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The Final Tabl eau Sol ves t he Dual

Consi der the dual |inear progranmm ng probl ens:

(P) (D)

max 9x, + 7x, + 1Xj mn 13y, + 11y, + 15y,
subject to x4, X5, x3 20 and subject to y,, Y, Yz 20 and
S5xq + 1x, + 2x5 < 13 Sy, * 2y, + 1ly; 29

2xq *+ 3x, + 1xg <11 ly, + 3y, + 1y 27

Ixq + 1x, + 4x3 <15 2y, + 1y, +4y; 21

The sinplex algorithmgives the foll owi ng sequence of tabl eaux:

(4 5 6) (1,5,6)
512100 13 1 .2 4 200 2.6
231010 11 026 .2 -.410 5.8
11400115 - 0O .8 3.6 -.201 12.4 -
971000 O 0 5.2 -2.6 -1.8 0 0 -23.4
(1,2, 6)
10 5/13 3/13 -1/13 0 28/13
01 1/13 -2/13 5/13 0 29/13
0 0 46/13 -1/13 -4/13 1 138/13
00 -3 -1 -2 0 -35

Fromthe final tableau, we see that x = (28/13,29/13,0,0,0,138/13) is the
optimal solution and the optinmal value is 35.

The final row of the last (and optinmal) tableau can be witten as
(1) -0xq -0xy - 3Xg - 1X, - 2Xg -OXg -z = -35

(z stands for the objective function). Al of the coefficents in this
expression are nonpositive, since negative ones cannot exist in the final
tableau. W will show next that (y;,¥,,¥3) = (1,2,0) is an optimal solution
for (D). To denonstrate this, it suffices to show first that (1,2,0) is dual
feasible

(2) 5(1) + 2(2) + 1(0) =9
1(1) + 3(2) + 1(0) =7
2(1) + 1(2) + 4(0) =1

1, 2, 0220

and then that the value of the dual objective function 13y,+11y,+15y, at
(Y1, Y2, ¥3) =(1,2,0) is equal to the optimal value for (P):

(3) 13(1) + 11(2) + 15(0) = 35
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These statenents are obviously true in this particular case but why will this
al ways work? To see why, rewite (1) as

- 2(11- 2x4- 3X5- 1x3)
- 0(15- 1x4- 1X5- 4X3)

Equating the constant termon the left hand side of the equation with the

constant termon the right hand side gives 1(13)+2(11)+0(15) = 35, which is
equation (3). Equating the coefficents of x;, X, and x5 on the right and

left sides, we get the follow ng equations:

1(5)+2(2)+0(1) =9 + 0 > 9
1(1)+2(3)+0(1) =7 + 0 > 7
1(2)+2(1)+0(4) =1 + 3 > 1

which is the systemof inequalities (2). The underlined nunbers are
nonnegati ve because they appear as coefficents in (1).
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The Final Dictionary Solves the Dual

Consi der the dual |inear progranm ng probl ens:

(P) (D)

max 9x1 + 7x2 + 1x3 m n 13y1 + 11y2 + 15y3
subject to X1, Xp, Xg 2 0 and subject to Y1, Yo Y3 2 0 and
5x1 + 1x2 + 2x3 < 13 5y1 + 2y2 + 1y3 =29
2x1+3x2+1x3 < 11 1y1+3y2+1y3 >7

1x1 + 1x2 + 4x3 < 15 2y1 + 1y2 + 4y3 >1

The sinplex algorithmgives the followi ng sequence of dictionaries:

Xg= 13-5Xq-1Xy- 2X3 X1=  2.6-0.2x,4-0.2x,-0.4x4 X1= (28-3x 4t1Xg- 5x 3) /13
Xg= 11- 2X1- 3X5- 1xg Xg= 5. 8+0. 4X 4- 2. 6x »- 0. 2x3 Xp= (29+2x 4~ 9Xg- 1x 3) /13
Xg= 15-1xq-1x,-4Xg Xg= 12.4+0.2x 4-0.8x,-3.6x4 Xg= (138+1x 4t4Xg- 46X 3) /13
z = 0+9x 1H7Xot1Xg z = 23.4-1.8X,+5. 2x 5= 2. 6x3 z = 35-1xy,- 2x5- 3x3

Fromthe final dictionary, we see that (xq,X, X3) = (28/13, 29/13, 0) is the

optinmal solution and the optimal value is 9(28/13) + 7(29/13) + 1(0) = 35.
The final row of the last (and optimal) dictionary can be witten as

(1) z =35 -0xq -0x, - 3x3 - 1x, - 2Xg - OXg.

Al of the coefficents in this expression are nonpositive, since negative ones
cannot exist in the final dictionary. W will show next that (y,,y, V3) =

(1,2,0) is an optinmal solution to (D). To denonstrate this, it suffices to
show that (1,2,0) is feasible:

(2) 5(1) + 2(2) + 1(0) =9
1(1) + 3(2) + 1(0) =7
2(1) + 1(2) + 4(0) =1

1, 2, 0220

and that the value of the dual objective function 13y,;+11y,+15y, at (yq,Y,, Y3)

=(1,2,0) is equal to the optinal value for (P):
(3) 13(1) + 11(2) + 15(0) = 35
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These statenents are obviously true in this particular case. But why will it
al ways work? To see why, rewite (1) as

9Xq * 7X, *+ 1Ixg = 35 -0xq -0x, - 3x3 - 1x, - 2xg -0xg
=35 -0x; -0x, - 3xgz - 1(13-5x4-1X5-2X3) - 2(11-2x4-3X5-1X3) -
0(15-1x4- 1x,- 4X3)

Equating the constant termon the left hand side of the equation with the

constant termon the right hand side gives 1(13)+2(11)+0(15) = 35, which is
equation (3). Equating the coefficents of x;, X, and x5 on the right and

left sides, we get the follow ng equations:

1(5)+2(2)+0(1) =9 + 0 > 9
1(1)+2(3)+0(1) =7 + 0 > 7
1(2)+2(1)+0(4) =1 + 3 > 1

which is the systemof inequalities (2). The underlined nunbers are
nonnegati ve because they appear as coefficents in (1).



