Mat h 4580, Spring semester 2000

max flow probl em

If x is aflowin a network with node-arc incidence matrix A, then div x =
-Ax is called the divergence of x. It is a vector whose conponents
specify the quantities |eaving each node. If ScNis a collection of

nodes, the total quantity leaving Sis div(S)= X where y = divXx.

ies Vi
This is also called the divergence of x fromS.

This term nol ogy is sonewhat confusing -- divx is a vector, but div(S)
is a nunber. Note also that it would probably have nade sense to
wite div(x,S).

The divergence of x fromN is always zero.

proof: div(N)= Ei cn Vi = (1. 1y=—(1 .. 1)Ax=0, since
every colum of A suns to zero. Recall that the ij-entry of
Ais -1 if arc j originates at node i, +1 if arc j
term nates at node i, and 0 otherw se. QED
Proposition A: For any flow x, for any set ScN, div S= -div \\S.
Proof: W have
div S+ div N\S=Eiesyi +zieN\Syi =Eiesyi = 0. QED

Let ScN.  The collections Q+ of all arcs fromSto N\S and Q of all arcs
fromNNSto Swill be referred to as the cut @[S, N S].
For the exanple in network A, let S={#3}. Then the cut Q contains
three arcs: Q" contains arcs #3 and #5, and Q@ contains arc #2.

Again, for the exanple in network A, suppose S={#1,#4} (so that S
contai ns nodes #1 and #4). Then Q contains four arcs: Q+ cont ai ns
arcs #1 and #2 and Q contains arcs #4 and #5.

Again, for the exanple in network A, suppose S={#1, #3,#4}. Then Q

contains three arcs: Q+ contains arcs #1 and #3 and Q contains arc
#4.

If xis aflowand @[S, NMNS] is a cut, the flux of x across Qis the
uantity . x(j) - X x(j).
q Y & cqr X() {eq X()
The di vergence principle: For any flow x and any cut Q=[S, N\ S],
div(S) = flux of x across Q

Proof of the divergence principle: Letting a; denote rowi of A

di v(S) Zies(divx)i =-2 "X = -2 Z.EAaijx(j)

ics @i ieS 7]

=T A Zesax) = -Z 4 x() (= _ca;)-
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Observe:
If arc j goes froma node of Sto a node of S or froma node of
NS to a node of NS, then X a: =0.
ieS 1)
If arc j goes froma node of Sto a node of N\S (that is, jeQ+),
t hen Ziesaij =-1.

If arc j goes froma node of NS to a node of S (that is, jeQ),

t hen ZieSaij = +1.

Hence div(S) =EJ.EQ+ x(j) —Zjeq x(j). QED

To each arc j in a network is assigned a capacity interval C(j)=

[c'(j),c+(j)] (Capacities can be infinite.)
Aflowx is feasible with respect to these capacities if x(j)eC(j) for
each j.

The upper capacity c+(Q) and | ower capacity ¢ (Q of a cut Qf[S,NNS] are
defined to be

Q=X (5 cT) - & 5 ¢ ()

] €

and

cw@=%edcm)—%eqcmy

Proposition B: For any flow x feasible with respect to arc capacities
and any cut Q[ S, N\ §],

c (Q < flux of x across Q < c+(Q).

Proof: The flux of x across Qis

%E@MU—Z xU)s%eddW)—%

i eQ g ¢ )

€

Li kew se,

zjeQ’f x(J) _ZjeQ x(j) = zjeQ’f c (j) _ZjeQ c*(j). GED

To state the max flow problem we need a network with arc capacities
assigned, a set N* of source nodes, and a set N of destination nodes,
with N"AN =@.

Max flow problem (MF): Anong all flows x that are conservative on
N\(N+uN') and feasible with respect to arc capacities, find one that

mexi m zes di v(NY) = -div(N).

This differs fromthe Transporation Problemin several ways:
In the TP, exact supplies are specified at each node. In M- the
supply is specified to be zero at all nodes in N\(N+uN') and is

unspecified at the nodes in N'UN .
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In the TP, an arbitrary linear function of x is maxim zed. In M-, one
specific linear function is nmininized. The fact that one problemis
m nimzation and the other is naximization is not significant since
negati ng the objective function always turns a max probleminto a mn
problem or vice versa. The significant difference is the fact that
the linear function is arbitrary in TP, whereas in M- it is always the

same function, nanely div(hﬁ).
To see that div(hﬁ) really is a linear function of x, note that

di v(NY) = (the flux of x across Q[ N, M N'])

= Zj€Q+ x(j) - ZjeQ- x(J)-

Let N'AN'=@. W say that the cut QS NS] separates N* from N provided
SoN' and SN =@.

m n-cut problem (MC): Mnimze c+(Q) over all cuts Q separating N* from
N .

The min in MC nust always be achi eved, because there are only finitely many
cuts.

The m n can equal +e.

This happens if there is a path of unlimted capacity fromN' to N,
one whose forward arcs have upper capacity +e and whose backward arcs

have | ower capacity —-. |If such a path exists, then every cut

separating N* from N coontains such an arc and therefore has upper
capacity oo.

Observe, in this case, that sup(M)=m n( M) =+eo.

A solution to MC can be found by enunerating all possible cuts.
But, realistically speaking, this is not a practical thing to do
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April 5, 2000

Theorem: |If the M- problemis feasible then sup(M)=nm n(M).
Furthernmore, this value is +~ if and only if there exists a path of

unlimted capacity path of unlinited capacity from N" to N .

For now, we will just prove the easy direction, which is that sup(M) <

m n(MO) .

Proposition C: If x is a flowthat is conservative on N\(N"UN), N'AN =
@, and Q=[S,N\S] is a cut separating N" from N then the flux of x across
Qis equal to div(N").

Pr oof :
The flux of x across Q = div(S) (di vergence principle)
=Zies(d|vx)i =ZieN+(d|vx)i
= di v(NY),

where we have used the fact that (div x);=0 for all nodes in S\N*. QED

Proposition D: If x is a flowthat is conservative on M(WuN’), N" AN =
@, and Q=[S,N\S] is a cut separating N" from N then

div(NY) < ¢*(0Q.

Pr oof :
c+(Q) > flux of x across Q (proposition B)
= di v(N") (proposition C)
Corollary E: sup(MF) < mn(M).
Corollary F: If x is a feasible flow for the M- problemand Qis a cut

feasible for the MC probl em and such that di v(N")=c*(Q then x solves the
max fl ow probl emand Q solves the min cut problem

step 0: Start with a flowthat is feasible with respect to arc capacities,
and is conservative on M (N"UN).

step 1: Does an augnenting path from N* to N exist?
step 2: If YES, then
i. if path has unlimted capacity, STOP;, sup( M) =+co.

ii. otherwise, send additional flow fromN' to N t hr ough
augnmenting path (as nuch as possible, consistent with arc
capacities). Repeat step 1.

If NO STOP; the flow is optinal.
Remar ks:

More needs to be said about how an augnenting path is to be found in step
one.

When the search for an augnenting path fails, we would |ike to get
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sonet hing nore than just that information -- we would like to also get a
solution to the min-cut problem

At the nmoment when we are about to | ook for an augnenting path, we have a

feasible flow for the M- problem In the augnenting path, an arc j can
be used ...

(white arc) inthe forward direction only if c (j) =x(j) < c+(j)
(black arc) in the reverse direction only if ¢ (j) <x(j) = c+(j)
(green arc) in either directionif c (j) <x(j) < c+(j)

(red arc) in neither direction if ¢ (j) =x(j) = c+(j)

April 7, 2000

G ven a network with two nonenpty disjoint node sets N* and N, and a
painting of the arcs by the colors green, white, black and red, the
pai nted network al gorithm solves either the painted path problemor the
pai nted cut problem

a solution to the painted path problemis a path fromN' to N such that

every forward arc is green or white and every reverse arc i s green or
bl ack.

a solution to the painted cut problemis a cut Q=[S ,MS], SoN", SAN =@ (a

cut separating N* and N ) such that every arc in Q+ is red or black and
every arc in Q is red or white.

The painted network algorithm At each step in this algorithm we
have a set SoN" and a function p:S\N"—S.

step 0: Start with S=N*. The domain of p (=S\N") starts out enpty.

step 1: Check each arc joining a node j;eS with a node j,eN\S until one of
the following is found:
a green or white arc jq~j, fromj,eSto j,eNS
or
a green or black arc jo~jq fromj,eMS to jieS

step 2: If no such arc is found, STOP;, Q=[S,M\S] solves the painted cut
pr obl em

step 3: If such an arc is found, let S = Su{j,} and define p(j5)=j 1.

If jpeN, STOP; the path jo, p(ip), p(p(ip)), P(p(P(ip)), .. (in the
opposite order) solves the painted path problem
If jo¢N, go to step 1.

What happens when a solution to the painted cut problemis found?

Every arc in Q" is red or black and every arc in Q is red or white.
This nmeans that the upper capacity of the cut is
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Q=% g c') - E 5 ()
=X g x) - X g x()

= flux of x across Q

By corollary F, x solves the max flow problem and Q solves the nmin cut
pr obl em

term nation with conmensurability assunption

Assunme there is sonme cut of finite upper capacity. Then there is an

upper bound on how | arge div(hﬁ) can becone. Suppose all the probl em
data is integral (arc capacities and initial feasible flow). Then
i mprovenent in flux is >1 at each iteration, so term nation nust occur

after finitely many iterations.
further refinenent is possible
as nodes are added, you can keep track of value of additional flow

possi bl e variations in nethod for choosing next node to add to S during
pai nt ed networ k subroutine

breadt h-first vs. depth-first
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