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Abstract

Staircase walks are lattice paths from
���������

to
�
	��
�����

which takediagonalstepsandwhich never fall
belowthe � -axis. A pathhitting the � -axis � timesis
assigneda weightof ���

�

where ���

�

. A simplelocal
Markov chainwhich connectsthestatespaceandcon-
vergesto the Gibbsmeasure (which normalizesthese
weights)is knownto be rapidly mixing when ����� ,
and can easily be shownto be rapidly mixing when

����� . We givethe�r st proof that this Markov chain
is also mixing in themore interestingcaseof ����� ,
knownin thestatisticalphysicscommunityasadsorb-
ing staircasewalks. Themainnew ingredientis a de-
compositiontechniquewhich allowsus to analyzethe
Markov chain in pieces,applyingdifferent arguments
to analyzeeach piece.

1. Intr oduction

1.1. The model
Staircasewalks(alsocalledDyck paths) arewalksin

Z�! from
�"�������

to
�#�
���$�

which stayabovethediago-
nal �%�'& . Rotatingby (�)+* , they correspondto walks
from

���������

to
�
	��
�����

which take diagonalstepsby
adding

�

�

�

�

�

or
�

�

�-,

�

�

at eachstepandwhich never
fall below the � -axis (see�gure 1). The numberof
staircasewalksis exactly .

�#�$�

, the
�

th Catalannum-
ber, which canbe calculatedexactly so samplingcan
be donerecursively without a Markov chain. How-
ever, thereis also a simple Markov chain on the set
of staircasewalkswhichhasbeenveryusefulfor sam-

/
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pling othercombinatorialobjectsincluding triangula-
tions [8] and planarmatchings[5, 14]. The Markov
chainconsistsof “mountain/valley” �ips by choosing

02143

	���5

andif the
0

th stepof thewalk is a local op-
timum (a mountain),inverting it so that it is a local
minimum(avalley), or vice-versa.

6
6

6

6

6
687

7

7
7

7
796

6

6

6
7

786

6
7
7

7
796

697
796

6

6

6
7
7

7
7

7
7

Figure1: A staircase walk (
�

�;: )

A natural generalization,studiedin the statistical
physicscommunity, is to weight the set of staircase
walksaccordingto thenumberof timesthey hit the � -
axis. We assigna weight �

� to a walk which hits the
� -axis � times.TheGibbsmeasurenormalizesthisso
that theprobabilityof a walk < is =

�

<

�

� >@?BA

C�D

>

?

D

,

wherethesumis takenover all walks E and �GF is the
numberof times E hits the � -axis. When ����� this
is justtheuniformprobabilitywhere =

�

<

�

���@H+.

�#�$�

.
Taking �I�J� favorswalkswhich stayaway from the

� -axis,andtaking �K�J� , calledadsorbingwalks, fa-
vors walks which hit the � -axis many times. It was
shownbyvanRensburg[10] thatthereisaphasetransi-
tionat �L�

	

: when �K�

	

, thewalkswanderO
�NM �$�

awayfrom the � -axis,whereaswhen �K�

	

thewalks
neverwandermorethano

�BM �$�

away.
Adsorbingstaircasewalksarecloselyrelatedto “re-

turning” walksonanin�nite O -ary treewhichstartand
endat theroot. We labeltheedgesof thecompleteO -
ary treeasa Cayley graphso thateachvertex is adja-
cent to oneedgewith eachof O labels. A returning
walk of length

	P�

, startingat the root, has
�

edges



leadingawayfrom therootand
�

returning.Whenever
we areat therootwe have O choicesof labelededges;
whenever we areaway from the root we have O

,

�

edgeswhich movesusfartheraway anda uniqueedge
which will bring us closerto the root. Hence,there
are OG�

�

O

,

�

�����

� walksof length
	��

thathit theroot
� times(including the initial time, but not the �nal).
Usingadsorbingstaircasewalks,samplingis easy:(1)
Selecta staircasewalk of length

	��

accordingto the
Gibbsmeasurewith ���

�

�

��� . A staircasewalk hit-
ting the � -axis � timesappearswith probabilitypro-

portional to
�

�

�

���

�

���

�

?

�

�

���
	���
��

?

�

�

�

���
	




. The up edges
in this walk correspondto stepsin the treethat move
away from theroot,andthedown edgesarethosethat
move backtowardsthe root. (2) Assignlabelsto the
upedgesuniformly at random(from thesetof O labels
for edgesstartingfrom the � -axis,andfrom a suitable
setof O

,

� labelsfor edgesabovethe � -axis),assign-
ing labelsto thedown edgesthatequalthelabelof the
mostrecentunpairedup edgeprecedingit. This gives
asequenceof labelededgescorrespondingto a labeled
walk of length

	��

in the O -ary tree.
Themountain/valley Markov chaincanbemodi�ed

to incorporatetheGibbsweights.It is straightforward
to show that it is rapidly mixing when ��� � . Wil-
son[14] givesa tight boundof �

�#����������� ���������

�

 

� �

when � � �

�

which providesan upperboundin the
case�I�9� .

When � ��� a simplecouplingargumentis insuf-
�cient. Informally, for couplingto succeedweneedto
constructa coupledMarkov chainso that closecon-
�gurations tend to come closer together. However,
in the adsorbingcase,pairs of walks that differ near
the � -axis will tendto divergeinitially. We notethat
thereare alternative, recursive methodsfor sampling
adsorbingstaircasewalks basedon generatingfunc-
tions, but our goal in this paperis to understandhow
thesenew weightingsaffect the mixing time of the
mountain/valley Markov chain.

A naturalapproachin trying to circumventthis dif-
�culty is to introducea new Markov chainbasedon
a heat bath algorithm. A heat bath works by eras-
ing a larger pieceof the currentcon�guration (larger
thanthe mountain/valley walk which erasesonly two
edgesof thewalk) andmoving to a new con�guration,
consistentwith the current(remaining)boundaryin-
formation,accordingto theconditionalprobability. As
with many suchalgorithms,this moreelaborateMar-
kov chainappearsto betoodif�cult to analyze.

1.2. Our results
In thispaper, weshow thatthemountain/valley Mar-

kov chain is rapidly mixing even in the case �4� �

(and henceall valuesof � ). The main new ingre-
dient is a generaldecompositiontechniquewhich we
believe hasmany otherapplications. This new tech-
niqueis similar to adecompositiontheoremof Madras
andRandall[6,7], but is muchmorenaturalandmuch
simplerto apply. Supposethestatespacecanbenatu-
rally partitionedinto sets !#"%$'& (subjectto certaincon-
straints,outlinedin section4.2). Further, supposethat
theMarkov chainis rapidly mixing whenrestrictedto
any of the "($ . Finally, supposethata projection(also
de�ned later)of thesesetsis rapidly mixing, suggest-
ing that it is easyto travel from any of the ")$ to any
other "+* . ThenwecanconcludethattheoriginalMar-
kov chainis rapidlymixing aswell. This is quitesimi-
lar in spirit to theMadras/Randallresult,howevertheir
decompositiontheoremrequiresthat the !#"

$
& form a

coverandmustin facthaveconsiderableoverlaps.We
havefoundthatthenew theoremis farmorenaturalfor
severalapplications.

Given this new decompositiontechnique,we can
stateour strategy for analyzingthe mountain/valley
chain. We �rst decomposethe statespace , into

-/.

�

, where
.

�

is thesetof staircasewalkswhichhit
the � -axisexactly � times.Firstwe show that 0

.

�

0 is
log-concave in � . This immediatelyimplies that our
�rst projection(accordingto the decompositionthe-
orem) is mixing in polynomial time, so it suf�ces to
show thattheMarkov chainrestrictedto

.

�

, 132

?

�

is
rapidlymixing for each � .

To show that 1
2

?

is rapidly mixing, we apply the
decompositiontheorema secondtime. This time we
partitionthestatespace(i.e., thesetof staircasewalks
which hit the � -axisexactly � times)into 4

�����

�

5

sets
accordingto which � pointson the � -axis the paths
hit. Showing that 1 is rapidlymixing whenrestricted
to any of thesesetsis straightforwardandfollows the
unbiasedcasewhen � � �

�

whichhasbeenpreviously
analyzed.

The projectionarisingfrom the seconddecomposi-
tion canbe viewed asan interestingparticleprocess:
we want to samplefrom the 4

�����

�

5

ways to place �

particleson the � -axisbetween
�

and
�

sothateach
con�gurationoccurswith probability 6

$
.

�

�
$

� �

where
�

$ is thelengthof thegapbetweenthe
0

th and
0

�

� st
particles,and .

�"�$�

is the
�

th Catalannumber. The
Markov chainarisingfrom this projectionis quitenat-



ural: choose
�

0

�

O

�

1 3

�

5��

!

�

���

& andmove the
0

th
particlein the left or right directionaccordingto O , if
possible.

This particle processisolatesthe dif�culty in the
original mountain/valley Markov chain on weighted
staircasewalks; indeeda simplepath couplingargu-
ment fails for an analogousreason.The �nal stepof
our analysisis noticing that a heatbath algorithm is
easyto de�ne for thisparticlesystemwhich doeshave
the desirableproperties. Namely, it convergesto the
correctstationarydistribution and, moreover, we can
show it mixesin polynomialtime. By a standardcom-
parisonargumentwe canshow that themixing rateof
the heatbathalgorithmis closeto the mixing rateof
theoriginal particleprocess.Hence,we canapply the
decompositiontheoremfor a secondtime, therebyes-
tablishingthepolynomial-timemixing rateof theorig-
inal mountain/valley chainon theentirestatespaceof
staircasewalks,asdesired.

2. A Mark ov chain on
�

We de�ne a naturalMarkov chain 1 on
.

, theset
of staircasewalkswith

	P�

edges,for a �x ed
���

� .
Thismountain/valley Markov chainhaspreviouslyap-
pearedin [5, 8, 14]. The transitionsof the chainare
inversionswhichreplacelocalmaximawith localmin-
ima, or vice-versa,by interchangingtwo edgesalong
thewalk. If the � th pointon thepathis E
	 �

�

��	

�

&�	

�

,
we call it a mountainif &
	

���

� &�	

,

� �J&�	�


� and
invertingit consistsof setting &��

	

�;&�	

, 	

. Likewise,
invertinga valley where &

	

���

� &
	

�

� �;&
	�


� con-
sistsof setting &��

	

� &
	

��	

. The Markov chain 1

iteratesthefollowing steps.

Onestepof Mark ov chain 1 :

1. Pick � uniformly at randomfrom !

	 ������� ��	P� , 	

& ,
and let E denotethe point on the path whose � -
coordinateis � .

2. � If E is thebottomof a valley lying on the � -axis,
with probability

�

 

�

�




>

	 set ���



� equalto ��� in-
vertedat E . Otherwise,set �

�



�

���
� .

� If E is thetopof a mountain,andinvertingit will
put it on the � -axis,with probability >

 

�

�




>

	 set
�

�



� equalto �
� invertedat E .

� If E is thebottomof a valley not lying on the � -
axis,or if E is thetopof amountainandinverting

at E doesnotputit onthe � -axis,with probability
�

� set ��� 


� equalto ��� invertedat E .

� In all othercases,set � � 


�

��� � .

Notethatthis Markov chainis aperiodic,reversible,
andthestationarydistributionis theGibbsdistribution,
namely =

��� �

� > ?

� , where � is the numberof times
the walk

�

touchesthe � -axis. We show in the next
sectionthatthemixing timefor thischainis polynomi-
ally boundedwhen � �9� usingpathcoupling.

3. Mixing machinery
In what follows, we assumethat 1 is an er-

godic (i.e. irreducibleandaperiodic),reversibleMar-
kov chainwith �nite statespace , , transitionproba-
bility matrix � , andstationarydistribution = .

ThetimeaMarkov chaintakesto convergeto its sta-
tionary distribution, the mixing time of the chain, is
measuredin termsof the distancebetweenthe distri-
butionat time  andthestationarydistribution. Letting

�

�

�

�

�

&

�

denotethe  -stepprobabilityof goingfrom �

to & , thetotal variationdistanceat time  is

!

�

�

�

=

!

�
F

��"$#&%

'&(*)

�

	,+

-.(*)

0 �

�

�

�

�

&

� ,

=

�

&

�

0

�

For / �

�

, themixingtime 0

�

/

�

is

0

�

/

�

�1"�243 !� 65

!

�

�87

�

=

!

�
F

��/

�:9

 

�

�

 &

�

We saya Markov chainis rapidlymixingif themix-
ing time is boundedabove by a polynomialin

�

and
�����

�

 

, where
�

is thesizeof eachcon�gurationin the
statespace.

It is well known thatthemixing rateis relatedto the
spectral gap of the transitionmatrix. For the transi-
tion matrix � , we let ;=<?>

�

�

�

� �A@

,

0 �

�

0 denoteits
spectralgap,where �A@

�

�

�

������� �

�CB

)

B

��� arethe eigen-
valuesof � and � �;�A@ � 0 �

�

0

�

0 � $ 0 for all
0

� 	

.
The following result relatesthe spectralgapwith the
mixing timeof thechain(see,e.g.,[12]):

Theorem3.1 Let =ED ��"�2F3

'*(*)

=

�

�

�

. For all / �

�

wehave

1. 0

�

/

�

�

�

GIHKJ

�FL

	

� � � �

�

MON
 

�

2. 0

�

/

�P�

B

>OQ

B

GIHKJ

�FL

	

� � � �

�

 

 

�

.



Remark. For simplicity, we mayaddself-loopswith
probability

�

 

to eachpoint in thestatespaceto ensure
that �

�

� �

, alsoensuringaperiodicityof theMarkov
chain.

Wegiveabrief review of someof thetechniquesthat
areusedto boundthemixing time (or spectralgap)of
aMarkov chain,beforeintroducingournew methodin
section4.2.

3.1. Path coupling
A couplingisaMarkov chainon ,

�

, with thefol-
lowing properties:Insteadupupdatingthepairof con-
�gurations independently, the couplingupdatesthem
so that the two processeswill tend to correlate,or
“move together”undersomemeasureof distance,but
eachprocess,viewed in isolation, is just performing
transitionsof the original Markov chain. Also, once
thepair of con�gurationsagreeat sometime, thecou-
pling guaranteesthey agreefrom that time forward.
Themixing timecanbeboundedby theexpectedtime
for con�gurationstocoalesceunderany validcoupling.

Moresimply, pathcouplingletsusboundthemixing
time by analyzinga subsetof ,

�

, . Themethodof
pathcouplingis describedin thenext theorem,adapted
from [3]:

Theorem3.2 [3] Let O beanintegervaluedmetricde-
�ned on ,

�

, takingvaluesin !

��������� ���

& . Let � be
a subsetof ,

�

, such that for all
�

�
�

�

&
�

�

1

,

�

,

thereexistsapath �
�

���?@

�

�

�

������� �

��� � &
� between�

�

and &
� such that

�

� $

�

� $4


�

�

1

� for
�

�

0

�

�

and

�

���

+

$�� @

O

�

�
$

�

�
$F


�

�

� O

�

���

�

&*�

� �

De�ne a coupling
�

�
�

�

&
�

�
	 �

�
�




�

�

&
�




�

�

of 1 on
all pairs

�

�
�

�

&
�

�

1

� . If �

�
�

O

�

�
�

�

&
�

���

�

�

for
all

�

�
�

�

&
�

�

1

� , and there exists �J�

�

such that
�

�

3

O

�

���



�

�

&*�



�

���

� O

�

���

�

&*�

�B5 �

� for all  , thenthe
mixingtimesatis�es

0

�

/

�

�����

�

 

�

�

�

� � � �

�

/

�����

3.2. Staircasewalks with �����

We demonstratethe methodof path coupling to
show thatthemountain/valley chainonstaircasewalks
is rapidlymixing when ���9� .

We de�ne ourdistancemeasure� to beone-halfof
the areabetweenthe con�gurations,i.e., drawing the
con�gurationson the samesetof axis boundsrectan-
gular regionsbetweenthepair of walks. Thedistance
betweenthetwo walksis one-halfof thesumof thear-
easof theserectangularregions. For thecoupling,we
takethepoint � in step1 of 1 , andattemptto perform
thesametransitionin eachwalk. To usepathcoupling,
wemustexamineapairof walksthatdiffer solelyby a
singletransitionof thechain(a singlesquare).
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Figure2: Typical situations for path coupling

Lemma 3.3 Let �

��#

1

.

with �

�

�

��# �

� � . After
onestepof 1 wehave �

�
�

�

�

�

��# ���

�

�

, provided
� �9� .

Proof. Considerthecon�gurationsin �gure 2, which
show piecesof walksthatagreeeverywhereexceptata
singlesquare,andlet

#

denotethe“upper”walk. If the
squareis adjacentto the � -axis asin �gure 2.A, then
therearetwo transitionsthatdecreasethe distanceby
one,inverting E in oneof thewalkssothey now agree
everywhere.Inverting � or < in

#

increasesthedis-
tanceby one. Every othertransitionnot involving � ,

E , or < doesnot changethedistancebetween� and
#

. Therefore,in this casewe �nd �

�$�

�

�

�

�%# � �

�

�

 

�

�

�

�

�

�

�

,

�

 

�

�




>

	

,

>

 

�

�




>

	

�

�

���

(This is an in-
equalitysinceoneor bothof themoveswhich increase
the distancemight not be valid moves.) The second
caseis if thedifferencesbetweenthe two walksoccur
a unit distancefrom the � -axis,asin �gure 2.B.There
are also two good inversionsat E , eachwith proba-
bility

�

� , andthoseat � and < increasethe distance
between � and

#

by one; all othermovespreserve
the distancebetweenthe pair. In this case,we have

�

�
�

�

�

�

��# ���

�

�

 

�

�

>

 

�

�




>

	

�

>

 

�

�




>

	

,

�

�

,

�

�

�

.
This last expressionis non-positive if � � � . Other
situationswhere � and

#

differ by a squarethat is
far away from the � -axisareneutral;two goodmoves
decreasethe distanceby one, and (at most) two bad
moves increasethe distanceby one. Each of these
movesoccurswith equalprobability, soin thesecases,
wealsohave �

�
�

�

�

�

�%# � �

�

�

.



An applicationof theorem3.2 gives a polynomial
boundon the mixing rate. Thesedetailsare left to
the reader. We note that in the casedemonstratedin
�gure 2.B, thedistancewill increasein expectationif

�K�8�

�

3.3. The decompositionmethod
The Madras/Randalldecompositionmethod[7] of-

fersa differentapproachfor boundingthemixing time
of a Markov chainandwill bethemainmotivationbe-
hind our analysisin this paper. The intuition behind
thismethodis thatwelook atsubsetsof thestatespace
andshow thattheMarkov chainrestrictedto eachsub-
set is mixing. Then, if the setsoverlapenough(and
coverall of , ), we candeducea boundon themixing
rateof theoriginalchainon theentirestatespace.

Following [7], let "

�

�������-�

"�� besubsetsof , such
that

�

$�"($ � , . We are interestedin two classesof
inducedMarkov chains.The�rst is a setof restricted
Markov chains,obtainedby restricting 1 to eachsub-
set "($ , i.e., any move of 1 thatwould take us from
an element �

1

"
$ to some &

�

1

"
$ , �

�

�

0

, is re-
jected. In particular, the restrictionto "

$ is a Mar-
kov chain, 1

$ , where the transitionmatrix ����� is
de�ned as follows: If �

�

� & and �

�

&

1

"
$ then

�����

�

�

�

&

�

� �

�

�

�

&

�

; if �

1

"
$ then �����

�

�

�

�

�

�

�

,
C

-O(

�
�
	

-��

�

'
�

�
�

�

�

�

&

�

.
The secondMarkov chain is the projection 1�


of the cover ! "

�

�������-�

"�� & , de�ned on the set
3 �

5

,
whereeachpoint

0

is associatedwith theset "%$ . Let
�

� "�#&%

'*(*)

0 !

0

5 �

1

" $
&�0 . The transitionma-
trix ��
 for Markov chain 1�
 is de�ned by let-
ting ��


�

0

�

�

�

�

M

�

�
���

���

	

�

M

�

���

	 for
0

�

��� , and ��


�

0

�

0

�

�

�

, C

*

�

��$

��


�

0

�

�

�

. The limiting distribution � of

this chainis given by �

�

0

�

� =

�

"
$

�

H��

�

, where �

�

�

C

$

C

'&(

�
�

=

�

�

�

�

�

. From[7] wehave

Theorem3.4 [7] In theprecedingframework,

;=<?>

�

�

� �

�

�

 

;=<?>

�

��


�

"�243

$��

�

	�������	 �

;=<?>

�

�
�

�

� �

4. A newdecompositionresult
Our goal is to give a method,analogousto that in

section3.3, but using a partition of , into disjoint
pieces.We relatethespectralgapof theoriginal chain
to the spectralgapof the restrictionto eachsetin the
partition,andthatof a new projectionof this partition.

We �rst brie�y introducethe framework thatCaracci-
olo, Pelisetto,and Sokal (CPS)usein the context of
simulatedtempering(see[7] for furtherdetails).

4.1. The CPStempering method
Let � denotea transitionmatrix of a Markov chain

on the �nite statespace , that is reversiblewith re-
spectto the probability distribution = . Supposethat
the statespaceis partitionedinto

�

disjoint pieces
,

�

�������-�

,�� . For each
0

� �

������� �

�

, de�ne �

)

� , the
restrictionof � to , $ , by rejectingjumpsthat leave

,+$ (as in section3.3). Let = $ be the normalizedre-
striction of = to , $ , i.e., = $

�

"

�

�

M

�

� �

)

�

	

�

�

where
 

$ ��=

�

,+$

�

. Let ! be anothertransitionmatrix that
is alsoreversiblewith respectto = . De�ne ! to be
thefollowing aggregatedtransitionmatrix on thestate
space!��

������� �

�

& :

!

�

0

�

�

�

�

�

 

$

+

'*(*)

�
	

-.(*)

�

=

�

�

�

!

�

�

�

&

� �

We notethat
 

$ !

�

0

�

�

�

�

 

* !

�

�

�

0

�

so ! is reversiblewith respectto theprobabilitymea-
sure

 

�

�

 

�

������� �

 

�

�

on !��

������� �

�

& .

Theorem4.1([7], Thm A.1) Assume! ispositivesemi-
de�nite. Let !

�#"

 

denotethenonnegativesquare root
of ! . Then
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�

�

)

�

� �

4.2. Disjoint decomposition
Weusetheorem4.1to deriveaboundonthespectral

gapof � .

Theorem4.2 Let �

)

� beasabove, and let � bede-
�ned asabovewith � in placeof ! . Then

;=<?>
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� �

�
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� �

Proof. Take ! � � in theorem4.1 above, anduse
thattheeigenvaluesof �

 

arethesquaresof theeigen-
valuesof � , sothat ;=<?>

�

�

�

���

,'&

�

,

;=<?>

�

�

 

� �

�

 

;=<?>

�

�

 

�

. (The inequality follows from the Taylor
seriesof �

,

M

�

,

� .)



We alsoderive a usefulcorollary. Supposewe re-
placethe matrix � with a transitionmatrix ��� on
the set !��

������� �

�

& , with Metropolis transitions,i.e.,
���

�

0

�

�

�

� "�243�!��

�

M

�

)

�

	

M

�

)

�

	

& . Let
�

$

�

, *

�

� ! &

1

, * 5��G�

1

,+$ with �

�

�

�

&

�

�

�

& . First we statea
usefullemmathatfollowsimmediatelyfrom the“func-
tionalde�nition” of thespectralgap(see[7, Eq. (7)]):

Lemma 4.3 Suppose� and � are Markov chainson
the samestatespace, each reversible with respectto
thedistribution = . Supposethereareconstants�

� and
�

 

such that �

�

�

�

�

�

&

�

���

�

�

�

&

�

� �

 

�

�

�

�

&

�

for all
�

�

�;& . Then �

�

;=<?>
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� ;=<?>

�
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�

.

Corollary 4.4 With �	� asabove, supposethereexists
� �

�

and 
 �

�

such that

1. �

�

�

�

&

� �

� for all ���'& in � ;

2. =

�

�

$

�

,
*

���,�


$=

�

,
*

�

for all pairs
0

� � in the
Markov chainde�nedby � .
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Proof. Notethat
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wherethe secondequality follows from reversibility
and the inequalitiesfollow from conditions1 and 2.
Multiplying by

�

M

�

)

�

	 , we see �

�

0

�

�

� �

�

C�
�

�

0

�

�

�

,

so ;=<�>

�

�

�P�

��
 ;=<?>

�

�
�

�

by lemma4.3.

We illustratetheuseof this new decompositionthe-
orem on the problem of sampling from the set of
weightedstaircasewalks. Our goal is not to �nd an
optimalboundonthemixing time,but rathertodemon-
stratetheapplicabilityof thisnew method.

5. Decompositionof
�

Noticing thatpathcouplingfails to show rapidmix-
ing of 1 when � ��� , it is naturalto try to sample
from a subsetof

.

, say
.

�

, thesetof staircasewalks
that hit the � -axis exactly � timesbetweenthe end-
points. We further breakthis down by decomposing

.

�

into sets
.

�

	 � , basedon thelocationof the � -axis
hits,wheresamplingfrom thesesubsetsis easy. In the
�nal two sectionswe show how to formalizethis ap-
proachusingthedecompositionmethodof section4.2.

The mountain/valley Markov chain 1 is insuf�-
cientfor samplingfrom

.

�

sincewewill neverbeable
to alter theplacesthata pathhits the � -axis. For this
reason,we needto introducea slight variant �1 on

.

for thepurposesof theanalysis;therapidmixing of the
simplerchain 1 followsfrom therapidmixing of �1

by averysimpleapplicationof thecomparisonmethod
(see[2, 9]).

In this new Markov chain �
1 thereare two basic

typesof moves. The �rst type of moves are inver-
sions. The secondtype of move consistsof chang-
ing one “propeller-like” structureinto its mirror im-
age.Letting

�

denotea “down” edgeand � an“up”
edge,if thereis a sequenceof four edges

�

� �

�

, we
canchangeit to thesequence�

�
�

� , or vice-versa.
Thesemovesareonly allowed whenonepoint of the
propellertouchestheboundary. See�gure 3 for a pic-
torial depictionof this move. We call sucha changea
propellermove(centered)at E .
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7
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6

6

697

7 6
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�

E E

Figure3: The propeller move

More formally, �1 iteratesthesesteps.

Onestepof Mark ov chain �1 :

1. Pick � uniformly at randomfrom !

	�������� ��	P� , 	

& ,
and let E denotethe point on the path whose � -
coordinateis � .

2.
� If � �

	

and E is the bottomof a valley on the
� -axis, with probability

�

 

�

�




>

	 set ���



� equal
to �

� invertedat E .

� If �2�

	

and E is thetopof apeakandinvertingit
will put it on the � -axis,with probability >

 

�

�




>

	

set ���



� equalto �$� invertedat E .



� If �

1

!��

�

(

������� ��	P� , 	

& , and E is thebottomof
a valley not lying on the � -axis,or if E is thetop
of a peakandinvertingat E doesnot put it onto
the � -axis,with probability

�

� set ��� 


� equalto
��� invertedat E .

� If E is the centralvertex of a propellerstructure
wherethe lowest point lies on the � -axis, with
probability

�

� set ��� 


� equal to �$� after per-
formingapropellermoveat E .

� In all othercases,set � � 


�

��� � .

First note that �1 is aperiodic( �$� 


�

� ��� with
probabilityat least

�

 

). Second,the only time a tran-
sition is possiblefrom a pathhitting the boundary �

timesto onehitting theboundary �

�

� (respectively
�

,

� ) timesis whenthereis a peak(respectively val-
ley) at the beginning of the walk, andwe selectthat
vertex in step1 of the chain. All othermovesof �1

preservetheweightof thewalk.
Having describedtheMarkov chain,weuseit to de-

�ne ametric O on
.

. For any pairof states�

�%#

1

.

,
if �

�

�

�%# �

�

�

(so � and
#

arenearestneighbors),
we de�ne O

�

�

��# �

to equalone-halfof theareaof the
symmetricdifferenceof the two staircasewalks. If

�

�

�

�%# �

�

�

(i.e., moving from � to
#

requires
more than one move), �rst considera path of states

� �

�

@

�

�

�

������� �

�

�2�

#

between� and
#

, where
�

�

�

$

�

�

$F


�

�

�

�

for each
0

�

���������:� ,

� ; then
de�ne O

�

�

�%# �

� "�243
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�
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O

�

�

$

�

�

$F


�

�

where the
minimumis takenoverall pathsjoining � and

#

. We
call O thetransitionmetric.

We apply the decompositionmethodof section4.2
to show rapidmixing of �1 on

.

. To do sowe need
to examinethe projectionof the partition !

.

�

& and
boundthespectralgapfor therestrictionto eachof the
subsets

.

�

. We dothis is thenext sectionsfollowing a
brief combinatorialexcursion.

5.1. A combinatorial look at �

For this subsection,we let �

�

denotethe set of
staircasewalks with

	��

edgesand let
.+�

�

denote
the subsetof �

�

containingthosewalks with � in-
ternal � -axis hits. The cardinalitiesof

. �

�

can be
shown to be log-concave, i.e., the sequenceof num-
bers 0

.
�

@

0

�

0

.
�

�

0

�

0

.
�

 

0

������� �

0

.
�

�����

0 is a log-concave se-
quence.This followsfrom two simplelemmas.

Lemma 5.1 For
� �

� and � � � �

� , 	

, 0

.+�

�

0$�

0

.

�����

�

���

0

�

0

. �

�




�

0 .

Lemma 5.2 For
� �

� and � �'� �

� , 	

,

0

.

�

�

0 � 0

.

�����

�

���

0

�

0

.

�����

�

0

������� �

0

.

� ���

���

 

0

�

Also,for
� � 	

,

0

.

�

@

0 � 0

.

�����

0 � 0

.

�����

@

0

������� �

0

.

�����

���

 

0

�

Proof. For the�rst part,weuselemma5.1iteratively,
so

0

.

�

�

0 � 0

.

�����

�

���

0

�

0

.

�

�




�

0

� 0

.

�����

�

���

0

�

0

.

�����

�

0

�

0

.

�

�




 

0 �

�����

For the second,thereis a bijection between
. �

@

and
. �����

by taking
�

1

. �

@

, deletingthe initial andter-
minal edgesof the walk, andshifting the walk down
andto theleft by oneto obtainastaircasewalk joining

���������

to
��	�� , 	 �����

.

Theorem5.3 For a �xed
� �

� , 0

. �

�

0 is log-concave.
In particular, for � � � �

� , 	

,

0

.

�

�

���

0

�

0

.

�

�




�

0 � 0

.

�

�

0

 

�

(1)

Proof. Weuseinductionon
�

. For notationalsimplic-
ity wesuppressthecardinalitysymbols.

For
�

��� , by asimpleenumerationof thepossibil-
ities,we �nd that

.
�

@

�

.
�

�

�

	

and
.

�

 

� � , sothat
.

�

@

� .
�

 

�

� .
�

�

�

 

.
Now assumethat for some

� ,

� that
.

� ���

�

is log-
concave. Also, assume�rst that �

�J	

. We want to
show that(1) holds. To do this, it suf�ces to show the
inequality

.

�����

�

�

 

3

.

�����

�

�/.

�����

�




�

������� � .

� ���

���
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.

�����

�

���

3
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�����
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� ���

�

������� �/.
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5
�

(2)

sincelemma5.2impliesthat(2) is equivalentto
.

�����

�

�

 

� .

�

�




�

�

.

�����

�

���

� .

�

�

�

(3)

By adding
. �

�

��. �

�




� to both sidesof (3), factoring,
andapplyinglemma5.1,weget(1).

To show (2), it suf�ces to show thesetof inequalities
.

� ���

�

�

 

� .

�����

�

���


�$

�

.

�����

�

���

� .

� ���

�

�

 


 $

for all
0 1J3

� ,

�

,

�

5

. Theseinequalitiesall hold
by our inductionhypothesisthat

.

�����

�

is log-concave.
Adding them,andthe extra term

.

� ���

�

���

� .

� ���

���

 

to the
right handside,givesus(2).

All thatremainsis thecase
.+�

@

� . �

 

�

� . �

�

�

 

(when
� � � ). We usethat

. �

@

�

. �

� and,from lemma5.1,
we see

. �

 

�

. �

� . Therefore,
. �

@

� . �

 

�

. �

�

�#. �

 

�

. �

�

� . �

� .



5.2. Projection 1: ���

�

�

���

We boundthe mixing rateof the projectionby ap-
pealingto theorem5.3. The (disjoint) projection � �

of the partition
.

���

�

�����

�

� @

.

�

is a randomwalk on

!

��������� ���K,

��& with stationaryprobabilities > ?

B

2

?

B

� ,
where

�

�

C

�����

�

�E@

� � 0

.

�

0 , andMetropolistransition
probabilities.Pathcouplingyieldsthefollowing theo-
rem.

Lemma 5.4 Themixingtimeof � � satis�es

0

L	�

�

/

�

��


�#�

 

� � � �%� � � �

�

/

� � �

5.3. Restriction 1: Mixing on ���

By thedisjointdecompositiontheorem,it suf�ces to
show that the restrictedMarkov chains( �1 restricted
to �

�

) arerapidlymixing in orderto concludethat �
1

is mixing on thewholestatespace
.

. We show this in
thenext section.

6. Decompositionof 


�

In thissectionweshow that �
1��

?

, theMarkov chain
restrictedto

.

�

, is rapidly mixing. To do this we ap-
ply thedecompositionmethoda secondtime. Firstwe
partition

.

�

andshow that �1
�

?

is mixing whenre-
strictedto eachof setof this partition. Following that,
we show the projectionis mixing usingheatbathdy-
namicsandthe comparisontheorem,settingthe stage
for corollary4.4.

Let � denotea subsetof
.

�

where each walk
touchesthe � -axis in the same � locations. For ex-
ample,(in the casethat

�1���

) we canconsiderthe
set of walk that hit the � -axis at the pointswith � -
coordinates

	������

and �

�

in the interior betweenthe
two endpoints.Thereare 4

�����

�

5

ways to specify the
locationof � internalhits,asthe � -coordinateof each
hit mustbeanevennumber. We write

.

�

���

�

�
�

�

	 � ,
wherethis unionis over all 4

�����

�

5

waysof specifying
thehitson the � -axis.

6.1. Restriction 2: Mixing of ���	� �

Let �
1��

?�� �

denotethe restrictionof �
1��

?

to the
set � . We have the following result,whoseproof is a
simpleapplicationof pathcoupling:

Lemma 6.1 Let � be a subsetof
.

�

as above, and
let �

�%#

1

� with O

�

�

�%# �

� � . After one step

of the Markov chain, �1��

?

	 � , on the set � , we have
�

�
�

O

�

�

�%#2� �

�

�

.

Proof. This proof is similar to lemma3.3,exceptthat
weneedonly considerthesituationwhenthepathsdif-
fer by a squarethat is at leastdistanceone from the

� -axis as in �gure 4. Therearetwo goodinversions
at E that decreasethe distanceby one, and at most
two inversionsincreasingthe distanceby one. Each
of theseinversionshappenswith equalprobability, so

�

�
�

O

�

�

�%#2�

�

�

.
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Figure4: Possible transitions inside
.

�

	 �

Lemma6.1 gives the �rst piecefor the path cou-
pling theorem. If O

�

�

��# �

�

�

, the probability of
thedistancechangingin onestepof �1��

?

	 � is at least
�

�

�

���

�

	 , since when we selecta vertex on the walk
we may avoid choosingone that lies on the � -axis,
andits immediateneighborto the right, as thesever-
ticeswill never move. For pairsof walks in

.

�

, we
have

�

�'O

�

�

�%# �

�

�"� ,

�

,

�

�

 

,��#� ,

�

,

�

�

. For
�

�%#

1

.

�

	 � thereis a sequenceof O

�

�

��# �

inver-
sionsthatwill transformonewalk into theother.

By a straightforwardapplicationof theorem3.2,we
have

Lemma 6.2 Themixingtimeof �1
�

?

	 � satis�es

0��

���

?

� �

�

/

�

��� �

���#� ,

�

,

�

�-�#� ,

�

, 	�� �

 

�

�

�

���

�

	

� � � �
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���

� �

�#� � �������

�

/

� � �

6.2. Projection 2: �!�

�

�

� ���	� �

Theprojectionof
.

�

	 � canbeviewedasa particle
processon

3

��5

. Theparticlesrepresenttheplacesthat
a pathhits the � -axis. The projectionof the Markov
chaincanbeviewedassingle-sitedynamicson theset
of particleswhichmovesoneparticleto theleft or right
in eachstep. Interestingly, analyzingthe mixing rate
of this particleprocesscannotbedoneusinga simple
pathcouplingargument,whichseemsto isolatethedif-
�culty with usingpathcouplingon theoriginalmoun-
tain/valley chain.However, theparticleprocessis suf-
�ciently simplethat we cananalyzeit indirectly. We
formalizethisapproachin thissubsection.



� Particle processwith single-sitedynamics

Considera set of
�L,

� sitesin a linear arrange-
ment, � of which containparticles,andlet �

�

denote
the setof all 4

�����

�

5

suchcon�gurations. An element
�

1

�

�

will correspondto theset,
.

�

	 �

���

	 , of all stair-
casewalksin

.

�

thathave � -axishits at thelocations
determinedby the particles. For example,if ��� �

and
�

is thecon�gurationwith particlesat sites
	

, � ,
and � , then

.

�

	 �

���

	 consistsof all walksin
.

� thathit
the � -axisat coordinates( ,

�

, and �

�

(recallingthat
walksonly hit the � -axisatevencoordinates).

The transitionson this set, commonly referredto
as single-site(or Glauber) dynamics,will consistof
selecting a particle at random and moving it one
spaceto the left or right (provided the destination
is unoccupied). More formally, if � and � � are
two con�gurations, each consistingof � particles,
which differ by a singleparticle (at distance1), then

�

�

�

�

�

� �

�

� "P2F3�!��

���

�

�

7

	

�

�

�

	

& . The stationaryproba-
bility �

�

�

�

of a con�guration � is proportionalto
.

�

�

�

�

.

�

�

 

� �����

.

�

�

�




�

�

, where � * is the distance
betweenparticles� and �

�

� in � . A directcoupling
argumenton this particleprocesswill fail becauseun-
derany couplingtherewill becon�gurations � and � �

which will tend to move fartherapartin expectation.
Insteadwe considerheatbathdynamicswhich allows
particlesto movegreaterdistancesin onemove.

� Particle processwith heatbath dynamics

We examinethe set �

�

usingheatbathdynamics,
with a �nal goal of deriving a boundon the mixing
time of the single-sitedynamicson this set. For con-
venience,weaddtwo particlesatsites

�

and
�

(corre-
spondingto theendpointsof thewalksin �

�

) andcon-
sider insteada particlemodelwith

� �

� sites(with
coordinates

�

through
�

) and �

� 	

particles. Only
particlesin sites �

������� ���%,

� are allowed to move.
We still referto this setas �

�

. We use
�
�

�

�

to denote
the location(coordinatevalue)of particle � in

�

. So
�
�

�

�

�

�

and
�
�

�

�%	+�

�

� �

� for every
�

1

�

�

.
TheMarkov chain ��

�

on �

�

hasheatbathdynam-
ics with transitionsas follows: Choosea particle at
random(excluding the two �x ed particles). Remove
this particle, and reinsert it in the interval between
its two neighborswith correctconditionalprobabili-
ties. That is, if

�

�

�K�

 

differ solely in the location
of particle � , then ��

�

���

�

���

 

�

��.

�

�
*

���

�

.

�

�
*

�

H

�

,
where �

*
�

�

 

�

�

�

�

� ,��

 

�

�

�

is the distancebe-
tweenparticles� and �

�

� . Thenormalizingconstant

�

�

C

�

���

� �

�

.

�

 

�

.

�

�

,

 

�

, where
�

�8� *

� �

�

� * .
If

�

� and
�

 

differ in thepositionof two or morepar-
ticles,then ��

�

���

�

�K�

 

�

�

�

.
Markov chain ��

�

is reversiblewith stationaryprob-
abilities

�

�

� � �

�I.

�

�

�

�

.

�

�

 

� �����

.

�

�

�




�

�

H �

�

�

, where
�

�

�

�

C

.

�

&

�

�

.

�

&

 

� �����

.

�

&

�




�

�

is the normalizing
constantand the sumis over all positive solutionsto

&

�

�

&

 

� �����#�

&

�




�

�

�

.
De�ne adistancemetric � onthesetof particlecon-

�gurations, with �

���

�

���

 

�

�

C

�

*%�

�

0

�

�

�

�

� , �

 

�

�

�

0 ,
thesumof distancesbetweencorrespondingparticles.
Notethat

�

���

���

�

���

 

�

�;�

�#� ,

�

,

�

�

. We exam-
ine theheatbathdynamicsusingpathcoupling,sowe
mustconsiderelementsdifferingby unit distance.

	 	 	 	 	 	 	 	 	 	 	

	 	 	 	 	 	 	 	 	 	 	































*

���

*

���

*

* *�


�

*�


�

Figure5: Typical situation for path coupling

Figure5 shows partsof two con�gurationswith �

particles,differing only at particle � . In our coupling,
if particle � is chosenin the�rst stepof themove,we
canreinsertit at the samepositionin eachcon�gura-
tion, decreasingthe distanceby one. Also, choosing
any other particle except �

,

� or �

�

� allows us
to reinsertit at the sameposition in eachcon�gura-
tion with identical probabilities,leaving the distance
unchanged.Sowe needto considerhow to couplethe
movesif we chooseparticle �

,

� or �

�

� . As the
othercaseis similar, considerthe casewhenparticle

�

,

� is selected.Figure6 shows the situationwith
particle �

,

� removedin eachcon�guration,with an
indicationof how themovesarecoupled.
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Figure6: The coupling for the particle system

Let
�

�

�

�

�

�

�!, �

�

�

�

,�	+�

. For
0 1 3 �

,

�

5

let
 

$ �9.

�

0

�

.

�

�

,

0

�

H

�

� betheprobabilityto insertat
position

0

between�

, 	

and � in theuppercon�gura-
tion,andfor

0 1 3 �

5

, let < $ � .

�

0

�

.

�

�

,

0

�

�

�

H

�

 

be the probability to insert the particle in the lower
con�guration

�

 

, where
�

�

�

C

�

���

$ �

�

.

�

0

�

.

�

�

,

0

�

is the normalizing constantfor
�

� and
�

 

�

C

�

$��

�

.

�

0

�

.

�

�

,

0

�

�

�

is the normalizingconstant



for
�

 

. We have the following surprisingcombinato-
rial lemmas:

Lemma 6.3 With < $

�

 

$ as above, theseprobabilities
satisfy < $ �

 

$ for
0

� �

������� �

�

,

� .

Proof. First we note that
�

�

�

 

�

�

 

� 


 

.

�

�

�

and
�

 

�

 

�

� 


�

.

�

�

�

�

�

, obtainedusingthede�ning re-
currencerelation for the Catalannumbers(see,e.g.,
[13]). Second,observe that

�

�

*�


��	

�

�

*

	

�

 

�

 

*�


��	

*�


 

for
�

�J�

, so this ratio increasesas �

	��

. We have
<�$%�

 

$ if andonly if

.

�

0

�

.

�

�

,

0

�

�

�

�

 

�

.

�

0

�

.

�

�

,

0

�

�

�

�

.

�

�

,

0

�

�

�

.

�

�

,

0

�

�

	

�

�

�

�%	+�

.

�

�

�

�

�

�

�

�

�

� �
	

�

, 	+�

.

�

�

�

�

This last inequalityfollows from our secondobserva-
tion above (i.e.,

�

�

�

�

$F


�
	

�

�

�

�

$

	

�

�

�

� 


�
	

�

�

�

	 ) andfrom the

factthat  

�

�

� 


 

	

�

� 


�
	

�

 

�

�

 

	

�9� . Hence < $%�

 

$ .

Lemma 6.4 With <
$

�

 

$ asabove, for all �

1 3 �

,

�

5
�

wehave
�

+

$ �

�

<�$ �

�

+

$ �

�

 

$%�

�




�

+

$��

�

< $

�

Proof. Half of theseinequalitiescomedirectly from
lemma6.3, i.e. <

�

�

 

� and <

 

�

 

 

imply <

�

�

<

 

�

 

�

�

 

 

. Similarly, <

�

�

<

 

�

<

�

�

 

�

�

 

 

�

 

� , etc. Thenstartwith the �nal inequalityof lemma
6.3,which is actuallyanequality,

 

�

� �������

 

�

���

�

<

�

������� �

< � . By the symmetryin the de�nition
of <�$ and

 

$ , we seethat < �

�

$4


�

� <�$ (for
0

�

�

������� �

�

), and
 

�

�

$ �

 

$ (for
0

� �

������� �

�

,

� ),
so from lemma6.3, < � �

 

�

��� . This implies that
 

�

� �����#�

 

�

�

 

� <

�

������� �

< �

��� . Since < �

���

�

 

�

�

 

, then
 

�

������� �

 

�

�
�

� <

�

� ����� �

< �

�

 

,
andsoforth to give theremaininginequalities.

Lemmas6.3 and 6.4 allow us to couplemoves in
the “zig-zag” mannershown in �gure 6. We reinsert
particle �

,

� at position � in both
�

� and
�

 

with
probability <

� . We placeit at position
	

in
�

 

and
at position � in

�

� with probability
 

�

,

<

� , andso
forth. In general,we placeparticle �

,

� at position
0

in bothwith probability
C

$

���

�

< �

,%C

$

���

�%�

�

 

� , where-
uponthedistancebetweenthe con�gurationsremains
unchanged.We placeparticle �

,

� atposition
0

in
�

�

and
0

�

� in
�

 

with probability
C

$

�%�

�

 

�

, C

$

���

�

<
� ,

increasingthedistanceby one.

Lemma 6.5 Let
�

�

�K�

 

1

�

�

with �

� �

�

�K�

 

�

� � .
After onestepof the coupledMarkov chain, ��

�

, we
have �

�
�

�

���

�

���

 

� �

�

�

.

Proof. We have notedthat selectinga particleother
than �

,

�

�

� , or �

�

� doesnot changethe distance,
andthatby choosingparticle � thedistancedecreases
by one. The badmovesthat increasethe distanceare
thosein which we insert �

,

� (or �

�

� ) at different
positionsin

�

� and
�

 

. If weselecteitherof thesetwo
particles,say �

,

� , theexpectedchangein distanceis
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, �����P,
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�

Recallingthat
 

$
�

 

�

�

$ and <
$

� <
�

�

$F


� , we can
alsowrite
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���
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, �

�

,
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�

<
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<
�

���

, �����+,
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Summingtheseequationsandsimplifying yields 
 �

�

 

. By symmetry this also representsthe expected
changein distancefor particle �

�

� .
Puttingthesepiecestogetherto determinetheover-

all expectedchange,we �nd that �

�$�

�

���

�

���

 

���

�

�

�

�N,

�

�

�

 

�

�

 

�

�

�

. (An inequality, as it is possi-
ble, say, that ���

	

so thereis no badmove for the
�x edparticle � .)

Whenever �

� �

�

�K�

 

�

�

�

, the probability that the
distancechangesin onestepis at least ��HP� . Usingthe
pathcouplingtheorem,wehaveaboundonthemixing
time for theMarkov chain ��

�

on �

�

:

0��

L

?

�

/

�

� � �

�

�

�#� ,

�

,

�

���

 

�

�

����� �

�

/

� �

� �

�#�
�

����� �

�

/

� � �

Recallthat �

�

, thetrueprojectionarisingfrom par-
titioning

.

�

, is alsoa Markov chainon �

�

but with
single-sitedynamicsusingMetropolistransitions.Our
analysisof theheatbathalgorithmallowsusto deduce
thatthisMarkov chainis alsorapidlymixing.

Lemma 6.6 TheMarkov chain �

�

on �

�

with single-
sitedynamicsis mixingin polynomialtime.



This theoremfollows from the Diaconis/Saloff-Coste
comparisonmethod(see[2, 9]); we leave thesedetails
for thefull paper.

We now have shown in lemmas6.2 and 6.6 that
the restrictionsde�ned by the decomposition

.

�

�

�

�

�

.

�

	 � , as well as the projection,are all mixing in
polynomial time. Appealing to corollary 4.4 with

� �

�

�

� and 
��

�

� , we �nd

Lemma 6.7 TheMarkov chain �1 on
.

�

is rapidly
mixing.

6.3. Mixing for � : The �nal word

A polynomialboundon the mixing time for �1 now
follows from all of our previouswork. By lemma6.7
the restrictionsto eachset

.

�

areall rapidly mixing,
and the mixing time of the projectionfollowed from
the log-concavity of the sets

.

�

(lemma5.4). Using
corollary 4.4, we can boundthe mixing time of the
chain �1 on all of

.

. Note that in this casewe have
� �

�

�

�

�

>




��	 and 
��

�

>

� .

Theorem6.8 TheMarkov chain �1 on
.

is rapidly
mixing.

Finally, a simpleapplicationof thecomparisonthe-
orem establishesa polynomialboundfor the mixing
time of the original simplerMarkov chain 1 on

.

.
The full analysisof all of thesestepswill be included
in the�nal versionof thispaper.
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