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ON THE DIFFUSIVE PROFILES FOR THE SYSTEM OF
COMPRESSIBLE ADIABATIC FLOW THROUGH POROUS MEDIA*

PIERANGELO MARCATIT AND RONGHUA PAN#

Abstract. We study the Cauchy problem for the system of one dimensional compressible
adiabatic flow through porous media and the related diffusive problem. We introduce a new approach
which combines the usual energy methods with special L!-estimates and use the weighted Sobolev
norms to prove the global existence and large time behavior for the solutions of the problems. The
asymptotic states for the solutions are given by either stationary solutions or similarity solutions
depending on the behavior of the initial data when || — co. Our estimates provide asymptotic time
decay rates.
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1. Introduction. The motion of the adiabatic gas flow through porous media
can be modeled by the following damped hyperbolic system:

vy — Uy =0,
(1.1) ur +p(v,8)e = —au, a >0,
(e(v, s) + %uQ)t + (pu), = —au?.

Where v denotes the specific volume, w is the velocity, s stands for entropy, p denotes
the gas pressure with p,(v,s) < 0 for v > 0, and e is the specific internal energy for
which one has e; # 0 and e, +p = 0 (due to the second law of thermodynamics). For
smooth solutions, the system (1.1) is equivalent to the following one:

vy — Uz =0,
(1.2) w4+ p(v,8)y = —au, a >0,

St:().

It is strictly hyperbolic with characteristic speeds —A; = A3 = /=p, and Ay = 0.

In this paper, we are interested in the influence of the damping mechanism to
the smoothness and the large time behavior of the solutions. We study the Cauchy
problem for the system (1.2) with the following initial data:

(13) (U’u7 8)(1“70) = (UO(I),Uo(l‘),SO(l')), HANS R7
satisfying the limit conditions
(vo, ug, $0)(x) — (v4,ut,s+) as x — +oo,
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DIFFUSIVE PROFILES 791

with v4 > 0. For the sake of simplicity, from now on, we take « = 1 and p(v,s) =
(v = Dv~Ye®, with v > 1, which is the case for the polytropic gas dynamics.

The global existence with small initial data of smooth solutions for the Cauchy
problem (1.2)—(1.3) has been studied first in [10] and [11] and later by [22]. Then a
natural problem is the large time behavior of the solutions. From asymptotic analysis,
it is known that the first term of (1.2)s decays to zero, as t — oo, faster than others.
Therefore it is natural to expect that the problem (1.2)—(1.3) is time-asymptotically
equivalent to the following reduced problem:

Uy = _p(f)vs)xz,
U= _p(’[)v S):Ev
(1.4) s =0,

0(x,0) = 0g(z), s(x,0) = so(z),

To(£o0) = vy, so(Foo) = s4.
The system in (1.4) is obtained from (1.2) by approximating the momentum equation
in (1.2) with Darcy’s law. Since the first equation of (1.4) is parabolic, the damping

mechanism in (1.2) creates some diffusive effects when ¢ tends to infinity.
For the isentropic flow, namely, s = const, (1.2) takes the following form:

v — Uy =0,
(1.5) {ut +p(0)s = —u.

The diffusive effect created by the damping mechanism has been investigated for the
Cauchy problem of (1.5) with the initial data

(16) (U(x70)au($70)) = (v*(x),u*(:c))
such that

i (0(@). (1) = (v ).

It has been proved in [5] that the smooth solution of (1.5)—(1.6) can be described
time-asymptotically by the solution of the following parabolic problem:

6t = 7p(1~))mza
(1.7) U= —p(0)z,
(x,0) = v (z + do).

Where o, is the similarity solution of (1.7); with 9. (+o00) = vy. For other results, we
refer to [3], [4], [6], and [19] for smooth solutions and to [1], [4], [8], [12], [13], [14],
[15], [17], [18], and [21] for weak solutions. For the initial boundary value problems
on a quarter plane, we refer to [16] and [20].

There are few results in the literature for the case s # const. Partial answers are
given in [11] and [7] for the Cauchy problem and in the recent paper of Hsiao and
Pan [9] concerning the initial boundary value problem. The case v = vy = ¥ and
s— = s = § was investigated in [11] and the case v_ # vy and s_ = s; = § was
treated in [7] by using a technical condition (that they refer to in [7] as condition V)
which requires us to solve the following parabolic problem

{f% = —p(f/, S)x:ca

1.8 _
(18) 30(2) = 2@ D5 (1 0)
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and to control the behavior of its solutions by means of the similarity solutions of

{5*15 = _p(&h g)zm»

(L.9) Dy (£00) = vy.

The purpose of this paper is to deal with the following two cases:

Case 1: s_ = sy = 5;
Case 2: (v4,s4) satisfy p(v—,s_) = p(vy, s4+) = P.
In Case 1, namely, s = s = 5, we cannot use the methods of [7] and we need new

techniques. In particular we shall combine the usual energy methods with special L!-
estimates and with the use of weighted Sobolev norms to solve the problems in detail.
This is the only case where p(v_,s_) # p(vy, s4) that we can treat in this paper. In
this case, the asymptotic states will be the similarity solution of (1.9) given by the
scaling invariance with respect to the transformation z — oz, t — o2t. Our results
strongly improved those in [7]. Indeed, we remove the technical condition V and we
describe the asymptotic states both for the diffusion problem and the hyperbolic one
by using the similarity solutions. Thanks to our new approach, it is possible to get
a decay rate which did not exist in the previous results (see [7]). Our results on the
parabolic problem generalize the result of [2] to the adiabatic case, and also obtain
better decay rates.

In Case 2, we can determine a special solution vz(x) to (1.4); by solving the
equation p(vs, s) = p. Then in this case we establish results similar to those obtained
in [11] with, in addition, some decay rates.

Before stating the main results, we describe the plan of this paper. In section
2, the parabolic problem (1.4) is studied in detail for both cases by using our new
approach. Then sections 3 and 4 are devoted to the hyperbolic problem (1.2)—(1.3)
for Case 1 and Case 2, respectively.

We now state our main results.

1.1. Main results: Parabolic equation. Since in (1.2) or (1.4) s; = 0, then
s(x,t) = s(x) = so(z). Let us denote

(1.10) B

then (1.4) is equivalent to the following:
wy + a(x) (W) ze =0,
u= 7(w7’y)f£a
(1.11) s(x,t) = so(x),
w(z,0) = wo(x) = a(x)vo(x),
w(to0) = wy > 0.

X

Moreover, we will denote by w(n) (with n = \/m) the similarity solution of the

following problem:

’LTJ(iOO) = W4.
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By combining the weighted energy method and L!-estimate, we can prove the follow-
ing theorem for Case 1.
THEOREM 1.1. Assume that wo(x) and so(x) are C? functions and

wo(x) —w(x,0) € H*(R) N L*(R), z(so(x) —35) € L*(R).

There exists 69 > 0 such that, if 0 < 6 < dg and

jwy —w_| + [woz) — B(z,0) 2 < 6,

then (1.11) has a unique global smooth solution (w,w,s)(x,t) satisfying
w(z,t) —w € C°([0,t]; H?) for all t > 0.

)
Moreover, there exist positive constants C' > 0, f1 > , and B > % such that

w(a,t) — || L < C(1+t)"2(1 4 log(1 + 1)),
@+ (0™ )zllpe < C(1+1)" 11+ log(1 + t))P.

-1 -1

Thus, by setting v =
global smooth solution (f)

w, 0 =a" W, and & = —(W™7),, one obtains the (unique)
a, 8) to (1.4) which satisfies

15— bz < C(1+1)2(1 +log(1 + )",
i — g~ < C(1+1) 711+ log(1 + ).

Remark 1. (a) Our results in Theorem 1.1 generalize the ones in [2] to the
adiabatic case and extend to a larger class of initial data. The decay rate here is
better than in [2] and is almost optimal.

(b) The condition x(s(x) — 5) € L'(R) can be replaced by the weaker one:

|27 (s(2) — 5) € L'(R)

for g > 0. This is clear from our proof below.

For Case 2, where w_ = wy = @ in (1.11), it is clear that (w,0,so(x)) is a
special solution for the system in (1.11). Let us denote v;(z) = a™*
the following.

THEOREM 1.2. Assume that wo(x) and so(x) are C? functions and wo—w € H>.
There exists 69 > 0 such that if 0 < 6§ < 8y and ||wo — || g2 < 6, then (1.11) has a
unique global smooth solution (w,u, s)(x,t) satisfying

w and we have

tlim lw(z,t) — @] L~ = 0.
Furthermore, if wo(x) —w € L', then
|w(z,t) — @ g < C(1+1)"2(1 4 log(1 + )%
il < C(1+8)7H(1+ log(1 + 1))

Thus, by setting vo = a 'w and uy = U, one has a unique global smooth solution

(vg,uz,s) to (1.4) such that

[v2 — w1l < C(1+1)72(1 +log(1 +1))*
lluz|l L < C(1+t)~1(1 + log(1 +t))P=
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1.2. Main results: Hyperbolic problems. Based on the results in the previ-
ous theorems, we can solve (1.2)—(1.3) in detail for both cases, respectively.
Following [5], we define

m(z,t) = —(ug — u_)mo(x)e",

x

U (2, t) =u_e " +/ my(€, 1) dE,

— 00

(1.13)

where mg(x) is a smooth function with compact support such that
+oo
/ mo(z) de = 1.
— o0

We first treat Case 1, where s = s, = 5. Denote by (0,4, s) the solution to
(1.4) obtained in Theorem 1.1. In addition, we assume

+oo
(1.14) / (v0(2) — To(x)) do = —(us —u_).
A special choice of 7y is given in Remark 2 below. Let us denote y(z,t) = ffoo(v -
v —m)(&,t) d, then y satisfies

Yir + [P(Yz + 0+ m,s) — p(0,8)]e + yr = p(0, 8)at,

(1.15) M%®=mm=/ (00l€) — o(E) — m(€,0)) de,

yt(x,O) = yl(x) = ’U,Q(JJ) - &(x,O) - um(x70)'

THEOREM 1.3. Under the conditions of Theorem 1.1, there exists €9 > 0 such
that for all 0 < € < eo and ||yollgs + ||y1lm2 < €, the system (1.15) admits a unique
global smooth solution y such that

y € C°([0,t]; H?), y; € C°([0,1]; H?)
for allt > 0. Moreover, there ezists C = C(g) > 0 such that
lyslle < O+, fyrllw < COQL+1) 75

Hence, by setting v(z,t) = 0+m—+y, and u(z,t) = G+ uy, +yi, one has the (unique)
global smooth solution (v,u, s) to (1.2)—(1.3), such that

o= |l < CA+8)%, |u—ilflpe < C(1+1) 5.
Furthermore, in view of Theorem 1.1, one has
v — 8| pe < C(1+1)"2(1 4 log(1 +t))%,
lu =iz~ < C1+1)7H(1+1log(1+1))%,

where 81 and B2 are the same as before.

Remark 2. (a) The global existence for the smooth solution to (1.2)—(1.3) has
been proved in [22], via characteristic method, provided that the initial data are small.
We present here an alternative version in H? spaces by the energy estimate method.
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(b) (1.14) is the restriction on the initial data which comes from (1.2)—(1.3) and
(1.4). This is also the case for (1.16) and (1.18) below. There is a large class of
functions ¥ (z) which can be chosen (for any given vg(x) in (1.3)). A special choice
is 9g(r) = a~'w(x + 20, 0), where x¢ is uniquely determined by

+oo
[ (vo(x) — ai( + 20, 0)) da = —(uy —u_),

which is the special case discussed in [7]. Since Theorem 1.1 is obviously valid for
wo(z) = w(x + zo,0), we include the results of [7].

(c) A similar condition was used in [9] for the initial boundary problem related to
(1.2), where it was proved that both the solutions to the damped hyperbolic problem
and those of the related diffusive problem have the same time asymptotic states if the
initial total excessive mass is zero.

Let us now consider Case 2. Assume that

“+o0
(1.16) [ o)~ va(a,0)) do = (s~ o),

— 00

and denote by g(z,t) = [*_ (v —vo —m)(&,t) dE, then we have

et + [(p(Fz + v2 +m, s) — p(v2, 8)]s = p(v2, 8)at,
(1.17) §(z,0) = go(z) = [*__(v0(£) — v2(£,0) —m(£,0)) dE,
Je(x,0) = g1(x) = up(x) — uz(x,0) — wpm(z,0).

Similarly to Theorem 1.3, we have the following.

THEOREM 1.4. Under the hypotheses of the Theorem 1.2, there exists eg > 0 such
that if 0 < e < eo and ||Gollzs + |71 ]|z < €, then (1.17) has a unique global smooth
solution § such that

5 € CO[0.4]; H?), g € C°([0,1); H?)
for allt > 0. Moreover, there exists C = C(e) > 0 such that
[Gallz~ < CA+0)75, g~ < O+ 1)

Hence, by setting v(z,t) = va+m—+7, and u(z,t) = us+um, +73:, one has the (unique)
global smooth solution (v,u, s) to (1.2)—(1.3); moreover,

v = val|lpe < C(L+8)7 1, [Ju—us|Le < C(1+t) 5.
Furthermore, in view of Theorem 1.2, one has

o —v1]lpee < C(141)"2(1 +1log(1 +t))°r,
llullpe < C(14+t)7 (1 + log(1 +t))7z.

Since (v1(x),0, s(x)) is a special solution to both (1.2) and (1.4), if we assume

+oo
(1.18) / (vo —v1)(z) dz = —(ug — u_)

— 00
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and denote by z(z,t) = [/ (v —v1 — m)(£,t) d€, we have

Zee + P22 +v1 +m, ) — p(vi, §)]e +2: =0,

€T

(1.19) Amm:mm:/ (v0(€) — v1(€) — m(€,0)) de,

— 00

zt(2,0) = z1(x) = up(x) — Up,.

Then in this special case, we have the following result, which includes the paper [11].
THEOREM 1.5. There exists g > 0 such that if 0 < & < g9 and ||zo| gz +||21]| gz <
e, then (1.19) has a unique global smooth solution z such that

z € C%[0,t]; H?), 2 € C°([0,t]; H?)
for allt > 0. Moreover,
lzellz= < CL+8)7%, [lzefl= < C(L+1)7E.

Hence, by setting v(z,t) = v1 + m + z, and u(x,t) = u,, + 2¢, one has the (unique)
global smooth solution (v,u,s) to (1.2)—(1.3) such that

o — w1l < COA+8)77, [lullpe < C(Q+1)1.

We will end this introduction by making a reduction. In fact, in sections 3 and 4,
we will only prove Theorems 1.3-1.5 for the case u_ = uy = 0, where m(x,t) = 0
and u,, = 0. The general case can be treated in the similar way since m(x,t) and w,,
decay to zero exponentially fast.

2. Nonlinear diffusion equation. This section is devoted to studing the dif-
fusive problem (1.4). Clearly one has s(z,t) = so(z) = s(z) for all ¢ > 0, which then
is sufficient to solve the following equation:

(2.1)

The equation (2.1) is equivalent to the following porous media type equation:

wy + a(x)(w™7) g =0,
(2.2) w(x,0) = wo(x) = a(x)v(z),
w(too) = wy >0,

1

where a(z) = (y — 1)_%e_vs(x), w = a(z)d = p(7, s)_%. We will study the equation
(2.2) instead of (2.1) for the following two cases, which are equivalent to those stated
in the introduction.

Case 1: s_ =54 =35.
Case 2: (vi,sy+) are chosen such that w_ = wy = w, where we set wy =
w(v4g, S4).

We will concentrate our main efforts on Case 1 which is the most difficult part.
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2.1. Case 1: s_ = s; = 5. In this subsection, (2.2) will be solved near the
similarity solution for the related isentropic problem.

Now let us recall some results on the similarity solution for (2.2); with s(z) =
const = 5. In this case, (2.2); takes the form

(23) wy + al(w_’y):vz = 07

with a; = (v — 1)_%6_%? It is well known that (2.3) has a unique (up to a shift)

€T

similarity solution w(n) (where n = \/1T-t) satisfying the limiting conditions w(+o0) =

wy. Some properties of w(n) are listed in the following lemma (see, for instance, [5]).
LEMMA 2.1. Let w(n) be the similarity solution to (2.3) with w(+oo) = wy and
n= \/f? It follows that

@' ()| + 0" (n)] < Cilwy. — w-]exp{~Can’},

|0 (n) —w—|y<o + [@0(n) — wily>0 < Crlwy — w_|exp{—Can?},
~ —1 - ~ 1 -1, ~/ ~— -1~
Wy = (1+1)7 20 (n), 0 = _5(1 + 1) ' (n), (W07 )ee = —aj Wy,

|D;Diw(-,t)||* < Clwy —w_|*(1 + t)*(2i+j)+%’

IDiDI (- t)|| e < Chlwy — w_|(1 + 1)~ (+39)

fori+j>1andi>0, j>0.
We now prove Theorem 1.1 by comparing w(x,t) with @w(n).
Let us denote ¢ = w—w; then from (2.2) and (2.3) we have the following equation:

(2.4) {¢t + a(z)(W(0)P) gz + (@ — a1) (W) gy + a(x)(g(, w)¢2)xa¢ =0,
#(z,0) = ¢o(x) = wo(x) — w(z,0).
Here

P(i) = =y~ Y

9(¢, 0)¢* = (¢ + ) — ™" — ().
Now let F = —1)(w)¢; the corresponding problem on F' is given by
Fy+ (@)Y (@) Foe — (@) (a — a1)(077)ze
(2.5) —1 (@) Fidy — ab(@)(fF?)sz = 0,
F(z,0) = Fo(z) = —¢(w(x,0))do(z),
where
—p1(@)F = ' (), fF* = g¢*.

We will establish the global existence and large time behavior, for the solution F
to (2.5), in the Banach space X (0,T) defined for all T > 0 by

X(0,t) ={F € C°0,t]; H*), 0<t<T}
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and equipped with the norm

N2(t) = sup |[F(7)[l3e-
0<r<t

The main result of this subsection is the following theorem.
THEOREM 2.2. Assume that Fy(z) and s(x) = so(x) are C? functions such that
Fy € H3(R)N LY(R) and

(2.6) z(s(x) — 5) € L*(R).

Then there exist constants g > 0 and 6 > 0 such that if |lwy —w_| < 6 and || Fo|lg2 <
€0, then (2.5) has a unique global smooth solution F' satisfying

S s 10O + /ij NOLFC.7)|? dr <,

7=0

where the weight functions w;(t) are given by

wi(t) = (14162 (1+1og(14)) 7%, w;(t) = (1+ ) ws (¢)

for j, k> 1.

Remark 3. (a) The condition (2.6) plays an important role in our proof of The-
orem 2.2 (see Lemmas 2.3-2.7, 2.9-2.10 below). This condition enables us to bound
the L'-norm of F for all time. In [7], s(x) — 5 is assumed to be compact support
besides the technical condition V; our condition (2.6) is much weaker. In fact, (2.6)
asks only some decay properties on s(z) — § as x — £oo.

(b) The condition (2.6) can be replaced by the weaker one such as

(2.6") |2 (s(2) — 5) € L(R)

for some @ > 0. This is clear following our proof.

(c) In general, we could not bound the L'-norm of F for all time without the
conditions on the decay properties of s(z) — § as ©+ — %00 such as (2.6"). One cannot
even bound the total mass of F uniformly in time under the condition s(x) — 5 € L'.
From this point of view, (2.6") is optimal.

The local existence and uniqueness of the solution to (2.5) in X (0,7 is standard,
so to get the global existence, we will prove uniform estimates on the solution of (2.5).
Hence, from now on, we assume the local existence in X (0,7T) for some T > 0.

The following L'-estimate follows from the standard contraction property of the
porous media type equation and will play a fundamental role in the rest of this section.

LEMMA 2.3. Under the conditions of Theorem 2.2, as long as the solution exists
in X(0,T), there exist positive constants C1 and Cs, such that

(2.7) ¢, )l < CLIFC, )l < Callldollr +6).

Proof. We present here a formal argument which can easily be made rigorous
by using any sequence approximating the sign function and passing into the limit by
means of the Lebesgue dominated convergence theorem. Observe that h = sign(¢) =
sign(F). Let us multiply the equation in (2.4) by a~'h, then by integrating over
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[0,t] x (—00, +00), it follows that

+o00 t “+o0
/ a_1|¢|(x,t)dx+// sign’(F)F2dxdr

+oo
(a — ay)wisign(F)dxzdr

+oo
<c/ ool (z)dz + C

“+o0
(fF?),Fysign’ (F)dxdr

(2.8)

<( HfbollL1 +6).

Here, we have used the following facts:

“+o0
(a — ay)wsign(F)dzdr

t +oo
< c/ / Is — 5| |dwdr
(29) 0 —00

t “+oo
<c / / (1 + 1)~ (s — 5)|[/(n)|dadr

< 0%,

/t /+Oo(fF2)waSign/(F)dxdT
0 —o00

(2.10) +oo _
0 J—oo
=0.
Hence (2.8) gives the proof of (2.7). O

With the help of Lemma 2.3, we can make the energy estimates on F.
LEMMA 2.4. Under the hypotheses of Theorem 2.2, there exists e, > 0 such that
if 0 <e<e, and N(T) < e, then we have

(2.11) IFC )2 + / |Fa () Pdr < C(IF|1? +6)

for0<t<T.
Proof. Let us multiply (2.4) by a='F and integrate the result over [0,t] x
(=00, +00); we then get

—+o0 1 t —+oo
/ §a_1F¢(m,t)dJ; —|—/ F2dxdr

—00 0 —00
“+oo 1 +o0
S/ 70 “LFypodx + “Ha—a)) (07 pp Fdadr
212 . -
fa_lwg () F*ydadr| + fF2 F.dxdr

1
E/ 5@ 1F0(b0d.13—|-11 + I + I3,
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with 15(@) F2 = ¢/ ().
We use I, Iz, and I3 step-by-step as follows:

+ oo
Ya — ay)(w),) Fdzdr

t
(213) < Cée/ 1+ T)’% lx(s — 8| dr
0

< Cée,

+oo 1
7a*1¢2 W) F 0 dxdr

<c / VP L [ oo | F L g derdr
0

t
(2.14) < 05/ IF|| 2 |Fs|2 (1+7)"tdr
0

t t
<06 </ ||F||2||Fx||2d7'+/ (1+T)—%d7)
0 0
t
<6 <1 +52/ 1B |2 dT) ,
0

+oo
(fF2)1FIdxdT

0 —00
1 ¢ '
< <+05> [N ar o [1rite ar
2 0 0
1 ¢ '
< <2+05> [N ar o [ 1FPIE? o
0 0
1 t
< <+CE>/ |Fu|? dr.
2 0

Due to the smallness of § and &, we conclude from (2.12)—(2.15) that

(2.15)

(2.16) I G0l + / 1Fo (- ) 1*dr < C([[Fo|* +6),

which completes the proof of Lemma 2.4. 0

For higher order estimates, we use the problem (2.5) to obtain the following
results.

LEMMA 2.5. Under the same conditions of Lemma 2.4, we have

(2.17) 172 011 + / 1Foa (-, )| dr < C(|Foll +6).-
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Proof. Let us multiply the equation in (2.5) by F,,, then

+oo +oo
/ F2xtda:+// ) dxdr
—+o0
/ / W Fpp dodr
0 —00
+oo )

(fF?) 40 Fpp dxdr
which implies, with the help of the Cauchy—Schwarz inequality and Lemma 2.1, that

“+o0 t +oo
F2(z,t)dx + / / F2 (x,7) dedr

— 00

t “+ o0
< C(|Fou|l? + 62) + c/ / (FF?)2, dudr.
0 —00

(215) < (Il +

(2.19)

We bound the last term in (2.19) as follows:

/Ot /_:O(fﬁ)ix dxdr

t 400
(2.20) gc/ / [(|F| + |Fy| + |we )2 F2 + F2F2 4+ FY (w2, + wl)] dedr

—+oo
<C’5262+Ce/ / F2 (1,2) dxdr.

Then, by (2.19)—(2.20) and the estimates in Lemma 2.4, we get (2.17). |
We now turn to the third order estimates. For this purpose, we differentiate the
equation in (2.5) with respect to x

Fio + atp(0) Frze + (ath(0)) 5 Frz — (P(0)(a — a1) (077 )zz )z

+ (1 (0) Fivy ), — (aw(w)(fFQ)m)z =0.
Multiplying (2.21) by F,., and then integrating it over [0,¢] X (—o0, +00), one has

(2.21)

+oo +oo

F2 (-, t)dx + / F2 (1,2) dedr

— 00

0 —00
t ptoo t ptoo
<C (||FOM2 +/ / ((a¥)) s Fyp)? dxdr +/ / (1 Fwy)? dedr
0 —00

(2.22) +OO
/ / (a—=a) (@ )aw )i + (ap(D)(fF)a);] d:cd7>

+oo
< C(|Foll3 + 62) + C’a/ / F2 (7,2) dxdr,
0 —00

which can be summarized as follows.
LEMMA 2.6. Under the same conditions as Lemma 2.4, one has

(2.23) | Fa (- D)2 + / | Fana (7)1 dr < C(| Foll22 + 6).
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From Lemma 2.4-2.6, we can conclude the following.
LEMMA 2.7. Under the same conditions as Theorem 2.2, there exists e, > 0 such
that if 0 < e < e, and N(T) < g, then it follows that

t
1F ()17 +/0 (I1E N7 + 1 FelF2) () dr < Co(|[Foll = + 6)

for all0 <t <T, where Cy is a positive constant independent of t.

With the help of the previous lemmas we obtain the global existence of the solution
F(z,t) to (2.5).

THEOREM 2.8. Under the same conditions as Theorem 2.2, (2.5) has a unique
global smooth solution F(x,t) which tends to zero uniformly in H' as t goes to infin-
ity.

Proof. We choose §, €9, and & small such that Co(d + 6) < &%, & < 1 so that
all the previous arguments are valid. Then, due to the local results, there exists a
positive ¢; such that the solution F(z,t) exists in (—oo,4+00) X [0,¢1] and satisfies

N(t)? < 4N?(0) for all t € [0,11].

We can apply the L'-estimate for F' of Lemma 2.3 and then Lemma 2.7 in 0 < t < ¢;.
Therefore, it follows that

N2(t) < Co(||Fol|32 + 6) < & for all ¢ € [0,4].

By iterating the above procedure, a standard continuity argument allows us to
establish the global existence in time for the solution to (2.5).
Now, from Lemma 2.7 and the above argument, we have

t
(2.24)  ||F ()%= +/ (1Fell22 + |1 E %) (1) dr < Co(|| Fol|%2 + 6) for all t > 0.
0
From (2.24) we know that

+o0 d
IE@P [ |GimwR as<c,

which implies
. 2
Jim [[E (@) = 0.

Then, the Sobolev inequality implies
. 2 .
Jim [F@I < tim [F0)]< [P0

. 1
= 0(1), lim_[|1F (1))
= 07

which completes the proof of this theorem. 0

By using the weighted energy method, we can prove the following decay estimates.
LEMMA 2.9. Let F be the solution to (2.5) obtained in Theorem 2.8, then

w1 (B)[|F @) + w2 ()| F (1)

(2.25) ,
+ [ @IREI + )| EaI?) dr < €.
0
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Proof. Let us multiply (2.5) by wy(t)Fy,, then we get
1 - 1 - -
(5u2(0F2) = ab@)ua(F2, ~ Ub(OF2 — tr (D)F Frsiuatt)
¢

= —w2 () (@) (@ — 1) (0 )aw Faw — (D) (fF)aaFrzta(t) + (- ),

where (- --), denotes the term which does not need to be computed explicitly since it
will disappear by integrating in x. Then one has

ws (Ol (- D)2 + / ()| Fas (- 7)|1? dr

(2.26)

+oo
<|F0I|| + ) EF2dxdr
2.2 too
(2.27) ﬁ)?wg (1)(a — a1)? dxdr
“+o0o

F th wo(7) dadr| +

“+o0
/ / T)(fF?)2, dxdT)
= C1(||F0m||2 + Jl + Jo+ J3 + J4).

On the other hand, if we multiply (2.4) by a=lw;(t)F, we get

(3P0 m0)) +un(FF = Juia ()P

(2.28) _ %a’lwl(t)FQﬁ)t — e wr ()@ — ar) (G )an

+w1(t)Fm(fF2)m + (e
which, integrated on [0, t] x (—o0, +00), yields

wi(BIIFC )] + / 1O Fe(7)||*dr

“+o0
< CQ <||F0|| + F2 dxdr
2.2 oo oo
(2:29) ) F?wy drdr| + F(a —ay1) dxdr
+oo
F,(fF?), dxdr )

= Cz(||Fo||2 + J5 + Js + J7 + Jg).
By calculating K x (2.29) + (2.27) with a K > 0 to be determined later, we have
Ew ()| F@)I° +wa2(t) | Fa (1)

+/ (Kwi (D) | Fo(7)II* + wa ()| Faw (7)]%) dr
0

< (Cil| Foal* + KC2|| By ||?)

(2.30)

+01(J1 + Jo+ J3 + J4) + KCQ(JS + Jg + J7 + Jg).



804 PIERANGELO MARCATI AND RONGHUA PAN

The following inequalities will be used to estimate the terms on J;(i = 1,...,8):
1
lwi ()] = |= (1 + ) twi(t) — k(1 +log(1 + 1)~ (1 + ) twy (t)
(2.31) 2
< C(1+ ) un (1),
(2.32) |wh(t)] < C(1+ 1) twa(t) = Cwy ().

Then, by choosing K large enough, one has

1 t
(239 e < 5K [ @R @R b

t
(2.34) Jy < 062/ (1+7)wy(7) dr < C8°.
0
To estimate .J3, observe that the following inequality on F' holds:
(2.35) |Fll < ClIF||3
since
1 1
[Fllze < CIF|Z || Fal|?
1 1 1
< CF| L 1 Fe 2 F |70
Then we see that

t +oo
Cng = Cl / FQ’J)?IUQ(T) dxdTt
0

—00

t
<c / wo (1) @l e | Fl oo | F L1 dr
(2.36) .
< 052/ (1 +7) 2w (1) || Fu|| dr
0
t
2 1 2
<cs + 1K [ w@EG | dr
0
Similarly, we can estimate J5, Jg, and J; as follows:

t —+oo
/ / w)(T)F? dzdr
0 J—oo

t
(2.37) < CK/ (L+7) " ws (7)|| Fyl| 7 dr
0

CoKJs = O K

1 t
<CK + gK/ wl(T)HFﬂﬂ('v7—)”2 dr,
0
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CoK Js = CoK o F Wy dxdr
(2.38)
gmﬁ+EKAwmﬂﬂbMP%
+00
Oy K J7 = Co K F(a—ay) dedr
(2.39)

gmﬁ+—K/wmﬂﬂ@ﬂPW
327 J,

To estimate Jg, we have

CyK Jg
400
= oK F.(fF?), dvdr
+oo
(2.40) <C F,(2fFF, + fpF?F, + f3w,F?) dadr
b +oo
< CEK/ wy (7)|| Fe (-, 7)) dT—i—CK/ / W2 F? drdr
0

t
< CK(5+5)/ wi (1) Fa (-, 7)|2dr + CKS.
0

We now deal with the term Jy. Noting that

(fF?)ae = QFF,f + frF?Fy + foh,F?),
= (2fF + frF))Fpp + (2f + 4fpF + frrF?)F?
+(4foF + 2fps F?)Futby + (foties + foaw?)F2,

we have
+oo
) (fF?)?2, dxdr
+oo
<Cs/ wa (T) || F (-, 7)|? d¢+c/ / Flwy (1) dadr
+oo
(2.41) +C TVF202F dadr

+oo
+C’// TVFY (w2, + @) dedr

zcs/ Wo (7)|| Faa (-, 7)||2 dr + C(Jo + Jio + J11).
0
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We can estimate Jyp and Jy; in the following way:

Jio = ’ V202 F dxdr
(2.42)
< Ce8 / (DIEC )P d,
0
t —+o0
J11 z/ / wo(T)FY (w2, + w2 dedr
(2.43) 0 e

t
< 06252/0 (1) | Fe(,7)|1? dr,

while Jg can be bounded as follows:

+oo
Jg—/ / F wo (1) dxdr

<& / ws(r >||Fm|\2d7+c/ ws (1) | Fa (0P| Fal(r) 2 .

(2.44)

Due to the smallness of 6 and ¢, by choosing K large enough, we deduce

wi®F O +wa () [ F (6)]

(2.45) +/0 (w1 (D[ F (D)1 + w2 (7) [ Foa (7)) dr

<1+ s ()| En () P ()] ).

Therefore, from (2.45), it follows that

walE 0P <0 (1+ [ (OB PIEE)P dT) |
which implies, with the help of Gronwall inequality, that
wa ()| Fe(t)|I* < C
and
(2.46) [l PIER i <c.

Hence, (2.45) and (2.46) give the proof of this lemma. O

The following lemma contains the decay rates for the derivatives of F', which will
be useful in the next section.

LEMMA 2.10. The solution F to (2.5), obtained in Theorem 2.8, satisfies

w3 () |F(0)[1> +wa ()| Fra||® +/0 (w3 (7) | Fya (7) |12 + wa (7) | Frawe (1) |?)
(2.47) < 06,

IS

|Fil|pe < Cws(t)~Twa(t)~
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Proof. Tt is sufficient to prove (2.47), since the estimate for ||F;| L~ can be derived
from (2.47) by using Sobolev inequality.
Let us differentiate (2.5); in ¢, then

Fy + ayp(0) Fro + at! (0) @0 Foy — [(@)(a — a1) (@™ )aale
— (1 (@) Fig)¢ — [ap(@0)(fF?)ga)e = 0.

If we multiply (2.48) by a~tws(t)F;, we get

(2.48)

(o7 wal01F? )~ 0@)ua(t)FE + 3 FPU(@)artate) ~ 3P0 k(0
(249) 1! (@) Frgus () Fy — a~ [6(@) (@ — ar) (@) elis (1)

™ (W (@) P aws(0)Fs — [00) (FF)aelews(F, + -} = 0.
From the proof of Lemma 2.9 and (2.5); it is clear that

/ wy (M| F(- )2 dr
0

<C </tw2( N Faz (7)]| d7+/ /+Oo a — a1)*wiwy(7) drdr

/ /ﬂo F22wy (1 dmd7+/ /+OO FF?)?2 wo(r )d:cd7>

Moreover, we have

(W1 (@) Fiy) qws (8) Fy = O(1) [yws (1) FE + (0F + e )ws (t) FFy,

(2.50)

a” () (a — ar) (07 )aalrws(t) Fy = O(1)(a — ar) (@7 + by )ws(t) Fy,

[(@) (fF?)alsws (1) Fy = O(V) iy (fF?) zows (8) Fy — (@) (FF?)arws () Fr.
Now, integrating (2.49) and integrating by parts, we have
(2.51)

ws(6)|[ F(6)] +/O ws ()| Fia (7)|* dr

t “+o0o t +o00
<C+ C’/ / F2wo(T) dedr —|—/ / wyws(T)F2, dedr
0 J—oo 0 J—oco

+/ /+oo[(a —a1)? + F?)(0F + W) *ws(1)(1 4 7) dwdr

+oo +oo
/ / fFZ)M dxdr +

+oo

)(fF Vextws(T)Fy dedr

)

<C (1 + TV (fF?)pt(Fip + Fyby) dadr
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To bound the previous terms, we observe that

+oo
fF ot Fy, dadr

+oo
<C+C// ) (fF?)2, dedr

and

“+oo
fF )thtz dﬂfd’r

“+oo +oo
§€3/ / w3(1)FE, dodr + Cle3 / / ) (fF?)?2, dxdr.
0 J—o0

Then choosing €3 sufficient small, we have

w3 (4)||1F(8)]* + /t 5(7)|| Fia (7)]1? dr
<C<1+/ /m 7)(fF?)? tdxdr).

(fFQ)xf - [2fFanfFF2Fz +f1DU~)mF2]t2

(2.52)

Moreover, since

=O0)(|F|F% + F2F? + 0?F2F?

+F2FP02 + (07, + 0fw2) F*),

/ /+OO T)(fF?)2, devdr)

gc(/ ()|Fm2dr+A1+A2+A3+A4>,
0

it follows that

(2.53)

where, as in the previous estimates we get

“+o00
(2.54) A= / / TVF?F? dedr < C,
+oo
(2.55) Ay = / / WEF2F? dedr < C6%€?,
—+o00
(2.56) Az = / / TVF2F20? dedr < C6%€2,
and

—+oo
(2.57) Ay = / / w3 (1) (03, + W) F* dedr < C8>.
0
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Thus, we conclude from (2.52)—(2.57) that

(2.58)

wsO|F (B2 + / ws(7)|| Fua(7)|2 7 < C,

which completes the proof of the first part of (2.47).
Let us turn to the second part of (2.47). For this purpose, we multiply (2.48) by
wy (t) Fizp. After similar calculations as before, by virtue of (2.58), we get

(2.59)

where

and

Hence, one has

(2.60)

wa(t)| Fea ()] +/0 wa(7) || Frow (7)]|* dr

< C(1+ B1 + By + B3+ By),

+oo
By = / / Wiwy(T)F2, dedr < C62,

—+o00
2= / / (@2 + 'LDtt)z'lUAL(T)(CL — a1)2 dzdr < C82,
0 —o0

+o00
Bs = / / (@) Fiiy)? dedr < C62,
+oo
By — / / ((fF2)pa]? dadr
+oo
<08 +C / / ) (fF?)?2,, dvdr.

w4(t)||th(t)||2+/ wa(7) | Frao (1) dr

<C (1 + / / m ) (fF??,. dsz) .

In order to bound the last term in (2.60), we use the following identity:

(fFQ)tmc

— O()[F2F?

2o+ F2F2 + F202F2
+(02, + W) F2F? + 0}, F?F?]
+O()[(F2F2, + F2, F?0?) + (FAF? + w2 F2)
+(FPF2w2 + FPwj w2 F7)
+(F4Ft2(u~)zm + ﬁ)z) + (wtmz +w th)F4)]

=1+ T+ T34+ Ty +T5] + [A1 + Ag + Az 4 Ay].
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Then we bound each of these terms. Therefore, we have

+oo
/ / Iy dxdr

+oo
(2.61) <C / / (T)F?F?2  dxdr

<ce / wa ()| s |2 d,
0

+oo
/ / FQ dxdr

(2.62) .
<C w4(T)IIthll2Hlel2 dr + 062/ Wy (7)|| Fraa | *dr,
0 0
—+oo
(2.63) / / T3 dedr < Ce?,
“+o0
(2.64) / / Ty drdr < C6%e?,
+oo
(2.65) / / s dedr < C62%€?,
+oo
(2.66) / / A dedr < C(1 + 6%%),
+oo
(2.67) / / T)Ag dxdr < C,
“+o0
/ / T)As dxdr
(2.68) 2 2 2 2 2o [f 2
=0 | (IIFIH 1 FaalF) (ws(DIE) dr+ €% | wi(r) [ Fall” dr
<G,
—+o0
/ / T)Ay dxdr
(2.69)

t
< Cs? IIFtIIsz(T) dr + 052/ wi (7| FI|| Fe | dr
0 0

< C8%.
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Thus, we see from (2.60)—(2.69) that

wa(t)]| Fra (1) +/ wa(T)|| Fraw (7)1 dr
(2.70) 0

t
<cicC / wa (7| B |2 B |2 .
0

Then the Gronwall inequality implies that

(2.71) wa ()] Foa (1) +/0 wa(7)|| Fraw (1) d7 < C.

Equation (2.47) follows from (2.58) and (2.71). d
COROLLARY 2.11. The solution F' to (2.5), obtained in Theorem 2.8, satisfies

ENE

w3 ()| Faol* < C, [|Faallze < Clws(tywa(t) 77,

Nl=

|Fu |3 < Cws(t)™Fwa(t) .

Proof. From (2.5), we see that
Frw = O(1)(Fy 4 (a — ay)i0y + Fioy + F2
(2.72)
+FFpiiy + (W + w2)F?).
Taking the L?mnorm in (2.72), we have
w3 ()| Faol* < Cws()(IF|” + [I(a — ax)e||* + || Foe||* + || 77|
HIF Frtbg|* + [| (2 + 07) F2*)
< C(L+ws(O)IF7]?)
< C(L+ ws ()| Fe I (1 F5* + | Foal?)
< C o+ Cug (|| Fel || Faa |
which implies
w3 ()| Fea||* < C.
Then
|Fellfe < Cws(t) 3 un(t) 2.
Last, if we take the L°>°-norm in (2.72), we obtain

| Foellpe < C([Flz + (@ — ar)dy]| o + || Fal|2
| FFpig|| e + | F2 (@00 + @2)]| 1)
< C(ws(ywy(t))"5. 0O
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Then Theorem 2.2 follows from Theorem 2.8, Lemmas 2.9-2.10, and Corollary
2.11.

Now, from F' it is easy to obtain the solution ¢ of (2.4) and from ¢ the unique
smooth solution w of (2.2). By defining © = a~!(z)w and % = —(w ™), we obtain the
solution of (1.4). Theorem 1.1 then follows from Theorem 2.2 and the decay estimates
follow from the interpolation inequality and (2.35).

2.2. Case 2: w_ = w4y = const = w. Observe that w = w is a stationary
solution to (2.2). We will prove Theorem 1.2 by solving the Cauchy problem (2.2)
near w.

Let us denote by ¢ = w — w, then ¢

(lgt - ba(w)q@m + a(x)(fl((l;)(bz)m =0,

¢(z,0) = ¢o(x) = wo(x) — W,

(2.73)

where

b=~ OtV 167 = (w+§)T — w7 — bg.

Then we have the following.

THEOREM 2.12. Suppose ¢o(x) and s(x) = so(x) are C? functions and ¢y €
H?(R). There exists €g > 0 such that if 0 < e < g9 and |doll> < e, then (2.73) has
a unique global smooth solution ¢(x,t) satisfying

(2.74) 16C. D% + / 1da (73 dr < C<2
and
Jim (3, 8)|z = 0.

Furthermore, if ¢g € LY(R), then
2 .o~
> w2600+ [ ij N33 DI dr < C.
§=0

Proof. Since the local result for (2.73) is classical, to prove the first part of
Theorem 2.12, it is sufficient to derive the uniform estimate (2.74) under the a priori
assumption ||@|| g2 < & for §y suitably small.

Multiply (2.73); by a~1¢, integrate it over (=00, +00) x [0,t], and one then has

13, 8)I12 + /||¢$, )12 dr

—+oo

< C’EO +C f1 ngT dxdr

< 022+ Oy / |3all? dr,
0

which implies

(2.75) 16(, DI + / 1672 dr < Ce2.
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Next, multiplying (2.73)1 by ¢ and integrating over (—oco, +00) x [0,], one has

13 01 + / |boa (-, 72 dr

+oo
fl Tx ¢T’I‘ dxdr

~ t +o0 -~
<o+l / [Gasc, )| dr +C / [ @), dear

§Ce§+( +060>/ | bza (-, 7)||? dr.

Thus we get

<Ce+C

(2.76) b (0] + / |G 7 dr < C22.

Finally, by differentiating (2.73); in = and by repeating the previous procedure, one
can derive

(2.77) I, O + / 1Brea o )|? dr < CE2.

The estimate (2.74) follows from (2.75)(2.77) and then (2.73) has a unique smooth
solution ¢ such that

Jim [[(- 1) [z~ = 0.

We proceed now to prove the second part of Theorem 2.12. In this framework,
we can develop a theory similar to what we did in the previous sections. Actually, it
is less complicated since @ is a constant.

Observe that if ¢o(z) € L', we can use the same argument used in Lemma 2.3 to
prove

(2.78) 6, D)l < lldollz-

Then we can employ the same argument used in subsection 2.1 to complete the proof
of the decay estimates. We perform here just the first two orders estimates.

For the first order estimates, we multiply (2.73); by wl(t)aflag then integrate it
by parts over (—oo, +00) x [0,t]. We have

W (B¢ + / wr (7)1 7)|? dr
(2.79) <cic / (14 7) g (DG ) e 167 10 dr

1O / wy (7) B 7|2 dr,

where

/ (1 +7) o (D)6, D)l |6, )| dr
(2.80) 0

§C(51)/0 wl(T)(1+t)_% d7+51/0 w1 (7)o (-, 7)||? dr.
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By choosing e; small, we see from (2.79)—(2.80)
~ t ~
(2.81) wi®)6(, )] +/ wi(7)[[6s (-, 7)|* dr < C.
0

For the second order estimates, we multiply (2.73); by ws (t)qzm, integrate it by
parts over (—oo, +00) X [0,t], then

wo DO + [ wnlr) s
(282) <C+ [ wa@ldntn) dr

o[ t / j a7 (F(B)F)2, dudr,

where
t —+oo o
/O / wa(r)(F1 ()32, dudr
t
< 05 / w3(7)| b (- 7 dr
(2.83) y
e / wa (MG (PP U1Bll? + [Gasll?) dr
t t
< 05 / ws ()| B (TP dr + C / wy (P B (P dr.
We conclude from (2.82)—(2.83) that

ws(t)]| (-, )12 +/0 wa(7) || Gaa (-, T)II dr

t ~
<c+ C/o wa(7) || ba(7)||* dr,

which, together with the help of Gronwall inequality, implies that

¢
(2.84) wa®6: O + [ wa(DGan, )P dr <O O
0
In the following, we denote by va(z,t) = a~lw(x,t) the solution to (2.1) obtained
in Theorem 1.2, and ug(z,t) = —p(va, $),. Theorem 1.2 then follows from Theorem
2.12.

3. Convergence to similarity solutions. In this section, we will study (1.2)—
(1.3) for Case 1, namely, we assume that s = s; = 5. We shall prove Theorem 1.3
by comparing the solutions of (1.2)—(1.3) with those of (1.4) obtained in Theorem 2.2.
Since the result for s(z,t) is clear, in the following part we only deal with (v, u)(z,t).

Let (0,4, s(x)) be the solution of (1.4) with the initial data (0g(x), so(x)). As
pointed in introduction, we will only prove Theorem 1.3 for the case where u_ =
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us = 0 and thus (1.14) turns into
+oo
(3.1) / (vo(z) — Do(x)) dx = 0.
Let us denote
(3.2) Ve =0 — D, Ue =u— T,

then it follows from (1.2) and (1.4) that

(3 3) {Uet — Uex = 07
' Uet + [p(ﬁ"i've)‘g) _p(ﬁvs)]w = —Ue +p(6’3)$t

As usual let us consider

(3.4) y= / " o) de,

oo

which satisfies the following nonlinear wave equation:

Yt + [P(Ye +0,8) — (0, 8)]s + yr = p(0, 8) 2t

X

@.0) =) = [ (00— )(€) de.
yi(2,0) = 1 (2) = uo(x) — a(z,0)
since y, = v, and y; = u.. Therefore
Yot + (Po (0, 8)Y)z + Y = p(0, 8)at — (F1(D, Yz, 8)Y2)as

€T

(3.5) y(2,0) = yo(z) = / (v0 — ) (€) de,
yt(x7 0) =1 ('T) = UQ(Z‘) - ’EL(.’E, 0),
where

(Yo + 0, 8) — p(B, 8) = py(, 8)yz + F1 (D, Ya, $) Y2

The main result of this section is the following.
THEOREM 3.1. There exists og > 0 such that if 0 < 6 < ég and

lyollzrs + llyill g + vy —v-| <6,

then (3.5) has a unique smooth solution y € H® and y, € H? satisfying

t
()17 + lye (8) 1772 +/0 1(Yas ye) (7) || 2 dr < C6°.
Moreover,

(3.6) L+ Dllye DI+ A+ ) (L O* < C
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and
(3.7) Iy (o)l < CA+)7F, [lye(- 8| < C(L+1)71.

Then Theorem 1.3 follows from Theorem 2.2 and Theorem 3.1.
We now prove Theorem 3.1. First of all, we have the following.
THEOREM 3.2. There exists 6g > 0 such that if 0 < 6 < &g and

lyollzs + llyallzz + vy — o] <6,

then (3.5) has a unique global smooth solution y € H® and y, € H? satisfying

(3.8) ()2 + o012 + / 1or ) ()2 dr < O,

Proof. Tt is sufficient to prove the uniform estimates (3.8) under the following a
priori assumption:

ly®OZs + llyellze < e

for € > 0 suitably small.
Multiplying (3.5)1 by y + 2y:, we have

. 1 -
yr — o0, 8)ys + 52/2 - yyt} +y7 — (7, 8)y2
(3.9) t

= p’uv(ﬁv S)ﬂt(yz — Yz — 2?th) + (Flyg - p({}a S)t)(yx + 2ytx) + { te }za

where {---}, denote the terms which disappear after integration with respect to x.
Integrating (3.9) over [0,t] x (—o0, +00), we get

1w s )OI + / e ) (7)1 dr

t —+oo
/ / Poo(B, )32
0 —00

—p(, 8)e(Yz + 2Yat) + F1y2 (Yo + 2y10) dadr

(3.10) <C8*+C

Due to the smallness of e, we can reduce (3.10) into

19, e 52) D) + / 1w 5a) () dr

(3.11) -
<C824C / / (B, 8)i (Y + 2yat) dadr]|,
0 — o0
while
t —+o0
// (0, 8)t Yz + 2ype) dxdT
(3.12) 0T

t +o0 t +oo
< C’(el)/ / (p(v, s)f + p(0, s)?w) dxdt + 1 / / (yi + ytz) dxdr
0 —0o0 0 —0o0
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and
t “+o0

(3.13) / / p(0,8)% 4+ p(,5)?, dedr < C62.
0 J—oo

Now, by taking ; small, it reads from (3.11)—(3.13) that

(3.14) 1Cys yer ) (D1 +/O (g ) (D)* dr < C8.

We now differentiate (3.5) in = and then

(315) Ytta + (pv (f)v s)ym):r:v + Ytz = p(ﬁv s)xtz - (Fl (f)v Yz, S)illg)m

817

If we multiply (3.15) by y, + 2y, and integrate the resulting equation over [0, 1] x [0, ¢],

by using (3.14) we get
t
W 1, o) ()12 + / |9t ) ()2
t “+ o0
<cetrc [ [ (rud?duar
0 —00
t + oo
e / / O()yst2,): dadr
0 —00

t +oo
+Cé / / (Y2 + ypo + Y2, dadr,
0 —00

which implies

t
(e e 9o2) (D12 + / | e 920) (7)]]? dr < C2.

Repeating the above procedure, we can easily obtain the third order estimates

and complete the proof of this theorem. O

With the help of Theorem 3.2, it is easy to obtain the following convergence

results by using an argument similar to the proof of Theorem 2.8.
THEOREM 3.3. The solution y to (3.5) in the Theorem 3.2 satisfies

A ((ly (s Ol pe + 1 e, y2) (5 Ol ar) = 0.

We investigate now the problem of the decay rate. We will follow the approach
introduced by [19] concerning the isentropic case. However, since the entropy s(z) is

not constant here, some modifications are necessary.
LEMMA 3.4. Under the previous hypotheses, it follows that

L+ )l (e )OI + / (14 )l ()2 dr < C2.

Proof. First, we notice that (3.5); is equivalent to

(3.16) Yir + Yt + [P0+ Ya, ) — (D, 8)]x = (D, 8)t-
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Multiplying (3.16) by (1 + t)y;, after some calculations we get

[(Ht) Gyf +Q)]t+(1+t)y? —q

(3.17) _ /Oyz [po (D + &, 8) = pu(D,8)] dé + Be(1 + t)y3 — %yf

= (1 + t)ytp(ﬁv s)mt + { o }:L’

Integrating (3.17) over [0,t] x (—o0, 4+00), with the help of (3.8), we have

X+ Iy, ye) ()12 +/O L+ 1)y ()] dr

1 t
<c 43 [ nlwl dr,
0
which implies

(3.18) (L4 )l (ye ya) ()12 +/O 1+ 1) ge(n)|? dr < C&2.

Here we have used the following properties:
Ya
1= [0+ &5) - p(0,9)] d = 012,
0

[pu(5 4 €.5) — po( )] dé = O(1)2,

o <O)(F+w) <O()(1+t)~'. O

LEMMA 3.5. Under the previous hypotheses, we have

(1401 (Yes Yot yea) ()] +/0 (1 + 1)l (yee, yea) (7)||* dr < C&2.

Proof. Differentiating (3.5); in ¢, we have

(3~19) Yere + (pv(ﬁa S)yac)mt + Y = p(f), S)ztt - (Fly:%):ct-

Let us multiply (3.19) by (1 4 t)y; and (1 + t)yy, respectively, then we deduce

1 _ 1
520) [<1 1) (yy " ny)] o)1+ O — (1 00 — 2 — vt
: t

= pvv{}t(l + t)yxyt:z: + (1 + t)yt(p(ﬁu S)xtt - (Flyz)zt) + { o }:m

1
[20 + 1) (i —pvyfm)] + (1 + )y
t

3.21 1 1 1 B )
( ) 7§yt2t + 5171;%23; + 5(1 + t)pm;vtyfx + (1 + t)ytt(y:cpmzvt)z

= (1+ )yt (p(D, 8)wtr — (F1y2)ae) + {++ o
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By using Theorem 3.2 and Lemma 3.4 and by integrating 8 x (3.21) 4 (3.20) one has
t
(1 v vl P+ [ (1) i) (7P
0

t “+oo
<C <62 —|—/ / (14 7)p(o, s)itt dxdr
(3.22) 0 e

t “+o0o
+ / / (1 + 7) (Yea + Yera) (F1y2)s dodT
0 — o0

)

t 400
<C8+C / / (1 + 7)Ytz + Yarz) (Fry2)¢ dadr
0 —00

Moreover, one has

t “+ o0
/ / (1+ 7)o (Fry2)e dadr
0 — o0

t 400
(3.23) <c / / (14 7)([yalo?s + [55201a]) dadr
0 —00

t +oo
< C8 +C6 / / (1 + 7)2, dadr
0 —00

and

t “+ o0
/ / (1 +T)ytt$(F1yz)t dxdr
0 —0o0

(3.24) )
<08+ 05 ((1 FOllua O + [ 0+l df) .

In view of the smallness of §, from (3.22)—(3.24) we have

(3.25) (L4 DI yee ye) DI +/O (1 + ) et yea) (T)|I* dr < C8%.

Now we multiply (3.19) by (1+t)?y; and (1+t)?y;; and repeat the previous calculations
to conclude Lemma 3.5. ad
LEMMA 3.6. The solution y to (3.5) in Theorem 3.2 satisfies

(14 02| (Vi Vo) (I + / (1+ 7| (Vi Vi) (D)2 dr < O,

where V= py (0, 8) Yz -
Proof. The estimate for V; can be obtained from Lemma 3.5 and the following
relation:

V;& = pv(ﬂ; S)ytw + pvv(ﬁa S)'Dtyw
It is easy to see that

(3.26) Vo = =Wt + g + (0, 8)at + (F2V?)a),
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where F5V? = Fyy2. Then we calculate the decay rate for V, by using (3.26). First
of all, it is easy to see by taking the L?-norm in (3.26) that

(3.27) 1L+ )Va(@)* < C8?
and
1+ Vel
< CA+ 1) lyeell* + lyell® + 11 (F2V2) 1)
< 08 + %(1 + OVl + CA+ (VI + 1Val?)
< 8%+ %(1 A
thus
(3.28) (1 +1)2||Va|* < C8%
Then, multiplying (3.26) by (1 +¢)V,, and integrating it, one has

t
/ (1+ ) [Va(r)|? dr
0
<Ct+oo 2 42 5. 5)2 BVA2) dod
= (1+T)(ytt+yt +p(vvs)zt+( 2 )x) raT
0 —00

t +oo
<C& + C/ / (F,V2)2(1 + 1) dedr
(329) 0 —oo

t +oo
< C8% + C/ / (14 7)V* dedr
0 —0o0

t
<08+ C/O (e ll* + Nyaa 1)L+ 7)llya|* dr

< 08, O

The following result easily holds by repeating the previous arguments on the
equation (3.19) differentiated with respect to z.
LEMMA 3.7. The solution y to (3.5) in Theorem 3.2 satisfies

t
(1+ t)QH(yttma ytmm)(t)HQ + / (1+ T)QH(yttI»ytzz)(T)HZ dr < Cé&”.
0

Now we can prove the desired estimates on yy,.
LemMA 3.8. Under the previous hypotheses, one has

(14 0 (g )OI + / (1+ 72 ()| dr < C52.

Proof. Multiply (3.19) by (1 + ¢)3y:+, then we obtain

1+ O ue) O + [ (7)) P dr
(3.30) 0

t —+oo
<08 +C / / (1+ T)3ytm(F1yi)t dxdr| .
0 —00




DIFFUSIVE PROFILES 821

We have that

t 400
/ / (]. +T)3yttz(F1yg)t dxdr
0 J—o0

t “+ o0
<c / / O (1 + )2y dedr
0 —00

t “+o00
(3.31) +C / / (1 + %2, + (1 +7)3y3, dedr
0 —00

t 400
+C / / (1 + T)3ytt(F31~)tV2)m dxdr
0 —o0

t
< Clan)6? + CoL+ 0Py O + a1 [ (147l
0

where F3V? = Flvy?c.
By choosing «; suitable small, we conclude from (3.30)—(3.31) that

t
1+ 0w ) O + [ (4Pl dr < 6% D
0

Therefore, we obtain the following desired decay rates.
THEOREM 3.9. The solution y to (3.5) in Theorem 3.2 satisfies

1

(3.32) STIA+ OOV )2 + (1 + OF 2|0y (-, 1)]|?) < ©
k=0

and

(3.33) lyo (- )l < CA+8), g t)llz~ < C(1+1)75.

Proof. (3.32) comes directly from Lemmas 3.4-3.8. (3.33) follows from the inter-
polation inequality and (3.32), where

lye ()L < CIV (L8|~ <CL+1)75. O

Theorem 3.1 then follows from Theorem 3.2 and Theorem 3.9.

4. Convergence to stationary solution. This section is devoted to proving
Theorem 4 and Theorem 5, where (v_,v;) and (s_, s1) are chosen so that p(v_,s_) =

p(vy,s4) = p = const.
Denote by (ve, us)(z,t) the solution of (1.4) obtained in Theorem 2.12. We solve
(1.2)—(1.3) near (ve, uz)(x,t) under u— = uy = 0 and then (1.16) implies

“+o0
(4.1) / (vo(z) — va(x,0)) dz = 0.

— 00

Similarly to section 3, we set

i- [ " ((E,t) — (1)) de,
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which satisfies

Ut + (o (v2, 8) Tz ) + Ut = p(v2, 8) et — (F1(V2, Yo, S)ﬂi)x,
T

(4.2) 3(2,0) = o) = / (00(6) — va(€,0)) de,

Ji(x,0) = g1(x) = up(x) — ua(z,0),

where

p(gx + U275) _p(v%s) :pv('UQ; S)gz + Fl('UZ,gma S)gi

From the results in subsection 2.2 and the argument used in section 3, it is clear
that the same argument of the section 3 can be used here to prove the following
results.

THEOREM 4.1. There exists 6g > 0 such that if 0 < 6 < &y and

50113 + ll11I3 < 6,

then (4.2) has a unique smooth solution § satisfying

(4.3) DA+ VLGOI + (L + 0 2955, 0l°] < C,
k=0

with Vi = p,(ve, 8)J, and

(4.4) 152 ()l < COA+ )75, (G t)l|z < C(L+1)7

It is clear that Theorem 1.4 comes from Theorem 1.2 and Theorem 4.1.

We turn to proving Theorem 1.5 next. Since (vi(x),0, so(z)) is the stationary
solution of both (1.2) and (1.4), we can also solve (1.2)—(1.3) near vy instead of wvg,
under the condition u_ = uy =0 and (1.19), then

“+oo
(4.5) [ (vo(x) — o1 (2)) da = 0.
Denote
(4.6) 2= [ e - u() de

then it follows that

Ztt + (pv(Uh S)Zr)r + 2z = 7(F1(U1, Zxy S)Zz)zv
T

47) 2(2,0) = 20(z) = / (v0(&) - v1(8)) de,

zt(x,0) = 21(z) = uo(z),

where

Pz + 01, 8) = p(v1, 8) = po(v1, 8) 20 + Fi (01, 20, 5)22.
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We will prove the following theorem.
THEOREM 4.2. There exists dg > 0 such that if 0 < 6 < ég and

lz0ll s + [lz1ll 2 <6,

then (4.7) has a unique global smooth solution z satisfying
1
DIV (D7 + (1 + )R 05z )% < C,
k=0

where Vo = py(v1, $)2z, and
22 ()l < CA+8)TE, [l 8> < CA+1)7E,
Hence (1.2)—(1.3) has a unique global smooth solution (v,u, s)(x,t) such that
(v =v) (o )]lLe < CA+H7F, Jul, 1)z~ < CA+1)7F,

We note that Theorem 4.2 implies Theorem 1.5.

Using the same proof as in Theorem 3.2, noting p(v1, $) = const, we can deduce
the following lemma.

LEMMA 4.3. There exists 69 > 0 such that if 0 < 6 < 8y and

zoll s + [lz1 ]l 22 < 6,

then (4.7) has a unique smooth solution z satisfying
t
(4.8) 121z + [z (8)] 7 +/0 (22, 2) (T)l| a2 dr < C8%.

The next result concerns the decay rates.
LEMMA 4.4. The solution z of (4.7), obtained in Lemma 4.3, satisfies

1
(4.9) DA+ RV DI + (L4 ) 2105z O))°] < €,
k=0

where Vo = p,(v1,8)z, and
(4.10) |zo (o)L < C(L+6)7F, [J2( 1) 1= < C(1+1)7 1.

Proof. We multiply (4.7); by (1 + t)z; and integrate it by parts. Then by using
(4.8), we obtain, by a calculation similar to that one in the proof of Lemma 3.4, that

(4.11) (1 +B)ll(za, 20) (B)] +/O (14 7)lze(n)|* dr < C62.

Now let us differentiate (4.7); in ¢, then we have

(4.12) 2t + (Po(V1, )Y )at + Yer = _(Flzz)zt-
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Multiplying (4.12) by (1 4+ ¢)z; and (1 + t)zy, respectively, we deduce

{(1 +1) (ztztt + ;zfﬂ (o (402

(4.13) X
= izf +zez — (F122)(1 4+ )20 + {- - }as
1 ) )
2 (1 + t)(ztt pvzm) + (1 =+ t)ztt
(4.14) .
1 1
22t2t vazfx — (14 )z (F122)) + { }o

Then by using (4.8) and (4.11), and by integrating 8 x (4.14) + (4.13), we have

(1+t)||(2tt,2tm)||2+/0 (1 + 1)l (zet, 220) (7)|* dr

(4.15) oo
< C+C / / (1+7)(th+zttm)(Flzg)t dxdr| .
We see that
t +oo
/ / (1+ T)ztm(Flzi)t dxdr
(4.16) A
<¢s [ (14 Dllatr)? dr,
0
and
“+o00
(]. + T)ztm(Flzi)t d{EdT
+<>o
. < Nzz|(L+7)z xdT
(4.17) C D)]zz( )zt dad

+oo
+Cé/ / (1+ (1 +7))z2, dedr.
0 o)
Due to the smallness of é, from (4.15)—(4.17) we have
t
(4.18) (L + )l Czees 20) 1 +/ (L + 1)z, 200) (D)) dr < C.
0

Now let us multiply (4.12) by (1 + t)?z; and (1 + t)%?2; and repeat the previous
calculations, then

(4.19) (1 + ) (22, 228, 20 II? +/0 (1 + 7222t 2e0) (T)|* dr < C.

The same proof as used in Lemma 3.6 yields

(4.20) (1+ )21 (Vae, Vao) |12 +/0 (L +1)l[(Var, V) (D) d7 < C.
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By differentiating (4.12) in z, we get
¢
(4.21) (L + )2l (210, 2200 |I° +/ (1 +7)2[I(2tt0, 2e20) (T)|* d7 < C,
0

and finally, by multiplying (4.12) by (1 + )32y, it follows that

(1 + )21 (zee 20) 1 +/O (L+7)* 2 ()| dr

+oo
<C+C

1)|zz|(1 ) zm] dxdr

—+o0

—+oo
—|—C§/ / (1+7)22%, dedr + C (1+7)328, dedr|,
0 o)

which implies

(1+t)3||(ztt72tx)|\2+/0 (L +7) Nz (T)||* dr

(4.22) .
<C+C (1+7)322, dedr|.
We have
+o0
(1+7)32, dedr
t 400
SC// (1—|—T th (1—1—7) zmdxdT
(4.23) 0 s

t

<C4 c/ (14 12(|21al® + || 2000 1?) dr
0

< (.

Then from (4.22)—(4.23), it follows that

(4.24) L+l (2t 2ea) I +/0 (L +7)* 2 ()||* dr < C.

Hence, (4.9) follows from the combination of (4.11), (4.19)—(4.21), and (4.24). The
estimate (4.10) follows from (4.9). O
By combining Lemmas 4.3 and 4.4, we complete the proof of the Theorem 4.2.
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