CHAPTER WE

W.1 The Wave Equation

Let us next turn to the oscillatory problems described by the so-calledwave equation
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Euzuwx__Qutt: 0
C

where c is a non-vanishing function of time and space.If c is constart and f and g are any
twice contin uously di®erertiable functions of a single argumert then it follows by di®eren-
tiation that

Lf(x—ct) = Lg(x+ ct) = 0.

Since f(z — ct) describes a wave traveling to the right with speed ¢ and g(z + ct) is a
wave moving left with speedc it is customary to call ¢ the wave speed (even when ¢ is not
constart). We shall solve the wave equation subject to giveninitial and boundary conditions
with an eigenfunction expansion.
W.1.1 The Solution Technique

To introduce the eigenfunction solution for the wave equation we shall consider the

following initial/b oundary value problem

(1.1a) Eu:mm—éu“:Fmﬁ
(1.1b) u(0,8) = A(®),  u(L,t) = B(})
(1.1c) u(z,0) = ug(x)

(1.1d) up(z,0) = uy ()

where F', ug and u; are given smooth functions. In order to usean eigenfunction expansion

we needto zeroout the boundary conditions. As before we shall choose

oz t) = A@) L2

+ B(t)%.



Then
w(z,t) = u(z,t) —v(x,t)
satis es
1 1
Lw = Wy — 2 Wit = F(I,t) - (U:wc - _Qvtt) = G(IL‘,t)
C C
w(0,t) = w(L,t) =0
w(z,0) = ug(z) — v(z,0) = wo(z)
wi(z,0) = ui(z) — vi(z,0) = wi ()
where G(z,t), wo(x) and wy(x) are known data functions.
We now proceed as with the di®usion equation. The eigervalue problem assaiated
with this equation is again

¢"(2) = no(x)
¢(0) = ¢(L) = 0

with eigenfunctions

dn(z) = sinx,xz with A,

1
|
=
3
|
|
o

The approximating problem is

N
Lw(z,t) = PyG(z,1) = Y n(t)dn()
n=1

w(0,t) = w(L,t) = 0

N
w(@,0)= Y Angn(x)
n=1

N
wi(2,0)= > Baon(2)
n=1

where
_ <G(:L‘, t)a ¢n>
’Y’n(t) - <¢n,¢n> )
_ <w0($), ¢n>
R
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Bn - <w1($)7 ¢n>

(Pns Pn)
This problem is solved by
N
(w.1.2) wn(x,t) = Y an(t)én(2)
n=1
when «,,(t) is a solution of the problem
2 1 " —
(w.1.3) “Nhan(t) = 5 (1) = 7a(?)
an(0) = &,
@, (0) = B,

Hencethe di®erenceo the di®usionsolution is that «a,,(t) satis esthe secondorder equation
(w.1.2) rather than the rst order equation (D.1.3).

The generalstructure of this solution is
an(t) = c1cosh,ct+ caSin et + app(t)

where the so-calledparticular integral a.,,,(t) is ANY solution of (w.1.3). Onceit is known
the constarts ¢; and ¢, can be found sothat «,(t) satis es the given initial conditions at
t = 0. We recall from the theory of ordinary di®erertial equationsand the discussionof the

method of variation of parametersthat one can always nd a particular of the form
anp(t) = vi(t) cosA,ct + va(t) Sin A, ct
where v; and vy are chosensud that
COS\,,ct sin\,ct V] _ 0
—A\n,cSin\,ct  \,cCOS\,ct vh —y,(t) )
Howewer, when ~,,(t) hasthe special form

() = the!
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for someinteger £ and some real or complex constart w then the so-called method of
undetermined coezxcients tends to be easierto apply. We guessa particular solution of the

form
k42 '
ot = 30|
1=0
and compute the unknown coezcients C; sothat a,,(t) solves(w.1.3).

Oncewy(x,t) hasbeenfound the approximate solution of the original problem is

N
un(@, 1) = ) an(t)n(e) + v(z,1).
n=1

If the wave equation is to be solved subject to derivative boundary conditions then di®eren
eigenfunctionsapply but the generalapproad remains unchanged.
W.1.2  Applications

The simple problem of a vibrating string senesto illustrate the eigenfunctionapproad
for the solution of the wave equation.
Problem 1: A uniform string of length L is held xed at both ends. At time ¢t = 0 it is
given an initial displacemen and velocity. Find the motion of the string for ¢t > 0.
Answ er: Newton's secondlaw and some small amplitude assumptionsare known to lead
to the wave equation

1

Lu =tz — S uw=0
C

for the displacemen u(z,t) of the string at the point = and time ¢. Here ¢ is a known
constart depending on the density of the string and the tension applied to it. Since the
endsare held xed we have

u(0,t) = u(L,t) = 0.

The initial displacemen from the equilibrium position and the initial velocity are
u(x,0) = uo(x)
ue(z,0) = ui(z)

where uy and u; are given functions. The eigervalue problem assaiated with the spatial

part of the wave equation is
¢"(z) = pé(z)
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#(0) = (L) = 0.
Its solutions {.,, o, (z)} are
én(x) = sinh,z with X, = "% and i, = —\2.
The approximating problem is
L’uzum—c—2utt= 0

u(0,t) = u(L,t) = 0

N
u(x,O) = PNUO(x) = Z &nén(x)
n=1

N
uy(2,0) = Pyuy(z) = Y Buon(2)
n=1

where
— <u07 an)
O = B )
- <u17 ¢n>
n = (6, bn)

We shall take for granted that this problem hasa unique solution u y(x,t) and show that it

can be written in the form

N
un(@,t) = Y an(t)dn(@).
n=1

If we substitute this sum into the wave equation we obtain
N
2 1 " —
D [~ Anan(®) = 5 an(®)| on(x) = O.
n=1

It followsthat u, solvesthe wave equation and the initial and boundary conditions if o, ()

is computed sud that
1
N, (t) + — a’(t)=0
C
an(0) = &,
;,(0) = B

5



The solution «,,(¢) is readily found as

an(t) = &, coScA,t + f—f\ sincA,t.

We obsene that ead term of the sum de ning ux(z,t) correspndsto a standing wave
with amplitude o, (t) and nodesat the zerosof ¢, (z) = sin“* z. In other words, u is the
superposition of standing waves.

As an illustration we show in Fig. 1 the standing wave a5(t)¢s(z) fort = 4andt = .8,

as well as the the solution u¢(z,t) for t = 0, .4 and .8 for the following data: ¢ = L =1

and 3 [0,1/3]
a T, T &€ y
uo(z) = { S(1-2), ze(1/31]
ui(z) = 0
so that
_ 9sin7E -
" (nm)? b= 0

Since there is no exponertial decay with time the number of terms N required in the
eigenfunction expansionis dictated at all times by the quality of the approximation of ug
and u; in terms of their orthogonal projections. It is important that initial and boundary
data are consisten to rule out any Gibbs phenomenabecauseno smoothing appearsasthe
solution of the wave equation ewolveswith time. We alsoremark that the wave equation with
the above piecewiselinear initial displacemen doesnot, strictly speaking, have a solution
becauseuy(x) is not di®ereriable at = 1/3. Howewer, Pyuyg is in nitely di®erertiable
which guaranteesthe existenceof a smooth solution uy(x, t).
Problem 2: A forced wave and resonance.

Suppose a uniform string of length L is held xed at x = 0 and oscillated at z = L
accordingto

u(L,t) = Asinwt.

Find the motion of the string for ¢t > 0.
Answ er: Our model is incomplete since the initial state of the string is not given. We
obsene that the boundary data «(0,t) = 0 and u(L,t) = Asinwt imply .(0,t) = 0 and

u(L,t) = Aw coswt. Hencewe shall imposeinitial conditions

u(z,0) = 0, ui(x,0) = Aw %
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which are consistert with the boundary data. In order to use an eigenfunction expansion

we needhomogeneousoundary conditions. If we set

v(x,t) = Asinwt (%)

and

w(z,t) = u(z,t) —v(x,t)

then
Lw= Lu—Lv= vy = —Aw? sinwt (%)

where for easeof notation we have setc = 1. The boundary and initial conditions are
w(0,t) = w(L,t) = 0
w(z,0) = u(x,0) —v(xz,0)= 0
we(x,0) = u(z,0) — ve(x,0) = 0.

The assaiated eigervalue problem is the same as in Example | and the approximating

problem is
N
LW = Wy — Wy = SINWE Z A dn ()
n=1
where
_1\n 2
g = A @0 _ 2 (DA
and

w(0,t) = w(L,t) = 0
w(z,0)=0
w(x,0) = 0.

This problem hasthe solution

N
wN(ff, t) = Z an(t) (]5”(1')
n=1
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where

~ M, (t) — al(t) = A, sinwt
an,(0) =0
al,(0) = 0.
Let us assumeat this stagethat w # A, for any n. Then «,(t) can be written in the form
o (t) = 1 COSA,t + coSiNAnt + auyp(t)
where av,,,,(t) is a particular integral. We can guessan «,,,(t) of the form
anp(t) = Csinwt.

If we substitute «,,(t) into the di®erertial equation we nd that

An
—a2

C =

Determining c¢; and ¢, sothat «,,(t) satis es the initial conditions we obtain

B An . .
O[n(t) = )\n(w2—_)\%) [)\n Sinwt — w SIn )\nt]
so that
A?(—1)"

un(z,t) = ZMWQ ) (R )[A sinwt — wsiN A, 1] gn(z) + v(z,t).

Let us now supposethat the string is driven at a frequencyw which is closeto A for
somek, say
w= A+ €, O<ex 1.

Then
’7‘% Ak Sin wt — wSIN it

M 2

Oék(t
can be rewritten as

Ak [w(sinwt — sin Akt) + (A —w) smwt]
A -\

ag(t) =



When we apply the identity

- +
sinx — siny = 2sin (%) cos(x > y>

Aw 2 . €t w+ A Ak sinwt
————————sin - cos t— :
Ae(w+ Ag) € 2 2 Ae(w + M)
The rst term describesthe cortribution of a standing wave which oscillateswith frequency

(w+>\k) o
47 -

we obtain

ag(t) =

g—; but whoseamplitude rises and falls slowly in time with frequency & which
givesthe motion a so-called\b eat.” Finally, we obsene that if ¢ — 0, i.e. w — \g, then
I'Hospital's rule applied to the rst term of a(t) yields

A

)2 [Axt cOSAit — SiN A\t]
k

ag(t) =

and after substituting for A,

2A [tcosAhit SN\t
an(t) = (D" |5 - S0 k@),

Hencethe amplitude of a(t) grows linearly with time and will eventually dominate all other
terms in the eigenfunction expansionof uy(x,t). This phenomenonis called resonanceand
the string is said to be driven at the resonart frequency \.
Problem 3: Wave propagation in a resistive medium.

Supposea string vibrates in a medium which resiststhe motion with aforce proportional

to the velocity and the displacemen of the string. Newton's secondlaw then leadsto
Lu = Uy, — Buyy — Cuy — Du= 0

for the displacemen u(z,t) from the equilibrium position where B, C and D are positive
constarts. (Weremark that the sameequation is alsoknown asthe telephoneequation and
describes the voltage or current of an electric signal travelling along a lossy transmission

line.) We shall imposethe boundary and initial conditions of the last example
u(0,t) = 0, u(L,t) = Asinwt

u(z,0) = 0, u(z,0)= — =



and solve for the motion of the string.

Answ er: If v(x,t) = ¥ Asinwt then w(z,t) = u(x,t) — v(x,t) satis es

A .
Lw= Lu— Lv= Bvuy+ Cv,+ Dv = Tx [(—Bu)2 + D)sinwt + Cw COSwt]

w(0,t) = w(L,t) = 0
w(xz,0) = w(L,t) = 0.

The assaiated eigervalue problem is again

¢"(2) = po(x)

¢(0) = ¢(L) = 0.
The eigenfunctionsare
on(x) = sind,z with X, = % fin = — A2

The approximating problem is

N
Lw= )" [’;‘/n sinwt + 0, coswﬁ] b ()
n=1

where
g = AD =B (,60)
K L (s On)
_ ACw (z,¢n)
"L {n,dn)

The approximating problem hasthe solution

N
wN(xa t) = Z O471(75) ¢n(x)
n=1
where a,,(t) hasto satisfy the initial value problem
—X2 () — Ba!'(t) — Col,(t) — Dan(t) = A, sinwt + 6, coswt

an(0) = 0, al(0) = 0.
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This is a constart coexcient secondorder equation with a sourceterm. Its solution hasthe

form

an(t) = Clanl(t) + 02an2(t) + anp(t)

where a,,1(t) and «,,2(t) are complemenary solutions of the homogeneousequation and
anp(t) is any particular integral. For the complemenary functions we try to t an expo-
nertial function of the form

aq(t) = €.
Substitution into the di®erertiial equation shows that » must be chosensud that
Br?+ Cr+ (D+ )\2) = 0.

This quadratic hasthe roots

—C +./C? —4B(D + )\2)
2B

1,2 =

If 1 # ro we may take

a1 (t) = et ano(t) = et

The particular integral is best found with the method of undetermined coe+cients. If we
substitute
anp(t) = dy sinwt + dy coswt
into the di®ererial equation then we require
+ Bw?(d; sinwt + dy coswt) — Cw(d; coswt — dy Sinwt)
— (D + A2)(dy sinwt + dy coswt) = 4, sinwt + 4, coswt.

Equating the coezcients of the trigonometric terms we nd

Bw? — (D + \2) Cw di\ _ ([ An
( —Cw Bw? — (D + Ag)) (dg)‘ (6‘n>

For C' > 0 this equation has a unique solution sothat d; and d, may be assumedknown.
Finally, we needto determine the coezcients ¢; and c; sothat «,(t) satis es the initial
conditions. We obtain the conditions

c1+t co = —dg
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ricy + rocog = —wdl.

As long asr; # ry this system has the unique solution

wdl — T’ng

cL = —
T2 —"

Tldg — wdl

Cyp = ———
r2—"

so that
(wdy — rada)e™ + (r1dy — wdy)e™!

reo —T

an(t) = + dy Sinwt + ds COSwt.

It is possiblethat for someindex k the two roots r; and r, are the same. Then the rst
term for «a(t) is indeterminate and must be evaluated with I'Hospital's rule. In analogy
to medanical systemswe may say that the nth mode of our approximate solution is over-
damped, critically damped or underdamped if C? —4B(D+ )\2) is positive, zeroor negative,
respectively.
The next exampleshows that specialfunctions like Besselfunctions alsoarisefor certain
problemsin cartesian coordinates.
Problem 4: A chain of length L with uniform density is suspended from a (frictionless)
hook and given an initial displacemen and velocity which are assumedto lie in the same
plane. Describe the subsequeh motion of the chain.
Answ er. Let u(x,t) bethe displacemen from the equilibrium position wherethe coordinate
x is measuredfrom the free end of the chain at = = 0 vertically upward to the xed end
at = L. Then the tension in the chain at x is proportional to the weight of the chain
below z. After scaling Newton's secondlaw leadsto the following mathematical model for
the motion of the chain:
Lu = (xuy)r —uy = 0

u(L,t) =0

u(z,0) = up(x)

ug(z,0) = uy(x).

The assiated eigervalue problem is

(z¢/(2))" = po(x)
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o(L) = 0.

If we add the natural restriction that also |¢(0)| < oo then we again have a singular Sturm-
Liouville problem. Its solution is not obvious. Fortunately, this eigervalue problem can be
transformed to the problem solved in the last chapter when we discussedradial heat °ow in

a disk. If we make the changeof variable ~ = 2,/ and de ne

©(2) = ¢(2%/4) = ¢(2)

then
d© dpdx _ zd¢
dz  dxdz  2dx
so that
0,208y L (,40)_ 20 (21205)
dr zdz dx dx zdz \ 4 z dz

Thus our eigervalue problem is
(20/(2))" = pz©(2)

©(0)] < 0 and ©(2VL) = 0.

This problem is identical to the eigervalue problem (6.1) and hasthe solutions

{/Lna J()\nz)}

where u,, = —)\2 and where \,,2\/L = z,. As before, z,, is the nth zero of the rst order
Besselfunction Jy(z). In summary, the eigervalue problem assaiated with the hanging

chain hasthe solution { ., ¢,(z)} with

(bn(x) = JO(Z)\TL\/E)7 )\n = M = _>‘721'
We also know from our discussionof problem 8 that
2L L
(B2 T} = [ IO T2z o= [ dm(@on()da = 0
0 0

sothat the eigenfunctions{¢,(z)} are orthogonal in L,(0, L). We note that orthogonality

with respect to the weight function w(x) = 1 is predicted by the Sturm-Liouville theorem
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of Chapter xxx if the eigervalue problem were a regular problem given on an interval [e, L]

with € > 0. The approximate solution is written as

N
UN(xv t) = Z an(t)¢n(x)'
n=1
Substitution into the wave equation leadsto the initial value problems

— X2 pn(t) —an(t) = 0

<U0(I’),¢n(l')> <U1(I‘),¢n(l’)>

a,(0) = , O/n 0) =
L P O = G om
and the approximate solution
- a;,(0)
un(z,t) = Z {an(O) COSA,t + ’;\ sin\,t| Jo(2\, /).
n=1 n

Problem 5. At time ¢ = 0 a spherically symmetric pressurewave is created in a rigid
sphereof radius R. Find the subsequeh pressuredistribution in the sphere.
Answ er. Sincethere is no angular dependencethe mathematical model for the pressure

u(r,t) in the sphereis
2 1

Upp T — Up — _zutt = 0.
T C
We shall assumethat the initial state can be described by
u(r,0) = uo(r)
uy(r,0) = uy ().
At all times we have to satisfy the symmetry condition
u-(0,t) = 0.
And sincethe sphereis rigid there is no pressurelossthrough the shell so we require
ur-(R,t) = 0.
The eigervalue problem assaiated with this model is
/7 2 / —_
¢"(r)+ = ¢/(r) = uo(r)
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#(0) = ¢/(R) = 0,

To insure a nite pressurewe shall require that |¢(0)] < co. We encourtered an almost
identical problem in our discussionof heat “ow in a sphereand already know that bounded

solutions for non-zero A have to have the form

sin \r

¢(r) = :

r

The boundary condition at » = R requiresthat

RACOSAR —SinAR _

0.
2

¢'(R) =
Hencethe eigervalues \,, are roots of
f(A) = RACOSAR —sinAR = 0.

The existenceand distributions of the roots of f were discussedin connection with one-
dimensional heat transfer in a rod with corvective cooling at one end. There are countably
many values \,,, and

)\n—><g+ mT)/R asn — oo

becausethe cosineterm will dominate for large n. In addition we obsenre that for the
boundary conditions of this application Ao = uo = 0 is an eigervalue with eigenfunction
po(z) = 1.

It follows from the generaltheory that distinct eigenfunctionsare orthogonalin L, (0, R, r?).

This orthogonality can also be establishedby simple integration. We seethat for \,, Z A\,

R . .

sin \,,,7 Sin \,,r

/ m " r2dr
0 T T

<¢m(r) ) ¢n(r)>

1

= T PmcoshuRsinA, R — A, cosh, Rsin A, R] = 0

in view of f(\,,) = f(A,) = O. It is straightforward to verify that this conclusionremains

valid if m = 0and n # 0. It follows that

N
Un(Ta t) = Z an(t)¢n(r)
n=1
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where
ag(t)=0
andforn >0
—(cAn)?an(t) — /() = 0

- <U,0(7”),¢n> / — <u1(r)>¢n>
@ =75 gy O sy

Note that «((0) and o/(0) are the averagevaluesfor the initial pressureand velocity over

the sphere. The equationsfor «,,(t) are readily integrated. We obtain

sin\,r
AT

N /
0) .
un(z,1) = ag(0) + ap(O)t+ > Ay [an(O) cosea,t+ 1O ginea s
cAp,

n=1

For example, let us supposethat R = 1 and

sin(107r)
o) = {7 0<r<1/10

0 1/10<r<1
and
ui(r) = 0.
Then
3
ap(0) = 100+
sin (207—2An) sin 107 +An)
(10nf9\ )y (107r+1§ )
2(0) =2 nL -
on(0) 2 —sin(2\,)
and
al,(0) = 0.

The next example is reminiscert of constrained Hilb ert spaceminimization problems
discussedfor example,in [ ]. The problem will be stated as follows:

Determine the \smallest" force F'(x,t) sudc that the wave u(z,t) described by

Upe — Uy = F(z,1)

u(0,t) = u(L,t) = 0
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u(z,0) = uy(x,0)= 0

satis es the nal condition
u(z,T) = ug(z)

u(z,T) = 0

where u¢(z) is a given function and 7" is a given nal time.
We shall ignore the deep mathematical questions of whether and in what sensethis
problem doesindeedhave a solution and concerrate instead on showing that we canactually

solve the approximate problem formulated for functions of x which belongto the subspace
My = span{¢n ()},
where as before ¢,,(z) is the nth eigenfunction of
¢"(x) = pé(x)

¢(0) = ¢(L) = 0.

To make the problem tractable we shall agreethat the size of the force will be measuredin

T I 1/2
|F|| = (/O /0 F(x,t)2dxdt> :

The approximation to the above problem can then be formulated as:

the least squaressense

Example 6: Find
N
le'N(:B,t) = Z%(t)%(l’)
n=1

sud that
I£x] < | Fw ]

for all Fy(-,t) € M for which the solution u  of
Lu = Ugge — Ut = FN(IL’,t)

u(0,t) = u(L,t) = 0
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u(z,0) = uy(x,0)= 0

satis es
u(x,T) = Pyuy(x)
ug(x, T) = 0.

Answ er: If

N

FN(Qi, t) = Z ’Yn(t)an(ZE)

n=1

and

N
UN(xa t) = Z an(t)¢n(x)
n=1
then asin Example 2 it follows that
A an(t) = ap(t) = ()

a,(0) = a/,(0)=0

where A\, = “*,n=1,2,...,N. The variation of parameterssolution for this problem can

be readily veri ed to be

t
an(t) = —/0 )\i Yn(8) SINA, (t — s)ds.

n

un(x,T) will satisfy the nal condition if v, (¢) is chosensudc that

- <uf($)7¢n>
R e
a, (T) = 0.
Hence~, (t) must be chosensud that
T

(W.2.1) /O An(8) SIN AL (T — s)ds = —An%

T
(w.2.2) / Yn(8) COSA, (T — s)ds = O.

0
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Finally, we obsene that
L. [T
IFw]* = EZ/ Yo (t)*lt
n=1"0

sothat ||F| will be minimized whenewer fOT 7, (t)2dt is minimized for each n. But it is
known that the minimum norm solution in L,[0, T'] of the two constraint equations(w.2.1,2)

must be of the form
An(t) = ey SINX, (T —t) + co cosA, (T — t).
Substitution into (w.2.1,2) and integration with respectto ¢t shaw that ¢; and ¢o must satisfy

T  sin2),T sin® A\, T —\ (us,én)
2 AN, 2, (01) — T (b bn)
.2 .
sin“ A\, T T sin 2\, T C
2An 2 + 4N, 2 0

We obsene that the determinant of the coexcient matrix is

1 ,
e [(TA,)? —sin* A, T
and hencenever zerofor T' > 0. Thus ead 4,,(¢) is uniquely de ned and the approximating

problem is solved. Whether
N
Fn(z,t) = Y An(D)dn(2)
n=1

remains meaningful as N — oo depends strongly on u¢(z). It can be shovn by actually

solving the linear systemfor ¢; and ¢, that

T and |Cl| <K |CQ| asn — oQ0.

C1

Boundednessof [u/f| and the consistency condition u;(0) = u¢(L) = O guarartee that
c1 = O(\,,?) sothat Fy will corvergeabsolutely as N — oo.

The last examplein this chapter is chosento illustrate that the eigenfunction approad
dependsonly on the solvability of the eigervalue problem, not on the order of the di®ereriial
operators.

Example 7: Find the natural frequenciesof a cartilevered uniform beam of length L.
Answ er: The mathematical model for the displacemen u(x,t) of the beamis [ ]
*u 1 0%u
PR
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u(0,%) = u,(0,t) = 0
Upr(L, 1) = Ugea(L,t) = 0.

The assaiated eigervalue problem is
0! (z) = pg(x)
¢(0) = ¢'(0) = 0

¢"(L) = ¢"(L) = 0.

It is straightforward to show as in Chapter 2 that the eigervalue must be positive. For
notational conveniencewe shall write

p= A
for somepositive \. We obsene that the function
¢(x) = e'”

will solve the di®erertiial equation if

rd= 24
The four roots of the positive number \* are
rL= A, ro = —A\, rg =4\ and rg= —il\.
A generalsolution of the equation is then
¢(x) = ¢y sinhx + ¢o coshAz + c3SinAx + ¢4 COSAz.

It is straightforward to verify (but a little laborious to compute) that there are courntably

many functions
¢n(x) = [cosh),, L + cosA, L][sinh \,,z — sin A\, z]
(w.2.3)
— [sinh \,,L + sin \,, L][cosh\,,x — COSA,,x]

which satisfy the boundary conditions provided

cosh\, L cos\, L = —1.
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If we write

f(z) = cosx + cosha

then f behavesessetially like cosz and hastwo roots in every interval (nm —7/2, nw+ 7/2)

forn=1,3,5,... The rst venumerical roots of f(x) = 0 are tabulated below.

~.

T
1.87510
4.69409
7.85476
10.9955% 31 — /2
1413722 3r + /2.

o A W N B

Sincecoshx grows exponertially all subsequehroots are numerically the roots of cosz. The

eigernvaluesand eigenfunctionsfor the vibrating beamthen are
i = A3 on(x) asgivenby (w.2.3),

where \,, = z,,/L.

An oscillatory solution of the beam equation is obtained when we write

un(z,t) = an(t)dn(z)
and compute «,(t) sud that

1
M, (1) + = al’(t) = 0.

It follows that
an(t) = A, cosAit+ B,)

where the amplitude A,, and the phase B,, are the constarts of integration. Each wu,(x,t)
describes a standing wave. A snapshotof the rst two modes ¢(x) and ¢5(x) is shavn in
Fig. ....

The motion of a vibrating beam subject to initial conditions and a forcing function
is found in the usual way by projecting the data into the span of the eigenfunctions and

solving the approximating problem in terms of an eigenfunction expansion.
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W.2  Theory

W.2.1 Convergence of uy(x,t) to the analytic solution

Bounds for the solution of the wave equation are obtained from so-calledenergy estimates

which we shall intro duce for the following model problem

(W21) Wyy — Wit = F(.I‘,t)
w(0,t) = w(L,t) = 0
w(zx,0) = we(x)

wy(x,t) = wi(z).

Theorem W.2.1. Assume that the data of problem (W.2.1) are sufficiently smooth so that
it has a smooth solution w(z,t) on D = {(x,t) :0< x < L,0< t < T} for some T > 0.
Then fort <T

/L[wi(x,t) + wi(z, t)]dr < et /L[w%(x) + wi(z)]dz + /t /L e F2(z, t)dx dt
0 0 0 JO
Pro of. We multiply the wave equation by w;
WiWae — Wiwy = Wi F (2, 1)
and usethe smoothnessof w to rewrite this expressionin the form
(w.2.2) (wiwz) e — (Wrpwe) — wiwy = wiF(z,1).

Sincew(0,t) = w(L,t) = 0it follows that w.(0,t) = w;(L,t) = 0. The integral of (w.2.2)
with respect to = can then be written in the form

1d

L L
(w.2.3) - —/ (w? + w?)dx = —/ wiF(z,t)dx.
2dt ), 0

Using the algebraic-geometricinequality 2w, F(z,t) < w? + F?(x,t) and de ning the \en-
ergy" integral .
B0 = [ i)+ vl
0
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we obtain from (w.2.3) the inequality

(w.2.4) B < By + |G

where || F(-,1)||? = fOL F2%(x,t)dz. Gronwall's inequality appliesto (w.2.4) and yields
B0 < O+ [ R ds

which wasto be shawvn.
We note from (w.2.3) that if F' = 0 then for all ¢

E(t) = E(0).
We also obsene that the energy estimate allows the pointwise estimate
[ wntrar| < VE s 0] < VEVED
aswell asthe mean squareestimate
ol 0 < & ()] < = /B,

These estimates are immediately applicable to the error

w(z, t)] =

eN(w7t) = w(:r,t) - U}N(l‘,t)

where w solves (w.2.1) and wy is the computed approximation obtained by projecting
F(-,t), uo and u; into the span{sin Az}, with A, = 2F.

Sinceen(x,t) satis es (w.2.1) with the substitutions
F<—F—PNF, onwo—PN’wo, wlhwl—PNwl

we seefrom Theorem W.2.1 that
lea(- )17 + llee(-, )17 < € [lwy — Pywi|]*] + [[(wo — Pywo)|?

+ /t /L e! 73| F (-, 8) — PnF(-, s)||*ds.
0 JO
This estimate implies that if Py F(-,t) convergesin the mean square senseto F'(-,t) uni-
formly with respect to ¢t and Pyw{, — wy then the computed solution corvergespointwise
and in the mean squaresenseto the true solution. But in corntrast to the di®usion setting
the error will not decay with time. If it should happenthat F' € span{sin\,,z} for all ¢ then
the energy of the error remains constart and equal to the initial energy If the sourceterm

F — Py F doesnot vanish then the energy could conceinably grow exponertially with time.
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W.2.2 Eigenfunction expansions and Duhamel's principle

The in°uence of v(x,t) chosento zero out non-homogeneous$oundary conditions imposed
on the wave equation can be analyzedasin the caseof the di®usionequation and will not be
repeatedhere. However, it may beinstructiv eto shaw that the eigenfunctionapproad leads
to the sameequations as Duhamel's principle for the wave equation with time dependert
data sothat we only provide an alternativ e view but not a di®erert computational method.

Consider the problem

(2.2.1) Wae — Wit = F(x,t)
w(0,t) = w(L,t) = 0
w(z,0)= 0
wy(x,0) = 0.

Duhamel's principle yields the solution

w(z,t) = /Ot W(x,t,s)ds

where
Wea(x,t,8) — Wy(x,t,8) = 0
W(O0,t,s) = W(L,t,s)=0
W(x,s,8) =0
Wi(x,s,8) = —F(x,s).
The absenceof a sourceterm makesthe calculation of an eigenfunction solution of W(z, t, s)
straightforward.
An eigenfunction solution obtained directly from (2.2.1) is found in the usual way in

the form

N
wn(x,8) = Y an(t)dn(2)
n=1

where a,,(t) solvesthe initial value problem

A2 an(t) — am(t) = Yn(t)
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a,(0) = a,(0)=0

with
(P, dn)

The variation of parameterssolution for this problem is

Yn(t) =

an(t) = —Ai/o sin A, (t — s)yn(s)ds.

If we set

W, t,5) =~ SINAL(E — 970 (5)0(a)

then the eigenfunction solution is given by

N t N
wn(at) = Y anou(@) = [ Walaitos)
n=1 0 n=1

By inspection
Wy, — Wy, =0
Wp(zx,s,8) =0

(F(z,5), ¢n)

W, (z,8,5) = —(s)on(2) = — (O]

bn ()
sothat

N
Z Wio(x,s,s) = —P,F(x,s).
n=1

Henceboth methodsyield the samesolution and require the evaluation of identical integrals.
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