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Notes on the Fundamental Theorem on Finitely
Generated Abelian Groups

Theorem 1. Let G be a free abelian group of rank n, and let H be a
subgroup of G. Then:

(a) H is free of rank m ≤ n.
(b) There exists a basis u1, . . . , un for G and positive integers c1, . . . , cm

such that c1u1, . . . , cmum forms a basis for H.
(c) The index [G : H] is finite if and only if m = n. In this case,

let x1, . . . , xn (resp. y1, . . . , yn) be any basis for G (resp. H),
and write  y1

...
yn

 = A

 x1
...
xn


with A ∈ Mn(Z). Then [G : H] = | det(A)|.

Proof. (Sketch)
We proceed by induction on n. If n = 1 then H = aZ for some

a ∈ Z and therefore H is free of rank 1 (if a 6= 0) or 0 (if a = 0). In
general, we identify G with Zn and let π : Zn → Z be projection onto
the last coordinate. Let H ′ = ker(π)∩H and let H ′′ = π(H). Then by
induction H ′ is free of rank≤ n−1 (since H ′ is isomorphic to a subgroup
of Zn−1) and H ′′ is free of rank at most 1. If H ′′ = (0) then H = H ′ and
we are done. Otherwise, H ′′ = aZ is free of rank 1. Choose x ∈ H such
that π(x) = a. Then π maps G′′ := xZ isomorphically onto H ′′, so to
prove (a) it suffices to prove that H = H ′⊕G′′. This is straightforward
and we leave it to the reader.

We assume m = n and prove (b) and (c) at the same time. (We
leave the case m < n to the reader). Let x = [x1, . . . , xn]t (resp.
y = [y1, . . . , yn]t) be a basis for G (resp. H), and write y = Ax with
A ∈ Mn(Z). The reader can verify that performing an elementary
column operation on A corresponds to replacing x by another basis x′.
Similarly, performing an elementary row operation on A corresponds
to replacing y by another basis y′. Therefore, it is enough to prove
that by performing elementary row and column operations on A, we
can obtain a diagonal matrix. (Convince yourself that this is enough).

For this, it is enough by symmetry and induction to use elemen-
tary row operations to obtain a matrix A′ with a′i1 = 0 for all i > 1.
This can be done using the division algorithm and induction on M :=

1



2

max{|ai1| : i > 1}: Swap rows if necessary so that |a11| ≤ |ai1| for
i > 1. Then add a suitable integer multiple of row 1 to row i for each
i > 1 so that M is decreased. �

Theorem 2 (Fund. Thm. on F.G. Abelian Groups). (a) If G is a
finitely generated abelian group, then G is isomorphic to the
direct product of finitely many cyclic groups.

(b) More specifically, there is an integer r ≥ 0, prime numbers
p1, . . . , pk (not necessarily distinct), and positive integers α1, . . . , αk

such that

(1) G ∼= Zr × (Z/pα1
1 Z)× · · · × (Z/pαk

k Z).

Moreover, the integer r (called the rank of G) and the integers
pα1

1 , . . . , pαk
k (called the elementary divisors of G) are uniquely

determined (up to re-ordering the invariant factors).

Proof. (Sketch) Part (a) follows easily from the previous theorem, since

(〈u1〉×· · ·×〈un〉)/(〈c1u1〉×· · ·×〈cmum〉) ∼= (Z/c1Z)×· · ·×(Z/cmZ)×Zn−m.

The existence of the elementary divisor decomposition in part (b) fol-
lows from the Chinese Remainder Theorem, which says that if gcd(a, b) =
1 then Z/abZ ∼= Z/aZ × Z/bZ. The fact that r is uniquely de-
termined by G follows from the fact that G′ = G/Gtor

∼= Zr, and
G′/2G′ ∼= (Z/2Z)r, so |G′/2G′| = 2r. We leave the uniqueness of the
elementary divisors as an exercise for the reader (consider the groups
pGtor and G/pGtor and use induction). �


