T () j+k+1_ i(@o) JHk+1
_ ]Z;kzo iU kK TO0)G+k+1) ( > > ( : ) .

(3.4)
Next, the asymptotic in Theorem 1.1 can also be recast in the form

55 1 K, (zo (1 + 222, 5 (1 v %))

=™ NS ((s—t) T (0
e S ,
n—00 K, (20, 20) ( )T (60))
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uniformly for s, in compact sets. To establish this, one uses that

627ris/n =14+ 2mis +0 i
n n?)’

together with bounds such as

‘K,QLO) (z,2)| < Con?,

uniformly for |z — 29| < C1/n, for any given C; > 0. This latter estimate
may easily be deduced from Cauchy’s estimates for derivatives, and the fact
that |K,, (z,2)| < Csn for |z — 29| < Ci/n - as in the proof of Theorem

2.1,

this follows from the Bernstein-Walsh growth lemma for polynomials.

Finally, we note that Taylor series expansion gives

Ko (20 (14 222) 2 (1+ 2210))

Ky (20, 20)
B i K" (20, 20) 207 (2mis)’ (—2mit)*
B o K, (20,20) nitk 4l K

This, the Taylor series (3.4), and the uniform convergence (3.5) give the
result. l

(1]
2]

3]

[10]
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