Mutually regular measures have similar
universality limits

D. S. Lubinsky

Abstract. We use a localization technique to compare universality
limits for two different measures. Assume that g and v are mutually
regular measures, and are mutually absolutely continuous in some
closed neighborhood J of a given point xo in their support (whether
in the bulk or the edge). Assume that at xo, the Radon-Nikodym
derivative g— is positive and continuous. Then under further as-
sumptions on one of the measures, the two measures share a similar
universality law at zo.

x1. Results
Let 1 be a nite positive Borel measurewith compact support £ on
the real line. Then we may de ne orthonormal polynomials
pn(ff):Pﬁ(iC):%fC”""'w ’7n>07

n= 0,12 ... satisfying the orthonormality conditions

/ PrnPmdpt = Omn.
E
These orthonormal polynomials satisfy a recurrencerelation of the form

zpp (2) = ang1Pnt1 (2) + bupn () + anpn—1 (),

where
Tn—1
Tn
and we use the corvertion p_; = 0. Throughout w = Z—g denotesthe
absolutely corntinuous part of i with respect to Lebesguemeasure. The
measurey is said to be reqular in the senseof Stahl and Totik [11], if

ap = >0andb, €R, n>0,

1
lim /= —
n—oo Tn cap (E)’
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where cap (E) denotesthe logarithmic capacity of E. In particular, if
E = [-1,1], this requiresthat

lim /=2

n—oo

One of the key limits in random matrix theory, the so-calleduniver-
sality limit [1], involvesthe reproducing kernel

n—1

K} (z,y) = Zpk (@) pr (y)

k=0

and its normalized cousin
Kb (2,9) = w (@) w )" K (2,1).
In [6], we preseried a new approad to this universality limit, proving:

Theorem 1. Let p be a finite positive Borel measure on (—1,1) that is
regular. Let K be a compact subset of (—1,1) such that u is absolutely
continuous in an open interval containing I. Assume that w is positive
and continuous at each point of KC. Then

1 a b A
im Kn (I+ R0 & (w,w)) _ sin7(a —1b)
n—0oo K (z, ) m(a—b) ’

uniformly for x € I and a,b in compact subsets of the real line.

We also established L,, analoguesassuminglesson w. Subsequetly, Vili
Totik [13] establisheda far reaching extension, replacing [—1,1] by gen-
eral compact sets, but also allowing Lebesguepoints instead of points of
cortinuity.

In [7], we shonved how localization and smoothing can be applied at
the edgel of the spectrum. For oo > —1, let

Jo (V) VoI, (v0) = Ja (VV) VuTg, (Vi)
2(u —wv)

Jo (u,v) =

be the Besselkernel of order a, where J,, is the usual Besselfunction of
the rst kind and order «.. Our result for the edgewas:

Theorem 2. Let p be a finite positive Borel measure on (—1,1) that
is regular. Assume that for some p > 0, p is absolutely continuous in
J =[1—p,1], and in J, its absolutely continuous component has the form

w(z) = h(z) (1 —2)* @+ 2)°, where o, 8 > —1. Assume that h(1) > 0
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and h is continuous at 1. Then uniformly for a,b in compact subsets of
(0, 00), we have

lim — K» (1 @ g0 ): Ta (a,b). 1)

n—oo 202 M\ T 2n2°7 202
If « > 0, we may allow compact subsets of [0, 00).

The proof of Theorem 1 involved reducing the measureu to a Legendre
weight near C, while the proof of Theorem 2 reduced to a Jacobi weight
near 1.

In this paper, we showv how the same localization principle oers a
uni ed framework for universality limits in the bulk, or at the edge,of the
spectrum. We need:

Denition 1. Let u, v be measureswith compact support. We say they
are mutually reqular, if asn — oo,

P2d 1/n
sup <u> — 1,

deg(P)<n \ J P2dv

and y
P24 "
sup (#) — 1.
deg(P)<n \ ] P2dp

Note that if 4 is regular in the senseof Stahl and Totik, they show that
it is mutually regular with the Legendreweight v/ = 1 having the same
support as . Indeed, this is a key tool in the proofsin [6] and [7].

Recall that the nth Christo el function for p is

M (z) = 1/K! =  min P%du ) /P2 ().

f0 = YRE@o = min ([P r

When dealing with a positive measurer, we shall denote its reproducing
kernel by K and its normalized reproducing kernel by K*. We shall
also usethe superscript v to indicate other quartities assaiated with the
measurep. The result of this paper is:

Theorem 3. Let u and v be measures with compact support that are
mutually regular. Let J be a compact subset of the support supp[u] of
w. Assume that I is an open set containing J, such that in I Nsupp[u], u
and v are mutually absolutely continuous. Assume moreover, that at each
point of J, the Radon-Nikodym derivative % is positive and continuous.
Let g : J — (0,00) be a function defined on J. Assume that for some
positive numbers d and c,

lim n\" (:C+ cm_c) = g(z), (2)

n—oo
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uniformly for x € J and a in compact subsets of the real line. Then
uniformly for a,b in compact subsets of the real line, and x € J, with
x+ an”¢ x + bn~° restricted to supplu],

i % (z) KE(z+ an™ ¢z + bn=¢) — KX (x+ an™ ¢,z + bn™°) o
e K (or0) -
3)

Thus i and v sharesimilar universality limits on J. Of course,J could
consist of a single point at the edge of the spectrum, namely at points
where the support of the measuresmeetsits complemen. An example
would be the endpoint 1 of the interval [-1, 1], asin Theorem 2, where
v can be a Jacobi weight and ¢ = 2. In this case, d depends on the
particular Jacobiweight. Or, J could alsobe a single point in the interior
of the support, such as a point in (—1,1), the situation in Theorem 1,
where v can be taken as the Legendreweight and ¢ = 1. We emphasize
that our hypothesison cortinuity of ‘;—‘lj in J, involvesapproac to J from
all points of the support of p.

We may replacethe sequence{n—°} by a more generalsequence{c,, }.
Moreover, we may replace the hypothesis (2) by a more generalone. In
its formulation, we need more notation. For x € R and § > 0, we set

I(z,0) = [z —6,z+ 9].

The distance from a point z to a set J is denoted dist (x, J). For such a
set J, we set

I(J,6) = {a:dist(z,J) <d}.

[x] denotesthe greatestinteger < .

Theorem 4. Let u and v be measures with compact support that are
mutually regular. Let J be a compact subset of the support supp[u] of
. Assume that I is an open set containing J, such that in I Nsupp|[u],
and v are mutually absolutely continuous. Assume moreover, that at each
point of J, the Radon-Nikodym derivative % is positive and continuous.
Assume that {e,} is a sequence of positive numbers with limit O, such
that

JEnm A (z+ agp) /A (2) = 1, (4)

uniformly for x € J and a in compact subsets of the real line, with z+ ag,
restricted to supplv]. Assume, moreover, that for each A > 0,

AV T+ ae,
2t AR ®)

lim |limsu
n—0+ n_>oop A (z+ agyp)




Universality Limits 5

uniformly for x € J, and |a| < A. Then uniformly for a,b in compact
subsets of the real line, and x € J, with x + ae,, and x + be, restricted to

supp[p],

‘;—’Ij () KE (z+ aen,x+ bey) — K2 (z+ aen,x+ bey)

li = 0. 6
Jm, K (@.2) ©)

This paper is organisedas follows. In the next section, we establish
asymptotics for Christo el functions. In section 3, we prove Theorem 4
and then deduceTheorem 3.

In the sequel C,C1,Cs,... denote constarts independent of n,z,6.
The samesymbol doesnot necessarilydenote the sameconstart in di er-
ent occurrences. We shall write C = C'(«) or C Z C(«) to respectively
denote dependenceon, or independenceof, the parameter «.

Xx2. Christo el functions

The methods usedto prove the following result are well known, coming
primarily from a seminal paper of Mate, Nevai and Totik [8].

Theorem 5. Assume the hypotheses of Theorem 4. Let A > 0. Then
uniformly for |a| < A, and x € J with x + ae,, € supp[u], we have

lim M (x+ agy,) /A5 (x) = Z—'u (x) . ©)
n— oo v
Pro of: We rst provethat uniformly for x € J and |a| < A, with z+ ae,
restricted to supplu],

B+
lim sup/\”(xid?sn) <1 (8)
n—oo A2 (2) 2 ()
Let ¢ > 0 and choosed > 0 sud that x and v are mutually absolutely
continuousin 1 (J,6) Nsupply], and sud that

@ < Py /P

<1+e, x,y€l(J,d) Nsupplu] with |z—y| <4. (9)
This is possiblebecauseof compactnessof J and contin uity and positivit y
of ‘;—‘lj at every point of J. Let us x x9 € J and recall that I (x,9) =
[zg — d, 29 + 6]. De ne a measurey™* with

p = pin supp[p] \I (zo, 5)
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and in I (xo,9), let u* be absolutely cortinuous with respect to v, with
Radon-Nikodym derivative w.r.t. v satisfying

d_u = d—u 29) (L + ¢) in I(xg,0). (10)
dv dv

Becauseof (9), p < u*, sothat if A\# is the nth Christo el function for

u*, we have for all z,
Me(z) < M (a). (11)

We now nd an upper bound for A* (z) for « € I (z¢,d/2). Let d be the
diameter of supplu] U supp[v]. There exists r € (0,1) depending only on
0 such that

2
0<1- (t_Tx) < rfor x € I(x0,8/2) Nsupp[u]

and ¢ € (supp[u] Usupp[v]) \I (z0,0) .  (12)
Let n € (0,4) and chooses > 1 socloseto 1 that
ol < /A, (13)

Let m = m(n) = n—2[nn/2]. Fix x € I (zq,5/2) N supp[r] and choosea
polynomial P,, of degree< m — 1 suc that

No(x) = / P2dv and P2 (z) = 1.

Thus P, is the minimizing polynomial in the Christo el function for
the measurev at z. Let

2\ [nm/2]
52 (1) = Po(t) (1— (%°) ) ,

a polynomial of degree< m — 1+ 2[nn/2] < n—1with S, (z) = 1. Then
using (10) and (12),

@) < [ s

d
< P+ o) P2y + ¢2mn/?) / P2
dv I(z0,6) supplu]\I (0,6)
d
< £ (z0) (1 + )N, (x) + r2lm/2] / P2 dp.
dv supplu]\I(z0,6)

Now we usethe key idea of regularity, probably rst usedin this context
by Mate, Nevai and Totik [8, Lemma 9, p. 450]. By the mutual regularity
de ned in De nition 1, for m > mq (o), we have

/ PZdu < am/Pidu = o™\, (x).
supp[u]\1 (0 ,9)
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Then from (13), uniformly for x € I (x,4/2),

Ay (@)

IN

W ()@ ¥, @) {1+ €[]

IN

d
= (@0) 1+ X7, (2) {1+ 0(D)),
soas M < M\ for all z € I(xo,d/2) N supplul,

A (@) A7 () < 2—5 (z0) 1+ &) {1+ o (D)} A7, (2) /A (2) - (14)

The o(1) term is independen of zy. Using (9) again, we obtain for n >
no (o, 9), and for all = € I (xg,0/2) Nsupp[u], that

A (@) /A5 () < Z—fj (2) @+ )*A, (2) /A7 (@) -

By covering J with nitely many sud intervals I (z,0/2), we obtain for
somemaximal threshold n, that for n > ny = nq (¢, 6, J), that this last
inequality holdsfor all z € I (J,§/2)Nsupp[u]. Nowlet A > 0and |a| < A.
There exists ny = ns (A, J,§) suc that for n > ny and all |a] < A and all
z € J, wehavex+ as,, € I(J,6/2). Recalltoothat m = n—2[nn/2]. By
our hypothesis (5), we can choosern > 0 small enoughand ns sud that
for la| < A,z € J, and n > ngs,

Ar (x+ agy) /A7 (v + agp) < 1+ e

We deducethat

. Mz + ae
lim sup sup n( - n) <1+ ¢)3.
n—oo | acl-A,Alwes N (x+ ag,) E(x+ asy)

x+aen € supp[u]

As the left-hand sideis independert of the parameter ¢, and ‘jl—’,j is cortin-
uouson J, we deducethat

. Mz + agy)
lim sup sup

d
n—oo | acl-aA,Alzes N (z+ agyn) 25 ()
z+aen € supp|u]

<1 (15)

Finally, our hypothesis (4) gives(8). In a similar way, we can establish
the conversebound .
AV (x) ¢E
lim SUDM <
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uniformly for z € J, |a| < A, and = + ae,, restricted to supp[u]. Indeed
with m, = and n asabove, let us choosea polynomial P of degree< m —1
such that

A (z) = / P2 (t)du(t) and P2 (z) = 1.

Then with S,, asabove, and proceedingas above,

A (x) < /Sﬁdu

d _

< |:_,LL (CC()) ! (1 + E):| / P%du+ TQ[nn/2]/ P,%Ldl/
dv I(z0,) supp(u\(z0,0)

< [d“

2 (2o
dv

)@+ s)} X (@) {1+ C[ot )"}
and so as above,

sup A (2) /A5, ()
z€I(z0,0/2)N supp|p]

<T@ argur o) s @/
dv z€1(w0,6/2)

< [3—5 (w0) (@ + 5)3] .

As n runs through all the positive integers, so doesm = n — 2[n/2].
(Indeed, the di erence between successie such m is at most 1.) Then
(16) follows using monotonicity of A,, in n, much asabove. Together (16)
and (8) give (7). O

x3. Lo calization

Theorem 6. Assume that p satisfies the hypotheses of Theorem 4. As-
sume moreover, that u* is a measure with compact support that satisfies
the same hypotheses in Theorem 4 as does u. Assume that

dp

e =1inJ.

Let A > 0. Then as n — oo,

sup ‘(Kﬁ — K» )(:v+ aen,x + bey)| JKP (2,2) = 0(1). (A7)
a,be[—AA),xeJ
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Pro of: We initially assumethat globally
<t (18)

Now
[ (k2o -2 @o) o
= [ K@ dn(0) -2 [ K2 ) K2 @0 du)
o [ 2@ duc
= Ki (o)~ 27 () + [ K220 du),
by the reproducing kernel property. As p < p*, we also have
[ @aaut < [ K22 @de ()= K2 @),
So
[ (52— &2 @0) aut) < K2 @) - K @) G9)

Next for any polynomial P of degree< n — 1, we have the Christo el
function estimate

1/2
P ()] < K¥ (5, ) ( / P%zu) . (20)

Applying this to P (t) = K! (z,t) — K} (z,t) and using (19) gives,for all
z,y € R,

. . 1/2 . 1/2
Kl (o,y) = Kl (@,9)| < Kb ()2 [K2 (@,0) - KL (@,0)]
SO

Kl @) — K2 ()| /K ()

Ke ()2 ke ()]
= <K7’f (:v,ac)) {1_ K} (38795)} . =)

Now we setz = z¢ + ae, and y = xzo + be,, Wherea,b € [—A, A] and

xo € J. By Theorem 5, uniformly for suc «z, f{" ((;f)) =1+ o(2), for

dis (1) = 4 (). Moreover, Theorem 5 shows that

Kl (zo + agn, o + agy) /KE (x0,20) = 1+ 0(1).
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So

sup |(Ky - K ) (w0 + asn w0 + ben)| /K (w0, 70) = 0(D).
a,be[—A,Al,xzo€J

Now we drop the extra hypothesis(18). De ne ameasurev by v = = p*
in J; and elsewherejet v = p+ p*. Then dup < dv and dup* < dv, while
for any polynomial P, we have

/P%zu < /P2du < /Pzdu+ /PQdu*,

so the mutual regularity of i and p* imply the mutual regularity of any
two of u, u*, v. The caseabove shows that the reproducing kernelsfor p
and p* have the sameasymptotics asthat for v, in the senseof (17), and
hencethe sameasymptotics as eat other. O

x4. Pro of of the Theorems

In this section, we approximate ;. of Theorem 4 by a scaledcopy v#
of v and then prove Theorem 4.

Theorem 7. Let p and v be as in Theorem 4. Let A > 0,¢ € (07 %) and
choose 6 > 0 such that (9) holds. Let o € J. Then there exists C and
ng such that forn > ngy , a,b € [-A, Al, x € I (x9,5/2) N J with x + ae,
restricted to supplu],

‘;—5 () KE(z+ agp,x + bey) — KY (z+ agy, x + bey)

K3 (z,x)

<Ce'? (22)

where C' is independent of €, 6, n, x, and xq.

Pro of: Fix z, € J and let v# be the scaledLegendreweight

d

v = ﬁ (xo) v.

Note that
y de N\
Ky (@y) = oo (@) | Ky(z,y). (23)

Let

p' = pin I(zo,0)
and

wr= ;l_u (z0) v outside I (xg, 9) .
v



Universality Limits 11
Obsene that p* and v are mutually absolutely continuous, since ddLV is
positive and constart outside I (zq, ¢), and positive and cortinuousin the
interior of I (z¢,0). Becauseof our localization result Theorem 6, we may
replacey by p*, without a ecting the asymptotics for KX (z+ aey,, x+ bey,)
in the interval T (:co, %) Soin the sequel,we assumethat u = ‘;—‘lj (xo) v =
v# outside I (z,d), while not changing p in I (zo,6). Obsere that (9)
implies that

1+ &) v# << 1+ e)v#, everywhere (24)

Then, much asin the previous section,

/(K;; (z,1) — KV (:v,t))Qdu# (t)

= / KH2 (2, t) dv# (1) — 2 / K (a,t) K2 (2,t) dv* (1)
+ /K;;"?(a:,t) dv (1)
/ KF2 (z,t) dp (t) + /1 s K2 (2, ) d (v — p) (t) dt

— 2Kl (2,2) + K (x,7)

KY' (2,2) — K& (r,2) + / K2 (2,0 d (¥ — 1) (1) dt,
I(x0,0)

recall that p = v# outside I (x¢,6). By (24),

/ K2 (2, ) d (v — p) (t) dt < s/ K2 (x,t) dp (t)
I(z0,0) I(z0,9)

<eKl(z,z).

So

# 2 #
/ (K4 @) =K @,0) dv () < K7 (00) — (L — ) K (2,2)
(25)
Applying an obvious analogueof (20) to P (t) = K, (z,t) — K (z,t) and
using (25) givesfor all z, y,

#
Kl @) — K2 (@,9)

# # 1/2
<k ()[R (@) — Q-0 K (@,0)]
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SO

Kt @) — K2 ()| /K ()

A 1/2 1/2
Ky (y,v) Ky (x, )
S(ﬁ) e-ogien]

In view of (24), we also have

Ki(r2) _ M () 1
KY (x,2)  Mo(z) — 1+ ¢’

sofor all z, y,

# #
Kl y) — K ()| /K (,a)
1/2
< KY (y,9) / 1 1-¢ Y2
~\KY (x,2) 1+¢

U# 1/2
< \/zg (lzn (y7y)>

KY (z,z)

Here we have used(23). Now wesetx = x1 + ae, and y = x; + be,,, where
z1 € I(z0,3) and a,b € [-A, A]. By our hypothesis (4), uniformly for
a,be[—A,A],and z; € J,

An (2)
Ay
and also the constarts implicit in ~ are independert of ,6 and z; (this

is crucial!). Thusfor someC and ny depending only on A and J, we have
for n > ng, a,b € [-A, A], and 21 € I (z0,8) N J,

‘ (K;; ~ K ) (21 + aep, 1 + bey)
< Cy/e.

sup

#
abe[—A,Alz1€1(wo; 5)NJ Ky (z1+ agp,v1 + agy)

Then also, from (23), for the samerange of parameters,

% (zo) KF (1 + aep,x1 + bey) — KX (21 + agp,x1 + bey)

K¥ (1 + agp,x1 + agy)

< Cy/e.
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Becauseof our hypothesis(4), we may replace K, (z1 + ag,, x1 + agy,) in
the last denominator by K} (z1,z1). Moreover, by (9), continuity of %

in J, and this last relation,

dp dp v

— (z1) — — (x0) | |KE (x1 + aen,x1 + bey)| /K (21, 21) < Ce.

dv dv
Combining the last two inequalities givesthe result. O
Pro of of Theorem 4: Let A,s; > 0. Choosee > 0 so small that the
right-hand side C'/? of (22) is lessthan ;. Chooses > 0 such that (9)
holds. Now cover J by, say M intervals I (z;,%), 1 < j < M, ead of
length §. For eadh j, there exists a threshold ny = ng (j) for which (22)

holds for n > ng (j) with I (o, §) replacedby I (z;,3). Let n, denotethe
largest of these. Then we obtain, for n > nq, a,b € [-A, A], and 2y € J

d,
|2 () FH (1 + a1 + ben) — KCE (21 + agq, a1 + bey)

Krlzl (Ila Il)

< 1.

It follows that uniformly for a,b € [-A, Al and z; € J,

B (21) KI (01 + ap, @y + ben) — K (21 + agn, 21+ bey)

=0 O

(26)
Pro of of Theorem 3: Note rst, that asthe uniform limit of continuous
functions, the function g is contin uous. We chooses,, = n~¢ in Theorem4.
The limit (4) followsfrom (2) and the continuity of g. The limit (5) follows
easily from (2). O

lim
n— oo Krl{ (xl’ajl)
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