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Abstract. We present an algorithm which takes as input a closed semi-
algebraic set,S RK, de ned by

Pi 0P 0P 2 R[Xq;:::;Xk];degPi) 2

and computes the Euler-Poincae characteristic ofS. The complexity of
the algorithm is k©0).
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1. Introduction

Let R be areal closed eld and letS R* be a basic semi-algebraic set de ned
by P, 0;:::;P 0; with Py 2 R[Xq;:::; Xk]; degP;) 2,1 i .
It is known [2, 3] that the sum of the Betti numbers ofS (and hence also its
Euler-Poincae characteristic) is bounded byk®(): Notice that for xed °, these
bounds are polynomial irk. One can also check whethe® is non-empty, as well
as compute a nite set of sample points meeting every connect component
of S in time k°O) [2, 10]. However, no algorithm with similar complexity is
known for computing any of the individual Betti numbers ofS (for instance, the
number of connected components). The best known algorithrorf computing
all the Betti numbers of S has complexitykzo(\) [5].

Here, and elsewhere in this paper the Betti numbeh (S), is the dimension
of the simplicial homology group,H;(S;Q); in caseS is closed and bounded.
If S is a closed but not necessarily bounded semi-algebraic sk{S) is the
dimension ofH;(S\ Bg(0;r); Q), for su ciently large r > 0 (here and in the
rest of the paper,B,(0;r) denotes the open ball of radius in R¥ centered at
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the origin, and X denotes the closure of a semi-algebraic 9€1). It is easy to
see thath (S) is well-de ned and we denote by

X .
(8= ( V)b

i=0

the Euler-Poincae characteristic of S.

In this paper we describe an algorithm for computing the EutePoincae
characteristic of S, whose complexity isk®(). Our algorithm relies on an
e cient algorithm for computing the Euler-Poincae characteristic of the real-
izations of all realizable sign conditions of a family of pghomials described in
[6] and uses di erent techniques than those used in [2, 10].

The main result of this paper is the following.

Main Result: We present an algorithm (Algorithm 4.2 in Section 4) which

2;1 1 ; computes the Euler-Poincae characteristic, (S), where S is the
setdened by P, 0;:::;P- 0. The complexity of the algorithm isk®():
If the coe cients of the polynomials in P are integers of bitsizes bounded by

, then the bitsizes of the integers appearing in the interméate computations
and the output are bounded by k °O):

The rest of the paper is organized as follows. In Section 2, @escribe some
mathematical and algorithmic results we will need for our glorithm. We also
include a brief introduction to spectral sequences sincedf play a motivating
role in the design of the main algorithm described in this pagr. In Section 3,
we describe an algorithm for computing the Euler-Poincaecharacteristic of
a set de ned by homogeneous quadratic inequalities. Fingllin Section 4 we
describe our algorithm for the general (inhomogeneous) eas

For referring to well known results in real algebraic geomst we sometime
use reference [7] as a useful source.

2. Preliminaries

In this section we describe some mathematical and algorithoresults we will
require in the rest of the paper.

2.1. De nition of the Euler-Poincae Characteristic. For the purposes
of our algorithm, it will be useful to de ne Euler-Poincae characteristic for
locally closed semi-algebraic sets. We do this in terms ofehBorel-Moore
homology groups of such sets (de ned below). This de nitioragrees with the
de nition of Euler-Poincae characteristic stated earlier for closed and bounded
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semi-algebraic sets. They may be distinct for semi-algelicasets which are
closed but not bounded.

The simplicial homology groups of a pair of closed and boundiesemi-
algebraic setsT S R¥ are dened as follows. Such a pair of closed,
bounded semi-algebraic sets can be triangulated [7] usingpair of simplicial
complexes K; A), where A is a sub-complex oK. The p-th simplicial homol-
ogy group of the pair §; T), Hp(S; T), is Hp(K; A). The dimension ofHy(S; T)
as a Q-vector space is called thep-th Betti number of the pair (S;T) and
denotedy,(S; T). The EuIer-Poinca;: characteristic of the pair S;T) is

(&M= ( V(ST
|

The p-th Borel-Moore homology group ofS  R¥, denoted HZY (S), is
de ned in terms of the homology groups of a pair of closed andbnded semi-
algebraic sets as follows. Far> 0, letS, = S\ B, (0; r): Note that, for a locally
closed semi-algebraic s, both S, and S, nS; are closed and bounded and
hencer(S_r;S_r nS;) is well de ned. Moreover, it is a consequence of Hardt's
triviality theorem [11] that the homology group Ho(S;;S; n'S;) is invariant
for all suciently large r > 0. We dene, H3V (S) = Hy(S;S nS); for
r > 0 su ciently large, and it follows from the remark above that it is well
de ned. The Borel-Moore homology groups are invariant undesemi-algebraic
homeomorphisms (see [8]. It also follows clearly from the diion that for
a closed and bounded semi-algebraic set, the Borel-Moorenfwogy groups
coincide with the simplicial homology groups.

For a locally closed semi-algebraic s&, we de ne the Borel-Moore Euler-
Poincae characteristic by,

BM X( M
)= BM(S);
i=0

where PM (S) denotes the dimension oH2M (S;Q): Note that if S is closed
and bounded, then BM (S)= (S):

The Borel-Moore Euler-Poincae characteristic has the ftowing additive
property.
Proposition 2.1.  Let X; X ; and X, be locally closed semi-algebraic sets such
that

Xl[ X, = X,Xl\ Xo= !
Then
BM(X)= PM(Xy)+ BM(Xy):
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Proof. This is classical (see for example, Proposition 2.6 in [6] fa proof).
2.2. Sign Conditions and their realizations. A sign conditionis an ele-
ment of f0;1; 1g. We de ne

8

20 if and only if x=0
sign(x) = S 1 ifandonlyif x>0
1 ifandonlyif x< O

Let Z R be a locally closed semi-algebraic set and [Bt= fPy;:::; Psg
be a nite subset of RX1;:::;Xk]. A sign conditionon P is an element of
fo;1, 10°:

The realization of the sign condition on Z is

R(;Z)=1x22Z ] signP(x)) = (P)g;
P2P

and its Euler-Poincae characteristic is denoted BM (;Z ):
We denote by SignP;Z) the list of 2 f0;1; 1g° such that R(;Z ) is
non-empty. We denote by BM (P;Z) the list of Euler-Poincae characteristics
BM(;Zz)= BM(R(;Z)) for 2 Sign(P;2).
We will use the following algorithm for computing the list BM (P;Z) de-
scribed in [6]. We describe here the input, output and comptéy of the algo-
rithm.

Algorithm 2.2. Euler-Poincae Characteristic of Sign Conditions.
Input: an algebraic setZ = Z(Q;R¥) R¥and a nite list P = Py;:::; P of

Output: the list BM (P;2Z).

Complexity:  Let k°be the dimension ofZ, d a bound on the degree of) and
the elements ofP and s =#( P)). The number of arithmetic operations is

KL o(d)* + s°((klogy(s) + k log,(d))d)°®):

The algorithm also involves the inversion matrices of siz#’O(d)¥ with integer
coe cients.

If D = Z; and the bitsizes of the coe cients of the polynomials are bawded
by , then the bitsizes of the integers appearing in the interméate computa-
tions and the output are bounded by ((k°log,(s) + klog,(d))d)°®.
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2.3. In nitesimals. In our algorithms we will use in nitesimals in order to
ensure that the set we are dealing with is bounded. To ensuréis we will
extend the ground eld R to RH'i, the real closed eld of algebraic Puiseux
series in" with coe cients in R. The sign of a Puiseux series in R'i agrees
with the sign of the coe cient of the lowest degree term in". This induces
a unique order on RI'i which makes" in nitesimal: " is positive and smaller
than any positive element of R.

If R%is a real closed eld containing R, then given a semi-algelicaset S
in R, we denote theextensionof S to R® by Ext(S:RY. Ext(S;RY is the
semi-algebraic subset of & de ned by the same quanti er free formula that
de nes S. The set Ext(S;RY is well de ned (i.e. it only depends on the set
S and not on the quanti er free formula chosen to describe it). This is an
easy consequence of the Tarski-Seidenberg transfer pnohei(see for example
Section 2.4.1 in [7]).

2.4. Spectral Sequences. For the benet of the readers we include a brief
introduction to the theory of spectral sequences pointingot [9, 12] for more
details.

A spectral sequencés a sequence of bigraded complexeg,(d, : EP9 !
EP+ra 1) such that the complexE;.; is obtained fromE, by taking its ho-
mology with respect tod, (thatis E,;.; = Hg, (E;)).

There are two spectral sequence® ™% °EP9 (corresponding to taking row-
wise or column-wise lItrations respectively) associated ithh a double complex
C - ; which will be important for us. Both of these converge téd (Tot (C :)):
This means that the homomorphismgd, are eventually zero, and hence the
spectral sequences stabilize, and

. M _ .
EN = 09 = H(Tot (C ));
pto=i pto=i

for eachi 0.

The rst terms of these are®®; = H (C ' );%E, = HgH (C ), and °E, =
Hq(C #);%E2= H Hy(C 7).

In particular, assuming that the complexC * is bounded in both directions,
we have that,

Proposition 2.3.

P o | P _ |
Lol DN dim(HI(Tot (C7)) = 5 g o 1P 9dim(ESY)
= g ol DPradim(OESY:
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p+q=" p+q:‘+1p

Figure 2.1:d, : EP91 EP*tra 1+l

2.5. Leray Spectral Sequence of a map. The Leray spectral sequence of
a proper map,

f Al B:

is a classical tool in algebraic topology which relates theobomology of the
spaceA, with those of the spaceB and of the bers of the mapf. Its most
common use is in the theory of sheaf cohomology [9]. We willetkit in a
very special situation where the set& and B are compact semi-algebraic sets
and f a continuous semi-algebraic map. In this special situatiom is possible
to de ne the Leray spectral sequence in terms of triangulatns, which we do
below.

Consider a semi-algebraic continuous map, : A! B, whereA and B
are compact semi-algebraic sets. Moreover, let ! B be a semi-algebraic
triangulation of B, and letH (A) denote a cell-complex, such thad is the union
of the cells inH(A), and such that for any simplex 2 , A =f (h())is
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a subcomplex ofH (A) ( where X denotes the topological closure of).
Then, the Leray spectral sequence bfis isomorphic to the spectral sequence
(corresponding to the column-wise lItration) associateda the double complex

C ° de ned as follows: M

Cp;q - CQ(A );
a p-simplex in
where C9(A ) denotes the vector space af-co-chains of the compleXA . The
horizontal and the vertical di erentials are the obvious oes (see [9]). The

spectral sequence associated to the double complex de ndibge converges to
the co-homology ofA.

3. The basic homogeneous case
polynomials, and letS be the basic closed semi-algebraic set de ned on the

unit sphere S R¥*! by the inequalities,

ForJ f 1;:::;°g, we denote byS’ = [;2;S;: The following equality is a
consequence of the exactness of the Mayer-Vietoris sequenc

Lemma 3.1. X
(S) = ( 1 (&)
Jf 159
Proof. In case” = 2, this is a direct consequence of the exactness of Mayer-

Vietoris sequence (see for example, [7], Corollary 6.28)hd general case follows
from an easy induction.

Thus, in order to compute (S) it su ces to compute (S’) for eachJ

3.1. Topology of sets de ned by quadratic constraints. We rst recall
some facts about topology of sets de ned by quadratic ineqlides [1]. Let
P1;:::; Ps be homogeneous quadratic polynomials in Rp;:::; Xk].

[
A= fx 2 SKjPi(x) Og:

1i s
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Let
= fl 2R%jjlj=2;'y O;1 i sg
For! 2 we denote by !'P the quadratic form de ned by

Let B Sk be the set de ned by,
B=f(:x)j! 2 ;x2S*and!P (x) 0g:

We denote by ;:B! and ,:B! Sk the two projection maps.

The following was proved by Agrachev [1]. With the notation dveloped
above,

Proposition 3.2. The map , gives a homotopy equivalence betwed and
2(B) = A.

Proof. We rst prove that ,(B) = A: If x 2 A; then there exists some

;1 i s;suchthatPi(x) O:Thenfor! =( q4;:::; i) (where j =1

if i = j, and O otherwise), we see that!(x ) 2 B: I(_;onversely, ifx 2 ,(B);

then there exists! = (!4;:::;1s) 2 such that, i5=1 IiPi(x) 0. Since,
Iy 01 i s; and not all '; = 0, this implies that Pj(x) 0 for some
i;1 i s. This shows thatx 2 A.

Forx 2 ,(B), the bre
,Hx)= f(5;x)j! 2 suchthat P (x) Og;
can be identi ed with a non-empty subset of de ned by a single linear in-

equality. From convexity considerations, all such bres aaclearly be retracted
to their center of mass continuously, proving the rst half & the proposition.
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For any quadratic form Q, we will denote by index@), the number of
negative eigenvalues of the symmetric matrix of the correspding bilinear
form, that is of the matrix M such that, Q(x) = hMx;xi for all x 2 R**1, We
will also denote by {(Q);0 i k, the eigenvalues of), in non-decreasing
order, i.e.

o(Q)  1(Q) k(Q):
Given a quadratic mapP = (Py;:::;Ps) :R¥1 1 RS;and0 | Kk, we
denote by
i = fl 2 ] j(!P ) Og:

For notational convenience, ; will denote the empty set and ., the whole
space .
It is clear that the ;'s induce a ltration of the space , i.e., 1
k+1 -
Agrachev [1] showed that the Leray spectral sequence of theam ; (con-
verging to the cohomologyH (B) = H (A)), has as itsE, terms,

(3.3) EXM=HP( « ¢ « q 1)

This follows from the fact that the bre of the map ; over a point! 2
i N 1 has the homotopy type of a sphere of dimensida . To see this
notice that for ! 2 ;n ; 1, o('P );:::; ; 1('P ) < O: Moreover, letting

IP , we have that ,*(!) is the subset ofS* de ned by,

Xk
(P)Yi('PP)? O
i=0
Xk
Y,(IP)2=1:
i=0
Since, i(!P) < 0,0 i<j itfollowsthatfor! 2 ;n ; 1; ()
is homotopy equivalent to the k j)-dimensional spllyare de ned by setting
Yo('P ) = =Y, 1('P ) =0 on the sphere de ned by ikzo Yi('P )2=1:
The following proposition relates the Euler-Poincae cheacteristic of the
setA with those of ;n ; ;0 j k+1:

Proposition 3.4.
Kl .
(A)= "MAy= M n g @+ D)
j=0
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Proof. Notice that the sets ; n ; i are locally closed, and the bre over
apoint! 2 ;n ; ,is compact and has the homotopy type of ak( j)-
dimensional sphere. Now consider a su ciently ne trianguation of , which
respects the ltration k+1, and such that over each simplex of
the triangulation lyingin  ;n ; 1, ;*( )is homotopy equivalentto Sk J.
The Euler-Poincae characteristic of a k j)-dimensional sphereS* 1, is equal
to 1+ ( 1)k 1: The proposition now follows from the additivity property of
the Borel-Moore Euler-Poincae characteristic and Propsition 3.2.

Since Proposition 3.4 is central to the algorithm presentedh this paper,
we include a di erent proof below which uses the spectral seence (3.3). First
note that by Proposition 2.1,

BM(jnjl): () (1 )

It follows from the convergence of the spectral sequence B.§) and Proposi-
tion 2.3 that,

P o
P p+q:i( 1)| dlm(qu)

P p+q:i( i‘:)l dmHP( « ¢ «k q 1)

POgk+tl 0 ka( 1P Adim(HP( « ¢ « q 1)

= 0 q ke C DT o o «C DPAIMHP( « o5 k q 1))

(A)

Now, from the exact sequence of the pair ¢ « ¢ 1), hamely,
PH M vg! H  «gqgd! H( kg ka! H( xg! ;

we get that,

( D'@m(H'( « q 1) dimH'( « g)+dim(H'( k ¢ « q 1))=0;
i 0

which yields

X
( 1)pdim(Hp( k q; k g 1)): ( k q) ( k g 1):
0 p k
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Thus, the previous sum

P
= pogka( DU (kg (ka1
= poj kel 1)<t ") p(2) .
Poj k+1( 1)|.(+1 F( jpl) 0 j k+1( _1)k+1 b ( j 2)
Pojk( 1)kjl(j) Pojkl( 1)k+1_1(j)

o kKO DT O+ o5 Wl DY ()
pl k) 2(k)+2 (k2+ +( 12 ( o)
poikal (1) (j A+ D)

0 k+l BM(in )@+ ( 1+ Iy

corresponding to the quadratic formz P = Z,P; + + ZsPs. The entries of
M (Z) depend linearly onZ. Let

F(Z;T)=det(M(Z)+ T lg1)= T + CTK+  + Cy;

It follows from the well known Descarte's rule of signs (seerf example,
Remark 2.42 in [7]) that for anyz 2 , index( zP) is equal to the number of

sign variations in the sequenceCy(z);:::; Ck(2);+1. Thus, the signs of the
polynomials Cy;:::; C, determine the index ofzP. For 2 f0;+1; 1g® a
sign condition on the familyC= fCy;:::;Ckg, let n( ) denote the number of
sign variations in the sequence, (Cy);:::; (Ck);+1: Let Sign(C; ) be the set

of sign conditions realized by the familyC on . The following proposition is
an immediate consequence of Proposition 3.4 and the additwof the Euler-
Poincae characteristic.

Proposition 3.5.

X
(A)= BM(A)= MR(; ) @+ O
2Sign(C;)

Before proceeding further we discuss a small example.

Example 3.6. Let =2:k=2and P = (P;;P,): R®! R? be the quadratic
map with,

Pr= X§+ X7 X3

P,=X§ Xi X
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In this example,
= f(lyly) jri+15=1;151, Og

consists of the arc of the unit circle in the third quadrant.
Also,

A fx2S2jPi(x) 0_Pyx) Og

F(xoix1i%2) 2 RPjxg+ xi+ x5 =1;xi+ x5 1=2g:

The setA in this example clearly has the homotopy type of a circle, anldence,
(3.7) (A)=0:
Now, for! =(14;1,)2 ;

1P | 1Py + 1 5P,

(!1+!2)X02+(!1 |2)X12 (!1+!2)X22:

Following notations introduced above,

F(Z1,Z22T)=(2Z1+ Zo+ T)(Z1 Zx+ T) Z1 Z+ T)
= T3+(Zy Z)T? (Zi+ Z))*T +(Z1+ Z2)%(Z,  Zy):

Thus, in this example,

Co(Z1;Z2) = (Z1+ Z2)3(Z2  Zy);
Ci(Z1;Z2)= (Z1+ 22)2;
Co(Z1;,Z2)= 21  Zy:

There are three realizable sign conditions o€ = fCy; Cy;Cy;+1g on .
They are,

1=( 5 +4);
2=(0; ;0,4);
3=+ 5 1)
We have,
n( 1) =1,
n( 2)=1,;
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The realizationsR( 1; ) and R( 3; ) are each homeomorphic to [Q1)
while R( »; ) is a point. Thus,

Mlu)= M(s)=0;
while
PM()=1:
Finally, we have

Pa e (120

0(1+( H+1A+( 1Y
+0(1+( 1))
0;

which agrees with (3.7).

We are now in a position to describe an algorithm for computm the
Euler-Poincae characteristic of a union of sets, each daed by a homoge-
neous quadratic inequality. In the algorithm we will use thdollowing notation.
Given two nite families of polynomials,P P % and 2f0;+1; 1g°; °2
fO;+1; 1g°°, we say that Oi forall P2P; (P)= {P).

Algorithm 3.8. Euler-Poincae characteristic of a union.

Output:  (A), whereA is the set de ned on the unit sphereS®  R¥*! by the
formula
Pl 0 P 0:

nant.
detM (Z)+ T 1) = T¥ + C,TX+  + Cy:

2. Compute BM (C; ) as follows. Call Algorithm 2.2 with input C°= C |
fZy;::1;Zsgand Q= Z2+  + Z2 1. The output is the list

"M (C3Z(Q;R)):

For each 2 f0;+1; 1gC such that there exists 2 Sign(C® Z(Q;R"))
with and %Zz;)2f0; 1gforl | s;compute
X
M= M SZ(Q:RY):

5 9 9Zj)2fo; 1gl | s
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3. Output
X
(A) = R(G ) @+ p Oy
2Sign(C;)
Proof of Correctness: The correctness of the algorithm is a consequence
of Proposition 3.5 and the correctness of Algorithm 2.2.
Complexity Analysis: The complexity of the algorithm is k°®® using the

complexity of Algorithm 2.2.
We are now in a position to describe the algorithm for computg the Euler-
Poincae characteristic in the basic, homogeneous case.

Algorithm 3.9. The basic homogeneous case.

Output:  (S), where S is the set de ned on the unit sphereSk  R**! by the

inequalities,
P, 0O::5;P O
1. For each subsetl f 1;:::; g do the following.
2. Compute using Algorithm 3.8 (S7):
3. Output X
(S) = ( D (S):
Jf 19
Proof of Correctness: The correctness of the algorithm is a consequence
of Lemma Lemma 3.1 and the correctness of Algorithm 3.8.
Complexity Analysis: There are 2 calls to Algorithm 3.8. Using the com-

plexity analysis of Algorithm 3.8, the complexity of the algrithm is bounded
by kOO):
4. The General Case

Let P = fPy;:::;Pg  R[Xyg;:::; X¢] with deg(P)) 2,1 1 7; and let
S R be the basic semi-algebraic set dened bp; 0;::::P- 0. Let
0<" be an in nitesimal, and let

Py=" X2 1
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Let S° RH'i* be the set dened byP; 0;:::;Py; O
Denoting by P" the homogenization ofP;, and S" Sk the set de ned by,

P! 0;:::;P" O;Ph,  0; on the unit sphere in RI'ik*1 we have,
Proposition 4.1.  For0 i k; (S)= (S9=1 (S"):
Proof. Using the well known conic structure at in nity of semi-algdraic

sets (see for example Proposition 5.50, [7]) we have that fall su ciently
larger > 0, S\ B(0;r) is a semi-algebraic deformation retract 06. Since" is
an in nitesimal, it follows that S°= Ext( S;RH'i)\ B(0; 1) is a semi-algebraic
deformation retract of Ext(S;Rh'i): This implies that (S) = (S9.

To prove the second equality, rst observe thatS®is bounded, andS" is the
projection from the origin of the set1 S° 1 RH'i¥ onto the unit sphere in
R**1 . Since,S%is bounded, the projection does not intersect the equator dn
consists of two disjoint copies in the upper and lower hemispres, and each
copy is homeomorphic toS%

Algorithm 4.2. The general case.

Input: A family of polynomials P = fPy;:::;P-g  R[Xy:::;Xk]; with deg(P;)
2.

Output:  (S), where S is the set de ned by

\
S= fx2RjPX) Og:
P2pP

2. Using Algorithm 3.9 compute (S"):
3. Output (S)= 1 (S"):

Proof of Correctness: The correctness of Algorithm 4.2 is a consequence
of Proposition 4.1 and the correctness of Algorithm 3.9.
Complexity Analysis: The complexity of the algorithm is clearlyk®() from

complexity analysis of Algorithm 3.9.

Remark 4.3. In this paper we have described an algorithm for computing th
Euler-Poincae characteristic of a basic closed semi-agraic set de ned by a
constant number of quadratic inequalitied® O;P 2 P . It is straightforward

to extend the algorithm to the case of semi-algebraic sets ded by Boolean
formulas without negations, whose atoms are of the forlA O orP O for
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P 2 P, using the technique used in [4] for reducing the problem obmputing
Euler-Poincae characteristic of such sets, to the basidased case. This reduc-
tion works perfectly well even in the quadratic situation ad does not worsen
the complexity.
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