
CHAPTER WE

W.1 The W ave Equation

Let us next turn to the oscillatory problems described by the so-calledwave equation

Lu ≡ uxx −
1
c2
utt = 0

where c is a non-vanishing function of time and space. If c is constant and f and g are any

twice continuously di®erentiable functions of a single argument then it follows by di®eren-

tiation that

Lf (x− ct) = Lg(x + ct) = 0.

Since f (x − ct) describes a wave traveling to the right with speed c and g(x + ct) is a

wave moving left with speedc it is customary to call c the wave speed(even when c is not

constant). We shall solve the wave equation subject to given initial and boundary conditions

with an eigenfunction expansion.

W.1.1 The Solution Technique

To intro duce the eigenfunction solution for the wave equation we shall consider the

following initial/b oundary value problem

(1.1a) Lu = uxx −
1
c2
utt = F (x, t)

(1.1b) u(0, t) = A(t), u(L, t) = B(t)

(1.1c) u(x,0) = u0(x)

(1.1d) ut(x,0) = u1(x)

whereF , u0 and u1 are given smooth functions. In order to usean eigenfunction expansion

we needto zero out the boundary conditions. As beforewe shall choose

v(x, t) = A(t)
L− x

L
+ B(t)

x

L
.
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Then

w(x, t) = u(x, t) − v(x, t)

satis¯es

Lw = wxx −
1
c2
wtt = F (x, t) −

(

vxx −
1
c2
vtt

)

≡ G(x, t)

w(0, t) = w(L, t) = 0

w(x,0) = u0(x) − v(x,0) ≡ w0(x)

wt(x,0) = u1(x) − vt(x,0) ≡ w1(x)

whereG(x, t), w0(x) and w1(x) are known data functions.

We now proceed as with the di®usion equation. The eigenvalue problem associated

with this equation is again

φ′′(x) = µφ(x)

φ(0) = φ(L) = 0

with eigenfunctions

φn(x) = sinλnx with λn =
nπ

L
, µn = −λ2

n.

The approximating problem is

Lw(x, t) = PNG(x, t) =
N
∑

n=1

γn(t)φn(x)

w(0, t) = w(L, t) = 0

w(x,0) =
N
∑

n=1

α̂nφn(x)

wt(x,0) =
N
∑

n=1

β̂nφn(x)

where

γn(t) =
〈G(x, t), φn〉
〈φn, φn〉

,

α̂n =
〈w0(x), φn〉
〈φn, φn〉
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β̂n =
〈w1(x), φn〉
〈φn, φn〉

This problem is solved by

(w.1.2) wN (x, t) =
N
∑

n=1

αn(t)φn(x)

when αn(t) is a solution of the problem

(w.1.3) −λ2
nαn(t) − 1

c2
α′′n(t) = γn(t)

αn(0) = α̂n

α′n(0) = β̂n.

Hencethe di®erenceto the di®usionsolution is that αn(t) satis¯es the secondorder equation

(w.1.2) rather than the ¯rst order equation (D.1.3).

The generalstructure of this solution is

αn(t) = c1 cosλnct + c2 sinλnct + αnp(t)

where the so-calledparticular integral αnp(t) is ANY solution of (w.1.3). Once it is known

the constants c1 and c2 can be found so that αn(t) satis¯es the given initial conditions at

t = 0. We recall from the theory of ordinary di®erential equationsand the discussionof the

method of variation of parameters that one can always ¯nd a particular of the form

αnp(t) = v1(t) cosλnct + v2(t) sinλnct

where v1 and v2 are chosensuch that

(

cosλnct sinλnct
−λnc sinλnct λnc cosλnct

)(

v′1
v′2

)

=
(

0
−c2γn(t)

)

.

However, when γn(t) has the special form

γn(t) = tkeωt
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for some integer k and some real or complex constant ω then the so-called method of

undetermined coe±cients tends to be easierto apply. We guessa particular solution of the

form

αnp(t) =

[

k+2
∑

i=0

(Citi)

]

eωt

and compute the unknown coe±cients Ci so that αnp(t) solves(w.1.3).

OncewN (x, t) has beenfound the approximate solution of the original problem is

uN (x, t) =
N
∑

n=1

αn(t)φn(x) + v(x, t).

If the wave equation is to be solved subject to derivative boundary conditions then di®erent

eigenfunctionsapply but the generalapproach remains unchanged.

W.1.2 Applications

The simple problem of a vibrating string servesto illustrate the eigenfunctionapproach

for the solution of the wave equation.

Problem 1: A uniform string of length L is held ¯xed at both ends. At time t = 0 it is

given an initial displacement and velocity. Find the motion of the string for t > 0.

Answ er: Newton's secondlaw and somesmall amplitude assumptionsare known to lead

to the wave equation

Lu ≡ uxx −
1
c2
utt = 0

for the displacement u(x, t) of the string at the point x and time t. Here c is a known

constant depending on the density of the string and the tension applied to it. Since the

endsare held ¯xed we have

u(0, t) = u(L, t) = 0.

The initial displacement from the equilibrium position and the initial velocity are

u(x,0) = u0(x)

ut(x,0) = u1(x)

where u0 and u1 are given functions. The eigenvalue problem associated with the spatial

part of the wave equation is

φ′′(x) = µφ(x)
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φ(0) = φ(L) = 0.

Its solutions {µn, φn(x)} are

φn(x) = sinλnx with λn =
nπ

L
and µn = −λ2

n.

The approximating problem is

Lu ≡ uxx −
1
c2
utt = 0

u(0, t) = u(L, t) = 0

u(x,0) = PNu0(x) =
N
∑

n=1

α̂nφn(x)

ut(x,0) = PNu1(x) =
N
∑

n=1

β̂nφn(x)

where

α̂n =
〈u0, φn〉
〈φn, φn〉

β̂n =
〈u1, φn〉
〈φn, φn〉

.

We shall take for granted that this problem has a unique solution uN (x, t) and show that it

can be written in the form

uN (x, t) =
N
∑

n=1

αn(t)φn(x).

If we substitute this sum into the wave equation we obtain

N
∑

n=1

[

−λ2
nαn(t) − 1

c2
α′′n(t)

]

φn(x) = 0.

It follows that uN solvesthe wave equation and the initial and boundary conditions if αn(t)

is computed such that

λ2
nαn(t) +

1
c2
α′′n(t) = 0

αn(0) = α̂n

α′n(0) = β̂n.
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The solution αn(t) is readily found as

αn(t) = α̂n coscλnt +
β̂n
cλ

sincλnt.

We observe that each term of the sum de¯ning uN (x, t) corresponds to a standing wave

with amplitude αn(t) and nodesat the zerosof φn(x) = sin nπ
L x. In other words, uN is the

superposition of standing waves.

As an illustration we show in Fig. 1 the standing wave α5(t)φ5(x) for t = .4 and t = .8,

as well as the the solution u10(x, t) for t = 0, .4 and .8 for the following data: c = L = 1

and

u0(x) =
{

3x, x ∈ [0,1/3]
3
2 (1− x), x ∈ (1/3,1].

u1(x) = 0

so that

α̂n =
9sin nπ

3

(nπ)2
, β̂n = 0.

Since there is no exponential decay with time the number of terms N required in the

eigenfunction expansion is dictated at all times by the quality of the approximation of u0

and u1 in terms of their orthogonal projections. It is important that initial and boundary

data are consistent to rule out any Gibbs phenomenabecauseno smoothing appearsas the

solution of the waveequation evolveswith time. Wealsoremark that the waveequation with

the above piecewiselinear initial displacement does not, strictly speaking, have a solution

becauseu0(x) is not di®erentiable at x = 1/3. However, PNu0 is in¯nitely di®erentiable

which guaranteesthe existenceof a smooth solution uN (x, t).

Problem 2: A forced wave and resonance.

Supposea uniform string of length L is held ¯xed at x = 0 and oscillated at x = L

according to

u(L, t) = A sinωt.

Find the motion of the string for t > 0.

Answ er: Our model is incomplete since the initial state of the string is not given. We

observe that the boundary data u(0, t) = 0 and u(L, t) = A sinωt imply ut(0, t) = 0 and

ut(L, t) = Aω cosωt. Hencewe shall imposeinitial conditions

u(x,0) = 0, ut(x,0) = Aω
x

L
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which are consistent with the boundary data. In order to use an eigenfunction expansion

we needhomogeneousboundary conditions. If we set

v(x, t) = A sinωt
(

x

L

)

and

w(x, t) = u(x, t) − v(x, t)

then

Lw = Lu− Lv = vtt = −Aω2 sinωt
(

x

L

)

where for easeof notation we have set c = 1. The boundary and initial conditions are

w(0, t) = w(L, t) = 0

w(x,0) = u(x,0)− v(x,0) = 0

wt(x,0) = ut(x,0)− vt(x,0) = 0.

The associated eigenvalue problem is the same as in Example l and the approximating

problem is

Lw ≡ wxx − wtt = sinωt
N
∑

n=1

γ̂nφn(x)

where

γ̂n = −A
L
ω2 〈x, φn〉
〈φn, φn〉

=
2
L

(−1)nAω2

λn
,

and

w(0, t) = w(L, t) = 0

w(x,0) = 0

wt(x,0) = 0.

This problem has the solution

wN (x, t) =
N
∑

n=1

αn(t)φn(x)
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where

−λ2
nαn(t) − α′′n(t) = γ̂n sinωt

αn(0) = 0

α′n(0) = 0.

Let us assumeat this stagethat ω 6= λn for any n. Then αn(t) can be written in the form

αn(t) = c1 cosλnt + c2 sinλnt + αnp(t)

whereαnp(t) is a particular integral. We can guessan αnp(t) of the form

αnp(t) = C sinωt.

If we substitute αnp(t) into the di®erential equation we ¯nd that

C =
γ̂n

ω2 − λ2
n

.

Determining c1 and c2 so that αn(t) satis¯es the initial conditions we obtain

αn(t) =
γ̂n

λn(ω2 − λ2
n)

[λn sinωt− ω sinλnt]

so that

uN (x, t) =
N
∑

n=1

γ̂n
λn(ω2 − λ2

n)
Aω2(−1)n

λ2
n(ω2 − λ2

n)
[λn sinωt− ω sinλnt]φn(x) + v(x, t).

Let us now supposethat the string is driven at a frequencyω which is closeto λk for

somek, say

ω = λk + ε, 0 < ε¿ 1.

Then

αk(t) =
γ̂k
λk

[

λk sinωt− ω sinλkt
ω2 − λ2

k

]

can be rewritten as

αk(t) =
γ̂k
λk

[ω(sinωt− sinλkt) + (λk − ω) sinωt]
ω2 − λ2

k

.
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When we apply the identit y

sinx− siny = 2sin
(

x− y

2

)

cos
(

x + y

2

)

we obtain

αk(t) =
γ̂kω

λk(ω + λk)
2
ε

sin
εt

2
cos
(

ω + λk
2

)

t− γ̂k sinωt
λk(ω + λk)

.

The ¯rst term describesthe contribution of a standing wave which oscillateswith frequency
(ω+λk)

4π
∼= λk

2π but whoseamplitude rises and falls slowly in time with frequency ε
4π which

gives the motion a so-called \b eat." Finally, we observe that if ε → 0, i.e. ω → λk, then

l'Hospital's rule applied to the ¯rst term of αk(t) yields

αk(t) =
γ̂k

2λ2
k

[λkt cosλkt− sinλkt]

and after substituting for γ̂k,

αk(t) = (−1)k
2A
L

[

t cosλkt
2

− sinλkt
2λk

]

φk(x).

Hencethe amplitude of αk(t) grows linearly with time and will eventually dominate all other

terms in the eigenfunction expansionof uN (x, t). This phenomenonis called resonanceand

the string is said to be driven at the resonant frequencyλk.

Problem 3: Wave propagation in a resistive medium.

Supposea string vibrates in a medium which resiststhe motion with a forceproportional

to the velocity and the displacement of the string. Newton's secondlaw then leadsto

Lu ≡ uxx −Butt − Cut −Du = 0

for the displacement u(x, t) from the equilibrium position whereB, C and D are positive

constants. (We remark that the sameequation is alsoknown as the telephoneequation and

describes the voltage or current of an electric signal travelling along a lossy transmission

line.) We shall imposethe boundary and initial conditions of the last example

u(0, t) = 0, u(L, t) = A sinωt

u(x,0) = 0, ut(x,0) =
Aω

L
x
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and solve for the motion of the string.

Answ er: If v(x, t) = x
L A sinωt then w(x, t) = u(x, t) − v(x, t) satis¯es

Lw = Lu− Lv = Bvtt + Cvt + Dv =
Ax

L

[

(−Bω2 + D) sinωt + Cω cosωt
]

w(0, t) = w(L, t) = 0

w(x,0) = wt(L, t) = 0.

The associated eigenvalue problem is again

φ′′(x) = µφ(x)

φ(0) = φ(L) = 0.

The eigenfunctionsare

φn(x) = sinλnx with λn =
nπ

L
, µn = −λ2

n.

The approximating problem is

Lw =
N
∑

n=1

[

γ̂n sinωt + δ̂n cosωt
]

φn(x)

where

γ̂n =
A(D −Bω2)

L

〈x, φn〉
〈φn, φn〉

δ̂n =
ACω

L

〈x, φn〉
〈φn, φn〉

.

The approximating problem has the solution

wN (x, t) =
N
∑

n=1

αn(t)φn(x)

whereαn(t) has to satisfy the initial value problem

−λ2
nαn(t) −Bα′′n(t) − Cα′n(t) −Dαn(t) = γ̂n sinωt + δ̂n cosωt

αn(0) = 0, α′n(0) = 0.
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This is a constant coe±cient secondorder equation with a sourceterm. Its solution has the

form

αn(t) = c1αn1(t) + c2αn2(t) + αnp(t)

where αn1(t) and αn2(t) are complementary solutions of the homogeneousequation and

αnp(t) is any particular integral. For the complementary functions we try to ¯t an expo-

nential function of the form

αc(t) = ert.

Substitution into the di®erential equation shows that r must be chosensuch that

Br2 + Cr + (D + λ2
n) = 0.

This quadratic has the roots

r1,2 =
−C ±

√

C2 − 4B(D + λ2
n)

2B
.

If r1 6= r2 we may take

αn1(t) = er1t, αn2(t) = er2t.

The particular integral is best found with the method of undetermined coe±cients. If we

substitute

αnp(t) = d1 sinωt + d2 cosωt

into the di®erential equation then we require

+ Bω2(d1 sinωt + d2 cosωt) − Cω(d1 cosωt− d2 sinωt)

− (D + λ2
n)(d1 sinωt + d2 cosωt) = γ̂n sinωt + δ̂n cosωt.

Equating the coe±cients of the trigonometric terms we ¯nd
(

Bω2 − (D + λ2
n) Cω

−Cω Bω2 − (D + λ2
n)

)(

d1

d2

)

=
(

γ̂n
δ̂n

)

.

For C > 0 this equation has a unique solution so that d1 and d2 may be assumedknown.

Finally, we need to determine the coe±cients c1 and c2 so that αn(t) satis¯es the initial

conditions. We obtain the conditions

c1 + c2 = −d2

11



r1c1 + r2c2 = −ωd1.

As long as r1 6= r2 this system has the unique solution

c1 =
ωd1 − r2d2

r2 − r1

c2 =
r1d2 − ωd1

r2 − r1

so that

αn(t) =
(ωd1 − r2d2)er1t + (r1d2 − ωd1)er2t

r2 − r1
+ d1 sinωt + d2 cosωt.

It is possible that for someindex k the two roots r1 and r2 are the same. Then the ¯rst

term for αk(t) is indeterminate and must be evaluated with l'Hospital's rule. In analogy

to mechanical systemswe may say that the nth mode of our approximate solution is over-

damped, critically damped or underdamped if C2−4B(D+ λ2
n) is positive, zeroor negative,

respectively.

The next exampleshows that special functions likeBesselfunctions alsoarisefor certain

problems in cartesian coordinates.

Problem 4: A chain of length L with uniform density is suspended from a (frictionless)

hook and given an initial displacement and velocity which are assumedto lie in the same

plane. Describe the subsequent motion of the chain.

Answ er. Let u(x, t) be the displacement from the equilibrium position wherethe coordinate

x is measuredfrom the free end of the chain at x = 0 vertically upward to the ¯xed end

at x = L. Then the tension in the chain at x is proportional to the weight of the chain

below x. After scaling Newton's secondlaw leads to the following mathematical model for

the motion of the chain:

Lu ≡ (xux)x − utt = 0

u(L, t) = 0

u(x,0) = u0(x)

ut(x,0) = u1(x).

The associated eigenvalue problem is

(xφ′(x)) ′ = µφ(x)
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φ(L) = 0.

If we add the natural restriction that also |φ(0)| <∞ then we again have a singular Sturm-

Liouville problem. Its solution is not obvious. Fortunately, this eigenvalue problem can be

transformed to the problem solved in the last chapter when we discussedradial heat °ow in

a disk. If we make the changeof variable z = 2
√
x and de¯ne

©(z) = φ(z2/4) = φ(x)

then
d©
dz

=
dφ

dx

dx

dz
=
z

2
dφ

dx

so that
dφ

dx
=

2
z

d©
dz

and
d

dx

(

x
dφ

dx

)

=
2
z

d

dz

(

z2

4
2
z

d©
dz

)

.

Thus our eigenvalue problem is

(z©′(z)) ′ = µz©(z)

|©(0)| <∞ and ©(2
√
L) = 0.

This problem is identical to the eigenvalue problem (6.1) and has the solutions

{µn, J(λnz)}

where µn = −λ2
n and where λn2

√
L = zn. As before, zn is the nth zero of the ¯rst order

Bessel function J0(z). In summary, the eigenvalue problem associated with the hanging

chain has the solution {µn, φn(x)} with

φn(x) = J0(2λn
√
x), λn =

zn

2
√
L
, µn = −λ2

n.

We also know from our discussionof problem 8 that

〈J0(λmz), J0(λnz)〉 =
∫ 2L

0

J0(λmz)J0(λnz)z dz =
∫ L

0

φm(x)φn(x)dx = 0

so that the eigenfunctions{φn(x)} are orthogonal in L2(0, L). We note that orthogonality

with respect to the weight function w(x) = 1 is predicted by the Sturm-Liouville theorem
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of Chapter xxx if the eigenvalue problem were a regular problem given on an interval [ε, L]

with ε > 0. The approximate solution is written as

uN (x, t) =
N
∑

n=1

αn(t)φn(x).

Substitution into the wave equation leadsto the initial value problems

−λ2
nφn(t) − α′′n(t) = 0

αn(0) =
〈u0(x), φn(x)〉
〈φn, φn〉

, α′n(0) =
〈u1(x), φn(x)〉
〈φn, φn〉

and the approximate solution

uN (x, t) =
N
∑

n=1

[

αn(0) cosλnt +
α′n(0)
λn

sinλnt
]

J0(2λn
√
x).

Problem 5. At time t = 0 a spherically symmetric pressurewave is created in a rigid

sphereof radius R. Find the subsequent pressuredistribution in the sphere.

Answ er. Since there is no angular dependencethe mathematical model for the pressure

u(r, t) in the sphereis

urr +
2
r
ur −

1
c2
utt = 0.

We shall assumethat the initial state can be described by

u(r,0) = u0(r)

ut(r,0) = u1(r).

At all times we have to satisfy the symmetry condition

ur(0, t) = 0.

And sincethe sphereis rigid there is no pressureloss through the shell so we require

ur(R, t) = 0.

The eigenvalue problem associated with this model is

φ′′(r) +
2
r
φ′(r) = µφ(r)
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φ′(0) = φ′(R) = 0.

To insure a ¯nite pressurewe shall require that |φ(0)| < ∞. We encountered an almost

identical problem in our discussionof heat °ow in a sphereand already know that bounded

solutions for non-zeroλ have to have the form

φ(r) =
sinλr
r

.

The boundary condition at r = R requires that

φ′(R) =
Rλ cosλR− sinλR

2
= 0.

Hencethe eigenvaluesλn are roots of

f (λ) ≡ Rλ cosλR− sinλR = 0.

The existenceand distributions of the roots of f were discussedin connection with one-

dimensional heat transfer in a rod with convective cooling at one end. There are countably

many valuesλn, and

λn →
(π

2
+ nπ

)

/R asn→∞

becausethe cosine term will dominate for large n. In addition we observe that for the

boundary conditions of this application λ0 = µ0 = 0 is an eigenvalue with eigenfunction

φ0(x) ≡ 1.

It followsfrom the generaltheory that distinct eigenfunctionsareorthogonal in L2(0, R, r2).

This orthogonality can also be establishedby simple integration. We seethat for λm 6= λn

〈φm(r), φn(r)〉 =
∫ R

0

sinλmr
r

sinλnr
r

r2dr

=
1

λ2
n − λ2

m

[λm cosλmR sinλnR− λn cosλnR sinλmR] = 0

in view of f (λm) = f (λn) = 0. It is straightforward to verify that this conclusion remains

valid if m = 0 and n 6= 0. It follows that

un(r, t) =
N
∑

n=1

αn(t)φn(r)
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where

α′′0 (t) = 0

and for n > 0

−(cλn)2αn(t) − α′′n(t) = 0

αn(0) =
〈u0(r), φn〉
〈φn, φn〉

, α′n(0) =
〈u1(r), φn〉
〈φn, φn〉

.

Note that α0(0) and α′(0) are the averagevalues for the initial pressureand velocity over

the sphere. The equations for αn(t) are readily integrated. We obtain

uN (x, t) = α0(0) + α′0(0)t +
N
∑

n=1

λn

[

αn(0) coscλnt +
α′n(0)
cλn

sincλnt
]

sinλnr
λnr

.

For example, let us supposethat R = 1 and

u0(r) =
{

sin(10πr)
r 0 < r < 1/10

0 1/10≤ r < 1

and

u1(r) = 0.

Then

α0(0) =
3

100π

αn(0) = 2

sin
(10π−λn)

10

(10π−λn) −
sin

(10π+λn)
10

(10π+λn)

2− sin(2λn)

and

α′n(0) = 0.

The next example is reminiscent of constrained Hilb ert spaceminimization problems

discussed,for example, in [ ]. The problem will be stated as follows:

Determine the \smallest" force F (x, t) such that the wave u(x, t) described by

uxx − utt = F (x, t)

u(0, t) = u(L, t) = 0
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u(x,0) = ut(x,0) = 0

satis¯es the ¯nal condition

u(x, T ) = uf (x)

ut(x, T ) = 0

whereuf (x) is a given function and T is a given ¯nal time.

We shall ignore the deep mathematical questions of whether and in what sensethis

problem doesindeedhavea solution and concentrate insteadon showing that wecanactually

solve the approximate problem formulated for functions of x which belong to the subspace

MN = span{φn(x)}Nn=1

where as beforeφn(x) is the nth eigenfunction of

φ′′(x) = µφ(x)

φ(0) = φ(L) = 0.

To make the problem tractable we shall agreethat the sizeof the force will be measuredin

the least squaressense

‖F‖ =

(

∫ T

0

∫ L

0

F (x, t)2dx dt

)1/2

.

The approximation to the above problem can then be formulated as:

Example 6: Find

F̂N (x, t) =
N
∑

n=1

γ̂n(t)φn(x)

such that

‖F̂N‖ ≤ ‖FN‖

for all FN (·, t) ∈M for which the solution uN of

Lu = uxx − utt = FN (x, t)

u(0, t) = u(L, t) = 0

17



u(x,0) = ut(x,0) = 0

satis¯es

u(x, T ) = PNuf (x)

ut(x, T ) = 0.

Answ er: If

FN (x, t) =
N
∑

n=1

γn(t)φn(x)

and

uN (x, t) =
N
∑

n=1

αn(t)φn(x)

then as in Example 2 it follows that

−λ2
nαn(t) − α′′n(t) = γn(t)

αn(0) = α′n(0) = 0

whereλn = nπ
L , n = 1,2, . . . , N . The variation of parameterssolution for this problem can

be readily veri¯ed to be

αn(t) = −
∫ t

0

1
λn

γn(s) sinλn(t− s)ds.

uN (x, T ) will satisfy the ¯nal condition if γn(t) is chosensuch that

αn(T ) =
〈uf (x), φn〉
〈φn, φn〉

α′n(T ) = 0.

Henceγn(t) must be chosensuch that

(w.2.1)
∫ T

0

γn(s) sinλn(T − s)ds = −λn
〈uf , φn〉
〈φn, φn〉

(w.2.2)
∫ T

0

γn(s) cosλn(T − s)ds = 0.

18



Finally, we observe that

‖FN‖2 =
L

2

N
∑

n=1

∫ T

0

γn(t)2dt

so that ‖FN‖ will be minimized whenever
∫ T

0
γn(t)2dt is minimized for each n. But it is

known that the minimum norm solution in L2[0, T ] of the two constraint equations(w.2.1,2)

must be of the form

γ̂n(t) = c1 sinλn(T − t) + c2 cosλn(T − t).

Substitution into (w.2.1,2) and integration with respect to t show that c1 and c2 must satisfy
(

T
2 −

sin 2λnT
4λn

sin2 λnT
2λn

sin2 λnT
2λn

T
2 + sin 2λnT

4λn

)

(

c1
c2

)

=

(

−λn 〈uf ,φn〉〈φn,φn〉

0

)

We observe that the determinant of the coe±cient matrix is

1
4λ2

n

[

(Tλn)2 − sin2 λnT
]

and hencenever zero for T > 0. Thus each γ̂n(t) is uniquely de¯ned and the approximating

problem is solved. Whether

FN (x, t) =
N
∑

n=1

γ̂n(t)φn(x)

remains meaningful as N → ∞ depends strongly on uf (x). It can be shown by actually

solving the linear system for c1 and c2 that

c1 ∼
2λn〈uf , φn〉

T
and |c1| ¿ |c2| asn→∞.

Boundednessof |u′′f | and the consistency condition uf (0) = uf (L) = 0 guarantee that

c1 = O(λ−2
n ) so that FN will convergeabsolutely asN →∞.

The last examplein this chapter is chosento illustrate that the eigenfunction approach

dependsonly on the solvabilit y of the eigenvalue problem, not on the order of the di®erential

operators.

Example 7: Find the natural frequenciesof a cantilevered uniform beam of length L.

Answ er: The mathematical model for the displacement u(x, t) of the beam is [ ]

∂4u

∂x4
+

1
c2
∂2u

∂t2
= 0
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u(0, t) = ux(0, t) = 0

uxx(L, t) = uxxx(L, t) = 0.

The associated eigenvalue problem is

φ(iv)(x) = µφ(x)

φ(0) = φ′(0) = 0

φ′′(L) = φ′′′(L) = 0.

It is straightforward to show as in Chapter 2 that the eigenvalue must be positive. For

notational conveniencewe shall write

µ = λ4

for somepositive λ. We observe that the function

φ(x) = erx

will solve the di®erential equation if

r4 = λ4.

The four roots of the positive number λ4 are

r1 = λ, r2 = −λ, r3 = iλ and r4 = −iλ.

A generalsolution of the equation is then

φ(x) = c1 sinhx + c2 coshλx + c3 sinλx + c4 cosλx.

It is straightforward to verify (but a little laborious to compute) that there are countably

many functions

(w.2.3)
φn(x) = [coshλnL + cosλnL][sinhλnx− sinλnx]

− [sinhλnL + sinλnL][coshλnx− cosλnx]

which satisfy the boundary conditions provided

coshλnL cosλnL = −1.
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If we write

f (x) ≡ cosx +
1

coshx

then f behavesessentially like cosx and hastwo roots in every interval (nπ−π/2, nπ+ π/2)

for n = 1,3,5, . . . The ¯rst ¯v e numerical roots of f (x) = 0 are tabulated below.

i xi

1 1.87510

2 4.69409

3 7.85476

4 10.9955∼= 3π − π/2

5 14.1372∼= 3π + π/2.

Sincecoshx grows exponentially all subsequent roots are numerically the roots of cosx. The

eigenvaluesand eigenfunctionsfor the vibrating beam then are

µn = λ4
n, φn(x) as given by (w.2.3),

whereλn = xn/L.

An oscillatory solution of the beam equation is obtained when we write

un(x, t) = αn(t)φn(x)

and compute αn(t) such that

λ4
nαn(t) +

1
c2
α′′n(t) = 0.

It follows that

αn(t) = An cos(cλ2
nt + Bn)

where the amplitude An and the phaseBn are the constants of integration. Each un(x, t)

describesa standing wave. A snapshotof the ¯rst two modesφ1(x) and φ2(x) is shown in

Fig. ....

The motion of a vibrating beam subject to initial conditions and a forcing function

is found in the usual way by projecting the data into the span of the eigenfunctions and

solving the approximating problem in terms of an eigenfunction expansion.
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W.2 Theory

W.2.1 Con vergence of uN (x, t) to the analytic solution

Bounds for the solution of the wave equation are obtained from so-calledenergy estimates

which we shall intro duce for the following model problem

wxx − wtt = F (x, t)(w.2.1)

w(0, t) = w(L, t) = 0

w(x,0) = w0(x)

wt(x, t) = w1(x).

Theorem W.2.1. Assume that the data of problem (w.2.1) are sufficiently smooth so that

it has a smooth solution w(x, t) on D = {(x, t) : 0 < x < L,0 < t < T} for some T > 0.

Then for t ≤ T

∫ L

0

[w2
x(x, t) + w2

t (x, t)]dx < et
∫ L

0

[w2
1(x) + w′20 (x)]dx +

∫ t

0

∫ L

0

et−sF 2(x, t)dx dt

Pro of. We multiply the wave equation by wt

wtwxx − wtwtt = wtF (x, t)

and usethe smoothnessof w to rewrite this expressionin the form

(w.2.2) (wtwx)x − (wxtwx) − wtwtt = wtF (x, t).

Sincew(0, t) = w(L, t) = 0 it follows that wt(0, t) = wt(L, t) = 0. The integral of (w.2.2)

with respect to x can then be written in the form

(w.2.3)
1
2
d

dt

∫ L

0

(w2
t + w2

x)dx = −
∫ L

0

wtF (x, t)dx.

Using the algebraic-geometricinequality 2wtF (x, t) ≤ w2
t + F 2(x, t) and de¯ning the \en-

ergy" integral

E(t) =
∫ L

0

[w2
t (x, t) + w2

x(x, t)]dx
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we obtain from (w.2.3) the inequality

(w.2.4)
d

dt
E(t) ≤ E(t) + ‖F (·, t)‖2

where ‖F (·, t)‖2 =
∫ L

0
F 2(x, t)dx. Gronwall's inequality applies to (w.2.4) and yields

E(t) ≤ E(0)et +
∫ t

0

et−s‖F (·, s)‖2ds

which was to be shown.

We note from (w.2.3) that if F = 0 then for all t

E(t) = E(0).

We also observe that the energyestimate allows the pointwise estimate

|w(x, t)| =
∣

∣

∣

∣

∫ x

0

wx(r, t)dr

∣

∣

∣

∣

≤
√
x ‖wx(·, t)‖ <

√
x
√

E(t)

as well as the mean squareestimate

‖w(·, t)‖ < L

π
‖wx(·, t)‖ < L

π

√

E(t).

Theseestimatesare immediately applicable to the error

eN (x, t) = w(x, t) − wN (x, t)

where w solves (w.2.1) and wN is the computed approximation obtained by projecting

F (·, t), u0 and u1 into the span{sinλnx}Nn=1 with λn = nπ
L .

SinceeN (x, t) satis¯es (w.2.1) with the substitutions

F ← F − PNF, w0 ← w0 − PNw0, w1 ← w1 − PNw1

we seefrom Theorem W.2.1 that
‖ex(·, t)‖2 + ‖et(·, t)‖2 ≤ et

[

‖w1 − PNw1‖2
]

+ ‖(w0 − PNw0)′‖2

+
∫ t

0

∫ L

0

et−s‖F (·, s) − PNF (·, s)‖2ds.

This estimate implies that if PNF (·, t) convergesin the mean square senseto F (·, t) uni-

formly with respect to t and PNw
′
0 → w′0 then the computed solution convergespointwise

and in the mean squaresenseto the true solution. But in contrast to the di®usion setting

the error will not decay with time. If it should happen that F ∈ span{sinλnx} for all t then

the energyof the error remains constant and equal to the initial energy. If the sourceterm

F − PNF doesnot vanish then the energycould conceivably grow exponentially with time.
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W.2.2 Eigenfunction expansions and Duhamel's principle

The in°uence of v(x, t) chosento zero out non-homogeneousboundary conditions imposed

on the wave equation can be analyzedasin the caseof the di®usionequation and will not be

repeatedhere. However, it may be instructiv e to show that the eigenfunctionapproach leads

to the sameequations as Duhamel's principle for the wave equation with time dependent

data so that we only provide an alternativ e view but not a di®erent computational method.

Consider the problem

wxx − wtt = F (x, t)(2.2.1)

w(0, t) = w(L, t) = 0

w(x,0) = 0

wt(x,0) = 0.

Duhamel's principle yields the solution

w(x, t) =
∫ t

0

W (x, t, s)ds

where
Wxx(x, t, s) −Wtt(x, t, s) = 0

W (0, t, s) = W (L, t, s) = 0

W (x, s, s) = 0

Wt(x, s, s) = −F (x, s).

The absenceof a sourceterm makesthe calculation of an eigenfunctionsolution of W (x, t, s)

straightforward.

An eigenfunction solution obtained directly from (2.2.1) is found in the usual way in

the form

wN (x, t) =
N
∑

n=1

αn(t)φn(x)

whereαn(t) solvesthe initial value problem

−λ2
nαn(t) − α′′n(t) = γn(t)
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αn(0) = α′n(0) = 0

with

γn(t) =
〈F (x, t), φn〉
〈φn, φn〉

.

The variation of parameterssolution for this problem is

αn(t) = − 1
λn

∫ t

0

sinλn(t− s)γn(s)ds.

If we set

Wn(x, t, s) = − 1
λn

sinλn(t− s)γn(s)φn(x)

then the eigenfunction solution is given by

wN (x, t) =
N
∑

n=1

αn(t)φn(x) =
∫ t

0

N
∑

n=1

Wn(x, t, s).

By inspection

Wnxx −Wntt = 0

Wn(x, s, s) = 0

Wnt(x, s, s) = −γn(s)φn(x) = −〈F (x, s), φn〉
〈φn, φn〉

φn(x)

so that
N
∑

n=1

Wn(x, s, s) = −PnF (x, s).

Henceboth methods yield the samesolution and require the evaluation of identical integrals.
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