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1 Philosoph y: What is Geometry?

1.1 Two Theorems from Geometry

1.2 Something Dieren t

We have beendoing geometry i.e., proving things about curvesand surfaces(nice subsets)
of space.This is what Euclid did when he proved the sum of the interior anglesof a triangle
is 180. Now, we're goingto forget about that (i.e., forget about looking at subsetsas our
subject of interest) and try to generalizeour notion of space. The spacesusedin the last
sectionwere R? and R3; we could follow the standard path and talk about creaturesthat

live in two-dimensionalspaceand generalizeR? to surfaces. But really, true spaceto our
intuition is three-dimensionalspace;we are not bugsthat live in somekind of surface. For
this reason,l preferto start with three dimensions.To set things up, we begin with a little

story that should motivate the generalization. The story is a kind of sciencection, but I've
tried not to stretch the possibilitiestoo far.

2 Intro duction to Riemannian Geometry

Episode 1. The Setup, or What They Saw

We begin with two obsenersin inertial obsenation stations in real physical space|that is
our generalizedspace |whic h we wish to discover.

We are assumingour obseners John Oh and John Wun can determine distancesfrom
their points of obsenation to objects in their (three dimensional)space. Furthermore, we
are assumingthat they can unambiguouslyidertify all locationsin  denotedby points p.

John Oh sendsJohn Wun out to the point p; which appearson his chart asu;. From
there, hepredictsthat John Wun will seethe point p, (markedu, onJohn Oh's chart) directly
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to his left (90 ). John Wun, howewer, seesp, only about 7805 to his left. Furthermore,
while John Oh predicts p, to be 78.5thousandmilesfrom John Wun, it is only 70.4thousand
miles as marked on John Wun's chart.

U1/V /\Wz

uz

Figure 1: John Oh's chart of spaceon the left; John Wun's chart on the right.

How can you explain theseobsenations? What other obsenations would you like to ask
the John's to make sothat you could explain?

2.1 Imaginary -vs- Physical; Topological Manifolds

Re ection of the obsenations of John Wun and John Oh suggestghat their charts aremissing
someinherert propertiesof the spacein which they live. Thereis somethingthat it is di cult
to obsene directly. The spaceitself seemdo be curving and stretching. Newertheless radial
measuremen appearsto be trustworthy. We will not commenceto call the space a three-
dimensionalRiemannian space. It will take sometime to descrike the essetial properties of
, but we start with the following.

is a metric space with a distane d, and at each observationpoint p2 , one
(that is to say, Oh or Wun) can construct a bijective continuousmap : B.(p)!
R3 suchthat (p) = 0 and for eachq?2 B, (p)

d(a;p) = j (9)j: (1)

We will leave asidefor the momert the question of which r we have in mind here. Simple
considerationswill scon show that (1) may only be expectedfor small enoughr in general.
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Figure 2: The x; y-planesas seenby the Johns.

There is a corveniert generalizationwhich we mertion now. Namely, we may assumethat
givenp 2 , thereis abijectivemap :B;(p)! R2®andsomeR’sud that

digd)=j (@ (i (@)

if d(g;q®) < rPand (q) = t( (q) (9) for somet 2 R. Notice that (1) becomesa special
caseof (2) for small enoughr.

Exercise 1 Interpret geometrically the condition (g) = t( (q)  (g9) for somet 2 R.
We now recall a usefulresult from elemenary topology.

Lemma 1 If f : X | Y is a bijective map of a compact space into a Hausdor space, then
f is a homemorphism.

Proof: Exercise.SeeAppendix 1 for de nitions.

We concludethat our postulated mapping is a homeomorphismonto its image. We
pauseto compareour rst (physically motivated) assumptionon to the de nition of a
topological manifold.

De nition 1 A topologicalmanifold is a setM with a (usually Hausdor and second count-
able) topology suchthat for eachp 2 M, there is a neightorhood U of p, a neightorhood V
of R" and a homemorphism : U ! V. The mapping is called a coordinate chart; its
inverseis called a parameterchart.

Notice that the Riemannianspace is a topological manifold.
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2.2 Overlapping Exp erience; Dieren tiable Manifolds

The experienceof our obseners suggestausefulinformation is obtained by comparingobser-
vations (and pathsin particular) betweencharts basedat distinct points. A corollary is that
when :U! R%®and ~: 0! V aretwo sud charts, one should study the maps  ~ 1!
and ~ ! onthe intersectiondomains (U\ O) and (U\ 0).

Obsenations suggest furthermore, that if ~: [0;d;]! U\ O) parameterizesa smaoth

curve, then
—_ ~ 1

parameterizesa smooth curve in (U \ U0), though the path itself may be stretched. This
is away of saying itself is smooth; nothing happensto the curve in passingthrough to
destroy its smaothnessin the chart.

Lemma 2 If f :B;(Xo)! (B:(Xo)) is a homemorphismof neightorhoods of R" and

1. f 1 ~ parameterizesa smath curve whenever~ parameterizesa smath curve in
f (Br(Xo)) and

2. f parameterizesa smath curve whenever parameterizesa smath path in B, (Xo),
thenf is smath and d , is nonsingular.

Proof: Let v be a vectorin T,R".

f(x+ tvt) f (x) - )Y0)

@ :
g™ =Im
where (t) = x + tv. In particular, the gradiert Df is well de ned. We leave shaving
continuity of this and the higher order derivatives (as well astheir existence)asan exercise.
The samereasoningdoesprovide, howewer, the existenceof Df ! aswell.
We have, howeer, that d,,(v) = Df (xo) Vv for jvj = 1. Noting that (t)=f 1 f
with  given above in the casex = Xq, we have

90) = Df *(f (x0)) Df(xo) v:
If dy,(v) = Df(Xo) v = 0,thenv = H0) = 0, which is a cortradiction. Thus, d,, is
nonsingular. O

In particular, our requirement concerningsmaoth transfer of curvesimplies the smooth-
nessof the overlap charts. This obsenation motivatesthe generalde nition of adi erentiable
manifold.



De nition 2 A di erentiable manifold is a topological manifold M with a speci e d sulzol-
lection of charts Ay, whosecoordinate neighlmrhoods still cover M and have di erentiable
overlaps i.e.,
-l uwo! v
{ ~liquv o) v

are smmth mapson subsetsof R".

Ay is called an atlas or di erentiable structure for M. Let A be the collection of all
charts that havesmath overlapswith all the chartsin Ag. A is called the maximal atlas for
M.

We can give a name, sg, C to the collection of all charts on a topological manifold M.
WethenhaveC A A,.

Exercise 2 Showthat C can neverde ne a di er entiable structure on M, that is, the rst
inclusion aloveis alwaysstrict.

Returning to our obseners John Oh and John Wun, this assumption of the existence
of smaoth overlaps (which follows from the smooth transfer of curves) suggestssomething
interesting about computing distancesin . In particular, we wish to considerhow actual
distancesin  might be accurately computed in a chart. The path John Wun seesfrom
p; to p, correspndsto a straight line on his chart of length d, = d(p;; p2) which we can
parameterizeby ~(t) = tw,5ws,j on [0; dy]. This correspndsto somecurve

t7 (w5 waj)

seenby John Oh in his chart. Wewould liketo de ne acurve by this formula and compute
the length as John Oh would computeit. Unfortunately due to the stretching that seems
to be taking place, even if John Oh were able to pick the correct curve in his chart, it is
exceedinglyunlikely that he would pick the parameterization given above. For this reason
it behoves us to considersomething slightly more general. We assumethat John Oh has
indeed chosenthe correct curve (corresponding to the shortest path from p; to p, in ) but
has parameterizedit in someother way :[a;b]! R3. In this situation, the actual length
may still be computed as follows.
b
/

d 1 ](t)‘ dt

d> = d(pz; p2)

b
= /\d( Yo W]t

b qt) ‘ .
— 1 .
= [l Y0 )i Wi




Setting

_ . ON)
e i)
we nd that our calculation takesthe form
b
dpip) = [ (©: (W) Wid 3)

This is a nice way of expressingthe stretching of shortest paths that takes place between
the imaginary spaceR? of a chart and the physical space. More generally we expect that
given any path in a chart, the length of the correspnding path in  should be computable
by a formula of the form (3). That is, we wish to considerthe possibility that given an
arbitrary curve ,

b
ength( )= / C(®); ()i Widt

Before we attempt to understandthe nature of the function in general,we introduce
somecolorful terminology in the abstract setting of di erentiable manifolds.

2.3 Paths and Curv es

We now draw a (somewhatsubtle) distinction betweenthe physical path in  obsened by
John Oh or John Won and the imaginary pictures they draw correspnding to it. We will
designatewhat they imagine as curves Thus, we distinguish betweena path in and a
curvein R". In the abstract setting of di erentiable manifolds, this requiresa de nition (as
it doesfor curvesin R").

De nition 3 A curve in R" is a continuous map of an interval :[a;b! R".

A path in an abstiact manifold M is a continuous map of an interval :[a;bl! M.

A curvein R" is a smath map of an interval :[a;b! R".

A smaoth path in an abstiact manifold M is a map of an interval : [a;b! M such
that for any coordinate patch : U! R" with (t) 2 U, the map is a smaoth curve
de ned in a neightorhood of t.

We denotethe collection of all smaooth pathsin M by P = P(M) and the subcollection of
all smooth paths passingthrough a particular point p2 M by P,.
Now, we return to physicalspace and considersomepathsand curves. The John's now

add to their imaginary repertoire postulated overlap maps Land 1. Wewill look at
the explicit expressiondor thesemapslater, but for now, we let be any parameterization
of the imageoft 7! L(tw?=jw,j) and note an interesting computation:



d 1 ](t)’ dt

d(p1; p2)

r

b
/ |d( N o )] dt
b

/ 1)

d( Y (t)—’j qb)jdt
b
[ o o i

j i

2.4 Making a Connection

Sofar, we have two lines of presetiation. There is the physical space which we have called
a Riemannian space. This is the spacein which John Oh and John Wun live. Our two ob-
senersimagine mathematical pictures to visualizeand, mostimportantly, make calculations
concerningtheir physical space. This is a curious situation, because can be physically
obsened, but not immediately imagined. On the other hand, we have presetned the ab-
stract mathematical notions of a topological manifold and a di erentiable manifold which
isolate certain features of the John's imaginary pictures. We will now crossthe line and
assumeour mathmatical/imaginary pictures can accurately describe the physical space .
To be sure, we have not yet accomplishedthis goal. In particular, we should determine the
nature of the scalingfunction = ( (t); qt)) which allows oneto compute the lengths of
paths. We have now accunulated enoughstructure, however, that it is corvenien to discuss
se\eral topics before moving on to consider . A signi cant portion of what we are doing
is introducing colorful terminology that allows our mathematical pictures to invade physical
space. We have already seena good example of this in the de nition of paths above. We
now move on to the notion of a tangert spacein a manifold.

2.5 Smooth Functions and Tangent Space

We rst put smooth functions on a manifold in much the sameway we did curves.

De nition 4 A functionf : M ! R on adier entiable manifold M is said to be smath if
f 1:U! R is asmamth mappingon U R". The setof all smath functions on M is
usualy denotel by D or F.

Note that F is a vector eld over R and is alsoa ring.

Exercise 3 What makesthe collection of smath functions on a manifold a ring? A vector
spee?



Topological Manifold

Di erentiable Manifold

Riemannian Space

Figure 3: Drawing together mathematicswith experience/obseration.

There are various ways to de ne tangentvectors and tangentspaceson a manifold. They
all have fundamenally to do with directional derivatives of functions from F. We will take
a somewhatdi erent approad and de ne tangert vectorsat onceabstractly and yet asreal
vectorsin R".

De nition 5 Assaiated to each point p 2 M is an abstact n-dimensional vector space
called the tangert spaceof M at p. The tangentspace is denotel by Ry or T,M. A tangert
vector is simply an elementV of the tangent space. Notice that we have not yet specied
coordinateson RY = T,M. We require T,M to admit coordinates compatible with the charts
of M. To be precise, assaiated to eachchart :U! R" with p2 U, there is a nonsingular
linear map

d p - TpM ! T(p)Rn

andif :U! R"and ~:0! R" arechartswith p2 U[ O, then
d3 d, Hv) =

% ~ YH(p+ tv)‘ _ forallv2 T R™

The table in Figure 4 displaysthat our de nition of tangert vectoris not sodi erent from that
of a point in a di erentiable manifold. The point of view we have takenis that real/physical
spaceexists but doesnot lend itself to (Euclidean/Cartesian) calculations. Calculations can



Objects Certral Properties

9 chart sud that p hasanimage

p2M in R"; charts overlap smoothly
2P } parameterizesa smooth curve
|
f2F f 1is smooth

9 linear chart sud that V hasanimage

V2TM _ . e
in T (»R"; charts overlap with compatibility

ry:.F! R" er=deVf 1

Figure 4: Objects de ned in, on, and around a di erentiable manifold.

only be made using imaginary pictures of (possibly small) piecesof physical space. In this
sense(the senseof calculation) we cannot see physical spacedirectly. The samelimitation
presers itself in our notion of tangert vector.

De nition 6 Given, V 2 T,M, the directional derivative of a smath functionf : M ! R
is de ned to be

r Vf = Dy pr l:
Exercise 4 Showthat directional di er entiation is wel de ned by showingthat

Dg-vf 7= Da,vf L

Solution:
Dol = glf @V
= DO TN [T @)

t=0

= D(f ~H((P) d3 d,Nd,V)
= D(f ~H((p) d7v

= Dgof ~H



Rn

Rn

Figure 5: Coordinate charts and (linear) tangert spacecharts.

The third equality usesthe compatibility condition de ning vectors;the last oneusesthe def-
inition of directional di erentiation. The othersinvolve di erentiation in R" or areidertities.
O

Lemma 3 Thedirectional derivativer y : F ! R s R-linear and Leibnizian,i.e.,r y(fg) =
rvig(e)+ f(prva.

Proof: Note that

Dg,vf * D(f () dpV (4)

1 1
(@f ) oo @ )((p»>dpv:

@t @n
Thus, since
1. partial di erentiation is linear,

2. R" is a vector space,and

10



3. vector multiplication is distributiv e,

it is clearthat r v is linear. To be precise,

r v(af + bg

ar yf + br vo:

Similarly, sincepartial di erentiation of functions on R" is Leibnizian,

rv(fo

rvfgp)+f(prve

Lemma 4 When consideed asa function of V andf on T,M F, the directional derivative
r is alsolinear in V.

Proof: This follows from the expression(4) and the linearity of the di erential chart d ,. O

2.5.1 Alternativ e Form ulations

We next considera catalog of objects isomorphicto T,M. Recall that the collection of
all smooth paths passingthrough p is denoted by P,. Let us also introduce a subscript
corvertion for curvesin Py, namely by writing 2 P,, we will assumethere is a designated
valuet for whichthat (t)=p.

De nition 7 (Equiv alence Classes of Paths) Givenapath o2 P, with o(to) = p, we

de ne the path vector\? to be the set
P
v="Ff 2Pp:( Mt)=(o )to)o:
The collection of all distinct path vectors we denoteby\P/ and call it the path vector space

P
Exercise 5 1. The de nition of v doesnot depend of the chart : U ! R" aslongas
p2U.

P P P P P P
2.1fv ,\' v 6 ,thenv =V . Thus,thesetsy partition P, andV denotesprecisely
P
the collection of equivalene classesvy ,= J oK
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3. The condition

( )=(0o )to) (5)
is an equivalene relation on Py, i.e., if wesay o when(5) holds,then
(i) (always),
(i) o implies , and
(i) oand o 1 implies 1.

An equivalene relation alwayspartitions a setinto equivalene classes.

P
We can de ne addition and multiplication by real scalarson V:

P P
V,+Vv,=f 2P| Mt)=(1 )+ (2 )29
and
P
cv =f 2Py t)=c( o )Yty
Exercise 6 Showthat theseoperations are wel de ned, e.g., exhibit a particular curve |
suchthat\? Lt \7 ,=J oK

P P
Exercise 7 V is an n-dimensionalvector space. What is a basis for v?

Exercise 8 :T,M! \P/byV 7' J oKwhere
o) = *((p)+td V)

is a vector space isomorphismwith inverse
LI K7 (dp) Mo )Yto):

L
De nition 8 (R-linear, Leibnizian functionals) Let V be the collection of all R-linear,
L
Leibnizian (with respect to p) functionalsv:F ! R.

L L
Exercise 9 Showthat V is a vector space andthat : T,M ! v by (V):F! R by

(V)(f) = Dy ,of

is a vector space isomorphismwith inverse
L L
Lay7i(dp) ! (ZV ( ‘)e,) :
j=1
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L
It is corveniert to have an explicit canonical basis (in coordinates) for V. We begin by
de ning

@
— F! R
@) \p
v @ @
— (f) = —[f ! :
5 ‘p() @l 0w
Exercise 10 Showthat
@ L,y
@! \p '

The tricky part of Exercise9 is showving that

@ ... @
@ e

L
is a basisfor V. This can be done as follows.

De nition 9 (do Carmo's hybrid approac h)
C C C
v=fVv:F! Rsudhthat v (f)= (f )0) for somepath :( ; )! Mg
. CcC L

Exercise 11 Provethat v=V.

L C
In light of this exercise,we can henceforthignore the distinction betweenyv and Vv and use
both the correspnding paths and linear Leibnizian properties of sudh functionals.
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Episode II: What They Figured

We return now to our obseners John Oh and John Wun. After arguing about the shortest
path from p; to p,, they decideto chedk a sequencef twerty points alongthe straight line

in John Oh's chart from u; to u,. Thesepoints are ¢ =
SeeFigure 6.

uz

c
firy

1(dy;j d1=20) corresmnding to

Figure 6: The x; y-planesas seenby the Johns.

They found that ead point ¢ is slightly closerto John Wun (at p;) than the distance
t; = jd;=20 along John Oh's line. Hereis a table with eah measuremen and the ratio of

the two.

tj = jd1=20

d(p; g)

ti=d(p1;q)

39269.908
78539.816
117809.724
157079.632

706858.347
746128.255
785398.163

35355.020
70708.128
106057.4046
141400.928

634467.389
669473.204
704437.300

.900308
.900284
.900243
.900186

.897588
.897263
.896917
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With these measuremets in mind, recall our computation of the lengths of paths in a
chart (3) andlet (t) = uy + te,. Putting the two together, we have

d1
length( * )= / C©; W)t
0

Note that
( 0); 10) = (use)
= jD( Y(u1) e
= ’%[ Yuy + tez)]}t=0
= |lim H(u + tey) O'
t& 0 t
- im j Yug + tez)j:
t& 0
More generally
(u;ae + be) = jD( Y(u1) (ae + be)j

jaD( B(u;) e + bD( Y(u) e)j
(a’Le; Lej+ 2abLe Le,+ bPlLe, Ley)™™

wherelLv = D( H(uy) .

Exercise 12 ComputeLe; and conjecture from Figure 6 and the measured valuesin Tablel
the value of Le,.

Exercise 13 What measurementsshouldbe undertakento determine (u;v) in geneal?

2.6 Vector Fields; Tangent Manifold and Smooth Mappings of
Manifolds

P
In our discussionof tangert spaceat p 2 M, we should have indexed all things by p: V,
L P L
Vo, Vp, Vp. One should take particular note of the basis

d,*e);::;d H(en)
correspnding to bases

J70 Y (p+tedK::; 7 I (p)+ ten)K
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and

p

P L
for vV and Vv respectively. In fact, thesecoordinate basisexpressionsre valid at other points
in U:

is a basisfor TqM whenewer q2 U. Eacth sud coordinate vector eld, or any sum of them

V() = > a(p)d,s) (6)

correspndsto a vector eld
u7! Za,- Yuwe =(a Mu)iia )

on (U). Tednically, V is not really a vector eld on M, but the di cult y is similar to that
with referringto ! asa function in F(M). What we really have is a vector eld on U that
can be taken asthe germ of a vector eld at any point in U (seeExercisel5 below).

De nition 10 The tangert manifold (or tangentbunde) is
TM = [ pom TpM:
A vector eld is afunctionV :M ! TM suchthat
V(p) 2 T,M:
Naturally, V(p) is often denote V.

Given a vector eld, one obtains an expressionof the form (6) for eat coordinate chart

:U! R". The vector eld V is saidto be a smath vector eld if the functionsa : U! R
are smaoth, i.e., are elemetts of F (U), for every . We will denotethe collection of smooth
vector elds by V = V(M).

Exercise 14 LetV beavector eld on M.

1. Showthat givena coordinatechart :U! R", thevector eld hasa uniqueexpression
(6) for p2 U with
g (p) = dp(V(p) &:
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2. Showthat V is smaoth if and only if

v =d sV Hw)

de nes a smmth vector eld on U R" (with the usual de nition that the coordinate
functions are smaoth). Key identity:

VW = d V(W) e

= d o (Pad ud iye) s
Sal (ud o d i) @
doac Mwe s
g (u):

3. Showthat V is smath if and only if the function g(p) =\7p (f) is a smath function
L
for eachf 2 F(M) whee V, is the unique linear Leibnizian functional correspnding
L
to V(p), i.e., showthat V:F(M)! F(M).

4. A ring operator \7: F (M)toF (M) is said to be R-linear and Leibnizian if
() V (af + bg = aVv (f)+ bV (g) for everyf:g2 F anda;b2 R and

i) V(fg) =V (f)g+f V(g forallf:g2F.

Showthat every R-linear and Leibnizian operator correspndsto directional di er enti-
ation with respect to somevector eld. Note: An R-linear and Leibnizian operator on
F is called a (functional) derivation on M.

Exercise 15 GivenV 2 V(U) anda coordinatechart :U ! R", showthat for eachp 2 U,
thereis a vector eld V 2 V with V  V in someneighlmrhood of p.

Exercise 16 Explain whatit meansfor V(M) to be a module over the ring F (M).
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