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Abstract

Staircase walks are lattice paths from to
which take diagonalstepsandwhich never fall
belowthe -axis. A pathhittingthe -axis timesis
assignedh weightof whee . Asimplelocal
Markov chainwhich connectghe statespaceandcon-
vemesto the Gibbs measue (which normalizesthese
weights)is knownto be rapidly mixingwhen ,
and can easily be shownto be rapidly mixing when
. We givethe r st proof that this Markov chain
is also mixingin the mote interestingcaseof ,
knownin the statisticalphysicscommunityas adsorb-
ing staircasewalks. Themain new ingredientis a de-
compositiortechniquewhich allows us to analyzethe
Markov chain in pieces,applyingdifferentarguments
to analyzeead piece

1.

1.1. The model
Staircasewalks(alsocalledDydk pathg arewalksin

Intr oduction

Z from to which stayabore thediago-
nal . Rotatingby , they correspondo walks
from to which take diagonalstepsby
adding or ateachstepandwhich never

fall below the -axis (see gure 1). The numberof
staircasavalksis exactly , the th Catalamum-
ber, which canbe calculatedexactly so samplingcan
be donerecursvely without a Markov chain. How-
ever, thereis also a simple Markov chainon the set
of staircasavalkswhich hasbeenvery usefulfor sam-
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pling other combinatorialobjectsincluding triangula-
tions [8] and planarmatchings[5, 14]. The Markov
chainconsistsof “mountainialley” ips by choosing

andif the th stepof thewalk is alocal op-
timum (a mountain),inverting it so thatit is a local
minimum (avalley), or vice-versa.

Figurel: A staircase walk ( )

A natural generalization studiedin the statistical
physicscommunity is to weight the set of staircase
walksaccordingto the numberof timesthey hit the -
axis. We assignaweight  to awalk which hits the

-axis times.TheGibbsmeasuranormalizeghis so
thatthe probabilityof awalk is ,
wherethe sumis takenoverall walks and isthe
numberof times hitsthe -axis. When this

is justtheuniformprobabilitywhere .
Taking favorswalkswhich stayaway from the
-axis,andtaking , calledadsorbingwalks fa-
vors walks which hit the -axis mary times. It was
shavn by vanRensloirg [10] thatthereis aphasdransi-
tionat : when ,thewalkswandelO
awayfromthe -axis,whereasvhen thewalks
neverwandemorethano =~ away.
Adsorbingstaircasevalksarecloselyrelatedto “re-
turning” walksonanin nite  -arytreewhichstartand
endattheroot. We labelthe edgesof thecomplete -
ary treeasa Cayley graphsothateachvertex is adja-
centto one edgewith eachof labels. A returning
walk of length | startingat the root, has edges



leadingawayfromtherootand returning.Wheneer
we areattherootwe have choicesof labelededges;
wheneer we are away from the root we have

edgeswvhich movesusfartheraway anda uniqueedge
which will bring us closerto the root. Hence,there
are walksof length  thathit theroot

times (including the initial time, but not the nal).

Usingadsorbingstaircasavalks,samplingis easy:(1)
Selecta staircasavalk of length  accordingto the
Gibbs measurewith — . A staircasevalk hit-
ting the -axis timesappearsvith probability pro-

portional to . The up edges
in this walk correspondo stepsin the treethatmove

away from theroot, andthe down edgesarethosethat

move backtowardsthe root. (2) Assignlabelsto the

up edgesuniformly atrandom(fromthesetof labels
for edgesstartingfrom the -axis,andfrom a suitable
setof labelsfor edgesabovethe -axis),assign-
ing labelsto the down edgeghatequalthelabelof the

mostrecentunpairedup edgeprecedingt. Thisgives
asequencef labelededgesorrespondingo alabeled
walk of length  inthe -arytree.

The mountain/alley Markov chaincanbe modi ed
to incorporatethe Gibbsweights. It is straightforvard
to shav thatit is rapidly mixing when . Wil-
son[14] givesa tight boundof -

when which providesan upperboundin the
case
When a simplecouplingargumentis insuf-

cient. Informally, for couplingto succeedve needto

constructa coupledMarkov chain so that close con-
gurations tend to come closertogether However,
in the adsorbingcase,pairs of walks that differ near
the -axiswill tendto divergeinitially. We notethat
thereare alternatve, recursve methodsfor sampling
adsorbingstaircasewalks basedon generatingfunc-
tions, but our goalin this paperis to understandow
thesenew weightingsaffect the mixing time of the
mountain/alley Markov chain.

A naturalapproachin trying to circumwentthis dif-
culty is to introducea new Markov chainbasedon
a heat bath algorithm. A heatbath works by eras-
ing a larger pieceof the currentcon guration (larger
thanthe mountain/falley walk which erasesnly two
edgesf thewalk) andmoving to anew con guration,
consistentwith the current(remaining)boundaryin-
formation,accordingo theconditionalprobability As
with mary suchalgorithms,this more elaborateMar-

kov chainappearso betoo dif cult to analyze.

1.2. Our results

In thispaperwe shawv thatthemountain/alley Mar-
kov chainis rapidly mixing evenin the case
(and henceall valuesof ). The main new ingre-
dientis a generaldecompositiortechniquewhich we
believe hasmary otherapplications. This new tech-
nigueis similarto adecompositiotheorenof Madras
andRandall[6,7], but is muchmorenaturalandmuch
simplerto apply Supposehe statespacecanbe natu-
rally partitionedinto sets (subjectto certaincon-
straints,outlinedin section4.2). Further supposehat
the Markov chainis rapidly mixing whenrestrictedto
ary of the . Finally, supposehata projection(also
de ned later) of thesesetsis rapidly mixing, suggest-
ing thatit is easyto travel from ary of the  to ary
other . Thenwe canconcludehattheoriginal Mar-
kov chainis rapidly mixing aswell. Thisis quite simi-
lar in spirit to the Madras/Randalesult,howevertheir
decompositiotheoremrequiresthatthe forma
coverandmustin facthave considerabl@verlaps.We
have foundthatthenew theoremis far morenaturalfor
severalapplications.

Given this new decompositiortechnique,we can
stateour stratgy for analyzingthe mountain/alley
chain. We rst decomposeahe statespace into

,where isthesetof staircasavalkswhich hit
the -axisexactly times.Firstwe shav that is
log-concae in . This immediatelyimplies that our
rst projection(accordingto the decompositiorthe-
orem)is mixing in polynomialtime, soit sufces to
shawv thatthe Markov chainrestrictedo is
rapidly mixing for each .

To show that is rapidly mixing, we applythe
decompositiortheorema secondtiime. This time we
partitionthe statespace(i.e., the setof staircasavalks
which hit the -axisexactly times)into sets
accordingto which  pointson the -axis the paths
hit. Shavingthat  israpidly mixing whenrestricted
to ary of thesesetsis straightforvard andfollows the
unbiasedasenvhen whichhasbeenpreviously
analyzed.

The projectionarisingfrom the seconddecomposi-
tion canbe viewed as an interestingparticle process:
we want to samplefrom the waysto place
particlesonthe -axisbetween and sothateach
con gurationoccurswith probability where

is thelengthof thegapbetweerthe thand st
particles,and is the th Catalannumber The
Markov chainarisingfrom this projectionis quite nat-



andmove the th
 if

ural: choose
particlein theleft or right directionaccordingto
possible.

This particle processisolatesthe dif culty in the
original mountain/alley Markov chain on weighted
staircasewalks; indeeda simple path coupling argu-
mentfails for an analogougeason.The nal stepof
our analysisis noticing that a heatbath algorithmis
easyto de ne for this particlesystemwhich doeshave
the desirableproperties. Namely it corvergesto the
correctstationarydistribution and, moreover, we can
shaw it mixesin polynomialtime. By a standarccom-
parisonargumentwe canshav thatthe mixing rate of
the heatbath algorithmis closeto the mixing rate of
the original particleprocess.Hence we canapply the
decompositiortheoremfor a secondime, therebyes-
tablishingthe polynomial-timemixing rateof theorig-
inal mountain/alley chainon the entire statespaceof
staircasevalks,asdesired.

2. A Mark ov chainon

We de ne anaturalMarkov chain  on , theset
of staircasewvalks with edgesfor a x ed

This mountain/alley Markov chainhaspreviously ap-
pearedin [5, 8, 14]. The transitionsof the chainare
inversionswhich replacdocal maximawith local min-
ima, or vice-versa,by interchangingwo edgesalong
thewalk. If the th pointonthepathis ,
and

we call it a mountainif
invertingit consistf setting . Likewise,
invertinga valley where con-

sistsof setting . The Markov chain

iteratesghefollowing steps.

One stepof Mark ov chain
1. Pick uniformly atrandomfrom ,

and let  denotethe point on the path whose -
coordinates
2. If isthebottomof avalley lying onthe -axis,

with probability set in-

vertedat . Otherwiseset

equalto

If isthetopof amountainandinvertingit will

putit onthe -axis,with probability set
equalto invertedat
If isthebottomof avalley notlying onthe -

axis,orif isthetopof amountainandinverting

at doesotputit onthe -axis,with probability
- set equalto invertedat

In all othercasesset

Notethatthis Markov chainis aperiodicreversible,
andthestationandistributionis the Gibbsdistribution,
namely — , where is the numberof times
thewalk toucheshe -axis. We shaw in the next
sectionthatthemixing time for this chainis polynomi-
ally boundedvhen usingpathcoupling.

3. Mixing machinery

In what follows, we assumethat is an er
godic (i.e. irreducibleand aperiodic),reversibleMar-
kov chainwith nite statespace , transitionproba-
bility matrix , andstationarydistribution

Thetime aMarkov chaintakesto cornvergeto its sta-
tionary distribution, the mixing time of the chain, is
measuredn termsof the distancebetweenthe distri-
butionattime andthestationandistribution. Letting

denotehe -stepprobabilityof goingfrom

to ,thetotal variationdistanceattime is

For , themixingtime is

We saya Markov chainis rapidly mixingif the mix-
ing time is boundedabove by a polynomialin  and
-, where isthesizeof eachcon gurationin the
statespace.
It is well known thatthe mixing rateis relatedto the
spectal gap of the transitionmatrix. For the transi-

tionmatrix , welet denotdts
spectralgap,where arethe eigen-
valuesof and for all

The following resultrelatesthe spectralgap with the
mixing time of thechain(see.e.g.,[12]):

Theorem3.1 Let . Forall

wehave

1. _



Remark. For simplicity, we may addself-loopswith
probability - to eachpointin the statespaceo ensure
that , alsoensuringaperiodicityof the Markov
chain. O

We giveabriefreview of someof thetechniqueshat
areusedto boundthe mixing time (or spectralgap)of
aMarkov chain,beforeintroducingour nev methodin
sectiord.2.

3.1. Path coupling

A couplingis aMarkov chainon with thefol-
lowing propertiesinsteadup updatingthe pair of con-
gurations independentlythe couplingupdateshem
so that the two processeswill tend to correlate,or
“move together’undersomemeasuref distanceput
eachprocess,yiewed in isolation, is just performing
transitionsof the original Markov chain. Also, once
the pair of con gurationsagreeat sometime, the cou-
pling guaranteeshey agreefrom that time forward.
Themixing time canbe boundedyy the expectedime
for con gurationsto coalesceinderary valid coupling.

More simply, pathcouplingletsusboundthemixing
time by analyzinga subsebf . The methodof
pathcouplingis describedn thenext theoremadapted
from[3]:

Theorem 3.2 [3] Let beanintegervaluedmetricde-

ned on takingvaluesn .Let be
a subsebf sud thatfor all
there existsa path between
and sudthat for and
De ne a coupling of on
all pairs . f for
all , and there exists sud that
forall ,thenthe

mixingtime satis es

3.2, Staircasewalks with

We demonstratehe methodof path coupling to
shav thatthemountain/alley chainon staircasevalks
is rapidly mixing when

We de ne ourdistancemeasure to be one-halfof
the areabetweenthe con gurations,i.e., drawving the
con gurationson the samesetof axis boundsrectan-
gularregionsbetweenthe pair of walks. The distance
betweerthetwo walksis one-halfof thesumof thear
easof theserectangularegions. For the coupling,we
takethepoint insteplof ,andattempto perform
thesametransitionin eachwalk. To usepathcoupling,
we mustexaminea pair of walksthatdiffer solelyby a
singletransitionof thechain(a singlesquare).

Figure2: Typical situations for path coupling

. After
, provided

Lemma 3.3 Let with

onestepof  wehave

Proof. Considerthe con gurationsin gure 2, which
shav piecesof walksthatagreeaverywhereexceptata
singlesquareandlet  denotehe“upper’walk. If the
squares adjacento the -axisasin gure 2.A, then
therearetwo transitionsthat decreas¢he distanceby
one,inverting in oneof thewalkssothey now agree
everywhere.lnverting or in increaseshedis-
tanceby one. Every othertransitionnot involving
, or doesnot changehedistancebetween and
. Therefore,in this casewe nd

(This is anin-

equalitysinceoneor bothof themoveswhichincrease
the distancemight not be valid moves.) The second
caseis if the differencedetweerthe two walks occur
aunitdistancdromthe -axis,asin gure 2.B.There
are alsotwo good inversionsat , eachwith proba-
bility -, andthoseat and increasethe distance
between and by one;all othermovespresere

the distancebetweenthe pair. In this case,we have

This last expressionis non-positve if . Other
situationswhere and differ by a squarethat is

faraway from the -axisareneutral;two goodmaoves
decreasdhe distanceby one, and (at most) two bad
moves increasethe distanceby one. Eachof these
movesoccurswith equalprobability; soin thesecases,
we alsohave O



An applicationof theorem3.2 gives a polynomial
boundon the mixing rate. Thesedetailsare left to
the reader We notethatin the casedemonstratedh
gure 2.B, thedistancewill increasen expectationif

3.3. The decompositionmethod

The Madras/Randaltlecompositiomethod[7] of-
fersadifferentapproactor boundingthemixing time
of aMarkov chainandwill bethemainmotivationbe-
hind our analysisin this paper The intuition behind
this methodis thatwe look at subset®f the statespace
andshaow thatthe Markov chainrestrictecto eachsub-
setis mixing. Then,if the setsoverlapenough(and
coverall of ), we candeducea boundon the mixing
rateof the original chainon the entirestatespace.

Following [7], let besubset®f such
that . We areinterestedn two classef
inducedMarkov chains.The rst is a setof restricted
Markov chainsobtainedyrestricting  toeachsub-
set ,i.e.,any move of thatwould take us from
an element to some , , is re-
jected. In particular the restrictionto is a Mar-

kov chain, , Wherethe transition matrix is
de ned as follows: If and then
o if then

The secondMarkov chain is the projection
of the cover , de ned on the set ,
whereeachpoint is associatedvith theset . Let
The transition ma-

trix for Markov chain is de ned by let-
ting for , and

The limiting distribution  of
this chainis given by , Where

. From[7] we have

Theorem 3.4 [7] In the precedingrramevork,

4. A newdecompositionresult

Our goal is to give a method,analogougo thatin
section3.3, but using a partition of  into disjoint
pieces.We relatethe spectralgapof the original chain
to the spectralgapof therestrictionto eachsetin the
partition,andthatof a new projectionof this partition.

We rst brie y introducethe framework that Caracci-
olo, Pelisetto,and Sokal (CPS)usein the contet of
simulatedempering(see[7] for furtherdetails).

4.1. The CPStempering method

Let denoteatransitionmatrix of a Markov chain
on the nite statespace thatis reversiblewith re-

spectto the probability distribution . Supposethat
the statespaceis partitionedinto disjoint pieces
. Foreach , de ne , the
restrictionof to , by rejectingjumpsthat leave
(asin section3.3). Let  bethe normalizedre-
strictionof to , i.e., where
. Let  beanothertransitionmatrix that

is alsoreversiblewith respecto . Dene  to be
thefollowing aggreyatedtransitionmatrix on the state
space :

We notethat

so s reversiblewith respecto the probabilitymea-
sure on .

Theorem4.1([7], Thm A.1) Assume ispositivesemi-
de nite. Let denotethe nonngativesquae root
of .Then

4.2. Disjoint decomposition
We usetheoremd.1to deriveaboundonthespectral
gapof

Theorem4.2 Let
ned asabovewith

beasabove andlet  bede-
in placeof . Then

Proof. Take
thattheeigervaluesof
valuesof |, sothat

- . (Theinequality follows from the Taylor
seriesof ) O

in theorem4.1 above, anduse
arethesquare®f theeigen-




We alsoderive a usefulcorollary Supposewe re-
placethe matrix ~ with a transition matrix on
the set , with Metropolis transitions,i.e.,
Let

with . First we statea
usefullemmathatfollowsimmediatelyfrom the“func-
tional de nition” of thespectragap(se€[7, Eq. (7)]):

Lemma4.3 Suppose and are Markov chainson
the samestate space ead reversible with respectto

thedistribution . Supposé¢hereareconstants and
sud that for all
. Then

Corollary 4.4 Wth
and

asabove supposehereexists
sud that

1. for all in

2 for all pairs in the

Markov chainde nedby .

Then

Proof. Notethat

wherethe secondequality follows from reversibility
and the inequalitiesfollow from conditions1 and 2.
Multiplying by ——, we see ,

SO by lemma4.3. O

We illustratethe useof this new decompositiorthe-
orem on the problem of samplingfrom the set of
weightedstaircasevalks. Our goalis notto nd an
optimalboundonthemixingtime, but ratherto demon-
stratethe applicability of this nev method.

5. Decompositionof

Noticing thatpathcouplingfails to shawv rapid mix-

ing of when , it is naturalto try to sample
fromasubsebf ,say ,thesetof staircasaevalks
thathit the -axisexactly timesbetweenthe end-

points. We further breakthis down by decomposing
into sets , basednthelocationof the -axis
hits, wheresamplingfrom thesesubsetss easy In the
nal two sectionswe shov how to formalize this ap-
proachusingthedecompositionmethodof sectior4.2.

The mountainialley Markov chain is insuf-
cientfor samplingfrom  sincewewill neverbeable
to alterthe placesthata pathhitsthe -axis. For this
reasonwe needto introduceaslightvariant  on
for thepurpose®f theanalysistherapidmixing of the
simplerchain  followsfrom therapidmixing of
by avery simpleapplicationof thecomparisormethod
(se€[2, 9)).

In this new Markov chain thereare two basic
typesof moves. The rst type of moves are inver-
sions. The secondtype of move consistsof chang-
ing one “propellerlike” structureinto its mirror im-
age.Letting  denotea“down” edgeand an“up”
edge,|f thereis a sequencef four edges , we
canchangeit to the sequence , Or vice-versa.
Thesemovesare only allowed whenone point of the
propellertouchegheboundary See gure 3 for a pic-
torial depictionof this move. We call sucha changea
propellermove (centeredpt

Figure3: The propeller move

More formally, iterateshesesteps.

One stepof Mark ov chain

1. Pick uniformly atrandomfrom ,
and let  denotethe point on the path whose -
coordinatés

2. If and s the bottomof a valley on the
-axis, with probability set equal
to  invertedat
If and isthetopof apeakandinvertingit
will putit onthe -axis,with probability ——
set equalto invertedat



If ,and isthebottomof

avalley notlying onthe -axis,orif isthetop

of a peakandinvertingat doesnot putit onto

the -axis,with probability - set equalto
invertedat

If isthe centralvertex of a propellerstructure

wherethe lowest point lies on the -axis, with
probability - set equalto after per
forming a propellermove at
In all othercasesset

First note that is aperiodic( with

probability at least - ). Secondthe only time a tran-
sition is possiblefrom a path hitting the boundary
timesto onehitting the boundary (respectiely
) timesis whenthereis a peak(respectiely val-
ley) at the beginning of the walk, and we selectthat
vertex in stepl of the chain. All othermovesof
presere theweightof thewalk.
Having describedheMarkov chain,we useit to de-
ne ametric on . Forary pairof states ,
if (so and arenearesheighbors),
wede ne to equalone-halfof the areaof the
symmetricdifferenceof the two staircasewalks. If
(i.e., moving from to  requires
more than one move), rst considera path of states

between and ,where

for each ; then

de ne where the
minimumis takenoverall pathgoining and . We

call thetransitionmetric

We apply the decompositiormethodof section4.2
to shaw rapid mixing of on . Todosowe need
to examinethe projectionof the partition and
boundthe spectraapfor therestrictionto eachof the
subsets . Wedothisisthenext sectiongollowing a
brief combinatoriakxcursion.

5.1. A combinatorial look at

For this subsectionwe let denotethe set of
staircasewalks with edgesand let denote
the subsetof containingthosewalks with  in-
ternal -axis hits. The cardinalitiesof can be
shavn to be log-concae, i.e., the sequencef num-
bers is a log-concae se-
guence Thisfollows from two simplelemmas.

Lemmab.1 For and ,

Lemmab.2 For and ,

Also,for ,

Proof. Forthe rst part,we uselemmab.1literatiely,
S0

For the second thereis a bijection between  and
by taking , deletingtheinitial andter-

minal edgesof the walk, and shifting the walk down

andto theleft by oneto obtaina staircasavalk joining
to . O

Theorem5.3 For a xed ,
In particular, for ,

islog-concave

1)

Proof. We useinductionon . For notationakimplic-
ity we suppresshe cardinalitysymbols.

For , by asimpleenumeratiorf thepossibil-
ities,we nd that and , sothat

Now assumehatfor some that is log-
concae. Also, assumerst that . We wantto
shav that(1) holds. To dothis, it sufces to shav the
inequality

)
sincelemmab.2impliesthat(2) is equivalentto

®3)
By adding to both sidesof (3), factoring,

andapplyinglemma5.1,we get(1).
To shaw (2), it sufces to shaw thesetof inequalities

for all Theseinequalitiesall hold

by ourinductionhypothesighat is log-concae.
Adding them,andthe extra term to the
right handside,givesus(2).

All thatremaingsthecase (when

). We usethat and,from lemmas.1,
we see . Therefore,

O



5.2. Projection1:
We boundthe mixing rate of the projectionby ap-
pealingto theorem5.3. The (disjoint) projection
of the partition is a randomwalk on
with stationaryprobabilities ,

where , and Metropolistransition
probabilities.Path couplingyieldsthe following theo-
rem.

Lemma5.4 Themixingtime of satis es

5.3. Restriction 1: Mixing on

By thedisjointdecompositiortheoremijt sufces to
shawv thatthe restrictedMarkov chains(  restricted
to ) arerapidly mixing in orderto concludethat
is mixing onthewholestatespace . We shaw thisin
the next section.

6. Decompositionof

In thissectionwe shaw that , theMarkov chain
restrictedto  , is rapidly mixing. To do this we ap-
ply the decompositionmethoda secondime. Firstwe
partition  andshaw that is mixing whenre-
strictedto eachof setof this partition. Following that,
we shav the projectionis mixing usingheatbathdy-
namicsandthe comparisortheorem settingthe stage
for corollary4.4.

Let denotea subsetof where each walk
touchesthe -axisin thesame locations. For ex-
ample,(in the casethat ) we canconsiderthe
setof walk that hit the -axis at the pointswith -
coordinates and in the interior betweenthe
two endpoints. Thereare waysto specifythe
locationof internalhits,asthe -coordinateof each
hit mustbe anevennumber We write ,
wherethis unionis over all waysof specifying
thehitsonthe -axis.

6.1. Restriction 2: Mixing of

Let denotethe restrictionof to the
set . We have thefollowing result,whoseproofis a
simpleapplicationof pathcoupling:

as above, and
After one step

Lemma6.1 Let be a subsetof
let with

of the Markov chain, , ontheset , wehave

Proof. This proofis similarto lemma3.3, exceptthat

we needonly considetthesituationwhenthepathsdif-

fer by a squarethatis at leastdistanceone from the
-axisasin gure 4. Therearetwo goodinversions

at that decreasdahe distanceby one, and at most

two inversionsincreasingthe distanceby one. Each

of theseinversionshappensvith equalprobability, so

O

Figure4: Possible transitions inside

Lemma6.1 givesthe rst piecefor the path cou-
pling theorem. If , the probability of
thedistancechangingn onestepof is atleast
——, sincewhen we selecta vertex on the walk
we may avoid choosingone that lies on the -axis,
andits immediateneighborto the right, asthesever

ticeswill never move. For pairsof walksin |, we
have . For
thereis a sequencef inver-

sionsthatwill transformonewalk into the other
By astraightforvardapplicationof theorem3.2,we
have

Lemma 6.2 Themixingtime of satis es

6.2. Projection 2:

The projectionof canbeviewedasa particle
procesn . Theparticlesrepresenthe placesthat
a pathhitsthe -axis. The projectionof the Markov
chaincanbeviewedassingle-sitedynamicson the set
of particleswhich movesoneparticleto theleft or right
in eachstep. Interestingly analyzingthe mixing rate
of this particleprocesannotbe doneusinga simple
pathcouplingagumentwhich seemdo isolatethedif-
culty with usingpathcouplingon the original moun-
tain/valley chain. However, the particleprocesss suf-
ciently simplethatwe cananalyzeit indirectly. We
formalizethis approachn this subsection.



Particle processwith single-sitedynamics

Considera set of sitesin a linear arrange-
ment, of which containparticles,andlet denote
the setof all suchcon gurations. An element

will correspondo theset, , of all stair
casewalksin  thathave -axishitsatthelocations
determinedby the particles. For example, if

and isthecon gurationwith particlesatsites , ,
and ,then consistof all walksin  thathit
the -axisatcoordinates, ,and (recallingthat

walksonly hit the -axisatevencoordinates).

The transitionson this set, commonly referredto
as single-site(or Glaube) dynamics,will consistof
selectinga particle at random and moving it one
spaceto the left or right (provided the destination
is unoccupied). More formally, if and are
two con gurations, each consistingof  particles,
which differ by a single particle (at distancel), then

The stationaryproba-

bility of a con guration is proportionalto
, Where is the distance
betweerparticles and in . Adirectcoupling

argumenton this particleprocesswill fail becausein-
derary couplingtherewill becon gurations and
which will tendto move fartherapartin expectation.
Insteadwe considetheatbathdynamicswhich allows
particlesto move greaterdistancesn onemove.

Particle processwith heatbath dynamics

We examinethe set using heatbath dynamics,
with a nal goal of deriving a boundon the mixing
time of the single-sitedynamicson this set. For con-
veniencewe addtwo particlesatsites and (corre-
spondingo theendpointof thewalksin ) andcon-
siderinsteada particle modelwith sites(with
coordinates through ) and particles. Only
particlesin sites are allowed to move.

We still referto thissetas . We use to denote

the location(coordinatevalue)of particle in . So
and for every .

TheMarkov chain  on hasheatbathdynam-

ics with transitionsas follows: Choosea particle at
random(excluding the two x ed particles). Remwe
this particle, and reinsertit in the interval between
its two neighborswith correctconditional probabili-
ties. Thatis, if differ solely in the location
of particle , then
where
tweenparticles and

is the distancebe-
. Thenormalizingconstant

, Where .

If and differin thepositionof two or morepar
ticles,then .

Markov chain s reversiblewith stationaryprob-

abilities , Where

is the normalizing
constantandthe sumis over all positive solutionsto

De ne adistancametric onthesetof particlecon-
gurations, with ,
the sumof distancedetweerncorrespondingarticles.
Note that . We exam-
ine the heatbathdynamicsusingpathcoupling,sowe

mustconsiderlementdiffering by unit distance.

Figure5: Typical situation for path coupling

Figure5 shavs partsof two con gurationswith
particles differing only at particle . In our coupling,
if particle ischosernin the rst stepof themove,we
canreinsertit at the samepositionin eachcon gura-
tion, decreasinghe distanceby one. Also, choosing
ary other particle except or allows us
to reinsertit at the samepositionin eachcon gura-
tion with identical probabilities,leaving the distance
unchangedSowe needto considethow to couplethe
movesif we chooseparticle or . As the
other caseis similar, considerthe casewhen particle

is selected. Figure 6 shavs the situationwith
particle removedin eachcon guration, with an
indicationof how the movesarecoupled.

Figure6: The coupling for the particle system

Let . For let
bethe probabilityto insertat
position between and intheuppercon gura-
tion, andfor , let
be the probability to insertthe particle in the lower
con guration , where

is the normalizing constantfor and

is the normalizingconstant



for . We have thefollowing surprisingcombinato-
rial lemmas:

Lemma 6.3 With
satisfy for

as above theseprobabilities

First we note that and

, Obtainedusingthede ning re-

currencerelation for the Catalannumbers(see, e.g.,

[13]). Second,obsere that for

, Sothis ratio increasesas . We have
if andonly if

Proof.

This lastinequalityfollows from our secondobsenra-
tion above (i.e., ) andfrom the

factthat

. Hence . O

Lemma 6.4 With
wehave

asabove for all

Proof. Half of theseinequalitiescomedirectly from
lemmab.3, i.e. and imply
. Similarly,
, etc. Thenstartwith the nal inequalityof lemma
6.3, whichis actuallyanequality
By the symmetryin the de nition

of and , we seethat (for
), and (for ),
so from lemma®6.3, . This implies tha
. Since

, then ,
andsoforth to give theremaininginequalities. O

Lemmas6.3 and 6.4 allow us to couplemovesin
the “zig-zag” mannershovn in gure 6. We reinsert

particle at position in both and  with
probability . We placeit at position in and
at position in with probability , andso
forth. In generalwe placeparticle at position

in bothwith probability , Where-

uponthe distancebetweerthe con gurationsremains
unchangedWe placeparticle atposition in
and in  with probability ,
increasinghedistanceby one.

Lemma6.5 Let with
After one stepof the coupledMarkov chain,
have

, wWe

Proof. We have notedthat selectinga particle other
than , or doesnot changethe distance,
andthatby choosingparticle thedistancedecreases
by one. The badmovesthatincreasehe distanceare
thosein which we insert (or ) atdifferent
positionsn  and . If weselecteitherof thesewo
particles say , theexpectedchangen distances

Recallingthat and

alsowrite

, We can

Summingtheseequationsaandsimplifying yields

-. By symmetrythis also representshe expected

changen distanceor particle
Puttingthesepiecestogetherto determinethe over

all expectedchange,we nd that

. (An inequality asit is possi-

ble, say that

sothereis no bad move for the
X edparticle .) O
Wheneer , the probability that the

distancechangesn onestepisatleast . Usingthe
pathcouplingtheoremwe have aboundon themixing
timefor theMarkov chain  on

Recallthat , thetrueprojectionarisingfrom par
titioning , is alsoa Markov chainon but with
single-sitedynamicsusingMetropolistransitions.Our
analysisof the heatbathalgorithmallows usto deduce
thatthis Markov chainis alsorapidly mixing.

Lemma6.6 TheMarkovchain on  withsingle-
sitedynamicdgs mixingin polynomialtime



This theoremfollows from the Diaconis/SaldfCoste
comparisormethod(see[2, 9]); we leave thesedetails
for thefull paper
We now have shawvn in lemmas6.2 and 6.6 that
the restrictionsde ned by the decomposition
, aswell asthe projection,areall mixing in
polynomial time. Appealing to corollary 4.4 with

— and -,we nd
Lemma 6.7 The Markov chain on is rapidly
mixing
6.3. Mixing for : The nal word

A polynomialboundon the mixing time for now
follows from all of our previouswork. By lemma6.7
therestrictionsto eachset  areall rapidly mixing,
andthe mixing time of the projectionfollowed from
the log-concaity of thesets  (lemmab5.4). Using
corollary 4.4, we can boundthe mixing time of the
chain  onall of . Notethatin this casewe have
and —

Theorem 6.8 The Markov chain
mixing

on s rapidly

Finally, a simpleapplicationof the comparisorthe-
orem establishes polynomial boundfor the mixing
time of the original simpler Markov chain on
Thefull analysisof all of thesestepswill belncluded
in the nal versionof this paper
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