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Abstract
A Black-Sdholes type model for American options will be consideredwhere the un-
derlying assetprice experiencesBrownian motion with random jumps. The mathematical
problem is an obstacleproblem for a linear one-dimensionaldi usion equation with a func-
tional sourceterm. The problem is time discretizedand solved at ead time level iterativ ely
with a Riccati method. Somenumerical experimerts for a call and put with multiple jumps
are preseried. Convergenceof the iteration at a giventime level will be discussedfor the

simpler problem of a European put where there is no free boundary.

1980 Mathematics Subject Classi cation (1991 Revision). Primary 65N40; Secondary
60G40.



1. Intro duction

Mathematical modeling and simulation have becomeindispensabletools in the nancial
industry. Banks, brokeragehousesand investorsand their consulting servicesspend court-
lesshours every day and night to simulate and predict the movemert of pricesfor nancial
assetslik e stocks, options and bonds. Much of the mathematics employed in this eld,
particularly in academicreseard, is highly sophisticated and spansthe elds of analy-
sis, probability and stochastics, statistics, di erential equations and, last but not least,
numerical analysis which is the topic of this presenation.

In general, the numerical problems solved in the eld of nancial mathematics have
tendedto berelatively simple comparedto thoseroutinely facedin scienceand engineering.
Only recertily have modelsand algorithms beenproposedwhich read the state of the art in
numerical analysis(see,e.g.,the multigrid algorithm for a two-factor option [2]). Evidently,
numerical analysts are becomingfamiliar with nancial applications and the terminology
assaiated with them.

While the numerical problems generally have beensimple their algorithms have been
subject to constraints not usually found in full scalesimulations in scienceand engineering.
Much of the numerical work in nance is carried out on small computers which do not
have accessto sophisticated program libraries. The computer more likely is a PC or a
laptop rather than a Cray, although modern workstations are rapidly replacing the smaller
machines. A secondconstraint is that a large volume of very repetitiv e calculations for
slightly diering nancial parametersmust be carried out rapidly to help nancial traders
in real time. Hencethere is a requiremert for fast and ne-tuned standard nancial codes.
And nally , there is the ever presert constraint on any algorithm that it be transparen,
at leastin outline, to the userwho hasto interpret the numerical results.

It is the purposeof this exposition to discussthe application of the method of lines to
some mathematical models of nance which lead to di usion problems. Properly imple-
merted, the method of lines placesminimum demand on computer resourcesother than
clock speed,and sinceit solvesthe problem in terms of nancial variables, rather than some
transform of them, it is straightforward to understand and modify for the next generation

of problems coming to the fore.



2. An option with jump diusion

An option in the nancial world is the right, but not the obligation, to buy or sell an
asset(e.g. a shareof stock in a corporation, a commadity like grain, foreign currency, etc.)
at a xed price by a certain date in the future. The option to buy is nameda \call," the
option to sellis nameda \put." Historically, options were traded as insurancerather than
as an investmert. A farmer with a put for his harvest or a manufacturer with a call for
his raw material could plan for the nancial future with somecertainty regardlessof the
price of the commadity on the open market at the time the option expired. On the other
hand, the seller of the option incurs the risk of having to buy or sell an assetat a lossand
must be compensatedfor this risk through the salesprice of the option. Determining the
value of an option is a major concernof nancial engineering.

The core of a widely acceptedmathematical model for the value V (S;t) of on option

is the so-calledBlack-Sdcoles equation

(2:1) % 2S%2Vgs+ (r  )SVs V. V=0
which is basedon a stochastic model for the behavior of the price S of the underlying
asset. In equation (2.1) t denotesthe time to expiry of the option, the coe cient
describesthe so-calledvolatilit y of the market price of the asset,r is the risk-free interest
rate available to the buyer for an alternativ e investmert and is the rate of a continuous
dividend payment. The derivation of the Black-Sdoles equation is described in detail
in many nancial textbooks (see,e.g.[4], [5], [9]), but the most accessibleaccourt for a
mathematician with limited exposureto the nancial world is the dierential equations
basedapproad of [11] on which most of our commerts are based.

Equation (2.1) and some generalizationsare used to model a bewildering variety of
options sudh as European, American, Asian, barrier, compound etc. options. All of these
namesdenote speci ¢ nancial instruments which are re ected in the initial and boundary
conditions for (2.1) and, possibly, in changesof the equation (2.1) itself. Here we shall
concerrrate on an American put which models the price of an option to sell an assetat a

xed price K on or before the time of expiry of the option. This is an optimal stopping
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problem wherethe di usion equation (2.1) is subject to the boundary and initial conditions

V(Si(t) = K  S(t);  Vs(S(t)= 1
(2:2) SIlilm V(S;t)=0
V(S;0) = maxtK S;0g; St (0) = K:

The objective is to nd the current price V(S;T) for an option which expiresat T when
the current assetprice is S. Time to expiry may be months to years depending on the

type of option.

Problem (2.1), (2.2) is a classicalfree boundary problem known asan obstacleproblem
where the surfaceV (S;t) joins the obstacle (S) = maxfK S;0g at location S(t). The
free boundary S = S(t) denotesthe early exerciseboundary. When the assetprice S at
time t falls to the value S(t) then the option should be exercisedto maximize the expected
income. The initial condition V(x; 0) is particularly transparernt. If at time of expiry
(t = 0) the assetprice S exceedsK then the option will not be exercisedsincethe asset
could be sold for more on the open market. Thus, the option has no value. On the other
hand, if S < K then there is a gain of K S for the buyer of the option. In either case
the buyer had to pay V (S;T) for the option which erters into the traders' prot and loss

calculations.

The analysisof the obstacleproblem (2.1), (2.2) and its numerical solution have been
the subject of numerousinvestigations and many e ectiv e solution algorithms have been
proposed. In particular, it has beenargued [7] that the method of lines is a competitiv e
numerical method for American puts following the Black-Sdoles model and its general-
ization. Building on the discussionof [7] we would like to illustrate here the application
of the method of lines to a modi cation of the Black-Scholesmodel where the value of the
underlying assetexperiencesrandom jumps. This situation is said to arise particularly in
currency markets [1]. The resulting numerical problem is of interest from an algorithmic

view becauseas outlined next it leadsto a di usion equation with a functional term.

The derivation of a Black-Sdholestype equationfor a di usion model with jumps dates

badk to [6] and is described, for example,in [5]. Here we shall follow the detailed exposition
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of [8] and the forthcoming notes of [10]. The essetial componert is the stochastic model
ds
< =
for the value S of the underlying assetwhich incorporates deterministic growth at a rate

yat+  dW; + (y)v(dt; dy)
IR

, a Brownian motion drift depending on the volatility and random jumps of relative
size (y) occurring at random times with assignedmeasurev. When a portfolio is hedged
under appropriate assumptionson the market and on the occurrenceand size of jumps
then the non-local parabolic problem arises

% 282V + (r  )SVs 1V V=
(2:3) z
R[V @+ (YNSit) V(St)  (¥)SVs(S;t)lp(y)m(dy)
where is the intensity of a Poissonprocessdescribing the arrival of jumps and where m
describesthe distribution of jumps of size (y). As in [7] all market parametersin (2.3)
may depend ont and S. At this time, only the American put is consideredso that (2.3)
must be solved subject to the boundary conditions (2.2).

A detailed derivation of the valuation equation (2.3) for an American put under ap-
propriate nancial hypotheses,its equivalenceto a variational inequality, and a character-
ization of its solution may be found in [8]. While the analysis of [8] pertains to a very
general jump diusion model, the numerical simulation of options with jumps appears
quite limited at this time and is usually basedon the semi-analytic solution formulas of
the Black-Sdoles equation [5] (which fail in generalwhen the volatilit y dependson S).
We contend that the numerical methods available for Stefantype free boundary conditions
provide useful alternate solution methods which, moreover, are no longer restricted to the
Black-Scholesmodel with constart interest rates and volatilities. One sud method is the
method of lines coupledwith a sweepmethod for the integration of a time discrete analog
of the free boundary value problem [7]. Its application to a speci ¢ jump di usion process

will be described where m(dy) is a counting measureso that (2.3) becomes
!

X
2820V + 1 iki SVs (r+ )V V=

(2:4) =1
iV((1+ k)S;t)

NI =



where ; is the probability of a jump in the assetprice S of relative sizek; occurring per
unit time with probability . The special caseof n = 1 is subject of a recert paper [1]
on American calls where an approximate analytic solution is derived with a separation of
variables technique applied to a simpli ed valuation equation. Someadditional commerts
on this casemay be found in [10]. Here we shall solve (2.4) numerically without any

simpli cation of the model.

3. The metho d of lines algorithm

Sincethe valuation equation is linear it is corveniert to scaleV and S accordingto

sothat (2.4) is replacedby the free boundary problem

|
w !
XUk + T iki Xuy (r+ Ju u= iu((1 + ki)x; t):
i=1 i=1

NI =

Consistert with our earlier work on pricing options we shall approximate the time-con-
tinuous problem with a sequenceof time discrete free boundary problems for the solution

fun;sng at time level t,. A rst order time approximation leadsto

1
2%x2u%%4+ ki xu

X 1
. t
(3:1) =1

r+ + u=

NI

(@ KRty 1)

while the recommendedsecondorder method uses
I

X0
1— 242004 iKi xu® r+ + i u=
2 - 2 t
(3:2) =
X 3 1
iu((1 + ki)x) 5 ¢ Un 1(x) ﬂ(un 1(X)  un 2(x))
i=1
both subject to
(3:3) us)= 1 s; uqs) = 1



xl!llm u(x) =0
Up(x) = maxf1l x;0g

wherefor conveniencea constart time step hasbeenassumedand the subscript n hasbeen
suppressed.

It is well known that an American put without jumps hasa cortinuous free boundary
s(t) on [0; T] with

tI!m0 s(t) = 1.

Howewer, as discussedbelow, in the presenceof jumps even an American put may satisfy

the condition known for an American call with cortinuous dividend payment
lim s(t 1
t! OS( ) s

Our numerical method is fully time implicit and doesnot require the location of s(0+).

Both approximations of the di erential equation are written as
(3:4) Lu  a()u®+ b(x)u® c(x)u= H(x;u)+ (x)

wherethe coe cien ts and the right hand sideareread o by comparing (3.1) or (3.2) with
(3.4). Wenote that a(x) > Oand c(x) = O(1= t) on(0;1 ). incorporatesthe history of
the process.

To solve the free boundary problem for (3.4) it is, of course, possibleto replace the
di erential equation with a typical nite dierence approximation as suggestedin [11]
for the Black-Scholes equation where the jump terms are obtained from an interpolation
between bracketing mesh points. Howevwer, the sweep method advocated in [7] does not
seemto be able to account for the functional terms. It doesremain applicable if we use

an iteration of the form
(3:5) Luk*t = H(x; u¥) +

whereu?® is extrapolated from the solution at precedingtime levels. The solution u¥ in ead
iteration is found from the Riccati transformation method described in [7] and summarized

below.



For a put the in nite interval [0; 1 ) is truncated to [0; X ] and the boundary condition

at in nit y is approximated by the so-calledup-and-out barrier condition
ux)=0:
In order to compute functional terms the solution is cortinued as
u(x) =0 forx X

and

ux)=1 x forx s:

The solution u(x) of (3.5) is then written as
(3:6) u(x) = R(xX)v(x) + w(x)

where R, w and v are found from the Riccati equation

b c
7 R°= 1+ —R =R? R(X) =
(3:7) SR _R% R(X)=0
and the linear equations
+
(3:8) wl= SRw+ M; w(X)=0
a a
+
(3:9) W= SR b v+ EW+(H ); v(s)= 1
a a a a

The free boundary s is the rst positive root of
(3:10) xX)=1 x [RX( 1)+wXx)]=0

below the free boundary s, ; at the precedingtime level. The iteration at time level t,
terminates when maxfj uk**  ukj:js*?  skjg < 10 6. The integration of (3.7), (3.8) is
called the forward sweep, the integration of (3.9) is the badkward sweep.

For the numerical integration of the sweepequationsa xed but not necessarilycon-
stant meshis imposedon [0; X ]. The Riccati equation (3.7) for atime independert volatil-

ity and interest rate and constart time step is time and iteration independernt. Henceit is

8



integrated only onceand stored. Similarly, all time and iteration independert information
neededfor the evaluation of the right hand side, such asinterpolation weights for the func-
tional terms, is precomputed and stored. In ead iteration at a giventime level the linear
equation for w is integrated and the algebraic sign of is monitored on (0;s, ). If it
changessign then s is the zero of the Lagrangeinterpolant through the closestfour nodal
valuesof . The rst step of the integration of v goesfrom s to the next largest xed
mesh point and then proceedsalong the regular mesh. All integrations are carried out
with the trap ezoidalrule. The resulting algebraic equations are quadratic for the Riccati
equation and linear for w and v and hence can be solved analytically. The root of the

cubic interpolant of is found with Newton's method.

4. A numerical example

To illustrate the performance of the numerical method we shall recompute somedata of
Table 1in [7]in the presenceof jumps. Speci cally, let us considerthe Black-Scholesmodel

with two jumps

2%%Uyy + (r ( 1ki+ 2ko))xux (r+ )u u;=

NI =

(4:1)
(2u((X + ka)x;t) + 2u((1 + k2)x; t))

where kik, < 0. Fig. 4.1 shows the free boundaries obtained with the implicit Euler
method (3.1) for a casewithout jumps ( = 0) and with jumps ( = :1). Fig. 4.2 shavs
u, u vand u® V9 (given by the right-hand-side of equation (3.9)). The plotted
curvescorrespond to a linear interpolation of the nodal values. No further smoothing was
employed.

Weremark that very exaggeratedqump conditions were chosensimply to obtain clearly
di erent early exerciseboundaries. Evenso, only two iterations per time step wererequired
to meet our corvergencecriterion of jsk**  sXj, juk*l  ukj 10 S,

A necessarycondition for the existenceof an early exerciseboundary, both for a put
and call is

u{s) o

sinceotherwise u cannot lie above the obstaclemaxf0;1 xg (for a put) or maxf0O;x 1g
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(for acall). We nd from (3.1) that at the free boundary s
!
1 5020 e
> s2u’{l) = r i(kis u(l+ ki)s)
i=1
j(kis u(@+Kkj)s)+ (r+ )1 9)
j=1

where the rst sum on the right collects all positive jumps fk; > Og and the secondsum
accourts for negative jumps fk;  0g. This expressioncan be rewritten algebraically as
X

’sPufs)=r s i[u((+ki)s) (1 (1+ki)s)]
i=1

NI =

Sincefor a put u(x) > maxf0;1 xgfor x > s we cannot concludethat u°{s) > 0 under all
circumstances. On the other hand, sinceu((1+ k)s) (1 (1+k)s)! Oass! O0it follows
that lims ou®{s) > 0. Hencethere would appear to be a free boundary s(t) sud that
limg os(t) & 1asin an American call with a small dividend. Numerical experiments with
r = :0001, =0, = :4andasinglepositivejump of sizek; = :5 with probability = :1
consistently lead to the estimate lim¢, ¢ s(t) = :666 and a smooth subsequenh ewlution of
s(t).

When the method of linesis applied to an American call with jumps then the boundary

data for (4.1) become
u(o;t) = 0; u(s(t);t)=s 1, Uy (s(t);t) = 1L

The sweepsare now carried out in reverseddirections. (3.7), (3.8) are integrated from 0

to the free boundary s(t), the function (3.10) becomes
(x) x 1 [R(X)(+1) +w(x)]=0

and the equation (3.9) is integrated badkward from s to 0. To avoid the (numerical)

degeneracyat x = 0 the coe cien t of uyy is approximated by

(x) = maxf10 ©;1=2 2x2g:
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Alternativ ely, a down-and-out barrier condition can be imposed. No further changesare
necessary
For comparisona method of lines code for calls with jumps was applied to the simu-

lation reported in [1]. The following data are represerativ e

Table 4.1 Comparison of MOL call valueswith data reported in [1].
Strike price K = 100, =:4,T=:25, =1,k= :1

casel: r = :06 =:1 S Finite Approx MOL
Di erence Method
casel: r = :06; =:1 80 1.15 1.16 1.15
a0 3.45 3.47 3.46
100 7.65 7.65 7.67
110 13.77 13.75 13.80
120 21.48 21.42 21.52
casez: r = :06; = :02 80 1.40 1.40 1.41
a0 4.02 4.02 4.04
100 8.60 8.60 8.64
110 15.05 15.05 15.12
120 22.93 22.92 23.03

MOL: x = :001, t= :25400.
We know little about the data cited in [1]. Howewer, the method of lines data are

unchangedwhen the spaceand time step are varied.
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Fig. 4.1 Early exerciseboundary for an American put with r = :12, =

T = 5.
Upper curve: no jumps
Lower curve: = :5k; =5, 1=:5k,= 5 ,=:5
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Fig. 4.2 Value and two \Greeks" for the put with jumps of Fig. 4.1.
Upper curve: \gamma"  u%{x)
Middle curve: value of the option  u(x)
Lower curve: \delta"  u%x).
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5. Commen ts on convergence

Sinceat every time level we proposeto solve the functional di erential equation (3.4) iter-
atively the question of corvergenceof the iteration arises. We remark that sud iteration
is commonly applied to functional di erential equations (see,e.g.the collection of papers
on boundary value problemsfor functional di erential equations[3]) for which corvergence
is establishedby xed point methods commonin the theory of ordinary di erential equa-
tions. However, for our elliptic operator a technique of proof borrowed from nite elemerns
appearssimpler to apply.

We cannot yet treat the free boundary problem for the American put with jumps
but we can considerthe simpler problem of the European put with a single jump. This

problem doesnot have a free boundary. It hasthe following structure
(5:1) Lu a(x)u®+ b(x)u® c(x)u= H(x;u( (X)) + (X); X2 |

u(x) = (x); X21°

wherel is the openinterval (Xxg;x1) contained in [Xo; X 1] and | ¢ denotesits complemern
in [Xo; X1]. We assumethat
! [Xo; X 1]

describesa positive jump ( (x) x) or a negative jump ( (x) X).
Throughout this discussionwe shall assumethat all data functions are smooth. In

addition we imposethe hypotheses:
a(x) > 0; X2
ox) G>0  x2I
jHOGU) HOGV))  Lju vi;  x21

and
2 H[Xg; X1]:

For agivenf 2 H[X;X4] let T denote the mapping
u=Tf
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whereu is the solution of
Lu=H(f( (x)+ (x); X 21

u(xo) = (Xo); u(xi) = (x1)
u= ; X2 1

SinceH is cortinuousin X, and a and c are strictly positive on | it follows that this two
point boundary value problem hasa unique classicalsolution and that u 2 H1[Xo; X1]. In

particular, if we de ne
S=ff 2HXgX1; f= ;x21%

then T mapsS into S.
Convergenceof our numerical method for the European put follows if T is cortractiv e

in L2[Xo; X1]. To handle the convection term bw’ in (5.1) let w denote a solution of
(5:2) (@a(x)w)?  (b(x)w)° 2c (x)w = 0; x 21

where 2 (0;1) is a constart. We shall make the assumption that boundary or initial
data for (5.2) can be chosensud that
(5.3) w is positiveon | and w®> 0 on | for positive jumps ( (x)  x).
(5.4) w is positiveon | and w®< 0 on | for negative jumps ( (x) X).
In either caseit follows that w(x)=w( (x)) 1. If both positive and negative jumps
occur then (5.3), (5.4) must be replacedby a bound on w(x)=w( (x)) which would erter
into the estimatesgiven below.

We de ne an equivalent norm on L[Xg; X 1] induced by the inner product
Zy,
;g = f (x)g(x)c(x)w(x)dx
Xo

where ¢ and w are cortinued as constarts over 1. Then for f;g2 S andu = Tf and

v = Tg it follows from
Zy, Z,,
(Lu  Lv)(u v)wdx = (Hx;f( (X)) HOGa (X)(u v)wdx

Xo X0
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andu = vonl¢ that
Zy, Z,,
(u V)®@aw)dx+ (L )ku vk®= Hx:f( (x) Hx g( (x)(u

Xo Xo

Standard estimatesnow yield
Z

1+ pku vk L 1J'f( (x)) a( (x)jju  vjwdx
Xo

where ; is the smallest eigervalue of the Sturm-Liouville problem

(awu)°+ cwu=0

u(xo) = u(xy) = 0:

Since0< w(x)=w(y) 1lfory= (x)anddy= 9Yx)dx we nd that

Zy, L Zy,
L y if(y) ayiju vjwdx o if(y)  a(y)jcly)w(x)dxku vk
0 m 0
—plf—kf gkku vk
Cm J 9m

wherej 9, = minj 9. We can concludethat T is a cortraction whenewer

L
5:5 P
(5:5) Cm J Im(1 + 1)

< 1

v)wdx:

For any cortinuousinitial guessu® we obsene that Tu® 2 S sothat corvergenceis global.

Moreover, it follows from our discussionthat the sequencefu®g is in fact a sequenceof

equicortin uous functions on [X; X 1] sothat uX corvergesto a classicalsolution of (5.1)

ask! 1.

When the above considerationsare applied to the Black-Scholesmodel for a European

put with a negative jump then the following speci ¢ data arise

2,2

a(x) = > X
b(x) =r k
1
cx)= r+ + —
()= Uy 1)



with a jump term of the form
HOGu( (X)) = u((1+ k)x) wherek > 1

The problem is de ned on the interval [0;1 ) which for the computation is truncated to

[; X1] with 0< land X; 1. The boundary data for the European put (see[11])
u()=e " and u(Xi)=0

are continued as constarts over 1 ¢ in [0;1 ). The existence of an appropriate weight

function w follows for t sosmall that

2r++i
t

(r k)>0
becausethen initial conditions w( ) = 1, wq( ) > 0 or w(X;) = 1, w9qX;) < 0 both
guarantee a monotonew. Hencethe contraction constart (5.5) is valid which in this case
is
t .
1 )+ tr+ )

We seethat the cortraction constart is of order t uniformly with respectto and X;. It

seemsreasonableto expect that the free boundary of the American put doesnot greatly
in uence this conclusionand hencethat the rapid convergenceobsened in numerical ex-
periments was to be expected. We remark that in this setting the Riccati equation (3.6)
hasa non-positive solution R(x) which is boundedbelow by mp " tx for su cien tly large
m > 0 becauseRYx) < mp_t whenewer R(x) = mp_tx implies that R(x) cannot
crossthe line y = mp_tx. Moreover,if 0 u, ; land0 uX '<1then0 w 1
and 0 uk 1 uniformly with respect to . Hence neither the analysis nor the algo-
rithm breakdown as ! 0 nor doesthe functional term in uence the stability of the time

implicit discretization of the European put problem.
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