CHAPTER PDE

Partial Dieren tial Equations in Two Indep endent Variables

D.0  An Overview

Drawing on the Sturm-Liouville eigervalue theory and the approximation of functions
we are now ready to dewelop the spectral approac to the approximate solution of certain
linear diusion, wave and potential problems. All these problems have the samegeneral
structure and we shall outline the generalsolution processrst beforeturning to an extensive
discussionof speci ¢ problems.

We shall considerpartial di erential equationsin two independen variables(x; t) where
usually x denotes a space coordinate and t denotestime. Howewer, on occasion, as in
potential problems, both variables may denote spacecoordinates.

All problemsto be consideredare of the form
(0:1) Lu(x;t) = F(x;t)

where L is a linear partial dierential operator, with possibly variable coe cien ts, de ned
for x 2 (O;L) andt 2 (0;T). The equation (0.1) is to be solved for a function u which
satis es boundary conditions at x = 0 and x = L and initial conditions at t = 0 or, asin
the caseof a potential problem, boundary conditions at t = 0 and t = T. For de niteness

we shall assumenow that u is to satisfy the initial condition
(0:2) u(x; 0) = uo(x)

where ug is given.
In all our applications it is possibleto subtract a known function v(x; t) from u(x;t) so
that
w(x;t) = u(x;t) v(x;t)

satis es one of the boundary conditions at x = 0 and x = L listed in Table xxx. In other
words, w as a function of x belongsto one of the subspacedV described in Chapter 2. t in
this instance is regarded simply as a parameter.

The problem can be restated for w as: Find a function w(x; t) which satis es
Lw=Lu Lv=F(xt) Lv(xt) G(x;t);
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which belongsto M for all t and which satis es the given conditions at t = 0 (and possibly
att=T), i.e. here

w(x; 0) = up(x) Vv(x;0) wo(x):

We emphasizethat G and wgp are known data functions.
We now make the two essetial assumptionswhich lie at the heart of any separation of
variables method:

[) The partial di erential equation (0.1) can be written in the form
Lw(x;t) = Li(xX)w+ Lo(t)w = G(x; t)

where
i) L; denotesthe terms involving functions of x and derivativeswith respect to x,
i) L, denotesthe terms involving functions of t and derivativeswith respect to t.

II) The eigervalue problem

Li(x) =

has obtainable solutionsf ,; ngh\_; in M.

The computation of an approximate solution of (0.1-2) is now automatic. We de ne

We compute the best approximations

X
PnG(X;t) = n(t) n(X)
n=1
X
Pn Wo(X) = Nnon(X)
n=1

of the spacedependert data functions (treating t asa parameter) and solve the approximate
problem
Lwy = Py G(X;t)
Wi (X; 0) = Pn Wo(X):
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It turns out that the solution wy (Xx;t) hasto belongto My for all t and thus hasto have

the form
X

Wy (X t) = n(t) n(Xx):
n=1

Substitution into Lwy = Py G shaws that the coe cien t functions f , (t)g must be chosen

sucd that
X

[ n n@®+ La(t) n(t) ()] n(x)=0

n=1
Sincethe eigenfunctionsare linearly independert the term in the bracket must vanish. Hence

ead coe cient ,(t) hasto satisfy the ordinary di erential equation

(0:3) n n(t)+ La(t) n(t)= n(t)

and the initial condition
n(0) = *p:

We go on the assumptionthat this ordinary di erential equation is solvable sothat wy (x; t)
canbefound. Thuswy (X; t) is an exactanalytic solution of an approximation to the original
problem. It is natural to askhow wy is related to the analytic solution w(x; t) of the original
problem. For most of the problems consideredbelow we shall prove the following remarkable
result:

WN (X t) = Pnw(X; t)

Hencethe computed solution is exactly the projection of the unknown analytic solution. In
generalonehasa fair amourt of information from the theory of partial di erential equations
about the smoothnessproperties of w. In particular, w is nearly always squareintegrable.
The general Sturm Liouville theory can then be invoked to conclude that, at least in the
mean squaresensewy corvergesto w asN ! 1 . This implies that when our nite sums
are replacedby in nite seriesthen the resulting function is, in a formal sense the analytic
solution w(x;t). Somequartitativ e estimates for the quality of the approximation can be
found for speci c problems as outlined below.
D.1 The Diusion Equation

The eigenfunction expansion method is easiestto apply to diusion problemsin one

spacedimension. We shall present the general solution method, illustrate it for a number
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of worked examplesof increasing complexity and then discussthe theoretical issueswhich
arise when the original problem is replacedby a solvable approximation.
D.1.1 The Solution Technique

To make precisethe stepsrequired to nd an eigenfunction solution of the di usion

equation we shall considerthe following initial/b oundary value problem for the heat equa-

tion:

(1:1a) Lu=uy U= F(x;t); x2 (O;L);t>0
(1:1b) u(o;t) = A(t); t>0

(1:1c) u(L; t) = B(1); t>0

(1:1d) u(x; 0) = up(x);  x 2 (O;L);

which models the temperature distribution u(x;t) in a slab of thicknessL (or an insulated
bar of length L). F(x;t) denotesan internal heat sourceor sink and A(t) and B (t) are
prescribed (and generally time dependert) temperaturesat the endsof the slab or bar. The
initial temperature distribution is up(x). The rst step in the solution processis always
the reformulation of the problem for a function w which satis es homogeneousboundary
conditions. This is achieved by subtracting from u a function v(x; t) which satis es exactly
the sameboundary conditions as u(x; t). For (1.1) a simple function v(x; t) which satis es
the sameboundary conditionsat x = Oandx = L is

L X

v(x;t) = A(t) <

+ B(t)%:

Then
w(x;t) = u(x;t) v(x;t)

solves
_ _ : _ : R or+y X D1
Lw=Lu Lv=F(Xxt)+v= F(x,t)+A(t)T+B(t)E G(x; 1):

w(0;t) = w(L;t)=0
w(Xx; 0) = up(x) Vv(x;0) wo(x):
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Here we have tacitly assumedthat A(t) and B(t) are di erentiable. Since
Lw Wy W

we seethat

L1(X)W = Wiy ; Lo(w = w;:

The vector spaceM is givenby M = ff 2 C?(0;L) : f (0) = f (L) = Og and the eigervalue
problem is

™= x
0= (L)=0
The eigervaluesand eigenfunctionsare available from Table xxxx as

n .
”:T; n = ﬁ; n(X) = sin X n=1,2:::;N:

The best approximation in My to G and wy is readily found if we usethe L,[0;L] norm

and the assaiated inner product h; i. Then Py G and Py wp are the orthogonal projections

X
Pn G(x;t) = n(t) n(x)

n=1
Pn Wo(X) = " n(x)
n=1
where .
(t) = hG(x; t); n(X)i
h n(X); n(X)i
- é AL X a(x)i + BN o (X)i]

o % hwo(x); n(X)i:

The approximate solution can be expressedas

X
(1:2) W (X; t) = n(t) n(X)
n=1

and substitution into

Lwy = Py G(X;t)
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Wi (X; 0) = Pn Wo(X)

shows that
(1:3a) Aoat) A= ()
(1:3b) n(0) = Ay

This rst order ordinary di erential equation hasthe solution

Z t
(1:4) W) = e ot e ot 9  (s)ds
0
so that
X
(1:5) un (X;t) = n(t) n(X)+ v(x;t):
n=1

The problem hasa particularly simple solutionif F 0 and the boundary data are constart.

Then ,(t) = 0and
X

un (X;t) = Ave atsin px + V(X)
n=1

where
_n
n— _|

and
Ny = %hjo(x) v(X); n(X)i:

Note that uy (Xx; t) decaysto v(x) which is known asthe steady state solution of this problem.
If instead of the simple boundary data (1.1b,c) the more general so-calledre ection
conditions
Aou(0;t)  Asux(0;t) = Ax(t)

Bou(L; t) + Byux(L; t) = Ba(t)
are given then the choice of v(x; t) is more complicated. One can t a function of the form

v(x; t) = a(t)x + b(t)
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by solving
Al Ao a(t) — AZ(t)
BiL + Bo Bo b(t) Ba(t)

provided the matrix is non-singular. If it is singular then onecan nd a function of the form
v(x; t) = a(t)x? + b{t)x + c(t)

which satis es the sameboundary conditions asu(x; t). Oncewe have homogeneous$ound-
ary conditions we obtain the corresponding eigervaluesand eigenfunctionsfrom Table xxxxx
and proceedexactly as above. Of course,the eigervalues may be harder to compute and
the projection of the data may require more complicated integrals to be evaluated, but the
solution technique itself proceedsunchanged.
D.1.2 Applications

To illustrate and make concretethe eigenfunction expansiontechnique for the solution
of di usion problemswe shall presert a number of examplesdrawn primarily from the theory
of heat conduction.
Examples with temp erature data:
Example 1: Solwe

Lu Uy u=0; O<x<L, t>0
u(©O;t) = 1; wu(L;t)=0; t>0
u(x; 0) = 0; O< x<L:

This problem is fairly typical for thermal systemswhich are initially at a uniform tempera-
ture and which then are instantaneously heatedat the boundary. The technical complication
is that

tllrrz) u(0;t) 6 u(0;0):

The theory of partial di erential equationsassuregshat this problem hasan in nitely dier-
ertiable solution u(x; t) for t > 0 which assumesthe given initial and boundary conditions
exceptat (0; 0) whereit is discortinuous.

Answ er: The problem is formally transformed to onewith zeroboundary data if we choose
the steady state solution

vix)= 1 %



and de ne

w(x;t) = u(x;t) v(x):

Then

Lw Wy WwW;=Lu Lv=0
w(0;t) = w(L;t) =0
w(x; 0) = v(x):

The assaiated eigervalue problem is

00—

©= (L)=20
The eigenfunctionsare ,(x) = sin ,x with , = T“ In this casethe sourceterm G is
zerosothat ,(t) = O0and
h v(X); n(X)i 241 X 2
A= LR SATAR 1 = sin ,xdx= —:
" h o (x); an(x)i L o L : n
The approximate solution is
X2
un (X 1) = “ e ttsin ,x+ 1 X
azy N L

Fig. 1la shownvs uy (x; 0) for N = 5. We can obsene the Gibbs phenomenonnear x = 0 due
to approximating v(x) with a Fourier sine series. Fig. 1b shows the solution us(x;t) for a
few valuesof t. We obsene a thermal wave moving from x = 0 into the medium.

Example 2: Solwe

Lu uy u=20
u(o;t) = 0; ulL;t)= et
X
u(x; 0) = L

Now the initial and boundary data are contin uous but the boundary valuesare time depen-

dert sothat there is no steady state solution.
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Answ er: We obtain zero boundary conditions if we choose

v(x;t) = %e t w(x;t) = u(x;t) v(x;t):

Then

t

Lw Wy W;=Lu Lv=v= e,

X
L
w(0;t) = w(L;t) =0

w(x; 0) = O:

The eigenfunctionsare the sameasin Example 1. We obtain

e, n(x)i _

t) = —="el
where
Z
2°¢t . 2)"
A EO%SIn”XdXZ( ):
Then
2(t)= ﬁ n (1) Anet
n(o): 0;
sothat Z,
n(t) = e (t 9 g sqs
0
__n t 2¢
= 7 2 e e
and
X X
un (x;t) = a(t)sin ox + Eet:
n=1

Fig. 2 shows the solution uy (x;t) at t = :01for N = 1;3, and 5.

The next application is meart to illustrate the value of an (approximate) analytic
formula in determining the in uence of physical parameterson the solution.
Example 3: A bar with uniform cross section A and length L and constart thermal
parameter is perfectly insulated along its length. Initially it is at a uniform temperature
To > 0. At time t = 0 both endsof the bar are chilled to T = Oand keptat T = 0. Find a
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relationship betweenthe data of the problem and the time it takesfor the thermal energy
stored in the bar to decreaseo half its original value.
Answ er. The mathematical model for the temperature T(x; t) in the bar (assuming heat

ow along x only) is given by
kTXX CTt = 0
TO;t)=T(L;t)=0
T(x;0) = To:

Here the conductivity k, the density and the heat capacity ¢ are assumedconstart. The

thermal energy of the bar is by de nition
Z
E(t) = cT (x; t)A dx:
0

The problem can be made dimensionlessif we choose

_ X, - _K
Y=o T CL?
and de ne
. cL
u(')‘T i
y; )= T
Then
Lu uy u =0 >0 O<y<1
u@©; )=u(@; )=0; >0

u(y;0)= 1; 0y 1L

The expressionfor the energy of the bar becomes
Z, Z,

E()=c¢ T Ly; K AL dy = cTpAL u(y; )dy:
0 0

cL 2

SinceE(0) = cT (AL the question now is: Find ~ such that
Z,
u(y; Mdy =

E(") _
E(0) 0

NI =
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Almost by inspection we seethat an approximation to u(y; ) is given by

W ,
un(y; )= Ape nosin gy
n=1

where , =n and
: . 2 2 N
ANy = 21 sin ny|=n—[1 cosn ]:n—[l ( D"]:

Hencewe needto nd ” sud that
X . 21
e " sin hydy
n=1 0

X

L ()2

22 1
1 ( )"FPe O =2

N

If we de ne

then we have the polynomial problem

By inspection we seethat Py (0) = 0 and P2 (z) > 0 for z > 0. Hencethere can be only
one positive root zy which, howewer, hasto be found numerically. Of course,the function
un (X; t) is only an approximate solution sothe root zy is only meaningful if it is reasonably
independert of N. To show the in uence of the number of terms in the approximation we

list below the computed value of zy for afew N.

ZN

.61685
.61544
.61544
.61544

N O W R |z

As is usually the case,very few terms are required to obtain a stable approximate solution
of the problem. Henceit follows that

In :61544
—"

N =
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The nal answer is that the time f required for the thermal energy to decay to half its

original value is given by
L 2
f= &
k

Examples with ux data:
Example 4:
Solve

Lu=uy u=20
u(0;t) = 1; ux(L;t)=0
uix;0)=0

and nd the time f sud that u(L; f') = :5.
Answ er. The problem is transformed into a new problem with homogeneousboundary

conditions if we choose

vix;t) =1

and set

w(x;t) = u(x;t) v(x;t):

Then

Lw=w,y wW=Lu Lv=0

w(0;t) = wy(L;t) =0

w(x;0) = 1
The assaiated eigervalue problem is
™= X
©= A)=o0
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The eigervaluesand eigenfunctionsare found from Table xxxx as

_ 1+ 2n)

n T; n = %; n(X) = sin X

forn=0;1;:::. If wewrite

X
Wy (X 1) = n(t) n(x)

n=0
then
S =0
n(0) = "n
where
h 1; ,i 2 L 4
N = = =
e e T R (T
Hencethe approximate solution is
X 4

un (X 1) = e nlsin  x+ 1

1o (1t 2n)

To nd f we needto solve the equation

X

4 _ 2
——_ (sin ,L)z{ ") = 5
. 1+ 2n)
where
£
Z=¢e L?
and where
sin ,L=( 1":

z canonly be found numerically. The computer yields the following solutions for sumswith

N + 1terms:
N z
0 .6847
1 .6847
2 .6847
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Hence
f= L?jIn:6847%:

Example 5: Let f (x) be a corntinuous function on [O; L].

Find the behavior of the solution of
Lu= Uy U = t3f(x)
Ux (0;t) = ux(L;t) = 0
ux;0)=0

ast! 1.
Answ er: The boundary data are already homogeneousand we can proceedwith the eigen-

function expansionfor u. The assaiated eigervalue problem is

™= X
0= =0

The eigervaluesand eigenfunctionsare obtained from Table xxxx as

n
nZT; n no n(X)=COS nX forn=0,1;::5N:

The approximate solution is

X
un (x; t) = n(t) n(x)
n=0
where
2o = a()
n(@0)=0
with
n(t) = Antz
A _ (X)) ni
" hony ni
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We note that R,
o f(x)dx
N f—

0" L
is by de nition the averagevaluef of f on [O;L].

The equation for ,(t) is readily integrated and yields

t3
O(t)=A0§
(N 2
nt)=" — —J+ % — "ne nt; n=12::::N
n n n n

For larget the cubic term will dominate. Hencethe solution uy (X; t) approacesthe uniform
distribution
t3
Up(x;t) = f 3 ast! 1
regardlessof the actual form of f (x) provided only that f 6 O.

We shall continue our discussionof one dimensional di usion by consideringtwo prob-
lems which go beyond a simple model problem and are meart to indicate the advantage
of combining analytic and numerical techniquesto solve more realistic problems with little
e ort.

Example 6: Dynamic determination of a corvective heat transfer coe cien t from measured
data.

An insulated bar is initially at the uniform ambient temperature T; and then heated
at oneendto Tpo > T; while it losesenergyat the other end due to convective cooling. We
may assumethat after scaling spaceand time the non-dimensionaltemperature

T(x;t) Ty

u(x:; t) =
() To T

satis es the problem

u(o;t) = 1; ux(1;t) = hu(1;t)
ux;0)=0

whereh is an unknown (scaled) heat transfer coe cien t which is to be determined sud that

u(1;t) is consistert with measureddata (tj; U(t;)), whereU(t;) is the temperature recorded
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Answ er: It is resonableto suggestthat h should be computed such that u(1;t;) approxi-

matesU (t;) in the meansquaresense.Hencewewishto nd that value of h which minimizes

had
E(h)y=  (u(Lti;h)  U(t))2wW(t;)
i=1

whereu(x; t; h) indicatesthat the analytic solution u dependson h. W(t) is aweight function
chosento accernuate those data which are thought to be most relevant. The relationship
between u(x; t; h) and h is quite implicit and nonlinear so that the tools of calculus for
minimizing E (h) are of little use. Howewer, it is easyto calculate and plot E (h) for a range

of valuesfor h if we approximate u by its eigenfunctionexpansion. To nd uy (X; t) we write
w(x;t) = u(x;t; h)  v(x)
where

h
1+ h

v(x)=1 X:

Then

Lw wy w=0

w(0;t) = 0; Wy (1;t) =  hw(l;t)

w(x; 0) = x L

1+h
The assaiated eigervalue problem is
00_
©=0 A= h Q):
The eigenfunctionsare

n(X) = sin x

wheref (h)g are the solutions of
(2:1) f(; h)= costhsin = 0:

For h = Othe rootsare ,(0) = 5+ n forn= 1;2;:::.. Newton's method will yield the
corresponding ( n(hg)) for hy = hy 1+ hwith h suciently small when ,(hx 1) is

chosenasinitial guessfor the iteration. Table x below contains somerepresenativ e results.
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Table x: Rootsof f (; h)=0

h 1 2 3 4 5
0.00000 1.57080 4.71239 7.85398 10.99557 14.13717
0.10000 1.63199 4.73351 7.86669 11.00466 14.14424
0.20000 1.68868 4.75443 7.87936 11.01373 14.15130
0.30000 1.74140 4.77513 7.89198 11.02278 14.15835
0.40000 1.79058 4.79561 7.90454 11.03182 14.16540
0.50000 1.83660 4.81584 7.91705 11.04083 14.17243
0.60000 1.87976 4.83583 7.92950 11.04982 14.17946
0.70000 1.92035 4.85557 7.94189 11.05879 14.18647
0.80000 1.95857 4.87504 7.95422 11.06773 14.19347
0.90000 1.99465 4.89425 7.96648 11.07665 14.20046
1.00000 2.02876 491318 7.97867 11.08554 14.20744

The eigenfunction expansionfor w is
wy (X;t) = n(t) n(x)
n=1
where
Sty A =0
_h gl hL, ni
O T R wi Py i
A straightforward integration and the use of (2.1) show that
h o 1
1+ hhx, = — COS

sothat

n

h;, ,i= i(1 CoS )
n

.1 1
hony i §(1+HCO§ n)

2h

n(t) =

n(h+ cos n)e

Hencefor any numerical value of h the solution

is essetially given by formula sothat the error E (h) is readily plotted. To give a numerical

2t,

n

un (X; t; h) = wy (X; t) + v(X)

demonstration supposethat (the measured)U(t) is arbitrarily chosenas

u(t) =

1 et)4:

2
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Let the experiment be obsened over the interval [0; T] and data collected at 200 evenly
spacedtime intervals. When we compute E(h) for h=:1 i, i = 0;:::;50, with ten terms
in the eigenfunction expansion,and then minimize E (h) the following results are obtained

for the minimizer h

h
2.6

15
1.2
11
6 11
2 1.0

AN A

Wk~

Theseresults indicate that the assumedboundary temperature U(t) is not consistert with
any solution of the model problem for a constart h. But they alsoshow that ast! 1 and
U(t) ! 1=2 the numerical results corvergeto the heat transfer coe cien t h = 1 consisten
with the steady state solution

v(x) =1 x=2

This behavior of the computed sequencef h g simply re ects that more and more data are
collected near the steady stateasT ! 1 .
Example 7: Phaseshift for a thermal wave.

Consider the problem

uXX Ut = O
u(0;t) = sin! t; ux(L;t)=0
u(x;0)= 0:

It is reasonableto assumethat u(L; t) will vary sinusoidally with frequency! ast! 1 .
Find the phaseshift of u(L; t) relative to u(0;t).

Answ er: Let w(x;t) = u(x;t) sin!t. Then

Lw Wy w;=1!coslt

w(0;t) = wy(L;t) =0
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w(x; 0) = O:

The eigenfunctionsassaiated with this problem are

n(X) = sin ,x where n:ZT; n=0;1:::
Then
X
Pn (! cos!t) =1 coslt on(X)
n=0
where
A hl; ni
i hony i
If
X
Wy (X; t) = n(t) n(x)
n=0
then

2 (1) O(t) = ~y! cos! t:

It follows that

n(f)=ce nt+ (D)

To nd the particular integral we usethe method of undetermined coe cien ts and try
np(t) = Apcos! t + By sin! t:

Substituting into the di erential equation and equating the coe cien ts of sin! t and cos! t

we nd that
ZA, 1 Bp =7yl
2B+ 1A =0
sothat
An| %
An = '
BNk
/\n!2
Bn = 4412



Assenbling all the parts we nd that

X h 2, . .
un (x;t) = A, coslt e n' +Bpsinlt L(X)+ sin!t
n=0

To nd the phaseshift we make the following obsenation.

X
sin! t sin! t", L (X)
n=0

is the Fourier seriesof the 4L periodic odd function which coincideswith sin! t on (0;2L).
This seriescorvergesuniformly nearx = L. Fort  1the exponertial terms may beignored
sothat we can write

X
un (1;t) = [Apcos!t+ (B, + Ay)sinlt] (2)
n=0

This expressioncan rearrangedinto

n #
3 ! i
1) = a a | in! :
UN(l,t) Pm |4 4+|2 COSt+ pﬁsn‘lt n(l)
n=0 n . n . n .
If we set
|
sin , = p——
T
then
X\I N 2
un (1;t) = P===sin(tt ) ()
n=0 n :

Since”™, = ﬁ we seethat the dominant term correspondsto n = 0 which yields a phase
shift ( given by
|

4
__ | 2
2L +

The next two examplesdeal with heat ow in a disk and sphere. In these geometries
the eigenfunctionsbecomeconsiderably more complicated.
Example 8: Heat ow in a disk.

A disk of radius R is initially at a uniform temperature ug = 1. At time t = 0 the
boundary is cooled instantaneouslyto and maintained at u(R;t) = 0. Find the time required

for the temperature at the certer of the disk to fall to u(0;t) = :5.
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Answ er: Sincethere is no angular dependencein the data, the temperature u(r;t) is given

by the radial heat equation
subject to the symmetry condition

and the initial and boundary data
u(R;t) = 0; u(r;0) = 1

Since the boundary data already are homogeneouswe seethat the eigervalue problem
assaiated with the spatial part of the radial heat equation is

R+ A= 0

%) = o; (R) = O:
The equations can be transformed to standard form as described in Chapter ST
2:2) (r Ar)°=r ()

%0) = o; (R) = 0
Werethis problem givenon an annulus ro < r < R with ro > 0 then it would be a standard
Sturm-Liouville problem with courntably many eigervalues and eigenfunctions, and with
eigenfunctionsfor distinct eigervaluesorthogonal in L,[rg; R;r].

The generaltheory does not apply becausethe coe cient of °r) vanishesat r = 0.

This makesthe problem a singular Sturm-Liouville problem. Fortunately, the conclusions
of the generaltheory remain applicable. Equation (2.2) is a special form of the extensively

studied Bessel'sequation. It has negative eigervaluessothat we can write

- 2

For arbitrary  the solution of Bessel'sequation satisfying %0) = 0 is the so-calledBessel

function of the rst kind of order zero given by




A plot of Jo(x) vs. x is shown below. Like cosr the Besselfunction oscillates and the

zero-crossingdepend on . Dierent eigenfunctionsare found if |, is chosensud that
Jo( nR) =0
It follows that there are countably many eigervaluesO0< 1< 5 < where
nR = Xn

is the nth root of the Besselfunction Jo(x). These roots are tabulated in mathematical
handbooks sothat the f x,g may be consideredknown. Finally, sinceJo(0) = 1 and J§(0) =

0 it is straightforward to verify asin the regular Sturm-Liouville casethat
Z R

Jo( mr)Jo( nr)rdr=0; m 6 n;
0

i.e. that the eigenfunctionscorresponding to distinct eigervaluesare orthogonalin L,[0; R;r].
We now nd an approximate solution of the heat ow problem in the usual way. We

solve

ur(0;t) = u(R;t)=0

with the projected initial condition

X
Py u(r;0) = Noon(r)
n=1
where
A hL, o (r)i
" h Ny ni
In this case Z n
n(r) = Jo( nr) and H(r);g(r)i = f(r)g(r)rdr:

0

The solution of this problem is

X
un (r;t) = n(t) n(r)

n=1

22



where

(M am=o0
n(0) = My
Hence
X

2
Ane ntJO( nr)
n=1

The evaluation of the inner products involving Besselfunctions is not quite as forbidding

un (r;t)

for this model problem as might apear from the seriesde nition of the Besselfunction.
Numerousdi erential and integral identities are known for Besselfunctions of various orders.
For example, it can be shown that

2

) R
ML Jo( nr)i = — J1(Xn)
Xn

2
RJo( nr);Jo( nr)i = R?

where X, is the nth root of Jo(x) = 0 and J1(x) is the Besselfunction of order 1 which also

le(xn)

is tabulated or available from computer libraries. Using the valuesgivenin [ ] we nd

n Xn J1(Xn) n
1 2:405 5191 1:602
2 5:520 :3403 1:065
3 8:654 12715 0:8512
4 11:792 :2325 0:7295
If we set
z=e w7

then the approximate solution to our problem is that value of z which satis es

For N = 2, 3 and 4 the computer yields



sothat the temperature at the certer of the disk is reducedto half its original value at time
f= R?In:819:

We shall conclude our discussionof one-dimensional di usion by considering radial
di usion in a sphere. As we shall see,this problem is simpler than the analogousproblem
of radial di usion in a disk.
Example 9. A sphereof radius R is initially at a uniform temperature u = 1. At time
t = 0 the boundary is cooled instantaneously to and maintained at u(R;t) = 0. Find the
time required for the temperature at the certer of the sphereto fall to u(0;t) = :5.

Answ er: The temperature in the sphereis modeled by the radial heat equation
2
Urr + Fur u =20

subject to
ur(0;t) = 0; ulR;t)=20
u(r;0) = 1

The only change compared to the formulation of Example 8 is the factor 2 in the heat
equation. This problem already hashomogeneousoundary conditions and needsno further

transformation. The assiated eigervalue problem is

G+

%0)

M=

(R)=0:

The key obsenation is that the di erential equation can be rewritten as
(r ()%= (r (1)
(r (N)(R)=0:

We do not have a boundary condition for (r (r)) at r = 0 but if we make the reasonable
assumption that Iilmoj (r)j < 1 then we have another singular Sturm-Liouville problem
r!

and it is readily veri ed that
sinr
r

(r) =
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for = 2 satis es the di erential equation and the boundary conditions
©) = ; %) = o
The boundary condition at r = R requiresthat
sinR =0

sothat we have the eigenfunctions

sin ,r
n(r) = n ; n =

n
— n=12:::
r R

By inspection we nd that the eigenfunctionsf ,(r)g are orthogonal in L,[0;R;r?]. If we

now write

X
un (r;t) = n(t) n(r)

n=1

and substitute it into the radial heat equation we obtain from

X
2o 20 W(N=0

n=1

X . i
(o= Ol
n=1 n» n

that "
uy (r:t) = Me ta(r):
n: nl

n=1

A straightforward calculation shaws that

Z g
. . Rcos ,R "R
h; i = sin prrdr= nR_ (1)
0 n n

) R

hn, ni= E

sothat
X! sin ,r
uv(r;ty=2 ( )"e ﬁtir” ;
n

n=1
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We obsene that

~ 0 if N is odd.
n=1

Hencethe orthogonal projection uy doesnot cornvergeto the initial condition ug(r) = 1 at
r=0asN ! 1. The generaltheory lets usinfer mean squarecorvergenceon (0; R). For
r > 0 and t = 0 we do have slow pointwise corvergenceand for t > 0 we have convergence
for all r 2 [0; R]. Thesecommerns are illustrated by the data of Table xyxy computed for

R=1.
Table xyxy: Numerical valuesof uy (r;t) for radial heat ow on a sphere

N j un (:001; 0) un (0;:1) un (:00%;:1)

10 :000180  0:707100 707099
100 :016531  0:707100 707099
1000 1:000510  0:707100 707099
10000 1999945  0:707100 707099

To nd the time f when u(0;f) = :5 we needto solve

X 2
5=2 ( 1)z

n=1
where
Z=e (ﬁ)zf\
The numerical answer is found to be
z = 25417
for all N > 2. Hence
f= “”'2%” R2 = :138R2%:

D.3 Theory
D.3.1 Convergence of uy(x;t) to the analytic solution

The dominant questionfor our approximation method hasto be: How is the computed
approximation uy (x; t) related to the analytic solution u(x; t).

The answer depends strongly on the properties of the analytic solution u(x;t). For

the initial/b oundary value problem (1.1) the theory of partial di erential equations gives
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precise information on the existence, uniquenessand smoothness of the solution (seel],
Chapter 1V.9). In essence,if the data are su cien tly smooth and consistert then the
analytic solution will alsobe a smooth bounded function. In this casewe can relate easily
the computed solution uy (X; t) to the analytic solution u(x; t).

Theorem: Let w(x;t) be the analytic solution of (1.1) with homogeneousoundary data.

If for t > 0 the derivativeswy, and w; 2 L,(0;L) then
wy (X; 1) = Py w(Xx; t):
Pro of: Since
Wyx (X; ) wWi(X;t) = G(x;t)
w(0;t) = w(L;t) =0
w(x; 0) = wo(x)

we seethat
Pn (Wi W) = PyG

PnW(X; 0) = Py Wo(X):

Writing out the projections we obtain for eat n
Wy 5 ni o hwg; i = hG; i

Integration by parts shaws that

and of course
hwe; ni = —hw; pi:

Hence the term h”N;. i
n,» n

satis es the initial value problem (1.3a,b). Sinceits solution is

unique it follows that ,(t) hh‘”; " and hencethat

ny nl

wy (X5 t) = Py w(X; t):
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For non-homogeneous$oundary data we acceptas approximate solution
Un (X 1) = wn (X5 t) + v(x; t):

Of course, uy (x;t) 6 Pyu(x;t) becausePy u(x;t) does not usually satisfy the correct
boundary conditions; instead we interpret uy (X; t) asthe best approximation to u(x;t) in
the ane spaceM y + v.

Since we have assumedthat wyy (x;t) for xed t belongsto L,(0;L) it follows that
w itself belongsto L,[0;L]. The corvergenceresult for eigenfunctions of Sturm-Liouville
problemsthen assureghat wy (x;t) ! w(x;t)asN ! 1 , atleastin the meansquaresense.
Stonger results can be inferred for Fourier seriesexpansionsas described in Chapter 2. Of
course,we cannot concludethat this corvergenceis uniform in t. Howewer, in generalw(x; t)
becomesa very smooth function ast increasessothat one may expect that wy (x; t) in fact
convergesuniformly. Computed results invariably show very rapid corvergenceas we move
away from any discortinuity of the initial/lb oundary data. As the next results shaw the rate
of corvergencecan in fact be quanti ed a priori by how well we can approximate the source
term and initial data.
D.3.2 An error bound for the appro ximate solution

The generalSturm-Liouville theory assureshat the orthogonal projection of a function
into the span of N eigenfunctions convergesin the mean squaresenseasN ! 1 . It is
the aim of this sectionto compute how fast the approximate solution wy of the di usion
problem with projected initial data and sourceterms convergesin the mean squaresenseto
the analytic solution of the original problem.

As beforew(x; t) will denote the true solution of
Lw Wy W = G(X;t)
w(0;t) = w(L;t) =0
w(Xx; 0) = wo(X):

We shall assumeagain on theoretical grounds that the solution exists. The computable

approximate solution wy solves
Lw  wy W = PyG(Xx;t)
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w(0;t) = w(L;t)=0

w(x; 0) = Pn wo(x)

where
X
PnG(Xx t) = n(t) n(x)
n=1
and
X
Pn Wo(X) = Nnon(X):
n=1
Let

e(x;t) = w(x;t)  wy (x;t)

denote the error of the approximation. Then e(x; t) is the solution of
(3:1) Le ex e&=GXt) PyG(xt)

e0;t) = g(L;t) =0
e(x; 0) = Wo(x)  Pn Wo(X):

If we multiply the di erential equation by e(x; t) and integrate with respect to x we obtain
Z Z

(exx €)edx = [G Py Gledx
0 0

After integrating the rst term by parts and rewriting the time derivative the following

equation results:
L Z Z
“— (x;t)dx = e (x; t)%dx [G Py Gle(x; t)dx
0 0

It canbe shown that any function vanishingat x = O and x = L and with a squareintegrable
derivative (lik e e(x; t)) satis es the inequality

e(x; t)2dx L e (x; t)%dx:
0 0

This inequality allows the following estimate for the error at time t:
d 2 ol

(3:2) G E® 2 EM+2 . JG(x; 1) PnG(x; t)jje(x; t)jdx
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where for conveniencewe have set
Z
E(t) = e(x; t)2dx:
0

Applying the algebraic-geometricmean inequality

2
2 Py Ty p2
with = T 2 we can obtain the estimate
Z L 2 Z L 2
[G(x;t) PnG(x;1t)]e(x;t)dx — [G(x;t)  PnG(X; t)]2 dx + r E(t):
0 0

With this estimate for (e.2) we have the following error bound

2 2
L
(3:3) EYt) C EM+ = kG Py Gk3

E (O) = kWO Pn Wok%

where k k; is the usual norm of L,[0;L]. Inequalities like (3.3) occur frequertly in the
qualitativ e study of ordinary di erential equations. If we expressit asan equality

EYt) = C 2E(t)+

2

t kG PnGKs g(t)

for somenon-negative (but unknown) function g(t) then this equation hasthe solution

z t #

t
E(t) = kwo PywokZe ( =L)t4 g (=Dt 9) L kG(x;s) PnG(x;s)k3 g(s) ds
0

or nally,
2 Z t

(3:4) E(t) kwo Pywok3e (")t + t e (=Dt 9kG(x:s) Py G(x; s)k2ds:
0

This inequality is known as Gronwall's inequality for (3.3). Thusthe error dueto projecting
the initial condition dependsertirely on how well wy can be approximated in sparf g\,
and can be made as small as desirable by taking su cien tly many eigenfunctions. In ad-
dition, this cortribution to the overall error decays rapidly with time. The approxima-

tion of the sourceterm G also corvergesin the mean square sense. If we can assertthat
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kG(x;t) PnG(Xx;t)ko ! 0O uniformly in t then we can concludethat E(t) ! 0 uniformly

intasN ! 1 . As anillustration consider

Lw wy w=0

w(0;t) = w(L;t) =0

w(x; 0) = 1
It is straightforward to compute that
aX 1 o+ 1
Py(1) = —
N (1) n:02n+1$|n C X

Then it follows from the discussionof the Gibbs phenomenonin Chapter Fourier that
m)file Pn (1)) = :089

This expressionimplies that wy cannot corverge uniformly for all t to the solution w. It
alsoimplies that

k1 Py (1)k5 < :089L

sothat
E(t) :08FLe ( =Lt

While this error bound decreasego zero with time it doesnot improve with the number of
terms in the approximation. It simply implies that the initial condition doesnot in uence
a long-term solution.

A sharper result is obtained if we apply Parse\al's identit y

g X 1

L=klk§=L— —

1o (2n+ 1)
to estimate

!

g X! 1 g X 1 8L

k1 PN (1)k% = 1 3 oh 1 112 = L_2 2 2
o (@n+1) g @) (4N + 6)
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where the last inequality follows from the integral test

R 1 Z 1 dx 1

(2n + 1)2 +»q (2x+1)2 4N + 6
N +1

n=N+1
Now the mean squareerror decays with N and time.

In generalwe cannot expect much more from our approximate solution becauseinitial
and boundary data may not be consistert sothat the Gibbs phenomenonprecludesa uniform
convergenceof wy to w. However, aswe saw in Chapter Fourier, when the data are smooth
then their Fourier serieswill corverge uniformly. In this caseit is possibleto establish
uniform corvergencewith the so-calledmaximum principle for the heat equation. Hencelet

us assumethat wp(x) and G(x; t) are sud that
mxaxjwo(x) Puwo(x)j! O for x 2 [O; L]
and
mx?ij(x; t) PnG(Xt)j! O for (x;t) 2 [O;L] [O;T]

asN ! 1. HereT is consideredarbitrary but xed. Then the error e(x;t) satis es (3.1)
with corntinuous initial/b oundary data and a smooth sourceterm. Let M be a constart
given by
M = maxjG(x;t) PnG(x; )]+
for (x;t) 2 [0;L] [O;T] and arbitrary > 0. If we de ne
2

(x;t)= M X? e(x; t)

then
L =M [G(x;t) PnG(x;t)]>0

The functions must assumetheir maxima at x = 0, x = L or t = 0 becauseif had a

maximum at somepoint (x ;t )2 (O;L) (0; T] then necessarily
L(X5t) 0 and (xt) O

Theseinequalities are inconsistert with L (x;t) > 0.
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It followsthat  (x;t) assumetheir maxima on the boundary x = Oorx =L ort=0

sothat forall >0

2
06t (G MU+ maxiwo(x) Puwo(x)]

or nally , that
je(x;t)] K mx_?.XjG(X; t) PnG(X 1))+ mflxjwo(x) Pn Wo(X; t)]

wherethe constart K dependson the length of the interval. In other words, if the orthogonal
projections corvergeuniformly to the data functions then the approximate solution likewise
will corvergeuniformly to the true solution on the computational domain [0;L] [O; T].
D.3.3 Inuence of the boundary conditions and Duhamel's solution

The formulas derived for the solution of (1.1) involve the function v usedto zero out
the boundary conditions. Sincethere are many v which may be used,and sincethe analytic
solution is uniquely determined by the boundary data and is independert of v it may be
instructiv e to seehow v actually erters the computational solution. We recall, the original

problem is transformed into
Lw= Wy Wi=Lu LVv=F (v W)

w(0;t) = w(L;t) =0
w(x; 0) = up(x) v(x;0):
Let us write the approximate solution wy (X; t) in the form
Wi (X; 1) = wy (X; 1) + W3 (X; 1)

where

Lwy = Py F(x;t)

wy (x;0)= 0
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and wherewj accourts for the in uence of the initial and boundary conditions

Lwg = h/X; Vt’l "L ()
n=1 ns n
X () v(x: 0); i
w3 (x; 0) = o )h _( - )i n n(X):
n=1 ns n

The above discussionof the Dirichlet problem shaws that

XL,
wy (x; t) = e (9 (s)ds n(x)
n=1 0
where
(X t); al
O TR

We remark that w3, (x; t) is identical to the solution obtained with Duhamel's principle since

by inspection the function
Wn(xts)=e 9 (s) n(x)

solvesthe problem

WXX Wt = 0

W(0;t;s) = W(L;t;s) =0

W(X;s;s) = PFGS); ol n!

hon; onl

sothat

X

W, (x;s;8) = PNnF(X;8)

n=1

and
wy (x; t) = W, (X; t; s)ds:
0 n=1

We shall now compute w? . Integration by parts shows that
: 0 - 0 2 :
Vo al = OG0 () VOGH) 0O+ v (= Ca(t)  fhv o
where for the data of (1.1)

Cn() = n[A(t) B(t)cos nL]:
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Cn (1) is independen of the choice of v sinceonly the boundary data appear. If we write

X
W[%] (x;t) = n(t) n(x)

n=1
then
d ) )
i RO= = Ca+ Ghvi ait TV
It follows that
hv(x; t); ni d hv(x; t); ni Cn(t)
2 Vx4, o @ -
O a YT TR TR
hv(x; 0); ni _ huo(X); ni
O T T o
sothat _ _ 7
n(t) + VOGE: nl - Mot nl o e, ps CnlS) g,
h o ni hn; ni 0 n: nl
Thus
) X
un (X 1) = wy (X t) + Dn(t) n(x)+ [v(X;t) PnV(X; t)]
n=1
where 7
hio; ni 2z, ° Cn(S)
Do(t) = —2 " g at 2t g) _ds
hony i 0 hons i

is again independen of the choice of v.

Hencethe solution uy (x; t) at time t dependson the data of the original problem and
on the di erence betweenv and its orthogonal projection. While this di erence will vary
with the choice of v all choicesof v lead to the sameGibbs phenomenonwith an overshaot
of 0:089A(t)] at x = 0 and 0:089B(t)j at x = L. Hencein a practical sensethe particular
v doesnot matter much. We note in closingthat the nal answer for uy involvesA(t) and

B (t) only and not their derivatives.
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