assunptions: Ais an mxn matrix, rank(A)=m A=[a,..,a,] (so that a is the

ith colum of A).

A solution x to Ax=b is basic if {a : x;#0} is linearly independent.
Not e: The equati on Ax=b has at nost ( nm) basic solutions (thus finitely

many). Consider the |inear progranm ng problem
(LP) max c'x @ Ax=b, x=0.

xeR' is feasible for (LP) if Ax=b and x>0. xeR"is optimal for (LP) if x is
feasible for (LP) and

(Ay=b and y>0) = c'x>c'y

Fundamental Theorem If (LP) has an optinal solution then it has a basic

optimal sol ution.
Pr oof : Suppose that (LP) does have an optinmal solution. Let p be the

snal | est integer for which an optinmal solution exists having p nonzero
entries. Choose an optimal solution x having p nonzero entries. Wthout |oss
of generality, we can wite xt = (X1, o Xy 0,..,0) with x,>0, ...,xp>0. Let u=
c'x be the optimal value of (LP).

Qur goal is to showthat (LP) has a basic optimal solution. [If x itself
is basic, there is nothing to show, so assune it is not. The proof will be

conpl ete when we have show that this assunption |eads us to a contradiction.
Since x is not basic, {a;:x;#0} is linearly dependent, neaning that

there are nunbers y,, o Y not all zero, such that y1a1+...+yp p=O.
Equi val ently, we can wite Ay=0, where yt =(yq, o Y 0,...,0).
There is sone positive nunber & such that

Xqtty,>0, ..., xp+typ>0 whenever -e<t <e.

Since Ay=0 and Ax=b, it follows that
A(x+ty)=b for all teR

Conbi ni ng these two observations, it follows that
x+ty is feasible for (LP) whenever -e<t <e.

Since x is optimal for (LP), we have
c' (x+ty) <c'x=p whenever -e<t <e.
But then t(c'y) <0 whenever -e<t<g, which inplies c'y=0.

Choose t* as close to zero as possi bl e so that x+t*y has p-1 nonzero
entries. Then x+t*y20 and A(x+t*y) =b so x+t*y is feasible for (LP). Also,

c'(x+t*y) =c'X =, SO x+t*y is an optinmal solution to (LP). This, however,
contradicts that p is the snmallest nunber for which an optinal solution exists
havi ng p nonzero entries.



