
Math 6121 Fall 2005

Proof of Eisenstein’s Irreducibility Criterion

Since the book’s proof of Eisenstein’s criterion on pp. 309-310 is incorrect,
we give a corrected version here.

Theorem. Let R be a UFD, and let f(x) = xn + cn−1x
n−1 + . . . + c1x + c0 ∈

R[x] be a monic polynomial of degree n ≥ 1. Let P be a prime ideal of R,
and suppose that c0, c1, . . . , cn−1 ∈ P and c0 6∈ P 2. Then f(x) is irreducible
in R[x] (and therefore irreducible in K[x] as well by Gauss’ lemma).

Proof. Suppose to the contrary that f(x) = a(x)b(x) with a(x) = alx
l + · · ·+

a1x + a0 ∈ R[x], b(x) = bmxm + · · · + b1x + b0 ∈ R[x], and 1 ≤ l ≤ n − 1.
Since a0b0 = c0 ∈ P , we must have either a0 ∈ P or b0 ∈ P . Without loss
of generality suppose that a0 ∈ P . Since c0 6∈ P 2, we must have b0 6∈ P . As
albm = 1 6∈ P , it follows that al 6∈ P . Let j be the smallest integer 1 ≤ j ≤ l
such that aj 6∈ P , so that aj 6∈ P but a0, a1, . . . , aj−1 ∈ P . Since cj =
ajb0+aj−1b1+· · ·+a1bj−1+a0bj, ajb0 6∈ P , and aj−1b1+· · ·+a1bj−1+a0bj ∈ P ,
it follows that cj 6∈ P . But j ≤ l ≤ n− 1, so this contradicts the assumption
that c0, c1, . . . , cn−1 ∈ P .
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