An exanple with eight basic feasible solutions

Consi der the LP: In standard form we wite this as
mn or max mni i ze or maximze X, + 2x, + 3x5 = objective
+ + .
Xp * 2Xp + 3X3 subject to Xy + X, + Xy = 3
subject to -
E b x <3 X1 * Xy X5 2
=21 2 = Xq + X3 + Xg = 5
4 <X + Xg3<5 Xq + Xg - Xy = 4
X120, X5,20, X320 X120, X520, X320, X,20, X520, Xg=0, X,20
There are ( Z) = 35 ways to choose four colums fromthe 4x7 coefficient

matrix. Each fits into one of 3 categories:

i. The 4 colums do forma basis and the corresponding basic solution is
feasible (all variables are nonnegative).

ii. The 4 colums do forma basis (the 4x4 matrix is invertible) but the
correspondi ng basic solution is infeasible (one variable is negative).

iii. The corresponding 4 colums of the coefficient matrix form a singular
(not invertible) 4x4 matrix. In other words, these colums do not

forma basis.
Bel ow are all 35 possibilities. For basic solutions, we wite the colum
nunbers of the basis, the value of the objective, the solution vector, the
equi val ent system of equations that displays the solution vector. For
exanpl e, the first basic feasible solution uses colums 1,3,4,6, the
correspondi ng system of equations is

1 100-10 0 2
0-110 10-1 |2
0 001 10 O|* = |1
0 000 01 1 1

and the solution obtained by setting nonbasic variables equal to 0 is
(2,0,2,1,0,1,0), where the value of the objective function is x;+2x,+3x5=8.

category i: basic feasible solutions

colums: {1, 3, 4, 6} objective = 8 x =1(2,0,2,1,0,1,0) vertex A
{{1, o, o, o}, {21, -1, o, 0}, {O, 1, O, 0O}, {O, O, 1, O},

{-1, 1, 1, 0}, {0, 0O, O, 1}, {0, -1, O, 1}, {2, 2, 1, 1}}

colums: {1, 3, 4, 7} objective = 11 x =(2,0,3,1,0,0,1)
{{1, o, o, 0o}, {1, -1, o, 0O}, {O, 1, O, 0O}, {O, O, 1, O},
{-1, 1, 1, 0o}, {0, 1, O, 1}, {0, O, O, 1}, {2, 3, 1, 1}}

6 *MN  x = (3,0,1,0,1,1,0)
0, 0}, {1, -1, 1, 0},
0, 1}, {3, 1, 1, 1}}

colums: {1, 3, 5, 6} obj ect
{{1, o0, o, 0}, {1, -1, 0, 0O}, {
{o, o, 1, o}, {0, o, O, 1}, {O, -

colums: {1, 3, 5, 7} objective = 9 x =(3,0,2,0,1,0,1)
{{1, o, o, o}, {2, -1, o, 0}, {O, 1, o, O}, {2, -1, 1, O},
{o, o, 1, 0}, {O, 1, O, 1}, {0, O, O, 1}, {3, 2, 1, 1}}

colums: {2, 3, 4, 6} obj ective = 16 x =(0,2,4,1,0,1,0) vertex B
{{1, 1, o, o}, {1, o, o0, 0}, {O, 1, O, 0O}, {O, O, 1, O},
{-1, o0, 1, 0o}, {0, O, O, 1}, {O, -1, O, 1}, {2, 4, 1, 1}}

colums: {2, 3, 4, 7} obj ective = 19 x =(0,2,5,1,0,0,1) vertex C
{{l’ l’ O’ O}’ {l’ O’ O’ O}’ {O’ l’ O’ O}! {O! O! l! O}!



{-1, 0, 1, 0},

colums: {2, 3,
{{1, 1, 0, 0},
{o, 0, 1, 0},

colums: {2, 3,
{{1, 1, 0, 0},
{0, 0, 1, 0},

category ii:

col ums:
{{1, O,
{01 '11
col unms:
{{1, o,
{01 '11

{1, 2,
0, 0},
1, 0},

{1, 2,
0, 0},
1, 0},

col umms:
{{1, 0, 0, 0},
{0, 0, 1, 0},

colums: {1, 2,
{{1, o0, o, 0},
{o, 0, 1, 0},

col umms:
{{1, 0, 0, 0},
{o, 0, 1, 0},
col ums:
{{1, 0, 0, 0},
{o, 0, 1, 0},
col ums:
{{1, 0o, 0, 0},

{-1, 1, 1, -1},

colums: {1, 5,
{{1, o, o, 0},
{o, 1, 0, O},
colums: {2, 4,
{{1, o, 1, -1},
{-1, 1, 0, 0},
colums: {2, 5,
{{1, o, 1, -1},
{o, 1, 0, O},

colums: {3, 4,
{{1, 1, -1, 0},
{o, 0, 1, 0},

colums: {3, 4,
{{1, 1, -1, 0O},
{o, 0, 1, 0},
colums: {4, 5,
{{1, -1, 1, -1}
{o, 1, 0, O},

category iii:

., 5, 6}

{o, 1, o, 1}, {0, 0, O, 1}, {2, 5, 1, 1}}

5, 6} objective = 18 x =(0,3,4,0,1,1,0)
{1, o, o, o}, {0, 1, O, 0O}, {1, O, 1, 0O},
{o, o, o, 1}, {0, -1, 0, 1}, {3, 4, 1, 1}}

5, 7} objective = 21 *NMAX*
{1, o, o, o}, {0, 1, O, 0O}, {1, O, 1, O},
{o, 1, o, 1}, {0, O, O, 1}, {3, 5, 1, 1}}

basi ¢ i nfeasi bl e sol utions

4, 6)
{0, 1, 0, 0},
{0, 0, 0, 1},

4, 7}
{o, 1, 0, 0},

{11 _11 01 1}1 {01
obj ective

{1, 2, 3, 4}, {

6, 7}, {1, 3, 4,

objective = 0

objective = -1

{1, -1, 0, 0},

{-1, 1, 0, 1}, {4,

{1, -1, 0, 0},

X =1(4,-2,0,1,0,1,0)

{o, o0, 1, 0},

{o, o, 1, 0},

0, 0, 1}, {5, -3, 1, 1}}
2 x =(4,-1,0,0,1,1,0)

{o, 1, 0, 0}, {1, -i o, 0}, {0, 1, 1, o0},
{o, o, o, 1}, {-1, 1, O, 1}, {4, -1, 1, 1}}

5 7} objective =1 x =(5,-2,0,0,1,0,1)
{o, 1, o, 0}, {1, -1, O, 0O}, {O, 1, 1, O},

{1, -1, o, 1}, {0, O, 0O, 1}, {5, -2, 1, 1}}

, 5, 6} objective = 4 X =(4,0,0,-1,2,1,0)
{o, 1, -1, 0o}, {1, -1, 1, 0}, {O, 1, O, O},
{o, o, o, 1}, {-1, 1, -1, 1}, {4, -1, 2, 1}}

, 5 7} objective = 5 x =(5,0,0,-2,3,0,1)
{o, 1, -1, o}, {1, -1, 1, o}, {O, 1, O, O},
{1, -1, 1, 1}, {0, O, 0O, 1}, {5, -2, 3, 1}}

, 6, 7} objective = 2 x =(2,0,0,1,0,3,-2)
{1, o, -1, 1}, {0, O, 1, -1}, {O, 1, O, 0O},

{o, o, 1, o}, {0, O, O, 1}, {2, 1, 3, -2}}

6, 7} objective = 3 x =(3,0,0,0,1,2,-1)
{1, o, -1, 1}, {0, O, 1, -1}, {1, 1, -1, 1},
{o, o, 1, o}, {0, O, O, 1}, {3, 1, 2, -1}}

6, 7} objective =4 x =(0,2,0,1,0,5,-4)

{1, o, o, 0}, {0, O, 1, -1}, {0, 1, O, O},

{o, o, 1, 0}, {0, O, O, 1}, {2, 1, 5, -4}}

6, 7} objective = 6 x =(0,3,0,0,1,5,-4)

{1, o, o, 0}, {0, O, 1, -1}, {1, 1, O, O},
{o, o, 1, 0}, {0, O, O, 1}, {3, 1, 5, -4}}

5, 6} objective = 12 x =(0,0,4,3,-2,1,0)

{o, 1, -1, o}, {1, o, O, 0O}, {0, 1, O, O},
{o, o, o, 1}, {-1, O, O, 1}, {4, 3, -2, 1}}

5 7} obj ective = 15 x =(0,0,5,3,-2,0,1)

{o, 1, -1, 0o}, {1, o, O, 0O}, {O, 1, O, O},
{1, o, o, 1}, {0, 0O, O, 1}, {5, 3, -2, 1}}

6, 7} objective = 0 x =(0,0,0,3,-2,5,-4)
, {1, -1, o, 0}, {O, O, 1, -1}, {1, O, O, O},
{o, o, 1, o}, {0, O, O, 1}, {8, -2, 5, -4}}

not basic
1, 2, 3, 5}, {1, 2, 3, 6}, {1, 2, 3, 7}, {1,
5}, {1, 3, 6, 7}, {2, 3, 4, 5}, {2, 3, 6, 7

x =(0,3,50,1,0,1)

-2, 1, 1}}
x = (5,-3,0,1,0,0,1)

b {1
4, 5, 6

vertex D

1, 2,
},



{2, 4, 5 7}, {3, 4, 6, 7}, {3, 5 6, 7}



