
Math 6122 Fall 2005

HW assignment #8 (Due Friday, April 20)

Throughout this assignment, π, ρ, and π1, . . . , πk will denote finite-dimensional
complex representations of a finite group G.

1. a. Read §18.1 of Dummit and Foote.

b. Under the correspondence between representations and CG-modules
discussed in §18.1 of the text, if π ↔ V and ρ ↔ W , prove that
HomG(π, ρ) (as defined in class) is isomorphic to HomCG(V, W ) as
vector spaces over C.

2. a. If M1, . . . ,Mk and N are modules over a ring R, prove that

HomR(⊕k
i=1Mi, N) ∼= ⊕k

i=1HomR(Mi, N) .

Deduce that

HomG(⊕k
i=1πi, ρ) ∼= ⊕k

i=1HomG(πi, ρ) .

b. If ρ and π1, . . . , πk are irreducible, prove that

dimC HomG(⊕k
i=1πi, ρ) = #{1 ≤ i ≤ k : πi

∼= ρ} .

Conclude that the irreducible representations which appear in any de-
composition of π as a direct sum of irreducible representations, as well
as their multiplicities, are uniquely determined up to isomorphism.
They are called the irreducible components of π.

3. Let (λG, V ) denote the left regular representation of G, and let (ρ, W ) be
any irreducible representation of G.

a. For any nonzero vector w ∈ W , prove that W = {ρ(g)w : g ∈ G}.
b. Choose a nonzero w ∈ W , and define θw : V → W by

θw(
∑
g∈G

cgeg) =
∑
g∈G

cgρ(g)w .

Prove that θw is a nonzero element of HomG(λG, ρ).
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c. Prove that ρ is an irreducible component of λG. In particular, conclude
that there are only finitely many irreducible representations of G (up
to isomorphism).

4. Find (up to isomorphism) all irreducible representations of S3 by ex-
plicitly decomposing the left regular representation into its irreducible
components.

5. Let V be a finite-dimensional vector space over a field F of characteristic
different from 2, and let e1, . . . , en be a basis for V .

a. Define a linear transformation θ : V ⊗V → V ⊗V by θ(ei⊗ej) = ej⊗ei.
Prove that θ(x⊗ y) = y ⊗ x for all x, y ∈ V .

b. Define Sym2(V ) = {z ∈ V ⊗ V : θ(z) = z} and Alt2(V ) = {z ∈
V ⊗ V : θ(z) = −z}. Prove that Sym2(V ) has dimension

(
n+1

2

)
,

Alt2(V ) has dimension
(

n
2

)
, and that V = Sym2(V )⊕ Alt2(V ).

c. If (π, V ) is a representation of G, prove that Sym2(V ) and Alt2(V )
are π-invariant subspaces, and hence give rise to representations of G,
called the symmetric square and alternating square of π.
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